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A COMPRESSIBLE TWO-PHASE MODEL WITH
PRESSURE-DEPENDENT WELL-RESERVOIR INTERACTION*

STEINAR EVJET

Abstract. This paper deals with a two-phase compressible gas-liquid model relevant for mod-
eling of gas-kick flow scenarios in oil wells. To make the model more realistic we include a nat-
ural pressure-dependent well-formation interaction term allowing for modeling of dynamic gas in-
flux/efflux. More precisely, the interaction between well and surrounding formation is controlled by
a term of the form A = ¢ (Pw — P) which appears in the gas continuity equation where g, is a
rate constant, and P, is a critical pressure, whereas P is pressure in the well. Consequently, an
additional coupling mechanism is added to the mass and momentum equations. We obtain a global
existence result for the new model. One consequence of the existence result is that as long as the
well initially is filled with a mixture of gas and liquid, the system will regulate itself (in finite time)
in such a way that there does not exist any point along the well where all the gas vanishes, e.g., by
escaping into the formation. Similarly, the result guarantees that neither will any pure gas region
appear in finite time, despite that gas is free to enter the well from the formation as long as the well
pressure P is lower than the critical pressure Py.
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1. Introduction. In this work we study a compressible gas-liquid two-phase
model where we have included a pressure-controlled gas influx/efflux term relevant
for the study of gas-kick flow scenarios in oil wells. In Lagrangian variables the model
takes the following form:

On + (nlp — n])0zu = qun|[Py — P(n, p)],
(1) op + (plp — n])Osu = qun[Py — P(n, p)],
g(n, p)atu + aip(nv p) =0y (E(nv p)amu)v (S (07 1)

Here n is the gas mass, p is the total mass (sum of gas and liquid mass), u is fluid
velocity which is the same for both the gas and liquid phase, g, is a constant that
characterizes the well-formation interaction, P, is a constant reference pressure (crit-
ical pressure) that determines whether gas will enter the well from the surrounding
formation (P, > P) or gas from the well will flow into the formation (P, < P).
Moreover, the function g(n, p) appearing in the mixture momentum equation is given
by

p
(2) g(n,p) = P
and is produced when we go from Eulerian to Lagrangian variables; we refer the reader
to section 2 for details. Pressure P(n, p) takes the form

3) )= (o—p=m) s 7>
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where p; is liquid density assumed to be constant. The mixture viscosity coefficient
E(n, p) is given by

(4) E(n,p) = (m)ml, 0<B<1/3.

Moreover, boundary conditions are given by

(5) P(n,p) = E(n, p)uy atx=0,1, t>0,

whereas initial data are

(6) n(x,0) =ng(z), plz,0)=po(x), u(z,0)=u(z), x € [0,1].

The model is derived from a general drift-flux formulation. Details are provided in
the next section.

In a recent paper [5] we studied a similar model, but where the well-formation
interaction was characterized by a rate function A(z,t) assumed to possess certain
properties like L°([0,1]) boundedness and H*([0, 1]) regularity. More precisely, the
model took the following form:

On + (np)d,u = nA,
7) Bup+ p20su = nA,
Opu + 0, P(n, p) = —u%A + 0:(E(n, p)Ogu), x € (0,1).

The main difference between the model (7) and (1) is the pressure-dependent well-
formation term [4]

(8) A($,t) = qw[Pw - P(nvp)]

In many applications it is much more realistic to assume a pressure sensitive well-
formation interaction term as given by (8). For example, when drilling a well, control
of pressure in the open hole section is crucial for the operation. The pressure should
remain below the fracture pressure and above the pore pressure of the formation. If
the pressure in a section drops below the pore pressure, formation gas may leak into
the well. This is called a kick and has to be handled with care in order to avoid a
blow-out situation [1]. In this context P, corresponds to the given fracture pressure
or pore pressure. However, the term (8) also introduces a tighter coupling between
the continuity equations and the momentum equation adding new challenges as far
as existence, uniqueness, and stability issues are concerned.

We obtain an existence result (Theorem 3.1) for the model (1)—(6), equipped
with the interaction term (8), for a class of weak solutions under suitable regularity
conditions on the initial data ng, pg, and ug. The key point leading to this result is
the possibility to obtain sufficient pointwise control on the gas mass n and total mass
p, upper as well as lower limits. More precisely, by assuming initially that the gas
mass n and liquid mass m (i.e., liquid mass m = p — n) do not disappear or blow up
on [0, 1], that is,

C_l Sn(ﬂ?,O)SC, 0<,u§m(a:,0):p(a:,0)—n(3:,0) <pr—p<p

for a suitable constant C > 0 and p > 0, then the same will be true for the masses n
and m = p —n for all ¢ € [0, 7] for any specified time T > 0. This nice feature allows
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us to obtain various estimates which ultimately ensure convergence to a weak solution.
A main tool in this analysis is the introduction of a suitable variable transformation
allowing for application of ideas and techniques inspired by those used in [16, 14,
19, 17, 12] in previous studies of the single-phase Navier—Stokes equations. More
precisely, we introduce the quantities ¢ and Q(p, ¢) defined by

Q — p

©) ‘- pr—[1—clp’

Consequently, the model (1) described in terms of (n, p, u) is converted into a system
described in terms of (¢,@Q,w). In this sense the approach of this work follows the
same line of reasoning as [9, 10, 20]. Special challenges we deal with in this work are
as follows.

e The energy estimate gives an upper bound of terms of the form g, fot fol u? -

h(c)[cQ]" dz ds and g, fg fol h(c)[cQ]**~! dx ds with h(c) = 7% . These terms
appear due to the well-formation term (8) and the control of these is directly
exploited to obtain a pointwise upper bound of (). In this sense the model
(1) relies on new arguments compared to the model without well-formation
interaction terms [9, 10, 20, 21]. It is also quite different from the arguments
used in [5], where we take advantage of the fact that we know that the term

A(z,t) in (7) is pointwise bounded.

e In order to show that ¢ and Q7 is in W12(I) for I = (0,1), we rely on argu-
ments where the estimates of ¢, and (Q?), in L?(I) are coupled together; see
Lemmas 4.3 and 4.4. Again this is due to the fact that we do not control the
well-formation term (8) appearing in (1). It lives its own life dictated by the
pressure behavior P(n, p), in contrast to the analysis of the model (7), where
we assume that we have the necessary control of A(z,t), i.e., A(-,t) € W12(I).

The rest of this paper is organized as follows. In section 2 we derive the model (1)
starting from a general drift-flux model. In section 3 we state precisely the main
theorem and its assumptions. In section 4 we describe a priori estimates for the
auxiliary model obtained from (1) by using the variable transformation (9). In section
5 we briefly explain how these estimates then imply convergence to a weak solution.

2. Derivation of the model. Many well operations in the context of petroleum
engineering involve gas-liquid flow in a wellbore where there is some interaction with
the surrounding reservoir. For examples of such models in the context of single-phase
flow we refer the reader to [7, 8, 18] and references therein. In this paper we consider
a compressible, transient two-phase gas-liquid model with inclusion of well-reservoir
interaction. For instance, gas-kick refers to a situation where gas flows into the well
from the formation at some regions along the wellbore. As this gas ascends in the
well it will typically experience a lower pressure. This leads to decompression of the
gas, which in turn potentially can provoke blow-out-like scenarios; see [1, 5, 6] and
references therein for more details.

The dynamics of the two-phase well flow is supposed to be dictated by a com-
pressible gas-liquid model of the drift-flux type. More precisely, this model is given
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as

ilagpg] + Olagpgug] = [agpgl Az, t),
(10) Otloupi] + Oxlaupr] = 0,
Olouprus + agpguig] + Oxlagpgul + crprui + P) = —F + 95 [e0xumix),

where Umiz = agug + aqu; and € > 0. This formulation allows us to study tran-
sient flows in a well together with possible flow of gas between well and surrounding
reservoir represented by the rate term A(z,t) = gu[Pw — P(n,m)] given in (8). The
model is supposed under isothermal conditions. The unknowns are p;, pg, the liquid
and gas densities; oy, @y, volume fractions of liquid and gas satisfying ay + oy = 1;
Uy, ug, velocities of liquid and gas; P, common pressure for liquid and gas; and F,
representing external forces like gravity and friction. Since the momentum is given
only for the mixture, we need an additional closure law which connects the two phase
fluid velocities. For more general information concerning two-phase flow dynamics we
refer the reader to [3, 5] and references therein. See also [22, 23, 2] for other results
related to the drift-flux model.

In this work we consider the special case where a no-slip condition is assumed,
ie.,

(11) Ug = U] = U.

We use the notation n = agpy and m = oyp;. Assuming a polytropic gas law relation
P = Cpj with v > 1 and incompressible liquid p; = Const, we get a pressure law of
the form

n Y
(12) Pmmnzc( )
prL—m

since p; = n/ay = n/(1 —a;) = pr-n/(pr —m). In particular, we see that pressure
becomes singular at transition to pure liquid phase, i.e., a; = 1 and oy = 0, which
yields m = p; and n = 0. Another possibility is that the gas density p, vanishes,
which implies vacuum, i.e., P = 0. In order to treat this difficulty we shall consider
(10) in a free boundary problem setting where the masses m and n initially occupy
only a finite interval [a,b] C R. That is,

n(x,0) = ng(z) > 0, m(z,0) = mo(x) > 0, u(z,0) = uo(x), x € [a,b],

and ng = mo = 0 outside [a, b]. The viscosity coefficient ¢ is assumed to be a functional
of the masses m and n, i.e., € = e(n,m). More precisely, we assume that

(n/m+1)(n+m)°
(pp —m)Ptt 7

(13) e(n,m)=D B e (0,1/3),

for a constant D, which is a natural generalization of the viscosity coefficient that was

used in [9, 20] to the case where we consider the full momentum equation. We refer

the reader to [6] for more information concerning the choice of the viscosity coefficient.
We neglect external force terms (friction and gravity). We then rewrite the model

(10) slightly by adding the two continuity equations and introducing the total mass

p given by

(14) p=n+m.
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Hence, we consider the compressible gas-incompressible liquid two-phase model writ-
ten in the following form:

Oin + Oz [nu] = nA,
(15) Oup + Oz lpu] = nA,
Oi[pu] + 0 [pu®] + 8, P(n, p) = 8 [e(n, p)dyu]

with A given by (8). Note that this system also takes the form

n
n

On + Oz [nu] = nA,
(16) Bup + Bulon] = n A,
w(Op + O [pu]) + p(Oru 4+ udyu) + 0, P(n, p) = Ox[e(n, p)dyul,
which corresponds to
(On + udyn) + ndyu = nA,
(17) (Orp + ubzp) + pOzu = nA,
p(Oru + udyu) + 0y P(n, p) = —unA + 0z[e(n, p)Oyul.

Setting the constants C' and D appearing, respectively, in (12) and (13), to 1, we get

(18) Pnp) = (-20) = (C—f) - 7> L

pL—m [p —n]
_(n/m+1)(n+m)’ 1 p B+1
B e A= | (e AL

As indicated above, motivated by previous studies of the single-phase Navier—Stokes
model [16, 14, 19, 17, 12], we study (15) in a free boundary setting where the total
mass p and gas mass n are of compact support initially and connect to the vacuum
regions (where n = p = 0) discontinuously. In other words, we shall study the Cauchy
problem (15) with initial data

(nOaPmPOUO), T e [a,b],
» My ) O - .
()2 0) {(07070) otherwise,

where minge(q 5 70 > 0, minge(, 5 po > 0, and ng(x), po(x) are in H'. Letting a(t)
and b(t) denote the particle paths initiating from (a,0) and (b, 0), respectively, in the
x-t coordinate system, these paths represent free boundaries, i.e., the interface of the
gas-liquid mixture and the vacuum. These are determined by the equations

Lalt) = ula(t), 1), b(E) = u(b(t), )

(20) at”
(—=P(n, p) +e(n, p)uz) (a(t)*,8) =0, (=P(n,p) +e(n, p)ug) (b(t)~,t) = 0.

=0
We introduce a new set of variables (£, 7) by using the coordinate transformation
(21) = [ mody -t
a(t)

Thus, & represents a convenient rescaling of xz. In particular, the free boundaries
z = a(t) and = = b(t), in terms of the new variables £ and 7, take the form

- b(t)
(22) a(t) =0, b(r) = / m(y,t) dy = const,
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where f; mo(y) dy is the total liquid mass initially, which we normalize to 1. In other
words, the interval [a,b] in the z-t system appears as the interval [0, 1] in the &-7
system.

Remark 2.1. Note that we avoid imposing any conditions on the well-formation
term A by making use of the liquid mass in (22), which indeed is a conserved mass
in our system as described by the model (10). The price to pay is that the resulting
model takes a more complicated form, as we will see below. In the work [5] we had to
impose a constraint of the form f t) [nA](y,t) dy = 0 to ensure that the total mass p
is conserved.

Next, we rewrite the model itself (15) in the new variables (£, 7). First, in view
of the particle paths X, (x) given by

dX.(x)
dr

= u(XT(x)vT)v XO(:E) =,
the system (17) now takes the form

dn
— + nuy = ngw|Pyw — P(n, p)],

dr
dp
ar + puy = nqw[Pw - P(n,p)],
du
pd + P(n, p)e = —ungw[Pw — P(n, p)] + (e(n, p)ug)s-

(555 ) e + P pe = =2 JawlP = Pl )] + (el p)p — nlue)e
for (&,7) € (0,1) x [0,00) with boundary conditions, in view of (20), given by
P(n,p) =e(n,p)lp — nlug at £=0,1, 7>0.
In addition, we have the initial data

n(€70> = nO(&)a p(f,O) = pO(f)v u(ﬁ,()) = Uo(f), f € [0’ 1]'

In the following we replace the coordinates (£, 7) by (z,t) such that the model now
takes the form

9 + (n[p — n])Opu = nqu[Py — P(n, p)],
(23) 9 + (plp — n])O02u = ngu[Pu — P(n, p)],
9(n, p)Oyu + 9, P(n, p) = —uh(n, p)qu[Pu — P(n, p)] + 0z (E(n, p)Ozu)
for z € (0,1), where g(n, p) = S5, h(p) = 5=, and E(n, p) = &(n, p)[p — nl.
Typically, n < p (if oy is not very close to 1) since the relation between gas
density p, and liquid density p; is of the order p;/p, = O(1000). Hence, for many
cases h(c) is close to 0, and we may neglect the term —uh(n, p)qy [Py — P(n, p)], which
introduces a minor change of the mixture momentum due to the gas flow between well
and formation. For the applications we have in mind where the gas volume fraction
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does not get too close to 1 since gas is dispersed in liquid, this approximation is indeed
reasonable. In other words, we consider the following model:
on + (n[p — n])Oru = qun[Py — P(n, p)],
(24) Op + (plp — n])0su = qun[Py — P(n, p)],
g(nvp)atu+aip(nvp) = aI(E(nvp)aIu)v (S (07 1)

Here
n v

25 Pn,p)=———) , > 1,
(25) )= (=) 7
and

0 B+1
26 En,p)=|(——"—— , 0<p<1/3.
(26) )= (=) <1/
Moreover, boundary conditions are given by
(27) P(n,p) = E(n, p)uy atx=0,1, t>0,

whereas initial data are
(28) n(z,0) =ng(z), plz,0)=po(x), ul(z,0)=u(z), x € [0,1].

We observe that the model problem (24)—(28) coincides with the model (1)—(6) stated
in the introduction.

3. A global existence result. Before we state the main result for the model
(24)—(28), we describe the notation we apply throughout the paper. W'2(I) = H*(I)
represents the usual Sobolev space defined over I = (0, 1) with norm || - ||y1.2. More-
over, LP(K, B) with norm || - ||L»(x,5) denotes the space of all strongly measurable,
pth-power integrable functions from K to B where K typically is subset of R and B
is a Banach space.

THEOREM 3.1 (main result). Assume thaty > 1 and 8 € (0,1/3), respectively, in
(25) and (26), and that the initial data (ng, mo, ug) satisfy (note that the corresponding
constraint on py = ng + mg can be obtained from this)

(i) infjo,1yn0 > 0, supjo 1] o < 00, infjg1mo >0, and supy 1;mo < pi;

(i) ng,mo € WH2(I);

(iii) wo € L?4(I) for q € N.

As a consequence, the function co = no’frﬂno satisfies that

(29) inf ¢y > 0, supcp < 1, co € WHA(I).
[0,1] [0,1]

Moreover, the function Qo = % satisfies that

(30) [%Hf] Qo > 0, sup Qo < oo, Qo € WH(I).
’ [0)1]

In addition, we assume that Qo(x = 0) and co(x = 0) are chosen such that
(31) Py(0) = [coQo]"(0) > Py,

where P, is the reference pressure which controls whether there is inflow or efflux of
gas at x = 0 at initial time. In other words, we assume efflur of gas at © = 0 at initial
time. Then the initial-boundary problem (24)—(28) possesses a global weak solution
(n, p,u) in the sense that for any T > 0, the following hold:
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(A) We have the estimates

n,p e LOO([OﬂTLWLQ(I))ﬂ N, Pt € Lz([O,T],LQ(I)),
u € L>=([0,T], L*(I)) N L*([0, T], H'(I)).

More precisely, we have for all (z,t) € [0,1] x [0,T] that
(32) 0< inf c¢(z,t), sup c(z,t) < 1, c:= ﬁ,
z€[0,1] z€0,1] P
0<p inf (¢) <n(zt)< (L) sup (¢) < oo
z€0,1] 1 —sup,epo,1] (c) z€0,1]
O<pu<p<s —P7F

~ 1 —sup,cp,y(c)

for a positive constant i = p(||collwr2(1), Q0 w2 (1), luoll z2a() infjo,1) o,
Supjp,1] Co, inf[oJ] Qo, Supjg 1] Qo, T) > 0.

(B) Moreover, the following equations hold:

(33) ni + nlp = nltia = qunlPu — P(n, o)),
Pt + p[p - n]uw = qwn[Pw - P(TL, p)]7
with (n, p)(x,0) = (no(x), po(x)) for a.e. x € (0,1) and

o) 1
/O /0 [ugn. p)ox + [P(n.p) — E(n, p)usloe + quuh(n. 0)[Po — P(n, )] dodt

+ / uo(z)g(no (), po(z))é(z, 0) dz = 0

for any test function ¢(x,t) € C§°(D), with D := {(z,t)|0 <z <1, t >0}
and where g(n, p) and h(n, p) are defined as

0 n
, h(n,p) = :
p—n p—n

Note that g and h do not blow up due to the estimates in (32).

(34) g9(n,p) =

4. Estimates. Below we derive a priori estimates for (n, p, u) which are assumed
to be a smooth solution of (24)—(28). We then construct the approximate solutions of
(24) in section 5 by mollifying the initial data ng, po, uo and obtain global existence
by taking the limit. More precisely, similar to [12, 9] we first assume that (n, p,u) is
a solution of (24)—(28) on [0, T satisfying

2
T, Nty Mgy Nty Py Py Pty Pty Uy Uz, Uty Uz S Ca,a/ (DT) fOI' some o € (07 1)7

(35) n(z,t) >0, plx,t) >0, [p—n](z,t) < pi on Dp=][0,1] x [0,T].

In the following we will frequently take advantage of the fact that the model (24) can
be rewritten in a form convenient for deriving various estimates. We first describe
this reformulation and then present a number of a priori estimates.

4.1. A reformulation of the model (24). We introduce the variable

(36) c= ;
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and see that (24) corresponds to

pdie + cdip + (pPc[l — ) Do = qulep][Puw — Ple, p)],
Bip + (*[1 = )duu = qucp][Puw — Ple, )],

1
(E)atu +0,P(c,p) = 0u(Ec, p)dou), € (0,1),
that is,

drc = quc(l — [Py — P(c, p)],
8ip + p*[1 = |0su = quep[Puy — Ple, ),

(i)atu—I—amP(C, p) = 0(E(c, p)o,u), x € (0,1),

which in turn can be reformulated as

Ore = ¢(1 — ) A,
(37) Oip 4 p?[1 — c|Opu = cpA,
9(c)0ru+ 0 P(c, p) = 0 (E(c, p)Ozu),
where
1

(38) A= qu[Pu = Ple,p)l,  gle)=7—,
and

p v
39 Ple,p)=c"(—L ), > 1,
(39) Cn=c(o—f=gp) 7
and

p p+1

40 E(e,p)=(—2—) ", o0<pB<1/3.
(40) 0= (—fr=a) B<1/
Moreover, boundary conditions are given by
(41) P(c,p) = E(c, p)ug atx=0,1, t>0,

whereas initial data are
(42) c(z,0) = cox), p(x,0) =po(x), u(z,0)=1uo(z), x € 10,1].

COROLLARY 4.1. Under the assumptions of Theorem 3.1, it follows that for
t €10,T] for a given time T >0

(43) 0< inf c(x,t), sup c¢(z,t) < 1.
z€[0,1] x€[0,1]

Consequently, we have that

(44) 1< inf g(c) < sup g(c) < oo, 0< inf h(c) < sup h(c) < oo

z€(0,1] z€0,1] z€[0,1] z€[0,1]

for g(c) = 1= and h(c) =

l1—c”
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Proof. Note that from (37) we have
e = c(1—c)A(z,t),

which corresponds to

ie.,

This implies that

clz,t) CO(xgx) exp(/ot Az, s) ds).

1—c(z,t) 1-co

Note also that the inverse of h(c) = ¢/(1 —¢) is h=*(d) = d/(1 + d), such that
h=1:]0,00) — [0,1) and is one-to-one. Consequently,

(45) c(z,t) =ht (ﬂ)) exp(/ot Az, s) ds))

1—co(z
Clearly, for A = q,[Py — P(c, p)] we have that
A< quPy
since P > 0. From the assumptions on ng, mg given in Theorem 3.1, it follows that

(46) 0 < inf ¢o(x), sup co(x) < 1.
[0,1] [0,1]

Hence, in view of (45) it follows that sup,c(o ) c(z,t) < 1. However, since we have
no upper limit on P(c, p), A can become an arbitrarily large negative number, which
implies, in view of (45), that there is no positive lower limit for ¢. We can only conclude
that and 0 < inf,¢jo 1) c(z,t). The estimates (44) follow directly from (43). O

Remark 4.1. Note that the consequence of (43) is that for a finite time T' > 0,
no pure gas regions (m = 0) will appear since Sup,epo,1] ¢ < 1, although gas will enter
the well as long as well pressure P is lower than critical pressure P,,. However, at this
stage we cannot conclude anything about the possibility for getting pure liquid zones
(n = 0 corresponding to ¢ = 0) due to flow of gas from the well into the surrounding
formation, which takes place when the well pressure P is higher than the critical
pressure P, .

In order to obtain the a priori estimates, it will be convenient to introduce a
new reformulation of the model (37)—(42). This reformulation allows us to deal with
the potential singular behavior associated with the pressure law (39) and viscosity
coefficient (40). A similar approach was employed in [9, 10, 20]. However, compared
to those works we now also have to take into account additional terms due to the
dynamic well-formation interaction and the fact that a full momentum equation is
used in the model. For that purpose, we introduce the variable

(47) Qp,k) = —-

pr—kp’

k=1-c,
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and observe that

(19) PR L

) + —.
1+ kQ p pQ  p

Consequently, we get

Qp, k)t = Qppt + Qrke

1 pk ) p?

= + +— &
(m “kp " o=k )" G —kp)?

2

pi p
(o0 = kp)2"™" " (o1 — kip)
= (pl_pilkpy[cpfl — (1= ¢)p’us] +
picpA pi(1 = ¢)p?

2'I€t

2

(p1 — kp)?

2
= o k
=2 (= kpE e TR
2
picp”A 2 2
=——— = —p(l - 0)Q%u; — Q°c
p(pl — kp)2 pl( )Q Q t
1
= pch(m + %)QZ — (1 = ¢)Q%*uy — Q*ckA (using (48) and the first eq. of (37))

cA(Q + kQQ) — (1 = 0)Q%*uy — Q*ckA
cAQ + cAkQ? — pi(1 — ¢)Q%*uy — Q*ckA
=cAQ — pi(1 — ©)Q%uy.

Thus, we may rewrite the model (37) in the following form:

Oe = c(1 — o)A, A = qu[Pw — P(cQ)],
(49) 0Q + pu(1 = 0)Q%uy = cAQ,
g(c)atu + aﬂcP(CQ) =0y (E(Q)aru)a

with
(50) P(eQ)=cQ",  y>1,
and

(51) EQ) =@, 0<p<1/3.

This model is then subject to the boundary conditions
(52) P(cQ) = E(Q)uy at x =0,1, ¢t>0.

In addition, we have the initial data

k; (using the second eq. of (37))

(53) c(x,0) =co(x), Q(z,0) =Qo(x), wu(z,0)=ug(z), x =[0,1].
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4.2. A priori estimates. Now we derive a priori estimates for (¢, @, u) by mak-

ing use of the reformulated model (49)—(53).
LEMMA 4.2 (energy estimate). We have the basic energy estimate

/;(@u + ()([CQ] dx +—// 0)[eQ]" dz ds
PCEY //h cQWda:dH//QﬁH 2 duds < C,

where Cp = Cl(sup[o)l] Qo; lluollz2(nys lcollL~(ry). Moreover,

(54)

(55) Q(z,t) <Cy V(1) €0,1] x [0, ],

where Cy = Ca(supyg 1) Qo, [[uoll 21, icoll (1), T'). Moreover, for any positive integer
q,

1 t 1
(56) / w2(z, 1) da + q(2q — 1) / / W22 Q1B ()2 da ds < C,
0 0 0

where C3 = C3(HUO||L2‘1(I)7 T, q, Cg)

Proof. We consider the proof in three steps.

Estimate (54). We multiply the third equation of (49) by w and integrate over
[0,1] in space. Applying the boundary condition (52) and the fact that the first
equation of (49) is equivalent to

(57) 9(c)r = h(c) A,

we get

(58) /01 (%zﬁ)tdx - /01 %u2h(c)A dx — /01 P(cQ)uy de = — /01 B(Q)(uy)? d.

Moreover, from the second equation of (49) we get

_gle)e”

(59) p(y—1)

(@ e+ OQruy = pih<c>c7QV*lA
1

by multiplying with m&@yﬁ, This equation also corresponds to

1 B Q! ! B
(60) m(Q(C)CVQV D = m(g(o)ﬁ)t + QMg = Eh(C)CVQ7 ‘4,
which in turn can be rewritten as
1 - _ 7 _
(61) PR LA e+ P(cQ)u, = PR LA DA,

where we have used the first equation of (49) as well as (57). Integrating (61) over
[0,1] and combining it with (58), we get

_wy [ O P, — P(c T
/E )(uz)? —pm—n/og” Q" [Py — PeQ)] d
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In other words, we obtain the following integral equality:

d [trg(e) 5 gl)Q "
i), (e =)
+(‘JA/1 (&) Q " P(cQ) dx—f—/ B(Q)(uq)? do

qu

1
dz + %U /0 u?h(c)P(cQ) dx

quw7 ! Y)7—1
c)dx + e _1)/ g9(c)7Q7 " dx.

Using that supe < 1,1 < g(¢) < 00, and 0 < h(c) < 0o, in view of Corollary 4.1 appli—
cation of Gronwall’s inequality, respectively, for the term fol u?h(c)dr < fo u? dx
and fo (¢)cYQ7~1 dx appearing on the right-hand side, gives (54).

Estimate (55). To obtain a pointwise upper bound for ¢ we will need the bound-
edness of the (new) higher order terms [[ u?h(c)[cQ]"dzds and [[ h(c)[cQ]*''dzds
obtained from (54). From the second equation of (49) we deduce the equation

(62) 1 @), + 57, = Lo a.
Pl Pl
In view of (57) this corresponds to
(63) (9(e)Q%): + BpQ  uy = (B+ 1)h(c)Q° A.

Integrating over [0, ¢], we get

(64)  g(0)Q"(x,t) = g(co)Q"(x,0) — Bpi /0 QP uy ds + (B +1) /0 h(c)Q” Ads.

Then, we integrate the third equation of (49) over [0, z] and get

/0 " g ury, 1) dy + P(eQ) — P(eQ0.8)) + (E(Qus)(0.8) = E(Qus = QP u,

Using the boundary condition (52) and inserting the above relation into the right-hand
side of (64), we get after an application of (57)

9(0)Q" (z,t) — g(c)Q" (2,0)

= o [ ([ sttt Pe@) as+ 541 [ n0Q2Aas

65 x t x
@) _ g, / (9(Q)uly, £) — glco)uo(y)) dy + Bor / / uh(c)Ady ds

—5;)1/0 P(cQ)ds+(ﬁ+1)/0 h(c)Q" Ads.
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Consequently, since P(cQ) > 0 and using that A = ¢,,[P, — P(cQ)], we get
9(c)Q%(x, 1)
< g(co)Qq (x +ﬂpz/ lg(c)u(y, )Idy+ﬂpz/ lg(co)uo(y)| dy

+ Pt / / uh(€)[Pa — P(cQ)] dy ds + (8 + 1)gu / h(e)Q®[Pu — P(cQ)) ds

9(co)Qg () + Bpi suop”g / lu(y,t)| dy + B sup ch / luo(y)| dy
ace we ,1

+ BpigwPy sup hlc //MMMHﬁM%//WM P(cQ) dyds

z€[0,1]

+(B+1)quwPy sup (c )/O g(c)QP ds.

z€[0,1]

Applying Holder’s inequality and (54) as well as assumptionb on initial data uy we

can bound fo |u| dy and fo |uo| dy. Moreover, the term fo (¢)@Q” ds can be controlled
by means of Gronwall’s inequality.
Consequently, the upper bound (55) then follows if we can show that fot Jy ulh(c)
P(cQ) dy ds is bounded. For that purpose we introduce the splitting |u|h(c)P(cQ) =
lulh(c)*2[cQ]7/? - h(c)'/?[cQ]"/? in combination with Young’s inequality:

/ / |u|h(c)P(cQ) dx ds
(66) < _/ / |u|2h(c)[cQ]7dxds+%/ot /01 h(e)[cQ)” da ds
<Oy 42 // eQ] da ds,

where we have used (54). To estimate the last term we see that
h(e)[eQ]" = h(e)/[eQ]" - h(e)* VP, p> 1L

By choosing p = &,Ybl =2- % > 1, that is, ¢ = 2—77_;11 (such that % + % = 1), we see
that application of Young’s inequality allows us to estimate as follows:

[ [ reraraas <t [* [ weearraras+ L [* [ herasa
27_1// o)[eQ~ Ldy ds + L _1// ¢)dzds < C

in view of (54) and Corollary 4.1 and for an appropriate choice of C. Thus, the
estimate (55) has been proved. In particular, the following estimate holds:

(67) A < qu(Pa + C3) = M.

Estimate (56). Multiplying the third equation of (49) by 2qu??~!, integrating over
[0,1] X [0,¢] and integrating by parts together with applying the boundary conditions
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(52) and the equation (57), we get
(68)

1 t 1
/ g(c)u* dx + 2q(2q — 1) / / QP (uy) w2 dx ds
0 0o Jo

1 t 1 t 1
= / g(co)uld dx 4 2q(2¢ — 1) / / [cQ] u?T 2, dx ds + / / h(c)u*?Adz ds.
0 0 Jo 0 Jo

For the second term on the right-hand side of (68) we apply Cauchy’s inequality with
&

(69) ab < (1/4¢)a® + b,

and get

t pl
//[CQ]Wu%*?uwdxds
—45// QP TIT 2dxds+a/ / Q12 (u,)? du ds

S— sup (c*7 / / QY Py deds—i—a/ / QP 172 (uy)? da ds.
4‘€r€[01

The last term clearly can be absorbed in the second term of the left-hand side
f (68) by the choice ¢ = 1/2. Finally, let us see how we can bound the term

fot fol u?172Q>7~1=F dx ds. In view of Young’s inequality ab < (1/p)a?+(1/r)b" where
1/p+1/r =1, we get for the choice p=gqg and r = ¢q/(¢ — 1)

// 20720217 dyp ds < ~ //Q(QV = B>deds+—// u? dz ds
(2v—1— ﬁ)q
§C2 // u?? dz ds
q

by using (55). To sum up, we get

(70)
1 1
/ glc)u* dx + q(2¢ — 1) / / QP (uy)?ur™ 2dxds—/ g(co)ul! dz
0
1 0(27 1- B)q
§2q(2q—1)4—5[ 2 // u?l dx ds +M// Yu?? dz ds
q

(261_1)[0@7 =94 (g // 2qda:ds +M// Y dz ds,

where we have used (67) and ¢ < 1. In view of Corollary 4.1, application of Gronwall’s
inequality then allows us to handle the term fot fol 24 dx ds appearing twice on the
right-hand side of (70). Here we also use that ( 7 < 1 and sup g(c) < co. Hence, the
estimate (56) follows. O

Remark 4.2. As a consequence of estimate (55), we can conclude that |A| < M
as described by (67). A revisit of Corollary 4.1 (see (45) and (29)) then implies that

71 0< f t
(71) zg[lol]C(ﬂr )s
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as stated in Theorem 3.1(A). In other words, when the well initially is filled with
a mixture of gas and liquid as described by the assumptions of Theorem 3.1, there
exist no points in the well where all the gas will disappear in finite time, despite the
fact that the gas is “free” to flow into the surrounding formation as long as the well
pressure P is higher than the critical pressure P,.
The next lemma represents a first step toward an estimate of c(z,t) in WH2(1).
LEMMA 4.3. We have the estimate

@ [eres [otaro [ [ e @p]as

for a constant Cy = Cy4(C2,T).
Proof. We set w = ¢, and differentiate the first equation of (49) with respect to
x, which yields
wy =w(l —c)A — cwA+c(1—c)A,
= w(l — 2¢)qu [Py — P(cQ)] — ¢(1 = €)quy(cQ)" ™ wQ + cQq]

- ((1 20 qu[Pa — P(eQ)] — (1 C)qm(CQ)”) w— el -0 (Q9),
= C(C, Q)w + D(C, Q) (Qﬁ)w

for appropriate choices of the constants C' and D and where we have used the fact
that %Ql’B(Q'B)m = Q. Hence, multiplying by w and integrating over [0, 1] we get

1 1 1
(73) /0 (%uﬂ) dx 2/0 Cw? dx—|—/0 Dw(QP), dx.
t

Clearly, in view of the pointwise upper bound on @ given by (55) and the bound on
¢ from Corollary 4.1, we see that

1d 1 1 1
——/ w?dr < sup |C] [ w?®dz+ = sup |D| [ w?dx
2dt Jo z€[0,1] 0 2 zef01] 0
1 1
5 sup D] [ (Q7)}dx
2 zej0,1] 0
1
<G [+ @),
0

+

where we have used Cauchy’s inequality and an appropriate choice of the constant
Cy. d

In the following lemma, whose proof follows the line of reasoning of previous works
[9, 20], the estimate of (Q”), and ¢, in L2(I) is coupled together by exploiting the
result of Lemma 4.3.

LEMMA 4.4. We have the estimate

(74) [ e + @3] ar <

fOT’ a constant C5 = C5(HQ§HWL2(I)7 HC(JHW1,2(I), HUOHL2(I)7 HUO”L4(1)7 Cl, CQ, C4,T),
Proof. From (63) we get

(75) (9(0)Q%)t + Q" uy = (B 4+ 1h(c)Q" A.
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Using (75) in the third equation of (49) and integrating in time over [0,t] we arrive

at
/Ot g(c)uy ds + /Ot P(cQ), ds = /Ot(E(Q)uz)z ds

- %pz /0 ((8+ DAOQ" A~ (9(0)Q"):) ds

(76)

This corresponds to

t

Bpilg(c)u — g(co)uo] — Bp h(c)Ads + Bp1 | P(cQ)z ds
s [ J

= [ (+010Q™4) ds = (60 + (aler)@)s.

where we have used (57). Dividing on g(c) > 1 we arrive at

By {u— “"g((cj))uo} —%/0 h(c)Ads +%/ P(cQ), ds

(78) , 0
_ B+ 8 9z s sy, 9(C0)s g(co)
= [(ne@ra) as-L95q7 - (@), + Lz qf + L2 ).
That is,
8y _ 9(0) 6 ( ) ( )
9( Co ﬁplqw Bpi
(79) —Bm [u - / uh(c Q)] ds — o) /0 P(cQ), ds
w 1
v % / (h(c)@ﬂ P - P(c@])z ds
Multiplying (79) by (Q?). and integrating over [0, 1] in z, we get
(80)
| @i
B 1 1 (00)200@ 1 CO)
- [ 00e@) @) da+ [ (LU2205) Qo+ [ (L2(Q0).) (@)
— ' p u_g(CO)u L t C! . S_q—w tu C — C S i

GRS / @) / (Mo (P - P(Q))) ds|da

9(¢)
< (@) (loo el + L mgp] o L],
+6PZHU_ gg((cco))uo L2(I) +ﬂlech/t P(eQ)z d L2(I)
oo | [unorR, - Pealas
64 D] [ (0B~ P@) s, )=
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where we have used Hoélder’s inequality and ¢'(c) = g(c)?. Cauchy’s inequality
ab < a?/2 + b?/2 then gives

/ Q)2 d < = / (@)

a2 | s,
o AN £y
+ ﬂplqu@ [ untates - peanas
£+ Va5 [ (n0@tea - i) as] )
The following estimates can be obtained where the constants A;, i =0,...,9, depend
only on the constants Cy,Cy,C3,Cy, and T and initial data
82 la(Q el < A0+ 41 [ t / (e + (@2 dods,
(89 % A oy < A2
s | 2@, <
SR g((cco)) o ;(I) =
(86) %/@t (cQ)a ds » <A5// (Q%)2 dmds+A6// e)? da ds,
(87) ﬁ /0 t wh(¢)[Py — P(cQ)] ds‘ oy AT
8 |- [ (et - rean) o,

t 1 t 1
SAS/ / (Qﬂ)idxds+Ag/ / (cz)? da ds.
0 JO 0 JO

For estimate (82) we have used (72) of Lemma 4.3 together with estimate (55) of
Lemma 4.2 and Corollary 4.1. Estimates (83) and (84) follow from Corollary 4.1
and assumptions on initial data ¢y and Q. Moreover, estimate (85) is obtained
by application of (54) of Lemma 4.2. Similarly, estimate (87) follows by first using
Holder’s inequality, followed by application of Cauchy’s inequality

1

(Wh(Q) Py — P@))? < gu' + 2h(e)! [Py — P’

in combination with estimates (56) and (55) of Lemma 4.2, as well as the pointwise
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upper bound on h(c). Estimate (86) is obtained as follows:

/Ot/lp(cQ)idxdsz/t/l QW(CW)JC‘FCW(QV)QC)deds
<2//Qz7 (") da:d8+// da:ds)
<2 0 [ [ @paeasre s o [ [ @)acas

gzc?/o /O (c”)ida:ds+2/0 /O (QM)2 dx ds,

in view of estimate (55) and Corollary 4.1. Moreover,

/ t / Q2 drds = (%)2 / t / QU Q)2 dds

2 t pl
() [ [ @t
B o Jo
and

(91) // A):drds =y // 201 dxds<7// (cz)* dx ds

in light of Corollary 4.1 and Lemma 4.2. Thus, (89)-(91) implies estimate (86).
Furthermore, as a consequence of the well-reservoir interaction we must also estimate
the term

// )QP[P, —P(cQ)])idwds

/ / 012 QP [Py — P(cQ)] + h(€) [Pu — P(cQ))(Q%)a

(90)

h( )QﬂP(CQ)wr dz ds

t 1 t el t o1
< B / / (cz)? dx ds + B / / (QP)2 dxds + B / / P(cQ)? dx ds,
o Jo o Jo o Jo

where we have used that h/(c) = g(c)?, Corollary 4.1, and Lemma 4.2 and the con-
stants By, Bg, B3 have been chosen in a suitable manner. Now, estimate (88) follows
from (92) and (89)—(91). Combining (81) with estimates (82)—(88), we get

%/Ol(Qﬁ)idx§C+D/Ot/01(Qﬁ)idxds+E/Ot/01(cz)2dxds.

Adding 3 fol (¢ )%dx to both sides of the above inequality and employing estimate (72)
of Lemma 4.3, we get an inequality of the form

/[( )2+ (Q7)7] dx<0+c// )’ P)2) da ds

for an appropriate choice of the constant C. Thus, application of Gronwall’s inequality
gives the estimate (74). a
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The result of Lemma 4.6 is crucial. We follow the idea of previous works [12, 9, 20];
however, the proof becomes more involved due to the appearance of additional well-
formation interaction terms. Thanks to the fact that we have the estimate (67) of the
well-formation term A = ¢, [P, — P(cQ)], the proof can borrow arguments from the
one presented in [5] with some modifications. In particular, more care is needed for
the estimate of Q! at the boundary point z = 0. For that purpose we make use of
the following lemma.

LEMMA 4.5. We consider the following ODE system for z(t),y(t):

dz y
d_z =—(1-2)2"y"" P 4 2y[Py — (29)"],

where Py, v, and B are given as described in Theorem 3.1. For a given time T > 0,

if

(94) 0 < inf 2(t), sup z(t) <1,
t€[0,T] t€[0,T)

and initial data zg,yo are chosen such that
(95) (ZOyO)V > Pw7

then we can conclude that

(96) (2)(t) > K = (%) T telo,T)

That 1is,

(97) 1l s s<E e
y(t) — K o1 T K’ ’

din(z) v
dlZEy) = —(1=2)2"y" P + 2[Py — (29)"]

by multiplying the first equation by z~! and the second by y~!. Summing these two
equations yields
dIn(zy)
dt

=—(1- z)z*@(zy)'y_’@ + [Py — (2y)"].

Let v = In(zy), and write this equation in the form

d
(99) d_: = —a(t)e’ P — eV 4 P, := h(t,v),
where a(t) = (1 — 2z(t))z(t)? € (0,1) in view of (94). We want to prove the following
statement for a constant M > 0 and time interval [0, T:

(100) If h(t,v) > 0 for v < M, then v(¢) > min{v(0), M}.
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For that purpose, let us assume that there is a time t5 € [0, 7] such that
(101) v(t2) < min{v(0), M }.
Due to continuity of v(t) it follows that there must be a time ¢, € [0,t2) such that

U(t) < Hlin{’U(O),M} < M, te (tl,tz],
and v(t1) = min{v(0), M }.

It follows from the assumption of statement (100) that h(t,v) > 0 for ¢ € (t1,t2).
Now we integrate (99) over (¢1,t2) and get
ta
v(ts) = v(t) +/ h(s,v) ds > v(t:) = min{v(0), M}.
t1
This contradicts (101) which ensures that (100) is true. The final step is to find an
appropriate choice of M > 0 such that h(t,v) > 0 for v < M. Clearly, we have that
h(t,v) > P, —2e"7 >0

if ev” < 1/2P,, that is, v < (1/7) In(P,/2) := M. Then, we conclude from (100) and
(95) that

v(t) > min{v(0), M} = M since v(0) = In(zoyo) > %ln(Pw) > M,

from which (96) follows. O
LEMMA 4.6 (pointwise lower limit). Let 0 < 8 < 1/3. Then we have a pointwise
lower limit on Q(x,t) of the form

(102) Qz,t)>Cs  V(z,t) €[0,1] x [0,7T],

where the constant Cs = Cg(C2, C3, Cs, inf[g 17 Qo, sup(g,1] Qo: lluoll 21y, infjo,1) co, T').

Proof. We first define

v(z,t) = , V()= max v(z,s).

Q(z,1) [0,1]x[0,1]

We calculate as follows:

x 1 1
v(z,t) —v(0,t) = / Ogvdx < / 10,Q|v? dx = %/ v 110,Q°| da
0 0 0

%(/1 10,Q°|? dx)1/2 (/1 L2(8+1) dx)l/z
’ 0
C’é/2 (/01de)lm((l[%i)]cv(-,t))2'8+1)1/2

Oéﬂ (/01de)1/2(1[13f11)]<v(-,t))6+1/2,

where we have used (74). Next, we focus on how to estimate fol vdz. The starting
point is the observation that the second equation of (49) can be written as

IN

(103)

IN

IN

ve — pi([1 = cJu)x — pregu = —[cA]v.
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Integrating over [0,1] x [0, ], we get

(104)

1 1 t
/0 v(z,t)dr = /0 v(x,0)dx + pl/o [(1—=c)u(l,s) — (1 —c)u(0,s)]ds

t 1 t 1
+pz//czudxds—//[cA]vda:d8

([10an0) +2pl/max|u s)|ds+ = // 2+ u? dxds—i—M/ / vdxds

1/2 t
S([ionlf]Qo)_l—i—Qpl\/f / ||u2(s)|\Loo(1)ds) + 2 (C5+201 +M/ / vdx ds,
: 0

where we have used Hélder’s inequality, Cauchy’s inequality, and the results of Lem-
mas 4.2 and 4.4, as well as estimate (67). In light of Sobolev’s inequality || f|ze(r) <

C|lfllwra(ry it follows that the second term on the right-hand side of (104) can be
estimated as follows:

(105)

t
/Hu2(s)||L°°(I)d5
<C'/ [u?(s)|lwra(ryds =C //u dxds+//| |da:d8

SCtCl—i—QC/ / QT|u||um|vT dx ds
0 Jo

t 1 1/2 t 1 1/2
< CtCy + 20( / / QP22 do ds) ( / / o dy ds)
0 0 0 0

t 1 1/2
< CtCy + 2003 (/ / o dds)
0 JO

where we have used (54) and (56) with ¢ = 2 and Hélder’s inequality. Combining
(104) and (105), we get

(106)

/01 v(z,t) dx

t pl
< (inf] Qo) '+ 2/)1\/—[07501 + 2001/2 / / pith dxds)

[0,1
t
pz (C5+2C1 +M/ / vdxds

SC—FC(//vHﬁdxds +M//vdxds
0 Jo 0o Jo
t 1 1/4 t 1
=C+C(//v25vl_5dxds) —|—M//vda:d8
0 Jo 0 Jo
t 1 1/4 t 1
SC—}—CV(t)w/‘l(/ / Ulfﬂdxds) —|—MV(t)B/ / v 7P dx ds,
o Jo o Jo

1/2} 1/2

where C' = C(infp 1] Qo, C1,T). Now we focus on estimating fot fol v'=Pdxds. For
that purpose, we note that the second equation of (49), by multiplying with Q%’l,
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can be written as

g=1 1-p5 EES) 1-5 —1

@) = p—g (1= )QF us -

Integrating this equation over [0, ], we get

B—1 -1 1— ¢ +1 — ¢ 51
QT =QF @0+ [(1-0QFwds— 55 [ as

Consequently, using the inequality (a + b)? < 2a? + 2b2, we get

Q" (1) <27 (w,0) + 47 (57 /Qﬂ+1uwds
+4<#>2</0 —
<2Q° 1 (2,0) + pit(1 — /QB+1U2 ds + M?t(1 /QB Lds

by Holder’s inequality. Integrating over [0, 1] in space yields

1 1
/ vl_de:/ QP dx
0 0
1 1t
§2/ vlfﬁ(x,O)dx—l—p%t(l—ﬁf/ / QP2 ds du
0
+ M?t(1 //QB Vds da
<C+M*(1 // v P dx ds,

with C' = C(inf{g 1) Qo, C1,T), where we have used (54). Thus, by Gronwall’s inequal-
ity we conclude that

(107)

1
(108) / v P dr < C([ionlf] Qo,C1, M, T).
0 ,
Consequently, (106) and (108) imply that
1
(109) / v(z,t)de < C+ DIV)P2 +V(t)’] < EQL+ V()2 + V(1)
0

for appropriate constants C, D, and E that depend essentially on infjg 1) Qo, M, T, C1.
Substituting (109) into (103), we get

Aot 1/2 B+1/2
5 (), ve) " (got0)

< (C5E)'/?

- B

< FL+ V()P + V()2 (1) /2

< Fmax(CV (t)3/25+1/2 3)

v(z,t) —v(0,1)

IN

(110) 14+ V()2 + V()12 (1)P+1/2
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for F = F(Cs,E). Here we have used the inequality (1 4 2//* 4 27/2)28+1/2 <
CzB3/2B+1/2 which holds for z > 1 and an appropriate constant C' > 3. This follows
by observing that

fx) = CxB/ABHY2 _ gBH1/2(1 4 gB/4 4 212y = 2P+12((C — 1)2P/? — 1 — 2P/
> P20 = 1)2P? =1 — 2P?) = P2 (0 - 2)2P2 —1) > 0
for > 1 and C' > 3.

We must check that v(0,¢) remains bounded in [0, 7]. From the boundary condi-
tion (52) we have

Q) — QT u, =0

r=

Using this in combination with the second equation of (49) gives us the following
equation at x = 0:

(111) Qe+ pi(1 = Q™7 (cQ) = Q[P — (cQ)],
whereas the first equation of (49) corresponds to

(112) et =c(l—c)[Py — (cQ)"] for x = 0.
Setting that

Z(t) = C($ = Ovt)v y(t) = Q(Q? = Ovt)a

and without loss of generality we may set p; = 1, then we see that the ODE system
(111) and (112) corresponds to the ODE system of Lemma 4.5. In view of Corollary 4.1
we see that the assumption (94) is fulfilled. In view of assumption (31) of Theorem 3.1,
it is also clear that assumption (95) is fulfilled. Consequently, we can conclude that

v(0,t) < K1, t 0,7

In conclusion, from (110) we have
V(T) < K~' +3F max(V(T)(3/2)B+l/27 1).

Since 8 < 1/3 we see that (3/2)8+ 1/2 < 1. Therefore, it is clear from the inequality
r < C(1+2%) with 0 < € < 1 that < G for some constant G. Consequently,
V(T) < G, where (in view of the above estimates)

G = G(Cy, Cs, inf Qo,sup Qo, ||uoll L2(r), T)-
[0,1] [0,1]

Thus, the result (102) follows. 0

Now, we can directly deduce the following pointwise estimates which ensure that
no transition to single-phase flow occurs.

COROLLARY 4.7. There is a constant p = u(Ca,Cgs) > 0 such that for (z,t) €
[0,1] x [0,T], we have

(113) 0<p<[l—dplx,t), [L=dpat)<p—p<p,

. pL— b
114 0<p inf (¢) <n(z,t) <|——) sup (¢) <
(114) Mré[Oal}( ) (@9) (1 — SUPgze[0,1] (C)) mE[O,l]( )
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fore=mn/p.
Proof. In view of (47) and the bounds (55) and (102) it is clear that there is a
w1 > 0 such that (113) holds. Consequently,

. pL— b
O<p inf (¢)<n=cp< (—) sup (c) < oo,
16[071]( ) 1 —SUPze[o,l](C) 16[071]( )
where we have used the estimates (43) of Corollary 4.1 as well as the refined lower

limit (71). O
COROLLARY 4.8. We have the estimates

1 1
(115) / (0zp)* dx < Cr, / (0zn)* dx < Cy
0 0
for a constant C7 = C7(Cs, Cy4, Cs,Cg) and Cg = Cs(Cs, Cy, Cs,Cs).
Proof. 1t follows that

0:Q(p, )" = 5QUp. k) [Quep + Quuk] = QoK) 3000+ 01).

In view of this calculation and the pointwise upper and lower limits for Q(p, k), as well
as p, given by (55), (102), and Corollary 4.7, it follows by application of Lemma 4.4
that the first estimate of (115) holds. The second follows directly from the relation

Oxn = pOyc+ cOrp since n = ¢p

and the corresponding estimate

1 1 1
/ (0,n)* dx < 2( sup p)2/ (0zc)?® +2( sup 0)2/ (0zp)? dx < Cs,
0 0 0

z€[0,1] z€[0,1]
where we use the first estimate of (115), Lemma 4.4, and Corollary 4.7. O

5. Proof of existence result. Equipped with the estimates of section 4, we
apply arguments similar to those used in [12, 11, 13, 9] to show compactness, i.e.,
convergence of a sequence of approximate solutions of (24) (obtained by regularization
of initial data) to limit functions (n,p,u). The final step is to show that these are
solutions in the sense of (33) of Theorem 3.1.

First, we introduce the Friedrichs mollifier js(z). Let ¥ (z) € C§°(R) satisty
Y(x) =1 when |z| < 1/2 and ¥ (x) = 0 when |z| > 1, and define 5 := ¥ (x/J).

Mollifying. We extend ng, po, up to R by using

no(l), z € (1,00), po(l), =€ (1,00),
no(x) :== ¢ no(z), = €][0,1], po(x) := < po(z), = €]0,1],
nO(O)a T e (_0070)7 pO(O)a T e (—O0,0),

whereas we extend ug(x) to R by defining it to be zero outside the interval [0, 1].
Approximate initial data (nd, pd,ud) to (no, po, uo) are now defined as follows:

(116)
ny(x) = (no * js)(@),  py(x) = (po * js)(x),
ug = (ug * j5) (@)[1 — s (x) — P5(1 — )]
+ (uo * js) (0)1hs () + (uo * js)(1)hs (1 — @)

+ () Q] / bay) dy — ()7 QUat) P~ / da(l— )
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Then it follows that ng, p) € C**+5[0,1], uj € C?*+*[0,1] for any 0 < s < 1, and nj, po,
and uj are compatible with the boundary conditions (27). Moreover, it follows that

1 ) 2q
(w0 +3) Ot [ 637 do < C6( [ uo(a)js(a) do)
0 0
5 o 2q—1
< 05/ ugq dZII(/ qu/(2Q7l)($) dﬂ?) q
0 0
5
§C’/ ug(x)dez — 0 as § — 0.

Similarly, it follows that |(ug * js(1)]%? fo (1 — z) do — 0. Therefore, recalling the
definition of uj(x), we see that, as § — 0,

(117) uy — ug in L2(I).

In addition,

(118) ng — mno, P — po uniformly in [0, 1]
as 0 — 0.

Now, we consider the initial boundary value problem (24)—(28) with the initial
data (nog, po, uo) replaced by (ng, pd,ud). For this problem standard arguments can be
used (the energy estimates and the contraction mapping theorem) to obtain the exis-
tence of a unique local solution (n%, p®, u%) with n®,nd, nd nl % p, p¢, pd  u® ud, ul,

€ C*/2([0,1] x [0,T*]) for some T* > 0.

In view of the estimates of section 4.2, obtained by relying on the reformulated
model (49)- (53) it follows that n° and p° are pointwise bounded from above and
below, (u‘s)q, nd, and pd are bounded in L*([0,T], L*(I)), and u’ is bounded in
L?((0,T), L*(1 )) for any T > 0. Furthermore, we can differentiate the equations
in (49) and apply the energy method to derive bounds of high-order derivatives of
(n?, p?,u®). Then the Schauder theory for linear parabolic equations can be applied
to conclude that the C**/2(Dr)-norm of n®,nd,ns, n,, p, po, p¢, pd. ul ud,ud,ul,
is a priori bounded. Therefore, we can continue the local solution globally in time and
obtain that there exists a unique global solution (n°, p%, u°) of (24)-(28) with initial

data (nd, pj,uf) such that for any 7> 0, the regularity of (35) holds.

Estimates and compactness. Clearly, in view of the estimates of section 4 and
the model itself (24), we have

(1119) ) )
/ (u?)?(x, t) dx+/ (n%)%(z,t) dx+/ (p2)2(z,t)dx < C, te0,T], ¢ €N,
0 0 0

pL— I
0<p<p(at)< (—),
1 —sup,¢po,1)(c)

0 t () <nd(at)< (—L2—E ) t)€0,1]x[0,T
<uréﬁm<>_n<x, )= (Tmape@) 22, @ @ e x0T,

/ / n)? + (o)) (2.5 deds < C,

where the constants C, x> 0 do not depend on §. Note that the boundedness of p?
and n¢ in L2([0, T, L*(I)) follows in view of the equation p¢ + (p°[p® — n°])ul = nA
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and nd + (n’[p® —n’])u’ = nA, the estimates of Corollary 4.7, and the energy estimate
(54) of Lemma 4.2. Hence, we can extract a subsequence of (n?, p?, u%), still denoted
by (n?, p°,u%), such that as § — 0,

u® — u weak-* in L°°([0, T], L*(I)),

n® — n weak-* in L>([0, T], W2(I)),

p° — p weak-* in L°°([0,T], W"(I)),

(ng, pf,ul) = (ni, pr, ue) weakly in L*([0,T], L*(I)),

(120)

Next, we show that (n, p,u) obtained in (120) in fact is a weak solution of (24)—(28).
The classical Sobolev embedding (Morrey’s inequality) W24(0,1) «— C1~1/9)o, 1]
applied with ¢ = 1 gives that for any z1,25 € (0,1) and ¢t € [0, 7]

(121) 0% (1,1) = p (22, 1)| < Clay — a2|'/2.

To control continuity in time, in view of the sequence of embeddings W12(0,1) —
L>(0,1) < L%*(0,1), we can apply the Lions—Aubin lemma (see, for example, [15,

section 1.3.12], ) for a constant v > 0 (arbitrary small) to find a constant C, such
that

10°(t1) — p°(t2) |l oo (1) < VII° (t1) — P°(t2) llwr2(ry + Cullp’ (t1) — p° (t2) |l 21
(122) < 20|p° (®)|lwrz(ry + Colts — t2| 2108 | L2 (0, 7,22 (1))
< Cv+C,Ct — to]'/2,

where we have used (119) to derive the last two inequalities. Consequently, (121)
and (122) together with the triangle inequality show that {p°} is equicontinuous on
Dy =[0,1] x [0,T]. Hence, by the Arzela—Ascoli theorem and a diagonal process for
t, we can extract a subsequence of {p’}, such that

(123) P’ (x,t) — p(x,t) strongly in C°(Dr).
The same arguments apply to n yielding
(124) n®(x,t) — n(x,t) strongly in C°(Drp).

Clearly, p; is also bounded in L?([0,T], L(I)) and from the estimate

lp(t) = p(t2) 220, / Iplt2) — plt2) P da

to 1 to 2
:/ ‘/ peds dxg/ (/ |pt|ds> dx
0 t1 0 tl
T s
<t —t2|/ / pi dz ds,
o Jo

where we have used Hoélder’s inequality, we may also conclude that
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(125) p e CY%([0,T], L*(1)).

Similarly, the same arguments apply to n. Thus, we conclude that the limit functions
(n, p,u) from (120) satisfy the first two equations n; +n[p — njuy = qun|[Pw — P(n, p)]
and p; + p[p — nlug = qun|[Pw — P(n,p)] of (33) for a.e. z € (0,1) and any ¢ > 0.
To show that the last integral equality holds, we multiply the third equation of (24)
by ¢ € C§°(D) with D = [0, 1] x [0, 00) and integrate over (0,T") x (0, 1), followed by
integration by parts with respect to z and ¢t. Taking the limit as 6 — 0, we see that
(n, p,u) also must weakly satisfy the third equation of (33).
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