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Abstract

Most natural phenomena in the world have a nonlinear behaviour. If systems are to be described by
linear equations they must follow the superposition principle. The superposition principle, consisting
of additivity and homogeneity, states that the response caused by several inputs are equal to the
sum of each input separately. Even though a minimal amount of systems in the world follow this
principle, linearization of systems is widely used. The classical thoughts that the world could be
described linearly were not disputed until the late 19" century.

Dynamical systems describe how all points of the system evolve with time. Most nonlinear systems

cannot be explicitly solved, so phase diagrams are widely used. Phase diagrams map the velocity and
position as time increases, making it possible to investigate how the system travels after some time.
Trajectories with different initial values also tells us how sensitive the system is to its starting values.

This thesis has been divided into two parts. Part | consists of chapters 1-4, while part Il consists of
chapter 5-9.

Chapter 1 gives an introduction briefly describing important terms and the history of nonlinearity in
engineering. Chapter 2 gives a description of an unforced, linear dynamical system with different
values of damping, using the method of the phase plane. In chapter 3, a linear forcing term is added
to the system, and limit cycles are explained.

The Pendulum equation, van der Pol equation and the Morison equation, which all describe known
nonlinear systems are presented in chapter 4.

Part Il of this thesis consists of a parameter study of an equation of motion with nonlinearity in either
the forcing or the damping term.

Chapter 5 gives the presentation of what is termed the “base-case system”, which is an undamped
system subjected to a nonlinear forcing term representing the drag force from the Morison
equation. The parameters are varied separately to look at their effect on the system.

In chapter 6, linear, constant damping is added to the base-case system and some selected systems
with varied parameters from chapter 5. The results are as expected, with decaying amplitudes due to
the damping. The systems mass parameter is also varied to get systems close to and at resonance.
These systems have a behaviour similar to the results obtained from the van der Pol equation in
chapter 4.



Chapter 7 and 8 look at systems with a nonlinear damping term. In chapter 7, the homogenous base-
case system is investigated, as well as systems with some degree of resonance. Critical values of the
nonlinear damping parameter are found, where negative damping overtakes the systems. These
critical values are different for each system. In chapter 8, a linear forcing term is added. The results
from this chapter show that the critical values of the nonlinear damping parameter are the same
with force added.

In chapter 9, limit cycles are found for the base-case system with linear, constant damping and
nonlinear forcing. The limit cycles are found for systems with the mass parameter varied to make the
systems have some degree of resonance. As the damping is linear and constant, and some
trajectories with initial conditions inside the limit cycle increase their amplitudes, it is concluded that
the drag force from the Morison equation will to some degree work as negative damping.

The thesis ends with a summary of conclusions and suggestions for further work within this subject.

This thesis consists of a great deal of figures, plotted in Matlab. To make the figures easily readable
the size of each diagram is rather large. This causes the thesis to be of significant length. To make it
lighter, the presentation of the separate diagrams in chapter 7 and 8 is put into Appendix C and D
respectively.
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making B =1,2, from t=0 to t=1000s.

Figure 6.1: Phase plane diagrams for the base-case system with ¢=0,15(left) and ¢=0,5(right).

Figure 6.2: Position curves for the base-case system with c=0,15(left) and c=0,5(right).

Figure 6.3: Phase plane diagrams for the base-case system with k=0,1, and c=0,15(left) and c=0,5(right).
Figure 6.4: Position curves for the base-case system with k=0,1, and c=0,15(left) and c=0,5(right).

Figure 6.5: Phase plane diagrams for the base-case system with k=1,0, and c=0,15(left) and c=0,5(right).
Figure 6.6: Position curves for the base-case system with k=1,0, and c=0,15(left) and c=0,5(right).

Figure 6.7: Phase plane diagrams for the base-case system with Fo=10, and c=0,15(left) and c=0,5(right).
Figure 6.8: Position curves for the base-case system with Fo=10, and c=0,15(left) and c=0,5(right).

Figure 6.9: Phase plane diagrams for the base-case system with Fo=100, and c=0,15(left) and c=0,5(right).
Figure 6.10: Position curves for the base-case system with Fo=100, and ¢=0,15(left) and c=0,5(right).
Figure 6.11: Phase plane diagrams for the base-case system with w=0,2, and c=0,15(left) and c=0,5(right).
Figure 6.12: Position curves for the base-case system with w=0,2, and c=0,15(left) and c=0,5(right).
Figure 6.13: Phase plane diagrams for the base-case system with w=1,0, and c=0,15(left) and c=0,5(right).
Figure 6.14: Position curves for the base-case system with w=1,0, and c=0,15(left) and c=0,5(right).
Figure 6.15: Phase plane diagrams for the base-case system with m=50, and c=0,15(left) and c=0,5(right).
Figure 6.16: Position curves for the base-case system with m=50, and c=0,15(left) and c=0,5(right).

Figure 6.17: Phase plane diagrams for the base-case system with m=140, and c=0,15(left) and c=0,5(right).

Figure 6.18: Position curves for the base-case system with m=140, and ¢=0,15(left) and c=0,5(right).
Figure 6.19: Phase plane diagrams for the base-case system with m=1,28, making B=0,8, with c=0,15(left)
and c=0,5(right).

Figure 6.20: Position curves for the base-case system with m=1,28, making f=0,8, with c=0,15(left)

and c=0,5(right).

Figure 6.21: Phase plane diagrams for the base-case system with m=1,62, making $=0,9, with c=0,15(left)
and c=0,5(right).

Figure 6.22: Position curves for the base-case system with m=1,62, making B=0,9, with c=0,15(left)

and c=0,5(right).

Figure 6.23: Phase plane diagrams for the base-case system with m=2,0, making f=1,0, with c=0,15(left)
and ¢=0,5(right).

Figure 6.24: Position curves for the base-case system with m=2,0, making B=1,0, with c=0,15(left)

and c=0,5(right).

Figure 6.25: Phase plane diagrams for the base-case system with m=2,42, making f=1,1, with c=0,15(left)
and c=0,5(right).

Figure 6.26: Position curves for the base-case system with m=2,42, making f=1,1, with c=0,15(left)

and ¢=0,5(right).

Figure 6.27: Phase plane diagrams for the base-case system with m=2,88, making f=1,2, with c=0,15(left)
and ¢=0,5(right).

Figure 6.28: Position curves for the base-case system with m=2,88, making f=1,2, with c=0,15(left)

and ¢=0,5(right).

Figure 9.1: Base-case system with m=1,28, making p=0,8 with c=0,15 for four different initial conditions.
Figure 9.2: Base-case system with m=1,28, making p=0,8 with c=0,5(left) and c=1,0(right) for

four different initial conditions.
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Figure 9.3: Limit cycles in the base-case system with B between 0,8 and 1,0(left) and between 1,0
and 1,2(right), with ¢=0,15.

Figure 9.4: Limit cycles in the base-case system with § between 0,8 and 1,0(left) and between 1,0
and 1,2(right), with c=0,5.

Figure 9.5: Limit cycles in the base-case system with B between 0,8 and 1,0(left) and between 1,0
and 1,2(right), with c=1,0.

Figure 9.6: Base-case system with m=0,222, making B=1/3 with c=0,15(left) and c=0,5(right) for
four different set of initial conditions.

Figure 9.7: Position curves for the system with B=1/3, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.8: Velocity curves for the system with B=1/3, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.9: The first 35s of the position curves for the system with B=1/3, c=0,15(left) and c=0,5(right)

for four different set of initial conditions represented by separate colours.

Figure 9.10: Base-case system with m=0,5, making B=1/2 with c=0,15(left) and c=0,5(right) for
four different set of initial conditions represented with separate colours.

Figure 9.11: Position curves for the system with B=1/2, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.12: Velocity curves for the system with B=1/2, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.13: The first 35s of the position curves for the system with B=1/2, c=0,15(left) and c=0,5(right)

for four different set of initial conditions represented by separate colours.

Figure 9.14: Base-case system with m=2,0, making B=1/2 with c=0,15(left) and c=0,5(right) for
four different set of initial conditions represented with separate colours.

Figure 9.15: Position curves for the system with =1,0, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.16: Velocity curves for the system with B=1,0, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.17: The first 100s of the position curves for the system with p=1,0, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.18: Base-case system with m=4,5, making p=3/2 with c¢=0,15(left) and c=0,5(right) for
four different set of initial conditions represented with separate colours.

Figure 9.19: Position curves for the system with B=3/2, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.20: Velocity curves for the system with B=3/2, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.21: The first 100s of the position curves for the system with B=3/2, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.22: Base-case system with m=8,0, making =2,0 with c=0,15(left) and c=0,5(right) for
four different set of initial conditions represented with separate colours.

Figure 9.23: Position curves for the system with $=2,0, c=0,15(left) and ¢=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.24: Velocity curves for the system with B=2,0, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure 9.25: The first 100s of the position curves for the system with p=2,0, c=0,15(left) and c=0,5(right) for

four different set of initial conditions represented by separate colours.

Figure C.1: Position curve(left) and velocity curve(right) for the base-case system with a=0 and co=0,0015.

Figure C.2: Phase plane diagram for the base-case system with a=0 and co=0,0015.

Figure C.3: Position curve(left) and velocity curve(right) for the base-case system with a=0 and co=0,005.

Figure C.4: Phase plane diagram for the base-case system with a=0 and co=0,005.

Figure C.5: Position curve(left) and velocity curve(right) for the base-case system with a=0,5 and co=0,0015.

Figure C.6: Phase plane diagram for the base-case system with a=0,5 and co=0,0015.

Figure C.7: Position curve(left) and velocity curve(right) for the base-case system with a=0,5 and co=0,005.
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Figure C.8: Phase plane diagram for the base-case system with a=0,5 and co=0,005.

Figure C.9: Position curve(left) and velocity curve(right) for the base-case system with a=1,0 and co=0,0015.
Figure C.10: Phase plane diagram for the base-case system with a=1,0 and co=0,0015.

Figure C.11: Position curve(left) and velocity curve(right) for the base-case system with a=1,0 and c0=0,005.
Figure C.12: Phase plane diagram for the base-case system with a=1,0 and co=0,005.

Figure C.13: Position curve(left) and velocity curve(right) for the base-case system with a=1,19
and co=0,0015.

Figure C.14: Phase plane diagram for the base-case system with a=1,19 and co=0,0015.

Figure C.15: Position curve(left) and velocity curve(right) for the base-case system with a=1,19
and co=0,005.

Figure C.16: Phase plane diagram for the base-case system with a=1,19 and co=0,005.

Figure C.17: Position curve(left) and velocity curve(right) for the base-case system with a=1,2
and c0=0,0015.

Figure C.18: Phase plane diagram for the base-case system with a=1,2 and co=0,0015.

Figure C.19: Position curve(left) and velocity curve(right) for the base-case system with a=1,2 and co=0,005.
Figure C.20: Phase plane diagram for the base-case system with a=1,2 and co=0,005.

Figure C.21: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making B=1/3, with co=0,0015 and a=0.

Figure C.22: Phase plane diagram for the base-case system with m=0,222, making p=1/3,

with co=0,0015 and a=0.

Figure C.23: Position curve(left) and velocity curve(right) for the base-case system with m= 0,222,
making B=1/3, with co=0,005 and a=0.

Figure C.24: Phase plane diagram for the base-case system with m=0,222, making B=1/3,

with co=0,005 and a=0.

Figure C.25: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making B=1/3, with c0=0,0015 and a=1,0

Figure C.26: Phase plane diagram for the base-case system with m=0,222, making p=1/3,

with c0=0,0015 and a=1,0.

Figure C.27: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making B=1/3, with co=0,005 and a=1,0.

Figure C.28: Phase plane diagram for the base-case system with m=0,222, making B=1/3,

with co=0,005 and a=1,0.

Figure C.29: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making B=1/3, with c0=0,0015 and a=2,

Figure C.30: Phase plane diagram for the base-case system with m=0,222, making p=1/3,

with ¢0=0,0015 and a=2,0.

Figure C.31: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making B=1/3, with c0=0,005 and a=2,0.

Figure C.32: Phase plane diagram for the base-case system with m=0,222, making p=1/3,

with ¢o=0,005 and a=2,0.

Figure C.33: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making B=1/3, with c0=0,0015 and a=3,45.

Figure C.34: Phase plane diagram for the base-case system with m=0,222, making p=1/3,

with ¢o=0,0015 and a=3,45.

Figure C.35: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making p=1/3, with co=0,005 and a=3,45.

Figure C.36: Phase plane diagram for the base-case system with m=0,222, making p=1/3,

with co=0,005 and a=3,45.

Figure C.37: Position curve(left) and velocity curve(right) for the base-case system with m=0,222,
making p=1/3, with co=0,0015 and a=3,46.

Figure C.38: Phase plane diagram for the base-case system with m=0,222, making p=1/3,

with ¢o=0,0015 and a=3,46.
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Figure D.40: Phase plane diagram for the base-case system with m=0,222, making B=1/3,
with co=0,005 and a=3,46.

Figure D.41: Position curve(left) and velocity curve(right) for the base-case system

with m=0,5, making B=1/2, with c0=0,0015 and a=0.

Figure D.42: Phase plane diagram for the base-case system with m=0,5, making p=1/2,
with co=0,0015 and a=0.

Figure D.43: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with co=0,005 and a=0.
Figure D.44: Phase plane diagram for the base-case system with m=0,5, making p=1/2,
with co=0,005 and a=0.

Figure D.45: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with c0=0,0015 and a=0,5.
Figure D46: Phase plane diagram for the base-case system with m=0,5, making p=1/2,
with co=0,0015 and a=0,5.

Figure D.47: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with c0=0,005 and a=0,5.
Figure D.48: Phase plane diagram for the base-case system with m=0,5, making B=1/2,
with co=0,005 and a=0,5.

Figure D.49: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with c0=0,0015 and a=1,0.
Figure D.50: Phase plane diagram for the base-case system with m=0,5, making p=1/2,
with co=0,0015 and a=1,0.

Figure D.51: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with c0=0,005 and a=1,0.
Figure D.52: Phase plane diagram for the base-case system with m=0,5, making B=1/2,
with co=0,005 and a=1,0.

Figure D.53: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with c0=0,0015 and a=1,60.
Figure D.54: Phase plane diagram for the base-case system with m=0,5, making p=1/2,
with co=0,0015 and a=1,60.

Figure D.55: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with c0=0,005 and a=1,60.
Figure D.56: Phase plane diagram for the base-case system with m=0,5, making B=1/2,
with ¢o=0,005 and a=1,60.

Figure D.57: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making B=1/2, with c0=0,0015 and a=1,61.
Figure D.58: Phase plane diagram for the base-case system with m=0,5, making p=1/2,
with co=0,0015 and a=1,61.

Figure D.59: Position curve(left) and velocity curve(right) for the base-case system with m=0,5,

making p=1/2, with co=0,005 and a=1,61.
Figure D.60: Phase plane diagram for the base-case system with m=0,5, making B=1/2,
with co=0,005 and a=1,61.

Figure D.61: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making f=1,0, with co=0,0015 and a=0.
Figure D.62: Phase plane diagram for the base-case system with m=2,0, making f=1,0,
with co=0,0015 and a=0.

Figure D.63: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making $=1,0, with co=0,005 and a=0.
Figure D.64: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with co=0,005 and a=0.

Figure D.65: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making B=1,0, with co=0,0015 and a=0,5.
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Figure D.66: Phase plane diagram for the base-case system with m=2,0, making p=1,0,
with co=0,0015 and a=0,5.

Figure D.67: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making $=1,0, with co=0,005 and a=0,5.
Figure D.68: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with co=0,005 and a=0,5.

Figure D.69: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making $=1,0, with co=0,0015 and a=1,0.
Figure D.70: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with co=0,0015 and a=1,0.

Figure D.71: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making $=1,0, with co=0,005 and a=1,0.
Figure D.72: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with co=0,005 and a=1,0.

Figure D.73: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making f=1,0, with co=0,0015 and a=1,03.
Figure D.74: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with c0=0,0015 and a=1,03.

Figure D.75: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making $=1,0, with co=0,005 and a=1,03.
Figure D.76: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with co=0,005 and a=1,03.

Figure D.77: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making f=1,0, with co=0,0015 and a=1,04.
Figure D.78: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with co=0,0015 and a=1,04.

Figure D.79: Position curve(left) and velocity curve(right) for the base-case system with m=2,0,

making $=1,0, with co=0,005 and a=1,04.
Figure D.80: Phase plane diagram for the base-case system with m=2,0, making $=1,0,
with co=0,005 and a=1,04.

Figure D.81: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making B=3/2, with co=0,0015 and a=0.
Figure D.82: Phase plane diagram for the base-case system with m=4,5, making p=3/2,
with ¢o=0,0015 and a=0.

Figure D.83: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making B=3/2, with co=0,005 and a=0.
Figure D.84: Phase plane diagram for the base-case system with m=4,5, making p=3/2,
with co=0,005 and a=0.

Figure D.85: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making p=3/2, with co=0,0015 and a=0,1.
Figure D.86: Phase plane diagram for the base-case system with m=4,5, making B=3/2,
with ¢o=0,0015 and a=0,1.

Figure D.87: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making B=3/2, with c0=0,005 and a=0,1.
Figure D.88: Phase plane diagram for the base-case system with m=4,5, making B=3/2,
with ¢o=0,005 and a=0,1.

Figure D.89: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making p=3/2, with co=0,0015 and a=0,2.
Figure D.90: Phase plane diagram for the base-case system with m=4,5, making B=3/2,
with co=0,0015 and a=0,2.

Figure D.91: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making B=3/2, with c0=0,005 and a=0,2.
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Figure D.92: Phase plane diagram for the base-case system with m=4,5, making B=3/2,
with ¢o=0,005 and a=0,2.

Figure D.93: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making B=3/2, with c0=0,0015 and a=0,36.
Figure D.94: Phase plane diagram for the base-case system with m=4,5, making p=3/2,
with co=0,0015 and a=0,36.

Figure D.95: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making p=3/2, with co=0,005 and a=0,36.
Figure D.96: Phase plane diagram for the base-case system with m=4,5, making B=3/2,
with co=0,005 and a=0,36.

Figure D.97: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making B=3/2, with c0=0,0015 and a=0,37.
Figure D.98: Phase plane diagram for the base-case system with m=4,5, making p=3/2,
with co=0,0015 and a=0,37.

Figure D.99: Position curve(left) and velocity curve(right) for the base-case system with m=4,5,

making B=3/2, with c0=0,005 and a=0,37.
Figure D.100: Phase plane diagram for the base-case system with m=4,5, making B=3/2,
with co=0,005 and a=0,37.

Figure D.101: Position curve(left) and velocity curve(right) for the base-case system with m=8,0,

making $=2,0, with co=0,0015 and a=0.
Figure D.102: Phase plane diagram for the base-case system with m=8,0, making $=2,0,
with co=0,0015 and a=0.

Figure D.103: Position curve(left) and velocity curve(right) for the base-case system with m=8,0,

making $=2,0, with co=0,005 and a=0.
Figure D.104: Phase plane diagram for the base-case system with m=8,0, making $=2,0,
with co=0,005 and a=0.

Figure D.105: Position curve(left) and velocity curve(right) for the base-case system with m=8,0,

making $=2,0, with co=0,0015 and a=0,01.
Figure D.106: Phase plane diagram for the base-case system with m=8,0, making $=2,0,
with co=0,0015 and a=0,01.

Figure D.107: Position curve(left) and velocity curve(right) for the base-case system with m=8,0,

making $=2,0, with co=0,005 and a=0,01.
Figure D.108: Phase plane diagram for the base-case system with m=8,0, making $=2,0,
with ¢o=0,005 and a=0,01.

Figure D.109: Position curve(left) and velocity curve(right) for the base-case system with m=8,0,

making $=2,0, with co=0,0015 and a=0,02.
Figure D.110: Phase plane diagram for the base-case system with m=8,0, making $=2,0,
with co=0,0015 and a=0,02.

Figure D.111: Position curve(left) and velocity curve(right) for the base-case system with m=8,0,

making $=2,0, with co=0,005 and a=0,02.
Figure D.112: Phase plane diagram for the base-case system with m=8,0, making $=2,0,
with co=0,005 and a=0,02.
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PART |

Part | of this thesis presents the preliminary considerations which were necessary to achieve part Il.
Chapter 1 introduces differential equations and nonlinearity.

Second order linear differential equation are presented and investigated using the phase plane
method in chapter 2. The book “Nonlinear Differential Equations” by Struble R.A and Martin W.T was
a great reference for the preparation of this chapter.

Chapter 3 presents the forced oscillations in the phase plane and explain the concept of limit cycles.

In chapter 4, known nonlinear equations are presented. The Van der Pol’s equation and the
Pendulum equation are worked through, presenting the typical phase plane diagrams showing the
behaviour they exhibit. Lastly in chapter 4, the Morison equation is presented, from where the drag
force is used in the parameter studies in part Il.



Chapter 1 — Introduction

1.1 Differential equations in engineering

Differential equations are equations that involve the derivatives of some function. These equations
describe the change in the system, and its solutions are functions themselves. The origin of
differential equation is traced back to Isaac Newton’s work written in 1671, and published in 1736 on
what he called “fluxional equations.” Newton classified three kinds of equations:

d
— =16 (1.1)
d
=G (1.2)
ad d
xla—;/l+x26—i}2=y (1.3)

The first two equations, (1.1) and (1.2), are classified as ordinary differential equations, while the last
equation, (1.3) is a partial differential equation. Newton used a different notation, using dots for the
derivative. These equations are written in the modern notation, by Leibniz, which also introduced the
term “differential equations” in 1680. The Bernoulli brothers and others further studied the work of
Leibniz. The application of the theory has stretched from first being mostly towards geometry and
mechanics, to involving all fields of science and engineering, such as astronomy, electricity,
magnetism, quantum mathematics, dynamical systems, and relativity theory. [1]

1.2 Ordinary differential equations

Differential equations can be divided into ordinary and partial differential equations. Ordinary
Differential Equations, (ODEs) contain only one independent variable. Partial differential equations
contain two or more independent variables. Example of an ODE is the following which has x as its
independent variable:
Y e (1.4)
—=f(x .
dx f
specifying the slope of a graph, y(x). Another example is the equation with variable t, describing a
function that varies with time (t):
Ly s (1.5)
m— = .
dt?



(1.5) is Newton’s second law of motion F=ma. The heat equation, describing the variation of heatflux
is an example of a partial differential equations, where h(x,t) are the independent variables;
position(x) and time(t):

dh 0%h

In this thesis, only ODEs will be considered.

The order of the differential equation is determined by the highest order derivative that occurs in the
equation. The equation specifying the slope of a graph is of first order, while Newton’s second law of
motion is a second order ODE. An equation that occurs in the theory of fluid boundary layers is:

d3¢ N 1 dp
dx® 2% ax
Which is a third order ODE as it contains the third derivative for ¢(x). [2]. Furthermore, it is a

0 (1.7)

. . . . . da
nonlinear equation as it contains the nonlinear term (pd_(f:

1.2.1 Linear and nonlinear systems

A nonlinear system is a system that is not linear. It is a set of equations that do not follow the
superposition principle. The superposition principle consists of the additivity and homogeneity
properties:

F(xqy +x,) = F(xq) + F(xy) Additivity (1.8)

F(ax) = aF(x) Homogeneity (1.9

The superposition principle states that the response caused by several inputs is the same as the sum
of the response from each input separately.

Linear systems are possible to solve to find an explicit solution. Nonlinear systems cannot be solved
explicitly except from some special cases. An ODE for y(t) of the n'" order is said to be linear if it can
be written as:

n n-—1 d

d"y "y y _
an(t) am T an—1(t)W + 4 aq(t) T ao(t)y = f(©) (1.10)

where only y and derivatives of y occur. If f(t)=0 the equation is said to be homogenous. If f(t)#0 the
equation is inhomogenous. [2]



1.2.2 Nonlinear dynamical systems

A dynamical system is a system that can be described by how all points of the system evolve with
time. What happens to the system over time is described by a mathematical rule, typically a
differential equation for continuous time. The solution space can be presented as points of the
position and the velocities of the system. The initial position tells us where the system is placed and
using the mathematical rule we can identify the location of the system at all other times.

The nonlinear ODEs can rarely be solved analytically. Nonlinear systems may have no solutions to an
initial value problem, or they may have an infinite number of solutions. Studying these systems
evolve around finding certain properties of the solutions. Plotting the positions and velocities of the
solutions over time gives us a trajectory, telling us how the system travels as time passes. These
trajectories can be very useful in analysing how, or if the system will settle after some time. [3]

Examples of a nonlinear dynamical system are the Pendulum equation:

aze g . ,
22 T7sin@ =0 (1.11)
the van der Pol equation:
d?x dx
—u(1 = x2)Z =0 1.12
and the Morison equation:
d’x  dx du 1
mF+CE+kX(t) =pCmVE+§pCDAu|u| (1.13)

All of which will be studied in chapter 4.

1.3 From linearity to nonlinearity

Classical science evolved around the concept of a linear world. Isaac Newton’s laws of physics
presented the universe as constant and static with time and space with linear variables having no
beginning nor end. The realization that the world is very much nonlinear has by some been
considered a new paradigm, while others have seen it as a natural evolvement of the sciences. The
classical thoughts grounded in Newtonian mechanics and Euclidian geometry began to be disputed in
the late 19'" century. Einstein and his theory of relativity in 1915 revealed that time and space are
related and relative to the observer and that space-time is a dynamic non-Euclidean geometry.
Heisenberg encountered obstacles to measurement which revealed the complex and dynamical
patterns of the nature. Roger Penrose and Stephen Hawking’s work implied that the universe had a
specific beginning in space-time, overthrowing Newton’s assumption. [4]

The invention of radio, laser, radar and computers in the 20" century made it crucial to look at the
nonlinearity that occurred. Henri Poinclare pointed at problems regarding the linear description of
the world in 1903. Edward Lorenz brought attention to dynamical systems in meteorology and
published the first nonlinear phenomena mathematical model in 1963. [4]



1.4 Nonlinearity in engineering

The world consists of nonlinearity in most physical systems, across the different sciences.
Linearization is a much used tool to be able to solve the system equation and predict what will occur
at any time. Linearization is possible if the amplitude is small enough, so that higher order terms can
almost be negligible. The following are some examples of nonlinearity in engineering, and illustrates
the importance of studying nonlinearity.

The simplest example is to look at the bending of a branch. When the applied load is sufficiently
small, the bending of the branch is approximately proportional to the applied force. But when
increasing the load, the branch will at some point break. [5]

The most important nonlinearities in engineering are geometrical, physical and structural. The
pendulum is an example of a geometrical nonlinearity. The linearization of the pendulum equation is
based on the Taylor series:

. 63 65
51n(9) = 9—54‘?—"' (114)
At small angles the pendulum equation can be linearized (sin(6) ~ 8), as the 8 part is clearly

dominating in the series. For larger oscillations or rotational motion the pendulum must be studied
as a nonlinear equation as 8 is not the only part contributing in the series given by (1.14).

The stress-strain diagrams for steel and rubber are examples of physical or material nonlinearities.
The stiffness of a system of springs illustrates structural nonlinearity as the stiffness will increase or
decrease after a certain value of load or deflection is reached. Another source of nonlinearity is
damping, which is very complex. Damping slows the system, normally through friction. [5]



Chapter 2- Linear second order ordinary
differential equation

Linear ordinary differential equations are possible to solve to find an explicit solution based only on
the initial condition. The free response equation of motion will be studied in this chapter. The
equation will involve only linear terms and the results for different damping cases will be presented.
The trajectories in the phase plane will show what happens to the position and velocity of the system
as time increases. The method using the phase plane was adapted from “Nonlinear Differential
Equations” by Struble R.A and Martin W.T. [7]

The equation:

d?x  dx
mw+ca+kx(t)—0 (21)

is a second order ordinary differential equation that describes a free response of a single degree of
freedom system. The m represents the mass, c is the damping coefficient and k represents the
stiffness of the system. It is known as an equation of motion as x(t) describes position, its first
derivative describes velocity, and the second derivative gives the acceleration.

Introducing new variables for simpler equations:

‘ 22)
Wy = - .
c
=— 2.3
o=— (23)
Substituting x(t)=Xe™ in (2.1) results in:
A2Xer + oAXeM + wo2Xert = 0 (2.4)
(A% + oA + we2)XeM =0 (2.5)
Initial conditions are represented by:
x(0) =d, (2.6)
X 0) = @7)
It = v, .

which describe the initial displacement do and the initial velocity vo at time t=0.



(2.5) is satisfied trivially when X=0 and the non-trivial solution is the quadric equation

A2+ 0od+ we?2=0 (2.8)
with roots
o4 [,0V\2 5
M = T (E) — Wo (2.9)

The quadratic roots (2.9) are affected by the amount of damping, c. In this chapter four cases of
damping will be presented: no damping, underdamping, overdamping and critical damping. Lastly,
phase diagram for a system with negative stiffness will be presented.

We are also introducing a new variable for the description of the velocity:

d
y(©) == (2.10)

2.1 Case 1- System without damping

(2) =0 (2.11)

2
When (%) = 0 the system has no damping, and the system will oscillate freely.
The roots (2.9) become imaginary:

11'2 = t _(1)0 = +l(.l)0 (212)

where wy, is called the natural frequency of the system and the system will oscillate freely around this
frequency as shown in figure 2.1.

2.1.1 Freeresponse

The solution of (2.1) becomes:
x(t) = acos(wyt) + bsin(wyt) (2.13)

where a and b depend on the initial conditions (2.6) and (2.7). Applying initial conditions gives the
solution:

%
x(t) = dycos(wpt) + w—osin(mot) (2.14)
0
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Figure 2.1: Free response without damping.

Figure 2.1 shows that the free response without damping of the system will be a sinusoidal response.
The initial position, do, is set to 0, and the starting point when t=0 is indicated by the arrow.

2.1.2 Phase plane diagram

The velocity (2.10) of an undamped system is:
y(t) = % = —awgysin(wgyt) + bwycos(wyt) (2.15)
with initial values (2.6) and (2.7):

y(t) = —dowgsin(wgt) + vocos(wgt)

Plotting the position x and the velocity y gives us the trajectory in the phase plane. Figure 2.2 shows
that the trajectory is an ellipse with centre in the origin, x=0 and y=0.



y(t)
4 s=IC's

x(t)

e N
U

Figure 2.2: Trajectory in the phase plane of an unforced system without damping.

The origin is here called a center, as the trajectories neither move away or converge towards it. [6]

2.2 Case 2- Underdamped system
o\ 2
(—) < wy? (2.16)

When the damping rate is below the critical damping rate, the system is regarded as
“underdamped”. The critical damping rate is given as:

Cc = 2mwy (2.17)

Underdamped systems will oscillate freely from the initial displacement and velocity. The roots
become imaginary. Introducing a new variable for the rooted part of (2.9):

(2.18)




2.2.1 Freeresponse
(2.1) gives the solution of:

x(t) = e_%t(asin(u)dt) + bcos(wdt)) (2.19)

Using initial conditions (2.6) and (2.7), the solution becomes:

x(t) = e_%t ((:)—(; + %do) sin(wgt) + docos(mdt)> (2.20)

x(t)

Figure 2.3: Free response of an underdamped system.

Figure 2.3 shows the free response of an underdamped system and is of the same form as figure 2.2,
but with decreasing oscillations due to the damping. At t=0, we set do=0.

2.2.2 Phase plane diagram

Recognizing that:
_o, _o,
x(t)=e 2 (asin(oodt) + bcos(oodt)) = Ae 2 sin(wgt + @) (2.21)

for arbitrary A and ¢, we get a velocity function (2.10):

dx o _9 . _g9,
y(t) = i —EAe 2" sin(wgt + @) + Awge 2 cos(wgt + @) (2.22)
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Introducing new dependent variables:
g
u(t) = wax(t) = Awge 2" sin(wgt + @) (2.23)

v(t) = y(t) + %x(t) = Acode_%t cos(wyt + @) (2.24)

Where equations (2.23) and (2.24) represent a spiral as shown in Figure 2.4. [7]

v(t)

= =|C's

u(t)

Figure 2.4: Trajectories in the uv-plane of an underdamped, unforced system.

Going back to the xy-plane by using (2.23) and (2.24):

_u(t)
x(t) = (‘)—d (2.25)
B u(t)o
y(@) =v(t) — 20 (2.26)

11
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x(t)

Figure 2.5: Trajectories in the phase plane of an underdamped, unforced system.

The origin is called a spiral point. When the damping coefficient c is positive, the spiral goes toward
this point as time increases, as shown in figure 2.4. If c<0, the spiral will spiral away from the point
[6]. The spiral in figure 2.5 shows a distorted spiral in the phase plane. The dotted line shows how
the figures will continue to spiral if time is increased.

2.3 Case 3- Overdamped system

o
(5) > o’ (2.27)
When c>c., where c. is defined in equation (2.17), the system is “overdamped”.

2.3.1 Freeresponse

The overdamped system will not oscillate freely and the solution of equation (2.1) becomes:

x(t) = aeMt 4 peat (2.28)

where a and b again are determined from the initial conditions from equations (2.6) and (2.7), and
the solution becomes:

12



=|— 1 _— 2
X = ( — )erie+ e (2.29)

x(t)

s =IC's

05

-0,5

Figure 2.6: Free response of an overdamped system.

Figure 2.6 shows the free response of the overdamped system. The initial position do=0 is chosen,
and the starting point is indicated by the arrow. The figure shows that the system goes to zero
position without oscillation.

2.3.2 Phase plane diagram

Rewriting the equation (2.1) by using the expression for velocity (2.10) we get:

d’x dy _

K
== (t) = (1) = —wePx(t) — oy(©) (2:30)

Seeking a system of the form:

d
d—ltl = aqu(t) (2.31)
d
d—: = au(t) (2.32)

By applying linear transformation of the form:

u(t) = by1x(t) + b12y(t) (2.33)

13



v(t) = b1 x(t) + by (t) (2.34)

where x(t) can be expressed as (2.10) and y(t) as (2.30).

The following is obtained:
b11y(t) + b1z (—wo?x(t) — ay(t)) = a;(by;x(t) + bypy(1)) (2.35)
b1y (t) + bay (—wo2x(t) — ay(t)) = az(ba1x(t) + byay(t)) (2.36)

For these equations to hold identically in x and y, each of the total coefficients of x(t) and y(t) must
disappear.[7]

Considering the sets of equations:

—w02b12 = a1bqq (2.37)
bll - O'blz = alblz (238)
Will give:
b1, a
e _ 71 2.39
b1, wo? ( )
2
14509 _ %4
+—= 5 (2.40)
Wy Wy
and
—wo’byy = azby; (2.41)
by1 — by = azby; (2.42)
giving:
by, a
L _ T4 2.43
byy wo? ( )
a,o a,?
1 + —2 = ——2 (244)
Wy Wo

Recognizing that equations (2.40) and (2.44) yield the characteristic equation, a; and a; become
roots, A1 and A,. Setting bi1=bx1=w? gives the desired transformation (2.33) and (2.34):

u(t) = we?x(t) — A,y(t) (2.45)
v(t) = wo®x(t) — A,y(t) (2.46)

Noting that the determinant:

14



2 _
©o A 2, - 2p) (2.47)

we? =1,
is different from zero, since A; # A,. This makes (2.45) and (2.46) nonsingular. [7]

The solutions become:

u(t) = ugett (2.48)
v(t) = vyetzt (2.49)

where the pair up and v represents the initial condition (IC). Figure 2.7 shows the trajectories for
different IC’s, marked by starting points. The arrows show that all trajectories tend towards the
origin as time increases.

v(t) »=IC's

05

u(t)

-0,5

=)
n
=)
=]
n

Figure 2.7: Trajectories in the uv-plane of an overdamped, unforced system.

Going back to x and y by using (2.45) and (2.46):

/‘L —
x(t) = Z)(Otz) + 1(1;(:)_ A?(t)) (2.50)
y(t) = % (2.51)

15



y(t) » =IC's

x(t)

Figure 2.8: Trajectories in the phase plane of an overdamped, unforced system.

The trajectories in the phase-plane are given in figure 2.8. They are similar to those in the uv-plane,
but appear rotated and stretched. The arrows in figures 2.7 and 2.8 indicate the starting position
when t=0. The origin is called a node, and the trajectories converge to the point when the roots are
negative as shown in figures 2.7 and 2.8. If the roots were both positive, the trajectories would move
away from the origin. [6]

2.4 Case 4- Critically damped system
(2) = wo? (2.52)

When c=c. the system is described as “critically damped” and will not oscillate freely.

The quadratic equation (2.8) gets the roots:

Mo=—= (2.53)

2_
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2.4.1 Freeresponse

The roots are equal and the solution of equation (2.1) becomes:

x(t) = ae™ ot + hte~®ot (2.54)

where the constants a and b are determined form the initial conditions (2.6) and (2.7). Applying
initial conditions gives solution:

x(t) = doe~®0t + (vy + wody)te ®ot (2.55)

x(t)

= =|C's

05

-0,5

Figure 2.9: Free response of a critically damped system

The response of a critically damped system shown in figure 2.9 is as figure 2.6 of the overdamped
system. The only difference is that it reaches zero earlier. The initial condition do is set to 0 when t=0.

2.4.2 Phase plane diagram

In case of critical damping, the characteristic roots (2.53) are equal and the equations cannot be
completely uncoupled. There is a need to find a linear transformation (2.33) and (2.34) to make one
of the equations independent of the other. Using equation (2.45), and a second arbitrary equation
independent of the first [7]:

) 0\? o
u(®) = wo?x(0) — Ly(®) = (3) x(© +5¥(©) (2556)

V() = %x(t) (2.57)

17



By using equations (2.56) and (2.57), the derivatives become:

d 2d d 2
= =(5) TH32=(5) ¥©® +3 (~wx(®) — oy®)

2
o 0\2 o o
= _E<(§) x(t) + Ey(t)) = —Eu(t)

2

dv _ odx

o 0\2 o
o3 = 77O =u® - (3) xO =u® -5

Making:

_g,
u(t) = uge 2

where updepends on initial conditions.
(2.60) in (2.59) gives:

dv g T
_— = 27— —
It uge 3 v(t)

Giving the solution of v:

_9, _g,
v(t) = upte 2 4+ vge 2

where also vo depends on initial conditions.

v(t) " =IC's
04

02

u(t)

-0,2

04

04 -0,2 0 02 04

Figure 2.10: Trajectories in the uv-plane of a critically damped, unforced system.

By using equations (2.56) and (2.57) we obtain expressions for x(t) and y(t):

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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2
x(t) = Ev(t)

2
y() = ~u(®) — v(®)

(2.63)

(2.64)

Plotting these expressions gives the trajectories in the phase-plane shown in figure 2.11. The linear
transformations appears to involve rotation, stretching and reflection. [7]

04

02

-0,2

04

y(t)

» =|C's

Yy

-04

A

-0,2

02

x(t)

04

Figure 2.11: Trajectories in the phase plane of a critically damped, unforced system.

The origin is here called an improper node. All trajectories converge to this point when the root is
negative, as shown in figure 2.10 and 2.11. If the root was positive, the trajectories would move away

from the point. [6]

2.5 Case 5- Negative stiffness

k<0

When k<0, w,? <0, leading to an overdamped case. The solution is (2.48) and (2.49), with one root
negative and the other positive. Figure 2.12 shows the trajectories in the uv-plane. Figure 2.13 shows
the trajectories in the phase plane, obtained by using (2.50) and (2.51). [7]
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Figure 2.12: Trajectories in the uv-plane for an overdamped, unforced system with negative stiffness.
y(t) = =IC's

200
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Figure 2.13: Trajectories in the phase plane for an overdamped, unforced system with negative stiffness.

Figures 2.12 and 2.13 both have the origin as a saddle point. A saddle point is a critical point where
the trajectories of the negative eigenvalue goes towards the critical point, while the trajectories of
the positive eigenvalue moves away from the point. All other trajectories starting away from the
point, go towards, but never reach the point, before moving away from the point. [6]

Usually, for elastic systems, the stiffness is positive. When a system has positive stiffness, it
experiences force in the same direction as the deformation of the system. Systems with negative
stiffness contain stored energy leading to larger damping. Examples of systems with negative
stiffness are pre-strained objects including post-buckled elements. [8]
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Chapter 3 — Forced oscillations and limit cycles

3.1 Forced oscillations

When the equation of motion (2.1) has a forcing term added, it is called an equation for forced
oscillations:

d?x dx

m—s+c¢

gz Teg tke@®=F® (3.1)

The loading may be harmonic or some arbitrary type of loading. As the harmonic loading case is
relevant for waves, this type will be presented here. The loading is given as:

F(t) = F, sin( wt) (3.2)

It should be noted that all load functions can be given as sums of harmonic loading through Fourier
expansion of the loads time history.

3.1.1 Forced response

The solution of (3.1) consists of two parts, called the “homogenous solution”, x,, and the “particular
solution”, x,. The homogenous solution is (2.20), that of the unforced one. It is also called the
“transient solution”, and will as time increases be damped out.

xp(t) = e_%t <<& + Ldo) sin(wgt) + docos(oodt)> (3.3)

[OF] de

The particular solution will be of the form:
x,(t) = asin(wt — ) (3.4)

where a is the amplitude of the system, w is the loading frequency of the system and 8 represents
the phase difference between the resultant motion and the driving force. Introducing a new variable:

F
A== (3.5)
m

Derivation of (3.4) in (3.2), and expansion of the sine and cosines terms gives:

sin(wt) (A + a((w? — wy?) cos(f) — ow sin()))
+ cos(wt) (a((wy? — w?) sin(8) — ow cos(8))) = 0 (3.6)

Sine and cosine of the same angle are linearly independent; making (3.6) only satisfied in general if
the coefficients of those terms vanish.
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From the cos(wt) coefficient we get:

ow
tan(f) = —— 3.7
an®) = ;o0 (3.7)
Which further leads to the expressions:
wo? — w?
sin(0) = (3.8)
\/Uzwz + (0002 _ w2)2
ow
cos(@) = (3.9

\/gzwz T (0002 _ wZ)Z

From the sin(wt) coefficient we get:

A
= (3.10)
\/(woz _ w2)2 + 02?2
Using (3.10) in (3.4) gives an expression for the particular solution:
® 4 in(wt — 0) (3.11)
x = sin(wt — .
p \/(woz — w2 + 0202
where from (3.7) we have that:
4, Oow
0 = tan m (312)
0

The full calculation of the resulting equations (3.4)-(3.12) is given in Appendix B.

x(t)
= =|C's
08

MAAAAN
AYVVVY

-0.8

Figure 3.1: Response of a forced damped system, note the initial transient motion caused by the initial
conditions for displacement and velocity.

Figure 3.1 shows the full response of the forced equation of motion as a sum of the homogenous
solution (3.3) and the particular solution (3.4). The homogenous solution will be damped out as time
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increases, leaving only the particular solution which is a sinusoidal wave. From this, we see that the
particular solution gives the steady state solution, the response the system will have after some time.
This response does not depend on the initial condition. [9]

3.1.2 Resonance and phase curves

Figure 3.2 shows the resonance curves for different values of damping. When the damping rate is
increased, the resonance frequency, wyg, is lowered. Resonance occurs when the loading frequency,
w, is equal to the Eigen frequency, wo, of the system. [10]

§=0

Figure 3.2: Resonance curves for different values of damping.

The quantity (3.12) represents the phase difference between the force and the motion as a result of
the force. Keeping wo fixed, figure 3.3 shows how the phase difference increases for different values

of damping. For all values of damping the phase is 0 at w=0, increases to % at w= wpand ends towards

1t when w increases. [9]

23



50 =005

<« 5702
§=05
§=0.7

g=1

w2

Figure 3.3: Phase curves for different values of damping.

From figures 3.2 and 3.3 we see that when the loading frequency is a lot less than the Eigen
frequency of the system the motion is controlled by the stiffness of the system and is in phase with
the loading. When the loading frequency is about the same as the system’s Eigen frequency, the
motion is controlled by damping and is out of phase with the loading. Loading frequencies larger
than the systems’ Eigen frequency leads to a mass controlled motion, in phase opposite to the
loading. At this frequency, the mass or inertia force acts against the loading and thus reduces the
response. [9]

3.1.3 Phase plane diagrams

In this part, we look at what happens in the phase plane when the equations from chapter 2 are
subjected to a sinusoidal loading.

3.1.3.1 No damping

A forced system with no damping can be described by the equation:

2
md—tf + kx(t) = F, sin wt) (3.13)
When there is no damping, the phase plane of an unforced system is an ellipse as shown in figure
2.2. Figure 3.4 shows the phase plane for equation (3.13). The form of the trajectory is still an ellipse,
but is now a wavy line due to the forcing term. The initial conditions are marked on the figure as well
as the starting point. Different initial values will give the same ellipse but with different starting
values. The mass and the stiffness coefficient will decide the shape of the ellipse. The force
coefficient decides the amplitude and the frequency w decides the wavelength of the wavy line.
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Figure 3.4: Phase diagram for an undamped forced system.

3.1.3.2 Underdamped system

In the case of the underdamped system, the trajectory in the phase plane is as a spiral going towards
or away from the origin. Figure 2.5 shows the case of a positive damping coefficient, resulting in a
trajectory spiralling towards the origin.

t€ [0:300]

-08 -04 0 04 08

Figure 3.5: Phase diagram for an underdamped forced system.

The trajectory in the phase plane for an underdamped forced system will still spiral toward the
origin, as shown in figure 3.5. Now, however, the trajectory seems to be spiralling into a circle in
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which it continues a couple of revolutions before continuing to spiral towards the origin. New circles
appear more and more closely as time increases.

3.1.3.3 Overdamped system

y(t) » =IC's

(1)

te 0:1000]

Figure 3.6: Trajectories in the phase plane for an overdamped forced system.

The trajectories in the phase plane for an overdamped forced system will spiral towards the origin
making loops on their way. The trajectories do not reach the origin but end in one steady loop where
they stay as time is increased. These loops are different for different initial conditions but lay close
together as shown in figure 3.6. This means that different trajectories for different initial conditions
will after some time end up similar.

3.1.3.4 Critically damped system

x(t)

te (0:1000)

Figure 3.7: Trajectories in the phase plane for a critically damped forced system.

26



The trajectories in the phase plane for a critically damped forced system appears as a zoomed
version of the underdamped one. The IC’s and the time span are the same for figures 3.6 and 3.7.

The trajectories go directly into loops for the critically damped system and loops continuously until

reaching a steady loop around the origin. The amplitudes are as for the overdamped system.

3.2 Limit cycles

An isolated trajectory is called a limit cycle. Trajectories around a limit cycle spiral towards or away
from the limit cycle, and are not closed. Limit cycles occur only in nonlinear systems. A linear system

may have closed trajectories, as seen for the undamped case in figure 2.2, but the trajectories will
surrounded by other closed orbits. Limit cycles can be stable, half-stable or unstable as shown in
figure 3.4. Stable limit cycles attract all near trajectories towards it. Unstable limit cycle will have
near trajectories spiralling away from them. Half-stable limit cycles, where one trajectory spirals
towards the limit cycle while another spirals away, are more uncommon. Stable limit cycles are
important as they model systems with self-sustained oscillations. Examples of this phenomena are
the beating of a heart or the self-excited vibrations in bridges and airplane wings. [11]

Half-stable Unstable
Stable limit cycle limit cycle
limit cycle

Figure 3.8: Stable, half-stable and unstable limit cycles.

be
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Chapter 4- One degree of freedom equations
for known nonlinear systems

4.1 The van der Pol Equation

The unforced van der Pol equation is of the form:

d*x 1 2dx+ =0 4.1
ac? u( x)E X = (4.1)

Balthazar van der Pol proposed the nonlinear equation (4.1) to describe the behaviour found in
experiments with oscillations in a vacuum tube triode circuit. These vacuum tubes where used during
the first half of the twentieth century to control the flow of electricity in the circuity of transmitters
and receivers. Van der Pol’s work, alongside Lorentz, Thompson, and Appleton has had a significant
impact in the fields of radio and telecommunications. [13]

Equation (4.1) is nonlinear as it contains the nonlinear multiplier (1-x?) in the damping term. When
u=0, the equation represents a simple harmonic oscillator. From the nonlinear term, we can observe
that for |x| > 1, the system has ordinary damping, i.e decaying oscillations. For |x| < 1, the system
experience negative damping which pumps energy into the system. This indicates that the system
may settle into some oscillations of a given amplitude, a limit cycle where there is a balance between
the generation and dissipation of energy. [12]. The value of p indicates the strength of nonlinearity in
the system. For more about this see “Asymptotic methods in the theory of non-linear oscillations” by
Bogoliubov N.N. and Mitropolsky Y.A. [21] from page 186.

x(t)
» =|C's

Figure 4.1: Free response of the unforced van der Pol Equation with u=0.5.
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4.1.1 Free response

Figures 4.1-4.3, made from using a build in function for the van der Pol equation in Matlab shows the
response of the equation (4.1) as a function of time for different values of u. Small values of u leads
to a weakly nonlinear system and the response is close to that of a simple harmonic oscillator. Figure

4.1 shows the response for u=0.5 with IC’s of x=0 and % = 1 at t=0. The response is shown from t=0
to t=60.

x(t)
» =IC's

Figure 4.2: Free response of the unforced van der Pol Equation with u=>5.

x(t)
® =|C's
2

Figure 4.3: Free response of the unforced van der Pol Equation with u=10.
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The response for a system with pu=5 is shown in figure 4.2. The system has a stronger nonlinearity
than the one in figure 4.1 and we can see a shift in response for |x| = 1. The response decays slowly
for x>1 and reaches a faster shift at x=1 to x=-2. From x=-2 the system’s amplitude slowly grows
before another fast shift occurs at x=-1 to x=2. The system continues this response with a steady
amplitude of 2 as time increases. The IC’'s and duration of the system in figure 4.2 is the same as for
the system in Figure 4.1

Figure 4.3 shows the response with u=10 and the same IC’s and duration as figures 4.1 and 4.2. This
system is strongly nonlinear and the shift at |x| = 1 is seen clearly. From figures 4.1-4.3 we see that
larger values of u gives a stronger nonlinearity in a system and longer periods.

4.1.2 Phase plane diagram
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Figure 4.4: Phase plane diagram for the unforced van der Pol equation with u=1.

The phase plane diagram for the unforced van der Pol equation with pu=1 exhibits a clear limit cycle
shown in figure 4.2. It is seen that all the trajectories, despite of their initial conditions, which are
marked with squares on the figure, reach the limit cycle after some time. The limit cycle is stable as
all near trajectories spiral towards it.
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Figure 4.5: Limit cycles for the van der Pol equation with different values of p.

The system in equation (4.1) have different limit cycles for different values of p. The limit cycles start
as a circle for =0 and become more sharp as p increases. Limit cycles for increasing values of u are
shown in Figure 4.5. Limit cycles for u>>1 are often called “relaxation oscillations” as they alternate
between long relaxation periods and short fast shifts.

4.1.3 Applications of the van der Pol equation

The limit cycles that appear in the phase plane for the van der Pol equation have been used in many
difference sciences to describe systems with nonlinear behaviour.

Parkinson’s disease is a neurodegenerative disorder often characterized by tremors. The van der Pol
equation have been proposed to model these tremors, since the limit cycles are not sinusoidal, but
have flattened segments. [15]

The cell model used to model the gastric mill central pattern generator of the lobster uses a
generalization and extension of the van der Pol equation. [16]

In the field of excitable media, the model of van der Pol, Fitz Hugh and Nagumo is used to describe
the frictional sliding dynamics of a number of materials. [17]. Note that the term excitability originally
referred to the property of living organisms (or of their constituent cells) to respond strongly to the
action of a relatively weak external stimulus. [18]

It has been proposed further study on the forced Van der Pol’s equation:

d?x
dt?
by Cao W. in “Van der Pol Oscillator” [22].

dx
—u(1—x?) e Asin(wt) (4.2)

This has been attempted by Wallace T.L. and Homer T.H in “Mathematical Model of Forced Van Der
Pol’s Equation” [23].
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4.2 The pendulum equation

The equation of motion for the pendulum is derived from Newton’s Second Law of motion:
ma=F (4.3)

Here m represents the mass of the system, a is the acceleration and F is the sum of forces working on
the system. For the pendulum, m is the mass of the ball as the pendulum rod (with length |) is seen as
massless. As the rod is stiff, no motion is possible in the radial direction. The position of the
pendulum from the resting position is dependent only on the angular displacement 8 and is 18. The
acceleration is therefore described as:

dze

For an unforced, undamped pendulum the sum of forces is:

F = —mgsin6 (4.5)
Equations (4.3) and (4.4) with (4.5) gives:
dze _
mlw = —mgsiné (4.6)

Which leads to the equation of motion for an undamped, unforced pendulum of:

%6 19 smo = 0 4.7)
— +=sinf = .
dt? 1

Where g represents the gravitational constant, which is acceleration due to gravity, | is the length of
the pendulum and 8 represents the angular displacement from the stable equilibrium. Note the

nonlinear term sin®.

4.2.1 Free response

The pendulum equation is often linearized using small angle approximation. For small angles, the
dominating term in the Taylor series (1.14) is 6, which can replace sinB in (4.9). Figure 4.6 shows the
linear response in black line and the response for a nonlinear system in red. The top graphs represent

a system with IC6(0) = g, while the lower graphs have IC of 8(0) = g. All graphs have IC Z—f =0 at

t=0 (no initial velocity). For the graph with a lower starting angle, the linear and nonlinear solutions
match exactly from the start and become somewhat different as time increases. For even lower
angles, the graphs will match even more. For the graphs starting at the larger angle the mismatch is
clear from the start. The graph difference increases as time increases.
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Figure 4.6: Angular response as a function of time for an undamped, unforced pendulum for both linear and
non-linear systems.

4.2.2 Phase plane diagram
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Figure 4.7: Phase plane diagram for the undamped, unforced pendulum equation.

The phase plane diagram for the undamped, unforced pendulum gives a picture of what happens
with a pendulum and is shown in figure 4.7. Critical points, marked in the figure with a grey circle, are
the vertical position 8=0 and the inverted vertical position 8=m. The positions |8| = 27 is of course
the same position as 8=0. The pendulum motion cannot start at the critical point as with no velocity
the pendulum would rest in either its vertical or inverted vertical position. The arrows in the figure
represent the initial condition of the trajectory and indicate the direction in which the mass travels.
When the pendulum has IC where 8 is close to the vertical position, it will swing around this position.
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Releasing the pendulum from rest, near the inverted vertical position will increase its velocity until it
reaches the vertical position. It will continue until it reaches the inverted vertical position, but the
velocity will now decrease. Since the initial velocity is zero, the pendulum will only make one turn,
reaching rest in the inverted vertical position. [14]

When the initial velocity of the pendulum is large, it will, without damping, continue to spin around
indefinitely. The velocity will decrease from the vertical position but then increase on the way down
from the inverted vertical position. This is shown by the wavy graphs on the top and bottom of figure
4.7. The top shows the pendulum going in the counter clockwise direction, and the bottom shows
the clockwise direction. [14]

de/dt

® =|C's

-2 B 0 w Pals

Figure 4.8: Phase plane diagram for the damped, unforced pendulum equation.

Normally there is always friction in a system, which makes the swinging of the pendulum decay and
reach the resting position after some time. Figure 4.8 shows the phase plane for the same system as
before, but with a damping coefficient added (linear damping). When the pendulum is released, now
the velocity will decay no matter the initial velocity or displacement. The pendulum will not rest in
the inverted vertical position. In the figure, each trajectory’s end is marked with a dotted line
indicating that it will continue to spiral towards the resting position and no velocity if time were
increased.
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4.5 The Morison Equation

The Morison Equation, which is used to describe the force on a cylinder in oscillatory flow is given by:

2x  dx
m——+c—-

102 T + kx(t) = F(t) (4.8)

The total force acting on the entire cylinder is given as:

surface a a

F(t) = f f(z,t)dz = f fu(z, t)dz + f fo(z, t)dz (4.9)
-d -d —d

Together the mass force and the drag force are assumed to be sufficient for the calculation of forces

on a cylinder in waves, which gives the Morison formula describing a total force acting on a

submerged cylinder per unit length:

nD? du 1
fzt)=futfp= s Cy + EpCDDulul (4.10)

From experiments, see for example [10], it has been shown that an approximation for the drag force
per unit length of a cylinder exposed to a uniform current is:

fo = 50CoDulul (4.11)
where p is the density of the water, Cp is the drag coefficient, D is the diameter of the cylinder, and u
is the horizontal water particle velocity. The force has the same sign as the flow direction, due to the
absolute value of one of the velocity components. The drag force in the Morison equation is
nonlinear, due to the square velocity force. The drag coefficient is determined from experiments and
is a function of parameters such as the Reynolds number and the roughness of the cylinder’s surface.
The horizontal velocity varies normally with water depth, making the total drag force acting on the
submerged cylinder to be:

surface

Fp(t) = f fo(z, t)dz (4.12)
-d
The mass force acting on a submerged cylinder in constant accelerated flow per unit length is given
as:

nD? du

fu =P Cu (4.13)

. . . D2 . . . du . .
where p is the fluid density, % is the mass of a unit length of the cylinder, d—I: is wave acceleration

and Cw is the mass coefficient which is determined using wave tank experiments or computer
software. The acceleration is as the velocity dependent on water depth, so the total mass force on
the cylinder is:

surface

Fy (t) =J. fu(z, t)dz (4.14)

—d
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The mass and drag coefficients Cy and Cp are derived from experiments, making the Morison
equation empirical. The development of equation (4.9) is taken from “Marine Technology and
Operation” written by O.T Gudmestad [10].

2
Equation (4.8) is also applicable for other types of geometries than a cylinder. The term % is the

cross-sectional area of the structure and D is the projected area of the structure and may be replaced
with other formulas for the appropriate geometry. The Morison equation is used for regular waves
that do not break. A regular wave in deep water does not break if the wave height divided on the
wave length is smaller than 0.14. In addition, the diameter of the cylinder divided on the wave length
needs to be smaller than 0.2 to ensure that the acceleration do not change too much over the
diameter. The last requirement for the Morison equation is that the amplitude divided on the
cylinder diameter should be smaller than 0.2 to ensure that the motion of the cylinder is not too big.
(10]

The drag term will dominate for:

b < 0.1 (4.15)
H ' '
The mass term will dominate for:
D
0.5< T <1.0 (4.16)

For values in between, both the mass and drag term will need to be calculated and the sum
represents the total wave force.
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PART Il

Part Il of this thesis consist of a parameter study of an equation of motion with nonlinearity in either
the forcing or the damping term.

Chapter 5 gives the presentation of what is termed the “base-case system”, which is an undamped
system subjected to a nonlinear forcing term representing the drag force from the Morison
equation. The parameters are varied separately to look at their effect on the system.

In chapter 6, linear, constant damping is added to the base-case system and some selected systems
with varied parameters from chapter 5. The results are as expected, with decaying amplitudes due to
the damping. The systems mass parameter is also varied to get system close to and at resonance.
These systems have a behaviour similar to the results obtained from the van der Pol equation in
chapter 4.

Chapter 7 and 8 looks at systems nonlinear damping term. In chapter 7, the homogenous base-case
system is looked at, as well as systems with some degree of resonance. Critical values of the
nonlinear damping parameter are found, where negative damping overtakes the systems. These
critical values are different for different systems. In chapter 8, a linear forcing term is added. The
results from this chapter show that the critical values of the nonlinear damping parameter are the
same with force added. For chapter 7 and 8, only the tables are presented, while the presentation of
each diagram is added as Appendix C and Appendix D respectively.

In chapter 9, limit cycles are found for the base-case system with linear, constant damping and
nonlinear forcing. The limit cycles are found for systems with the mass parameter varied to make the
systems have some degree of resonance. As the damping is linear and constant, and some
trajectories with initial conditions inside the limit cycle increase their amplitudes, it is concluded that
the drag force from the Morison equation will to some degree work as negative damping.
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Chapter 5- Nonlinear forcing term in the
equation of motion without damping.

5.1 Nonlinear forcing term

The response and phase plane diagram of a forced second order linear equation of motion was
showed in chapter 3. The forced equation of motion is expressed as:
d’x  dx
m—s+c—+ kx(t) = F(t 5.1
where F(t) in chapter 3 was equal to Fosin(wt). In this chapter, equation (5.1) will be studied with F(t)
being a nonlinear forcing term. The equation studied here is given as:

d’x  dx

m——+ c—+ kx(t) = Fysin( wt) |sin( wt 5.2
—7 + e ke(®) = Fysin( ) [sin( wb)| (52)
This forcing term represent the drag force in the Morison equation, described by equation (4.8). This
is used for calculating wave and current loading on fixed offshore structures. Notice that the forcing
term is representing a term proportional to the velocity squared, representing turbulent flow past a
cylinder (an obstacle in the flow path).

A system of random variables is looked at, from where a base-case system is chosen. The values of
the variables were chosen more or less at random as the aim with this chapter is to look at this
system and evaluate the effect of each parameter. The parameters will, one by one, be varied to look
at the response in the base-case system. It should be noted that physical systems always have some
degree of damping, but for the sake of this analysis the systems will in this chapter be evaluated
without damping, i.e. c=0. Other values of the variables could be chosen; however we would not
expect large changes from the parameter studies conducted in this thesis.
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5.2 Base-case system
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Figure 5.1: Typical phase plane diagrams for undamped systems with nonlinear force with different initial
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The trajectories in the phase plane shown in figure 5.1 have similar behaviour. The colour of the
graph indicates the trajectory of one given set of initial conditions, IC’s. IC’s represent a measure of
the starting conditions; IC=1 means that at t=0 both the velocity and displacement are equal to 1. x(t)
is the displacement while y(t) represents the velocity. The green trajectory has IC’s of 1 for both
position and velocity. The blue trajectory has IC’s of 3 for position and velocity, while the red

trajectory has IC’s of 2 for position and velocity.

Figures 5.2 and 5.3 shows the position and velocity curves for the system respectively, with different

initial conditions. The systems have equal periods of approximately 89s, and amplitudes of

approximately 27, 41 and 55.

x(t

-40
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Figure 5.2: Position curves for systems with nonlinear force for different IC’s, separated by different colours.
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Figure 5.3: Velocity curves for systems with nonlinear force for different IC’s, separated by different colours.

The system represented by the red trajectory from figure 5.2 will from this point be referred to as
the “base-case system”. In the following in this chapter, we will investigate what happens to this
system when the parameters are varied.

The base-case system has the following values of the parameters:
- Linear, constant damping coefficient, c=0

- Stiffness parameter, k=0,5

- Mass parameter, m=100

- Amplitude parameter, F=50

- Loading frequency, ®=0,5

- Initial displacement, x(g=2

- Initial velocity, y(0)=2

Introducing a new variable:

w

B=— (5.3)

Wo

If B=1,0, i.e. w=wy, the system is at resonance. For the base-case system is f=7,07.
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5.2.1 Development for the base-case system
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Figure 5.4: Development in the phase plane for the base-case system from t=0 to t=267s(left) and to

t=500s(right).
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Figure 5.5: Position curve for the base-case system.

Figures 5.4 and 5.5 show the behaviour for the base-case system. Figure 5.4 shows the system in the
phase plane, while figure 5.5 shows the position curve. The system has periods of approximately 89s.
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5.3 Varying the stiffness coefficient

The stiffness coefficient, k, will here be varied from 0,1 to 2,0, while all other variables will be as for
the base-case system. The original value of k in the base-case system is k=0,5.

5.3.1 k=0,1

The base-case system with a stiffness of k=0,1 has a natural period of approximately 199s. Figure 5.6
shows the development in the phase plane. On the left in the figure, the first revolution is shown,
while the system is shown for 1000s on the right. Figure 5.7 shows the position curve for the system.

() »=|C's y(t) »=|C's
k=0.1 k=0.1

x(t)

te [0:199] te [0:1000)

-80 -40 0 40 80 -80 -40 (] 40 80

Figure 5.6: Development in the phase plane for the base-case system with k=0,1 from t=0 to t=199s(left) and to
t=1000s(right).
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Figure 5.7: Position curve for the base-case system with k=0, 1.
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5.3.2 k=0,2

Figures 5.8 and 5.9 show the development of the base-case system with k=0,2 for the first 1000s.
Figure 5.8 shows the system in the phase plane. The first revolution is shown to the left in the figure,
while to the right the system is shown until t=1000s. Figure 5.9 shows the system’s position curve.
The system has periods of approximately 140s.
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Figure 5.8: Development in the phase plane for the base-case system with k=0,2 from t=0 to t=141s(left) and to
t=1000s(right).
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Figure 5.9: Position curve for the base-case system with k=0,2.
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5.3.3 k=0,3

Figures 5.10 and 5.11 show the development of the base-case system with k=0,3 for the first 1000s.
Figure 5.10 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.11 shows the system’s position
curve. The system has periods of approximately 115s.
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Figure 5.10: Development in the phase plane for the base-case system with k=0,3 from t=0 to t=115(left) and to
t=1000s(right).
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Figure 5.11: Position curve for the base-case system with k=0,3.
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5.3.4 k=0,4

Figures 5.12 and 5.13 show the development of the base-case system with k=0,4 for the first 1000s.
Figure 5.12 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.13 shows the system’s position
curve. The system has periods of approximately 100s.
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Figure 5.12: Development in the phase plane for the base-case system with k=0,4 from t=0 to t=100(left) and to
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Figure 5.13: Position curve for the base-case system with k=0,4.
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5.3.5 k=0,6

Figures 5.14 and 5.15 show the development of the base-case system with k=0,6 for the first 1000s.
Figure 5.14 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.15 shows the system’s position
curve. The system has periods of approximately 81s.
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Figure 5.14: Development in the phase plane for the base-case system with k=0,6 from t=0 to t=81(left) and to
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Figure 5.15: Position curve for the base-case system with k=0,6.
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5.3.6 k=0,7

Figures 5.16 and 5.17 show the development of the base-case system with k=0,7 for the first 1000s.
Figure 5.16 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.17 shows the system’s position
curve. The system has periods of approximately 75s.
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Figure 5.16: Development in the phase plane for the base-case system with k=0,7 from t=0 to t=75(left) and to
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t=1000s(right).
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Figure 5.17: Position curve for the base-case system with k=0,7.
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5.3.7 k=0,8

Figures 5.18 and 5.19 show the development of the base-case system with k=0,8 for the first 1000s.
Figure 5.18 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.19 shows the system’s position
curve. The system has periods of approximately 70s.

(1) = =|C's
k=0.8

te [0:70)

-80 -40 0 40 80

x(t)

y(t)

® =|C's
k=0.8

(1)

te [0:1000]

80

Figure 5.18: Development in the phase plane for the base-case system with k=0,8 from t=0 to t=70(left) and to
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Figure 5.19: Position curve for the base-case system with k=0,8.
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5.3.8 k=0,9

Figures 5.20 and 5.21 show the development of the base-case system with k=0,9 for the first 1000s.
Figure 5.20 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.21 shows the system’s position
curve. The system has periods of approximately 67s.
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Figure 5.20: Development in the phase plane for the base-case system with k=0,9 from t=0 to t=67s(left) and to
t=1000s(right).
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Figure 5.21: Position curve for the base-case system with k=0,9.
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5.3.9 k=1,0

Figures 5.22 and 5.23 show the development of the base-case system with k=1,0 for the first 1000s.
Figure 5.22 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.23 shows the system’s position
curve. The system has periods of approximately 63s.
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Figure 5.22: Development in the phase plane for the base-case system with k=1,0 from t=0 to t=63(left) and to
t=1000s(right).
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Figure 5.23: Position curve for the base-case system with k=1,0.

50



5.4.12 Conclusion

k

0,1 0,2 0,3 04 0,5 0,6 0,7 0,8 0,9 1,0
(base-case system)
Periods 199 141 115 100 89 81 75 70 67 63
B 15,81 11,18 7,91 7,07 6,45 5,98 5,59 5,27 5,0
Phase : o : } : : :
plane ) - O | OO0
diagrams T
Position | )11
curves

Table 5.1 shows the phase plane diagrams and position curves for the base-case system with varying values of the stiffness parameter, k. The periods and

Table 5.1: Review of phase plane diagrams and position curves for the base-case system with different values of k.

the values of B, in the systems are also shown. The table shows that increasing the stiffness will lead to a reduced period, as well as lower amplitudes in the

position curves. The velocity in the system does not seem to be affected by the variation of the stiffness parameter. The position curves get more smooth as
the stiffness is increased, i.e. the nonlinearity in the forcing term gets less prominent.
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5.4 Varying the amplitude parameter, Fo.

The amplitude parameter, Fo, will here be varied from 10 to 100. The value of Fo in the base-case
system is Fo=50.

54.1 Fo=10

Figures 5.24 and 5.25 show the development of the base-case system with Fg=10 for the first 1000s.
Figure 5.24 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.25 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.24: Development in the phase plane for the base-case system with Fo=10 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.25: Position curve for the base-case system with Fo=10.
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54.2 Fo=20

Figures 5.26 and 5.27 show the development of the base-case system with Fg=20 for the first 1000s.
Figure 5.26 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.27 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.26: Development in the phase plane for the base-case system with Fo=20 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.27: Position curve for the base-case system with Fo=20.
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5.4.3 Fo=30

Figures 5.28 and 5.29 show the development of the base-case system with Fq=30 for the first 1000s.
Figure 5.28 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.29 shows the system’s position
curve. The system has periods of approximately 89s.

y(t)
y(t) s =(C's
Fy=30 .
TR
NN
N
>
[}
x(t)
-2
-4
te[0:89]
-40 -20 0
-40 -20 0 20 40

x(t)

te [0:1000]

40

Figure 5.28: Development in the phase plane for the base-case system with Fo=30 from t=0 to t=89s(left) and to

t=1000s(right).
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Figure 5.29: Position curve for the base-case system with Fo=30.
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54.4 Fo=40

Figures 5.30 and 5.31 show the development of the base-case system with Fg=40 for the first 1000s.
Figure 5.30 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.31 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.30: Development in the phase plane for the base-case system with Fo=40 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.31: Position curve for the base-case system with Fo=40.
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5.4.5 Fo=60

Figures 5.32 and 5.33 show the development of the base-case system with Fq=60 for the first 1000s.
Figure 5.32 shows the system in the phase plane. The first revolution is shown to the left in the

figure, while to the right the system is shown until t=1000s. Figure 5.33 shows the system’s position
curve. The system has periods of approximately 89s.

vt #=IC's
Fy=60

x(t)

te [0:89)

()

AR
7 @'0’0/

XX

x(t)

,\\v¢¢
RN K 4,4’
o /0“‘ .“\0'\’\ ,-..v,‘.".‘:" \ /
\\\At:‘t‘f‘ff//j“\&'

te [0:1000]

-40 -20 0 20 40

Figure 5.32: Development in the phase plane for the base-case system with Fo=60 from t=0 to t=89s(left) and to

t=1000s(right).
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Figure 5.33: Position curve for the base-case system with Fo=60.
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546 Fo=7/0

Figures 5.34 and 5.35 show the development of the base-case system with Fo=70 for the first 1000s.
Figure 5.34 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.35 shows the system’s position

curve. The system has periods of approximately 89s.
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Figure 5.34: Development in the phase plane for the base-case system with Fo=70 from t=0 to t=89s(left) and to

t=1000s(right).
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Figure 5.35: Position curve for the base-case system with Fo=70.
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5.4.7 Fo=80

Figures 5.36 and 5.37 show the development of the base-case system with Fq=80 for the first 1000s.
Figure 5.36 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.37 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.36: Development in the phase plane for the base-case system with Fo=80 from t=0 to t=89s(left) and to

t=1000s(right).
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Figure 5.37: Position curve for the base-case system with Fo=80.
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5.4.8 Fo=90

Figures 5.38 and 5.39 show the development of the base-case system with Fg=90 for the first 1000s.
Figure 5.38 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.39 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.38: Development in the phase plane for the base-case system with Fo=90 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.39: Position curve for the base-case system with Fo=90.
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5.4.9 Fo=100

Figures 5.40 and 5.41 show the development of the base-case system with Fs=100 for the first 1000s.
Figure 5.40 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.41 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.40: Development in the phase plane for the base-case system with Fo=100 from t=0 to t=89s(left) and
to t=1000s(right).

=IC's
x(t o
Fy=100
40 /\
20
A
0
t
-20
-40
0 200 400 600 800

Figure 5.41: Position curve for the base-case system with Fo=100.
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5.4.10 Conclusion

Fo 10 20 30 40 50 60 70 80 90 100
(base-case system)
Periods 89 89 89 89 89 89 89
B 7,07 7,07 7,07 7,07 7,07 7,07 7,07
Phase ' 1. * 1 ® o W : —
e | O - | O | O | O S
diagrams
Position b | Fswvsan N i
curves i “ﬂu‘ww“f\s‘t“u;‘\f‘w A
ARAAAL | iy i ‘J‘J {

Table 5.2: Review of phase plane diagrams and position curves for the base-case system with different values of Fo.

Table 5.2 shows the phase plane diagrams and position curves for the base-case system with varying values of the amplitude parameter, Fo. The period and
value of B is constant when varying Fo. The position curves show an increase in position amplitude as Fo gets larger. The velocity also increases as Fo
increases, this is shown in the phase plane diagrams in the table. When Fq is increased, the effect of the nonlinear forcing term increases.
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5.5 Varying the loading frequency, w

In this part the loading frequency, w, will be varied from 0,1 to 1,0. In the base-case system the value
of wis0,5.

55,1 w=0,1
Figures 5.42 shows the development of the base-case system with w=0,1 for the first 1000s. The
phase plane diagram is showed to the left and the position curve to the right in the figure.
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Figure 5.42: Development in the phase plane(left) and position curve(right) for the base-case system with w=0,1
from t=0 t=1000s.

5.5.2 w=0,2

Figures 5.43 shows the development of the base-case system with w=0,2 for the first 1000s. The
system is shown in the phase plane to the left, and the position curve is showed to the right in the
figure.
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Figure 5.43: Development in the phase plane(left) and position curve(right) for the base-case system with w=0,2
from t=0 to t=1000s.
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553 w=0,3

Figures 5.44 and 5.45 show the development of the base-case system with w=0,3 for the first 1000s.
Figure 5.44 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.45 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.44: Development in the phase plane for the base-case system with w=0,3 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.45: Position curve for the base-case system with w=0,3.
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554 w=0,4

Figures 5.46 and 5.47 show the development of the base-case system with w=0,4 for the first 1000s.
Figure 5.46 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.47 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.46: Development in the phase plane for the base-case system with w=0,4 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.47: Position curve for the base-case system with w=0,4.
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555 w=0,6

Figures 5.48 and 5.49 show the development of the base-case system with w=0,6 for the first 1000s.
Figure 5.48 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.49 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.48: Development in the phase plane for the base-case system with w=0,6 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.49: Position curve for the base-case system with w=0,6.
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556 w=0,7

Figures 5.50 and 5.51 show the development of the base-case system with w=0,7 for the first 1000s.

Figure 5.50 shows the system in the phase plane. The first revolution is shown to the left in the

figure, while to the right the system is shown until t=1000s. Figure 5.51 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.50: Development in the phase plane for the base-case system with w=0,7 from t=0 to t=89s(left) and to

t=1000s(right).
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Figure 5.51: Position curve for the base-case system with w=0,7.
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557 w=0,8

Figures 5.52 and 5.53 show the development of the base-case system with w=0,8 for the first 1000s.
Figure 5.52 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.53 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.52: Development in the phase plane for the base-case system with w=0,8 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.53: Position curve for the base-case system with w=0,8.
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558 w=0,9

Figures 5.54 and 5.55 show the development of the base-case system with w=0,9 for the first 1000s.
Figure 5.54 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.55 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.54: Development in the phase plane for the base-case system with w=0,9 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.55: Position curve for the base-case system with w=0,9.
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559 w=1,0

Figures 5.56 and 5.57 show the development of the base-case system with ©w=1,0 for the first 1000s.
Figure 5.56 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.57 shows the system’s position
curve. The system has periods of approximately 89s.
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Figure 5.56: Development in the phase plane for the base-case system with w=1,0 from t=0 to t=89s(left) and to
t=1000s(right).
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Figure 5.57: Position curve for the base-case system with w=1,0.
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5.5.10 Conclusion

w 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0
(base-case
system)
Periods 89 89 89 89 89 89 89 89 89
B 2,83 4,24 5,66 7,07 8,49 9,10 11,31 12,73 14,14
Phase gff;f,f\Q‘N\ ,?;x ‘v ; - . ; _
plane ¢ ) € | & - & ) - | O
diagrams .
Position
curves

Table 5.3: Review of phase plane diagrams and position curves for the base-case system with different values of w.

Table 5.3 shows the phase plane diagrams and position curves for the base-case system with varying values of w. The loading frequency does not affect the
period of the system, which remains at 89s. The value of B is shown in the table, and it increases with the increase of the parameter. When w=0,1, f=1,41,
which means the system is close to resonance, i.e. when w=wo. Because of this, the diagrams for this value have larger axes than the rest, and should not be
compared directly with the other diagrams in the table. The axes are also different for the system with w=0,2. The diagrams for the other values of w show
that the amplitudes decrease as the parameter is increased. From the phase plane diagrams, it is seen that also the velocities decrease as the loading
frequency is increased. The decrease in amplitudes is most visible for the lower values of w, which are closer to resonance. When w is increased, the effect
of the nonlinear forcing term decreases.
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5.6 Varying the mass parameter, m.

The last parameter to be varied is that of the mass, m, which will be varied from 50 to 150. The mass
coefficient will also, in the end of this chapter, be set to very small values, to look at what happens
with the base-case system at resonance. The original value of m in the base-case system is 100.

5.6.1 m=50

Figures 5.58 and 5.59 show the development of the base-case system with m=50 for the first 1000s.
Figure 5.58 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.59 shows the system’s position

curve. The system has periods of approximately 63s.

y(t) #=IC's vy
m=50

—
o

= =IC's
m=50

? | X(t)

te [0:63)

-40 20 ) 20 w0 = 20 9

(1)

te [0:1000]

40

Figure 5.58: Development in the phase plane for the base-case system with m=50 from t=0 to t=63s(left) and to

t=1000s(right).
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Figure 5.59: Position curve for the base-case system with m=50.
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5.6.2 m=60

Figures 5.60 and 5.61 show the development of the base-case system with m=60 for the first 1000s.
Figure 5.60 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.61 shows the system’s position
curve. The system has periods of approximately 69s.
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Figure 5.60: Development in the phase plane for the base-case system with m=60 from t=0 to t=69s(left) and to
t=1000s(right).
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Figure 5.61: Position curve for the base-case system with m=60.

72



5.6.3m=70

Figures 5.62 and 5.63 show the development of the base-case system with m=70 for the first 1000s.
Figure 5.62 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.63 shows the system’s position
curve. The system has periods of approximately 74s.
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Figure 5.62: Development in the phase plane for the base-case system with m=60 from t=0 to t=74s(left) and to
t=1000s(right).
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Figure 5.63: Position curve for the base-case system with m=70.
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5.6.4 m=80

Figures 5.64 and 5.65 show the development of the base-case system with m=80 for the first 1000s.
Figure 5.64 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.65 shows the system’s position
curve. The system has periods of approximately 80s.
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Figure 5.64: Development in the phase plane for the base-case system with m=80 from t=0 to t=80s(left) and to
t=1000s(right).
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Figure 5.65: Position curve for the base-case system with m=80.
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5.6.5m=90

Figures 5.66 and 5.67 show the development of the base-case system with m=90 for the first 1000s.
Figure 5.66 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.67 shows the system’s position
curve. The system has periods of approximately 84s.
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Figure 5.66: Development in the phase plane for the base-case system with m=90 from t=0 to t=84s(left) and to
t=1000s(right).
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Figure 5.67: Position curve for the base-case system with m=90.
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5.6.6 m=110

Figures 5.68 and 5.69 show the development of the base-case system with m=110 for the first 1000s.
Figure 5.68 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.69 shows the system’s position
curve. The system has periods of approximately 94s.

y(t)

= =|C's
m=110

te [0:94]

x(t)

v(t)

ZTRR

£ {/

y '\/z\{/,x&.
)

TS
RN KAK """‘7 S
RBIRE XD
SRPSLA ‘g

VNV~
N

%

-40 -20 0 20

J

~ ‘l" NS
TSRSTTY '/' p
IR

R SUNIE

(1)

te [0:1000]

40

Figure 5.68: Development in the phase plane for the base-case system with m=110 from t=0 to t=94s(left) and
to t=1000s(right).
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Figure 5.69: Position curve for the base-case system with m=110.
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5.6.7 m=120

Figures 5.70 and 5.71 show the development of the base-case system with m=120 for the first 1000s.
Figure 5.70 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.71 shows the system’s position
curve. The system has periods of approximately 97s.
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Figure 5.70: Development in the phase plane for the base-case system with m=120 from t=0 to t=97s(left) and
to t=1000s(right).
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Figure 5.71: Position curve for the base-case system with m=120.
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5.6.8 m=130

Figures 5.72 and 5.73 show the development of the base-case system with m=130 for the first 1000s.
Figure 5.72 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.73 shows the system’s position
curve. The system has periods of approximately 102s.
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Figure 5.72: Development in the phase plane for the base-case system with m=130 from t=0 to t=102s(left) and
to t=1000s(right).
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Figure 5.73: Position curve for the base-case system with m=130.
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5.6.9 m=140

Figures 5.74 and 5.75 show the development of the base-case system with m=140 for the first 1000s.
Figure 5.74 shows the system in the phase plane. The first revolution is shown to the left in the
figure, while to the right the system is shown until t=1000s. Figure 5.75 shows the system’s position
curve. The system has periods of approximately 105.
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Figure 5.74: Development in the phase plane for the base-case system with m=140 from t=0 to t=105s(left) and
to t=1000s(right).
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Figure 5.75: Position curve for the base-case system with m=140.
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5.6.5 Conclusion

m 50 60 70 80 90 100 110 120 130 140
(base-case system)
Periods 62 89 96 102
B 5,0 7,07 7,75 8,06
Phase \ ;7* m éﬁx
plane - Qﬁ QJ) ( BE
diagrams T il g B
Posom 1 Y | o | N LT e T AEAER
b 111111 11111 o1 L

Table 5.4: Review of phase plane diagrams and position curves for the base-case system with different values of m.

Table 5.4 shows the phase plane diagrams and position curves for the base-case system with varying values of the mass parameter, m. Increasing the mass
leads to increased periods, and increased value of B for the system. The increase of the mass parameter decreases the amplitude for velocity, but does not
seem to affect the position amplitude. When m is increased, the effect of the nonlinear forcing term is not noticeably different.
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5.7 The base-case system near resonance
In this part, the parameters will be varied to achieve systems at and near resonance.

5.7.1 Varying the mass near resonance

5.7.1.1B=0,8

When m=1,28, B=0,8. The phase plane diagram is shown to the left in figure 5.76, and the position
curve is shown to the right.
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Figure 5.76: Phase plane diagram(left) and position curve(right) for the base-case system with m=1,28, making
[ =0,8, from t=0 to t=1000s.

5.7.1.2 B=0,9

When m=1,62, B=0,9. The phase plane diagram is shown to the left in figure 5.77, and the position
curve is shown to the right.
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Figure 5.77: Phase plane diagram(left) and position curve(right) for the base-case system with m=1,62, making
£ =0,9, from t=0 to t=1000s.
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5.7.1.33=1,0
When m=2, =1, which means that the system is at resonance. The system is shown in the phase
plane to the left in figure 5.78, while the position curve is shown to the right.
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Figure 5.78: Development in the phase plane(left) and position curve(right) for the base-case with m=2 from t=0
to t=200s.

57.1.43=1,1
When m=2,42, B=1,1. The phase plane diagram is shown to the left in figure 5.79, and the position

curve is shown to the right.
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Figure 5.79: Phase plane diagram for the base-case system with m=2,42, making f =1,1, from t=0 to t=1000s.
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5.7.1.5 B=1,2

When m=2,88, B=1,2. The phase plane diagram is shown to the left in figure 5.80, and the position
curve is shown to the right.
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Figure 5.80: Phase plane diagram for the base-case system with m=2,88, making f =1,2, from t=0 to t=1000s.
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5.7.2 Varying the loading frequency, w, near resonance

5.7.2.1B=0,8

When w=0,057, B=0,8. The phase plane diagram is shown to the left in figure 5.81, and the position
curve is shown to the right.
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Figure 5.81: Phase plane diagram(left) and position curve(right) for the base-case system with w=0,057, making
[ =0,8, from t=0 to t=1000s.

5.7.2.2 B=0,9

When w=0,064, =0,9. The phase plane diagram is shown to the left in figure 5.82, and the position
curve is shown to the right.
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Figure 5.82: Phase plane diagram(left) and position curve(right) for the base-case system with w=0,064, making
£ =0,9, from t=0 to t=1000s.
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5.7.2.3B=1,0

When w=0,071, B=1, which means that the system is at resonance. The system is shown in the phase
plane on the left in figure 5.83, while the position curve is showed to the right.
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Figure 5.83: Phase plane diagram(left) and position curve(right) for the base-case with »=0,071, making the
system at resonance, from t=0 to t=1000s.

5.7.2.4B=1,1

When w=0,078, B=1,1. The phase plane diagram is shown to the left in figure 5.84, and the position
curve is shown to the right.
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Figure 5.84: Phase plane diagram(left) and position curve(right) for the base-case system with w=0,078, making
£ =1,1, from t=0 to t=1000s.
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5.7.2.5B=1,2

When w=0,085, B=1,2. The phase plane diagram is shown to the left in figure 5.85, and the position
curve is shown to the right.
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Figure 5.85: Phase plane diagram(left) and position curve(right) for the base-case system with w=0,081, making
f=1,2, from t=0 to t=1000s.

5.7.3 Conclusion

Tables 5.5 and 5.6 show the phase plane diagrams and position curves for the base-case system at
and near resonance. Table 5.5 shows the system with different values of the mass parameter, m, and
table 5.6 shows the system with different values of the frequency parameter, w. It should be noted
that the axes are not the same in the two tables. The axes are also different for the diagrams at
resonance, i.e. f=1,0, compared to those near resonance in each table. This is due to the rapid
growth when the system reaches resonance, making the axes too large. Higher order resonances;
B=1/3 and B=1/2 will be discussed in chapter 9.

The tables show that the systems go in a steady path of increase and decrease in both position and
velocity as the parameters are set to values near resonance. The position and velocity amplitudes
increase as B gets larger, up until B=1,0. At resonance, i.e. f=1,0, both systems experience an
unlimited growth in both velocity and position. When the parameters, m and w, are increased
making systems with f>1,0, the systems go back to the steady path of increase and decrease in
amplitudes. The increase of B after B=1,0, decreases the position and velocity amplitudes. The phase
plane diagrams show that the values over and under resonance values are very similar to each other.
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Table 5.5: Review of phase plane diagrams and position curves for the base-case system with different values of m, making the system near
resonance.
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Table 5.6: Review of phase plane diagrams and position curves for the base-case system with different values of w, making the system near
resonance.




5.8 Conclusion

This chapter started with an introduction of a system we termed “the base-case system”. This system
was selected more or less randomly, however, it should be representative for the nonlinear effects
we are considering within this thesis. A parameter study was conducted, where each parameter was
varied separately, while all other parameters were held equal to the values in the base-case system.
In addition, the mass and the loading frequency were set to values making systems close to and at
resonance, i.e. B=1,0. The following are the results of the analysis:

- When the stiffness parameter, k, is increased, the periods decrease, the position amplitude
decrease (which is expected also for a static system9, while the velocity amplitudes are not affected.
The effect of the nonlinearity in the forcing term is decreased as k is increased.

- The increase of the amplitude parameter, Fo, does not affect the period, while both the position and
velocity amplitude is increased. The effect of the nonlinearity increases as Fo is increased.

- The loading frequency, w, does not affect the period (notice that this system is undamped, making
the systems natural frequency important). Some decrease in the position and velocity amplitude
were noticed when w was increased. This was most visible in the lower values of w, where the
systems were closer to resonance. The increase of w shows that the effect of the nonlinearity in the
forcing term decreases.

- When the mass parameter, m, was increased, the periods increased as the natural frequency wo of
the system varies. The position amplitudes do not seem to be affected, while a little decrease in
velocity amplitude was observed. The variation of the mass parameter does not seem to affect the
nonlinearity caused by the forcing term.

- When the system’s mass or loading frequency is increased to values making systems close to
resonance, i.e. w=wo, the systems’ position and velocity amplitudes increase as B gets larger, up until
B=1,0. At resonance, i.e. B=1,0, both systems experience an unlimited growth in both velocity and
position (note that there is no linear damping in the system). When the parameters are increased
over the resonance values the systems go back to the steady path of increase and decrease in
amplitudes. The increase of B after f=1,0, decreases the position and velocity amplitudes.

In this chapter, to achieve systems close to and at resonance, both the mass parameter and the
loading frequency were varied. Due to the similar effects of these parameter, it has been decided
that when looking at the systems at and near resonance in the following of the thesis, only the mass
parameter will be varied.
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Chapter 6- Nonlinear forcing term in the
equation of motion with linear, constant
damping.

As mentioned in the previous chapter, all physical systems have some degree of damping inherent. In
this chapter, the base-case system will be presented with damping, as well as some selected systems
from the cases where the parameters are changed. The systems at and near resonance will also be
presented with damping.

The equation of motion which is considered in this chapter is:
d?x dx . .

ztet kx(t) = Fy sin( wt) [sin( wt)| (6.1)
which is equal to equation (5.1), but with c#0.

m

The systems will be presented with two types of constant, linear damping, c=0,15 and c=0,5. The
systems selected is the base-case system, and the lowest and highest cases of each parameter as
presented in chapter 5.

Introducing new variable:
§=— (6.1)
where € is the damping ratio in the system. For the base-case system c.=14,14.

6.1 Base-case system

The base-case system is shown in the phase plane in figure 6.1 with two values of linear damping,
¢=0,15 (£€=0,012) on the left and c=0,5 (§=0,035) on the right. The position curves are shown in figure
6.2.
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Figure 6.1: Phase plane diagrams for the base-case system with c=0,15(left) and c=0,5(right).
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Figure 6.2: Position curves for the base-case system with c¢=0,15(left) and c=0,5(right).

6.2 Base-case system with changed stiffness parameter, k.

The base-case system with k=0,1 and k=1,0 is shown in the phase plane in figures 6.3 and 6.5
respectively, with two values of linear damping, c=0,15 on the left and ¢=0,5 on the right. The
position curves are shown in figure 6.4 for the system with k=0,1. The system is showed with
¢=0,15(¢=2,37) to the left, and with c=0,5(§=7,91) to the right. The system with k=1,0 is showed in
figure 6.6, where c=0,15(¢=0,75) is showed on the left and ¢=0,5(§=2,5) is showed on the right.
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Figure 6.3: Phase plane diagrams for the base-case system with k=0,1, and c=0,15(left) and c=0,5(right).
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Figure 6.5: Phase plane diagrams for the base-case system with k=1,0, and c=0,15(left) and c=0,5(right).
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Figure 6.6: Position curves for the base-case system with k=1,0, and c=0,15(left) and c=0,5(right).
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Table 6.1: Review of phase plane diagrams and position curves for the base-case system with different values of the stiffness parameter, k, with

different values of linear damping, c.
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6.3 Base-case system with changed amplitude parameter, Fo.

The base-case system with Fo=10 and Fo=100 is shown in the phase plane in figures 6.7 and 6.9
respectively, with two values of linear damping, c=0,15 on the left and ¢=0,5 on the right. The
position curves are shown in figure 6.8 for the system with Fo=10 and in figure 6.10 for the system
with Fo=100, also with c=0,15 on the left and ¢=0,5 on the right. The amplitude parameter does not
affect the critical damping, making the damping ratio equal to that of the base-case system, namely
€=0,012 for ¢=0,15 and £=0,035 for c=0,5.
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Figure 6.7: Phase plane diagrams for the base-case system with Fo=10, and c=0,15(left) and c=0,5(right).
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Figure 6.8: Position curves for the base-case system with Fo=10, and c=0,15(left) and c=0,5(right).
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Figure 6.10: Position curves for the base-case system with Fo=100, and c=0,15(left) and c=0,5(right).
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Table 6.2: Review of phase plane diagrams and position curves for the base-case system with different values of the amplitude parameter, Fo, with
different values of linear damping, c.
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6.4 Base-case system with changed frequency parameter, w.

The base-case system with w=0,2 and w=1,0 is shown in the phase plane in figures 6.11 and 6.13
respectively, with two values of linear damping, c=0,15 on the left and ¢=0,5 on the right. The system
with w=0,1 is not shown as it is a system close to resonance, which will be presented in 6.1.6. The
position curves are shown in figure 6.12 for the system with w=0,2 and in figure 6.14 for the system
with w=1,0, also with ¢=0,15 on the left and c=0,5 on the right. The frequency parameter does not
affect the critical damping, making the damping ratio equal to that of the base-case system, namely

€=0,012 for ¢=0,15 and €=0,035 for c=0,5.
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Figure 6.11: Phase plane diagrams for the base-case system with w=0,2, and ¢=0,15(left) and c=0,5(right).
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Figure 6.12: Position curves for the base-case system with w=0,2, and c=0,15(left) and c=0,5(right).
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Figure 6.13: Phase plane diagrams for the base-case system with w=1,0, and c=0,15(left) and c=0,5(right).
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Figure 6.14: Position curves for the base-case system with w=1,0, and ¢=0,15(left) and c=0,5(right).
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Table 6.3: Review of phase plane diagrams and position curves for the base-case system with different values of the frequency parameter, w, with

different values of linear damping, c.
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6.5 Base-case system with varied mass parameter, m.

The base-case system with m=50 and m=140 is shown in the phase plane in figures 6.15 and 6.17
respectively, with two values of linear damping, c=0,15 on the left and ¢=0,5 on the right. The
position curves are shown in figure 6.16 for the system with m=50 and in figure 6.18 for the system
with m=140, also with ¢=0,15 on the left and c=0,5 on the right. The system with m=50 has £=0,75 for
¢=0,15 and £=2,50 for c=0,5. When m=140, {=1,25 for ¢=0,15 and ¢=4,18 for c=0,5.
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Figure 6.15: Phase plane diagrams for the base-case system with m=50, and c=0,15(left) and c=0,5(right).
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Figure 6.16: Position curves for the base-case system with m=50, and c=0,15(left) and c=0,5(right).
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Figure 6.17: Phase plane diagrams for the base-case system with m=140, and c=0,15(left) and c=0,5(right).
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Figure 6.18: Position curves for the base-case system with m=140, and c=0,15(left) and c=0,5(right).
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Table 6.4: Review of phase plane diagrams and position curves for the base-case system with different values of the mass parameter, m, with

different values of linear damping, c.
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6.6 Base-case system at and near resonance.

The base-case system with the mass varied so that the system is at and near resonance, i.e. $=0,8-1,2
is shown with two values of linear damping, c=0,15 on the left and c=0,5 on the right in the figures.
The phase plane diagrams for B=0,8-1,2 is shown in figures 6.19, 6.21, 6.23, 6.25 and 6.27
respectively. The position curves are shown in figures 6.20, 6.22, 6.24, 6.26 and 6.28, also with c=0,15
on the left and ¢=0,5 on the right. The damping ratio vary from £=0,12 to £€=0,18 for c=0,15 and from
€=0,40 to £=0,60 for c=0,5.
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Figure 6.19: Phase plane diagrams for the base-case system with m=1,28, making [3=0,8, with c=0,15(left) and

x(t).
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Figure 6.20: Position curves for the base-case system with m=1,28, making [=0,8, with c=0,15(left) and

c=0,5(right).
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Figure 6.21: Phase plane diagrams for the base-case system with m=1,62, making [3=0,9, with c=0,15(left) and
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Figure 6.22: Position curves for the base-case system with m=1,62, making [=0,9, with c=0,15(left) and
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: Phase plane diagrams for the base-case system with m=2,0, making =1,0, with c=0,15(left) and

c=0,5(right).
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Figure 6.24: Position curves for the base-case system with m=2,0, making $=1,0, with c=0,15(left) and
¢=0,5(right).
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Figure 6.25: Phase plane diagrams for the base-case system with m=2,42, making =1,1, with c=0,15(left) and
c=0,5(right).
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Figure 6.26: Position curves for the base-case system with m=2,42, making f=1,1, with c=0,15(left) and
c=0,5(right).
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Figure 6.27: Phase plane diagrams for the base-case system with m=2,88, making =1,2, with c=0,15(left) and
¢=0,5(right).
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Figure 6.28: Position curves for the base-case system with m=2,88, making =1,2, with c=0,15(left) and
c=0,5(right).

Table 6.5 shows the phase plane diagrams and position curves for the base-case system when the
mass is varied so that the system is near and at resonance. When a system is at resonance, the input
frequency, w, is equal to the natural frequency of the system, wo.
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resonance, with different values of linear damping, c.

Table 6.5: Review of phase plane diagrams and position curves for the base-case system with different values of m, making the system at and near
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6.7 Conclusion

In this chapter, the base-case system, as well as some chosen systems from chapter 5 have been
investigated when linear, constant damping is added. For the systems with parameters varied around
the value in the base-case system, the results are as expected, the systems start to spiral towards the
origin in the phase plane diagrams, i.e. the amplitudes decrease with time.

The base-case system with the mass parameter set to values making the system near and at
resonance experiences an increase in position and velocity. When there is no damping inherent, the
system at resonance, B=1,0, will continue to grow, and the systems near resonance will have a
repeated cycle of increasing and decreasing amplitudes in both position and velocity. When damping
is added, both the systems near and at resonance will increase until some point, where they have a
steady trajectory in the phase plane. This trajectory has similarities to that of the van der Pol
equation, leading to an exploration if they may in fact be limit cycles. This is investigated in chapter 9.
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Chapter 7- Nonlinear damping term in the
homogenous equation of motion for one
degree of freedom systems

In this chapter equation (5.1) is investigated with a nonlinear damping term. The equation is
homogenous, i.e. the external force F(t)=0.

In the Marintek report “Comparing simple models for prediction of ringing loads and responses” [24]
from 2009, the following equation is proposed to simulate structural motions of an offshore fixed
platform:

a(t) + (B f () + bo)v(t) + wex(t) = f(t) (7.1)

where [ represents the possible nonlinear damping term, while bo represents constant linear
damping. See also [21]. Using this in equation (5.1) and making the equation homogenous(no
external forces), we get:

d?x dx k

— + (asin( wt) |sin(wt)| + ¢g) —+—x(t) =0 7.2

—=7 + (asin(wt) [sin( )| + ¢o) 7 + —x() (7.2)
Equation (7.2) is investigated with values from the base-case system presented in chapter 5. The
parameters are varied to look at their effect on the system. The variations of the parameters are the
same as in chapter 6, i.e. only the lowest and highest values from chapter 5 are investigated.

It should be noted that as for the nonlinear damping term for the van der Pol equation, described in
chapter 4, the damping could become negative. When a>co, the damping term will for some values
of t, become negative. As the nonlinear damping term is multiplied with the velocity of the system,
both position and velocity curves are included in this chapter, as well as the phase plane diagrams.

The nonlinear damping will be varied by varying a. This is done for two values of the constant
damping coefficient, co=0,005 and c,=0,0015.

The diagrams are only shown in summary tables in this chapter. Presentation of all the diagrams for
the different values of co and a, has been put into Appendix C.

The tables in this chapter show the position curves, velocity curves and phase plane diagrams for the
systems with two values of linear, constant damping, co, and with varying values of nonlinear
damping. Table 7.1 show the base-case system. Tables 7.2-7.6 show the systems with B=1/3, %, 1,0,
3/2, and 2,0 respectively.
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The tables show that the increase of the nonlinear coefficient, a, increases the nonlinearity in the
systems. When the nonlinear coefficient, a, reaches a certain value, which is different for every
system, the negative damping is almost balancing the positive damping in the system. When a is
increased just slightly more, the negative damping takes control, making the amplitudes grow
continuously. The increase of the linear, constant coefficient, co, slows the increase down.

The following are the critical values of a, where the systems have a continued incline in their
amplitudes:

- a=1,20 for the base-case system, where =7,07.

- a=3,46 for the system with p=1/3 for both values of co
- a=1,61 for the system with =1/2 for both values of co
- a=1,04 for the system with p=1,0 for both values of co
- a=0,37 for the system with =3/2 for both values of co
- a=0,01 for the system with f=2,0 and c¢,=0,0015

- a=0,02 for the system with f=2,0 and c,=0,005

This shows that as the value of B is increased, the systems need less value of the nonlinear
coefficient, a, to reach a continued grow in amplitudes. The system with $=2,0, only need a=0,01
when co=0,0015.

No further discussion of these results are included as we will propose that more research be done to

investigate the appropriateness of the model equation (7.1) for structural systems.
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Table 7.1: Review of position curves, velocity curves and phase plane diagrams for the base-case system with varying nonlinear damping, for two
values of linear, constant damping, c,=0,0015 and c,=0,005
It should be noted that the axis for the value a=1,2 is different from the axis in the other diagrams
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Table 7.2: Review of position curves, velocity curves and phase plane diagrams for the system with f=1/3, with c,=0,0015 and c,=0,005, for
increasing values of a.

It should be noted that for the values a=3,45 and 3,46 the axis are different from the rest.
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Table 7.3: Review of position curves, velocity curves and phase plane diagrams for the base-case system with /=1/2, with varying nonlinear damping,
for two values of linear, constant damping, c,=0,0015 and co=0,005.

It should be noted that for the values a=1,60 and 1,61 the axis are different from the rest.
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Table 7.4: Review of position curves, velocity curves and phase plane diagrams for the system with =1,0, with co=0,0015 and co=0,005, for increasing
values of a.

It should be noted that for the values a=1,0, a=1,03 and a=1,04, the axis are changed compared to the other diagrams.
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Table 7.5: Review of position curves, velocity curves and phase plane diagrams for the system with f=3/2, with c,=0,0015 and c,=0,005, for
increasing values of a.

It should be noted that for the values a=0,36 and a=0,37, the axis differ from the other diagrams.
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Table 7.6: Review of position curves, velocity curves and phase plane diagrams for the system with =2,0, with co=0,0015 and co=0,005, for increasing

values of a.

It should be noted that for the value a=0,02, the axis and timespans differ from the other diagrams.
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Chapter 8 — Nonlinear damping term in the
equation of motion with linear forcing term for
one degree of freedom systems

In this chapter equation (5.1) is investigated with nonlinear damping term equal to that in chapter 7,
and with a linear forcing term F(t), see [24]. The equation becomes:

X 1 (@sin(wt) sin(00)] + ) X + X x() = P singaty 8.1)
—+ (asin( wt) |sin( w Cco)— +—x(t) = —sin(w .
dt? %dt " m m

The base-case system is presented with two values of the linear damping coefficient, co=0,005 and
€o=0,0015, for increasing values of the nonlinear damping coefficient, a. The system is also
investigated for the same values of the mass parameter, making the system close to and at

resonance, as in chapter 7.

Only the tables are presented in this chapter, the presentation of each diagram separately is in
Appendix D.

Table 8.1 shows the position curves, velocity curves and phase plane diagrams for the base-case
system with two values of linear, constant damping, co, and with varying values of nonlinear
damping. Tables 8.2-8.6 show the same for the systems with B=1/3, B=1/2, B=1,0, B=3/2 and B=2,0,
respectively.

The systems will have a value of the nonlinear damping coefficient, a, where it has continuous
increase in its amplitudes. This value is different for all the systems, but is the same as was found in
chapter 7, when the system was not subjected to any loading. The behaviour of the systems up until
this value of a, are similar to those in chapter 7, but because of the linear forcing term, the
amplitudes are significantly higher and the system uses longer time to obtain a decrease of the
amplitudes.

The system at resonance, i.e. f=1,0, subjected to only linear, constant damping, c0, experience
continuous growth in amplitudes. When nonlinear damping is added, the system does not
experience this growth until a reaches its critical value, a=1,2.
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Note that the axis for the values a=0 and a=1,2 are different from the other diagrams.

values of a.

Table 8.1: Review of position curves, velocity curves and phase plane diagrams for the base-case system, for c,=0,0015 and c,=0,005, and increasing
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Table 8.2: Review of position curves, velocity curves and phase plane diagrams for the system with f=1/3, for co=0,0015 and co=0,005, and increasing
values of a.

Note that the axis in the diagrams for the system with values a=2,0, a=3,45 and a=3,46 are different from the other systems diagram axis
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Table 8.3: Review of position curves, velocity curves and phase plane diagrams for the system with f=1/2, for co=0,0015 and co=0,005, and increasing
values of a.

Note that the axis in the diagrams for the system with values a=0 and a=1,61 are different from the other systems diagram axis.
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Table 8.4: Review of position curves, velocity curves and phase plane diagrams for the system with =1,0, for co=0,0015 and co=0,005, and increasing
values of a.

Note that the axis in the diagrams for the system with values a=0, a=1,03 and a=1,04 are different from the other systems diagram axis.
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Note that the axis in the diagrams for the system with values a=0,36 and a=0,37 are different from the other systems diagram axis.

values of a.

Table 8.5: Review of position curves, velocity curves and phase plane diagrams for the system with f=3/2, for co=0,0015 and co=0,005, and increasing
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Table 8.6: Review of position curves, velocity curves and phase plane diagrams for the system with =2,0, for co=0,0015 and co=0,005, and increasing
values of a.

Note that the axis in the diagrams differs for every value of a.
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Chapter 9 - Limit cycles for a system with drag
loading subjected to linear, constant damping.

Limit cycles were discussed in chapter 3 and shown for the van der Pol equation in chapter 4. The van
der Pol equation contains nonlinearity in the damping term, which can be both positive and negative.
This leads to the system experiencing both generation and dissipation of energy from the damping
term. The limit cycles are shown in figure 4.5 for different degrees of damping.

In chapter 6, the phase plane diagrams for the systems with the mass parameter set to values making
the system at and near resonance showed some similarities to those found for the van der Pol
equation. In this chapter, those systems are further analysed, and limit cycles are found.

9.1 Exploration of limit cycles for base-case system with f=0,8

The base-case system with m=1,28, making p=0,8, is shown for different initial conditions in figure
9.1, with damping, c=0,15. The different coloured trajectories represents different initial conditions,
which are marked in the figure. All the trajectories spiral towards the limit cycle, making it a stable
limit cycle. Figure 9.2 shows the system with more damping, c=0,5 to the left and c=1,0 to the right.
These systems also have clear limit cycles, with amplitudes which are lower in both position and
velocity. The more damping in the system, the more the transient response is limited, making the
steady state solution occurring earlier.
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200
100
0
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-100
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Figure 9.1: Base-case system with m=1,28, making =0,8 with ¢=0,15 for four different initial conditions.
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Figure 9.2: Base-case system with m=1,28, making =0,8 with c=0,5(left) and c=1,0(right) for four different
initial conditions.

Further investigation shows that all the systems presented in table 6.4 exhibits limit cycles in the
phase plane when subjected to linear, constant damping. Figure 9.3 shows the limit cycles in the
base-case system with varying mass, making B between 0,8 and 1,2, with ¢=0,15. The increase of B
increases the amplitudes of the limit cycles until the system is at resonance. When further increasing

B, the limit cycles occur lower in position and velocity. For a static system, the amplitude of the
Fo
2kce

displacement is x(t) = %, and for a dynamic system the amplitude at resonance is x(t) = [19].
Figures 9.4 and 9.5 shows the limit cycles for varying B for larger damping, c=0,5 and c=1,0. The limit
cycles occur earlier, as was found for the system with =0,8. The cycles also seem to be closer
arranged when the damping is increased.

te [0:6000] t € [0:6000]

Figure 9.3: Limit cycles in the base-case system with f between 0,8 and 1,0(left) and between 1,0 and 1,2(right),
with ¢=0,15.
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Figure 9.4: Limit cycles in the base-case system with 8 between 0,8 and 1,0(left) and between 1,0 and 1,2(right),
with ¢=0,5.
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Figure 9.5: Limit cycles in the base-case system with 5 between 0,8 and 1,0(left) and between 1,0 and 1,2(right),
with c=1,0.

9.2 Exploration of limit cycles for base-case systems

withp=2,p=2,=10=3 and f = 2,0

When B=1,0, the loading frequency, ®, is equal to the natural frequency of the system, o. The
periods of the system are given by:

_z2m
To=1 (9.1)
_m
T=2 (9.2)

To is the natural period of the system, and T is the loading period. This makes it possible to express 3
as:

p=—=2 (9.3)
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This means that when =1,0, the period of the loading is equal to the natural period of the system.
Resonance is thereby the phenomena that occurs when for example a wave has the same period as
the structure it encounters.

In the following part, the following systems will be investigated for limit cycles in the phase plane for
higher order resonances [26]:

- B=1/3, i.e. the period of the wave is three times bigger than the period of the structure.
- B=1/2, i.e. the period of the wave is double the period of the structure.
- B=3/2, i.e. the period of the wave is 2/3 of the period of the structure.

- B=2,0, i.e. the period of the wave is half of the period of the structure.

921p=12

3

When adjusting the mass coefficient in the base-case system to m=0,222, we get a system with § =
%. Figure 9.6 shows the phase plane diagrams for the systems with c=0,15 to the left and with c=0,5

to the right. The systems have clear limit cycles, and the increase of a linear damping coefficient, c,
seems to decrease to limit cycle amplitude, as well as making it appear earlier. Figure 9.7 show the
position curves for the systems, also here with ¢=0,15 on the left and c=0,5 on the right. The different
colours in the plot represents the four different initial conditions, which are the same as in the phase
plane diagrams. Figure 9.8 show the velocity curves for the same systems. When B=1/3, i.e. the
period of the wave is three times the period of the structure, the limit cycles occur rather quickly.
Figure 9.9 show the position curve for the systems for the first 35s.

y(t) y(t)
»=IC's »=|C's
200 /—_\ p=1/3 200 B=1/3
¢c=0.15 c=0.5
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100 100 \
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0 0
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-200 -100 0 100 200 -200 -100 0 100 200

Figure 9.6: Base-case system with m=0,222, making f=1/3 with c=0,15(left) and c=0,5(right) for four different
set of initial conditions.
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Figure 9.7: Position curves for the system with =1/3, c=0,15(left) and c=0,5(right) for four different set of initial
conditions represented by separate colours.
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Figure 9.8: Velocity curves for the system with /=1/3, c=0,15(left) and c=0,5(right) for four different set of initial
conditions represented by separate colours.
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Figure 9.9: The first 35s of the position curves for the system with /=1/3, c=0,15(left) and c¢=0,5(right) for four
different set of initial conditions represented by separate colours.
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Figure 9.10 show the phase plane diagrams for the systems with c=0,15 to the left and with c=0,5 to
the right. The systems have clear limit cycles. Figures 9.11 and 9.12 show the position and velocity
curves respectively. Also for these systems, the limit cycles occur rather fast. Figure 9.13 show the

position curves for the systems for the first 35s.

When adjusting the mass coefficient in the base-case system to m=0,5, we get a system with § =

y(t)

y(t)
s =IC's = =|C's
200 B=1/2 200 p=1/2
/"\ c=0.15 c=0.5
7 / -:i 7
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0
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Figure 9.10: Base-case system with m=0,5, making p=1/2 with c¢=0,15(left) and c=0,5(right) for four different set
of initial conditions represented with separate colours.
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Figure 9.11: Position curves for the system with =1/2, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.12: Velocity curves for the system with =1/2, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.13: The first 35s of the position curves for the system with =1/2, c=0,15(left) and c=0,5(right) for four
different set of initial conditions represented by separate colours.
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9.238=1,0

When the mass parameter in the base-case system is set to m=2,0, we get a system at resonance,
B=1,0, which means that the period of the wave is equal to the natural period of the structure. Figure
9.14 show the system with two values of linear damping, c=0,15 to the left and c=0,5 to the right.
Figures 9.15 and 9.16 show the systems position and velocity curves respectively. Figure 9.17 shows
the position curve for the system in the first 100s. It should be noted that the sets of initial conditions
are different for these systems than the others. The systems at resonance have limit cycles in the
phase plane diagrams, and the trajectories spiral quickly towards them. The increase of the damping
coefficient, c, rapidly increases the amplitude where the limit cycle occurs.
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Figure 9.14: Base-case system with m=2,0, making f=1/2 with c=0,15(left) and c=0,5(right) for four different set
of initial conditions represented with separate colours.
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Figure 9.15: Position curves for the system with =1,0, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.16: Velocity curves for the system with f=1,0, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.17: The first 100s of the position curves for the system with =1,0, c=0,15(left) and c=0,5(right) for four
different set of initial conditions represented by separate colours.

131



924p=>

When the mass parameter in the base-case system is set to m=4,5, we get p=3/2, which means that
the period of the wave is 2/3 of the period of the structure. Figure 9.18 show the system with two
values of linear damping, c=0,15 to the left and ¢=0,5 to the right. Figures 9.19 and 9.20 show the
systems position and velocity curves respectively. Figure 9.21 show the position curves for the first
100s. The systems exhibit limit cycles in the phase plane, but the trajectories use longer time to get
there, i.e. the transient solution is more visible. The effect of increasing the linear damping
coefficient, c, is also more visible.
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Figure 9.18: Base-case system with m=4,5, making p=3/2 with c=0,15(left) and c=0,5(right) for four different set
of initial conditions represented with separate colours.
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Figure 9.19: Position curves for the system with f=3/2, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.20: Velocity curves for the system with /=3/2, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.21: The first 100s of the position curves for the system with f=3/2, c=0,15(left) and c=0,5(right) for four
different set of initial conditions represented by separate colours.
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9.2.58 =20

When adjusting the mass coefficient in the base-case system to m=8,0, we get a system with § = 2.
This means that the period of the wave is half of the period of the structure. Figure 9.22 show the
phase plane diagrams for the systems with c=0,15 to the left and with c=0,5 to the right. Figures 9.23
and 9.24 show the position and velocity curves for the systems respectively. Figure 9.24 show the
position curves for the first 100s. It should be noted that the systems with f=2,0 have different initial
conditions than the systems for the other values.
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Figure 9.22: Base-case system with m=8,0, making =2,0 with c=0,15(left) and c=0,5(right) for four different set
of initial conditions represented with separate colours.
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Figure 9.23: Position curves for the system with =2,0, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.24: Velocity curves for the system with f=2,0, c=0,15(left) and c=0,5(right) for four different set of
initial conditions represented by separate colours.
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Figure 9.25: The first 100s of the position curves for the system with =2,0, c=0,15(left) and c=0,5(right) for four
different set of initial conditions represented by separate colours.
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Table 9.1: Review of position curves, velocity curves and phase plane diagrams for the base-case system with the mass varied close to resonance, for
two types of linear damping, c=0,15 and c=0,5, for four different set of initial conditions.

It should be noted that the axis and timespans for =1,0, f=3/2 and p=2,0 differ from the axis in the diagrams for the other vales of 3.
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9.3 Conclusion

A one degree of freedom system subjected to drag loading and linear, constant damping will have
limit cycles near and at resonance. As the damping is constant and linear, the drag loading will to
some degree work as negative damping, making the generation and dissipation of energy in the
system balanced. The trajectories having initial conditions outside the limit cycle decrease their
amplitudes, while the trajectories starting inside the limit cycle increase their amplitudes into the
limit cycles.

9.4 Consequences for offshore structures

For waves that have periods in resonance with the construction (w=wo, B=1), we get a limit cycle
behaviour of the response (at least for small values of damping), giving systems starting at some
initial conditions an increase in amplitude. This behaviour is discussed in the report “Transient
motions of an oscillating system caused by forcing terms proportional to the velocity of the structural
motion” by Gudmestad O.T [20]. The forcing term does thus include a negative damping component,
which can be seen when linearizing the forcing term [20].

For higher order resonances, B=1/2 and p=1/3 as well as for B=3/2 and p=2,0, similar behaviour is
observed, thereby energy from waves with higher periods, for example 15 seconds and 10 seconds,
respectively, is fed into a system with natural period of 5 seconds. In storm situations, the energy
spectrum has high values for higher periodic waves and considerable displacements and velocities
can be expected, see also Appendix E.
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Chapter 10 - Conclusions and further work

10.1 Part |

This thesis has been divided into two parts. Part | starts with preliminary considerations, a short
historic overview of the nonlinearity in engineering as well as the introduction of the phase plane
method. The method is in part | used to describe linear systems with different degrees of damping
inherent. In chapter 2, the system is homogenous, i.e. F(t)=0, while in chapter 3, a linear forcing term
is added to the systems.

Chapter 4 gives a presentation of one degree of freedom equations for known nonlinear systems.
The van der Pol equation is well known for describing systems with a nonlinear damping term.
Systems described using the van der Pol equation exhibits limit cycles. Limit cycles are closed orbits
in the phase plane, in which all near trajectories with different initial conditions will either spiral
towards or away from. A limit cycle is said to be stable when all trajectories spiral towards it.

The pendulum equation is a known equation for describing the pendulum which has a nonlinear
stiffness. The pendulum equation is often linearized by using small angle approximation. The angular
response as a function of time is presented in chapter 4 for both the linearized and the non-
linearized pendulum equation. It clearly shows the problem with linearization when the angles are
increased. The phase plane diagram for the unforced pendulum equation is also presented, both
without and with damping inherent.

The Morison equation is a well-known equation within the marine engineering community. It is used
to describe the inline force on a body in oscillatory flow. The Morison equation consists of the drag
force and the mass force.

10.2 Part Il

In part |, the systems and diagrams plotted are well known. In part Il, a system with random values of
the parameters is chosen. This system is named the base-case system. The aim of part Il is to analyse
what happens in this system when varying the values of the parameters. The base-case system is in
chapter 5 subjected to a nonlinear force, representing the drag force from the Morison equation. The
system’s parameters for stiffness, amplitude, loading frequency and mass are varied to look at their
impact on the system, and the system is in chapter 5 looked at without damping. The results
obtained from chapter 5 are:

- When the stiffness parameter, k, is increased, the periods decrease, the position amplitude
decrease, while the velocity amplitudes are not affected. The effect of the nonlinearity in the forcing
term is decreased as k is increased.

- The increase of the amplitude parameter, Fo, does not affect the period, while both the position and
velocity amplitude is increased. The effect of the nonlinearity increases as Fo is increased.

- The loading frequency, w, does not affect the period. Some decrease in the position and velocity
amplitude were noticed when w was increased. This was most visible in the lower values of w, where
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the systems were closer to resonance. The increase of w, makes the effect of the nonlinearity in the
forcing term decrease.

- When the mass parameter, m, was increased, the periods increased. The position amplitudes do
not seem to be affected, while a little decrease in velocity amplitude was seen. The variation of the
mass parameter does not seem to affect the nonlinearity from the forcing term.

- When the systems mass or loading frequency are increased to values close to resonance, i.e. wW=wo,
the systems positions and velocites amplitudes increase as B gets larger, up until f=1,0. At
resonance, i.e. B=1,0, both systems experience an unlimited growth in both velocity and position.
When the parameters are increased over the resonance values the systems go back to the steady
path of increase and decrease in amplitudes. The increase of B after B=1,0, decreases the position
and velocity amplitudes.

In chapter 6, linear, constant damping is added to the base-case system, as well as for some selected
systems from chapter 5. When varying the parameters around the values from the base-case system,
we get results as expected. The linear, constant damping will decay the oscillations, making the
systems spiral towards the origin in the phase plane diagrams. When the mass parameter is set to
values making the base-case system close to and at resonance, the results are a bit different. The
addition of damping makes the systems’ amplitudes increase up until the point where they have a
steady trajectory in the phase plane. These trajectories are similar to those showed for the van der
Pol equation in chapter 4.

In chapter 7 nonlinear damping was added to the base-case system, and the system was made
homogenous, i.e. F(t)=0. The base-case system was investigated as well as the systems with the mass
varied to make systems with B=1/3-2,0. It was found that all the systems had their own critical value
of the nonlinear damping coefficient a. At this value, the systems were overtaken by the negative
damping leading to a continuous growth in amplitudes. The following values of a was found:

- a=1,20 for the base-case system, where =7,07.

- a=3,46 for the system with =1/3 for both values of co
- a=1,61 for the system with =1/2 for both values of co
- a=1,04 for the system with B=1,0 for both values of co
- a=0,37 for the system with =3/2 for both values of co
- a=0,01 for the system with p=2,0 and c,=0,0015

- a=0,02 for the system with f=2,0 and c,=0,005

In chapter 8, a linear forcing term was added to the systems from chapter 7, and the same
investigations were conducted. It was found that the systems were still overtaken by the negative
damping at the same critical values of a, as was found in chapter 7. In the Marintek report
“Comparing simple models for prediction of ringing loads and responses”, 3.2.2 [24], it is mentioned
that their nonlinear damping parameter, B, which the nonlinear damping parameter in this thesis, a,
is based on, will be different for different systems.

An exploration around limit cycles was conducted in chapter 9. The base-case system with nonlinear
forcing term and linear, constant damping was investigated for values of the mass parameter making
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B=1/3-2,0. It was in this chapter concluded that a one degree of freedom system subjected to drag
loading and linear, constant damping will have limit cycles near and at resonance. As the damping is
constant and linear, the drag loading will to some degree work as negative damping, making the
generation and dissipation of energy in the system balanced.

For higher order resonances, B=1/2 and B=1/3 as well as for f=3/2 and B=2,0, similar behaviour is
observed, thereby energy from waves with higher periods, for example 15 seconds and 10 seconds,
respectively, is fed into a system with natural period of 5 seconds. In storm situations, the energy
spectrum has high values for higher periodic waves and considerable displacements and velocities
can be expected, see also Appendix E.

10.3 Further work

The following is suggested:

- As suggested in the Marintek report [24], further work to establish a “normalized” parameter for
the nonlinear damping that does not depend on the actual system would be favourable. Also the
load model suggested in [24] needs more investigation.

- The “base-case system” chosen to investigate in this thesis has been chosen more or less at
random. Further work would include to use values to describe an actual physical system. A natural
place to start with this is the values from the Draugen monotower model from the Marintek report
[24], as the nonlinear damping term in this thesis is based on that report.

- Appendix E in this thesis is directly copied from the master thesis “Apparent Negative Damping an
Original Approach to the Oscillations of Offshore Structures” by Rayne Babtiste from 2016. [25] It
consists of an interview with the platform manager, Nils Gunnar Gundersen, of the Shell Draugen
platform, about an incident occurring in 1995. The platform was hit by a great wave, but fortunately
the platform was designed in such a way that no significant harm occurred. Rayne concludes that this
wave may have been the result of crossflow oscillations. From the work conducted in this thesis, the
large response may have been the result of negative damping from the drag force in the Morison
equation, causing a wave with a large period and a large amplitude, hitting a structure, resulting in
some degree of resonance. This should be further investigated.

- The drag load from the Morison equation is used to describe oscillatory flow past an obstacle. It is
suggested that there might be some interest in the medical science to use this equation to describe
the flow in blood veins past obstacles as for example blood clots. Note that the loading is oscillatory
(the heart pumps the blood at a certain frequency). The research question is therefore if certain
frequencies of the heartbeat would cause resonance in the system and possible movements of the
clots, a situation most undesirable for the patient.
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Appendix A— Matlab codes

%% % % %% % %% % % % % % % % % % % % % % % % % % % % % % % % %

%%Free response without damping%%

%% % % %% % %% % % % % % % % % % % % % % % % % % % % % % % % %

d0=0; v0=5; w0=1.6; %%Variables
t1=0:0.1:8; t2=0:0.1:10; %%Timespans

x1=d0.*cos(w0.*t1)+(v0/w0).*sin(w0.*t1);
x2=d0.*cos(w0.*t2)+(v0/w0).*sin(w0.*t2);

plot(tl,x1,'k’,'LineWidth',1.2) %%Plot whole line
hold on
plot(t2,x2,":k','LineWidth',1.2) %%Plot dotted line

plot([0 10],[0 0],'k"); plot([0 O], [-4 4],'k");  %%Making new axis

axis off

%% %% % % % % % %% % % % %% % % % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
%%Unforced system in the phase plane without damping%%

%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %%

d0=4; v0=1; k=0.5; m=100; wO=sqrt(k/m); %%Variables
t=0:0.1:180; %%Timespan

x=(d0.*cos(w0.*t))+((vO/w0).*sin(w0*t));
y=(-d0.*w0.*sin(w0.*t))+(v0.*cos(w0.*t));

plot(x,y,'k','Linewidth',1.2)
hold on

plot([-18 18],[0 0],'k");plot([0 O], [-5 5],'k'); %%Making new axis

axis off

%% %% %% % %% %% % % % %6 % % % % % % % % % %% % % % % % %o % % % % % % %% % %% %
%%Response of unforced, underdamped system%%
%% %% %% % %% %% % % % % % % % % % % % % % %% % % % % %6 %6 % % % % % % %% % %% %

wd=0.9; ¢=0.9; m=2; d0=0; v0=5; %%Variables
t1=0:0.1:18; t2=0:0.1:20; %%Timespans

x1=exp((-c./(2.*m)).*t1).*(((vO/wd)+(c/(2*m*wd)*d0)). *sin((wd.*t1))+(d0.*cos(wd.*t1)));
x2=exp((-c./(2.*m)).*t2).*(((vO/wd)+(c/(2*m*wd)*d0)). *sin((wd.*t2))+(d0.*cos(wd.*t2)));

plot(t1,x1,'k','LineWidth',1.2) %%Plot whole line
hold on
plot(t2,x2,":k','LineWidth',1.2) %%Plot dotted line

plot([0 20],[0 0],'k"); plot([0 0], [-5 5],'k");  %%Making new axis
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axis off

%% %% %% % %% %% % % % % % % % % % % % % % %% % % % % % %6 % % % % % % %% % %% % %
%%unforced, underdamped system in u-v plane%%

%% %% % % % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % %% % %
A=5; wd=0.9; c=0.9; m=2; phi=0.2; %%Variables

t1=0:0.1:10; t2=0:0.1:22; %%Timespans

ul=A*wd.*exp((-c./(2.¥m)).*t1).*sin((wd.*t1)+phi);
u2=A.*wd.*exp((-c./(2.¥m)).*t2).*sin((wd.*t2)+phi);
vl=A.*wd.*exp((-c./(2.¥*m)).*t1).*cos((wd.*t1)+phi);
v2=A.*wd.*exp((-c./(2.¥*m)).*t2).*cos((wd.*t2)+phi);

plot(ul,vl,'k','LineWidth',1.2) %%Plot whole line
hold on
plot(u2,v2,"k','LineWidth',1.2) %%Plot dotted line

plot([-4 4],[0 0],'k"); plot([0 O], [-5 5],'k'); %%Making new axis

axis off

%% %% %% % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % %% % %% % % % %
%%unforced, underdamped system in phase plane%%

%% % % % % % %% %% % % % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % %% % %
A=5; wd=0.9; c=0.9; m=2; phi=0.2; %%Variables

t1=0:0.1:10; t2=0:0.1:22; %%Timespans

ul=A.*wd.*exp((-c./(2.*m)).*t1).*sin((wd.*t1)+phi);
u2=A.*wd.*exp((-c./(2.¥m)).*t2).*sin((wd.*t2)+phi);
vl=A.*wd.*exp((-c./(2.¥*m)).*t1).*cos((wd.*t1)+phi);
v2=A.*wd.*exp((-c./(2.¥*m)).*t2).*cos((wd.*t2)+phi);
x1=ul./wd;

x2=u2./wd;

yl=vl-c./(2.*m);

y2=v2-c./(2.*m);

plot(x1,y1,'k','LineWidth',1.2) %%Plot whole line
hold on

plot(x2,y2,":k','LineWidth',1.2) %%Plot dotted line

plot([-4 4],[0 0],'k"); plot([0 O], [-5 5],'k'); %%Making new axis
axis off

%% %% %% % %% %% %% % % % % % % % % % % % %% %% %% %% % % %
%%Free response overdamped system%%

%9%%% %% %% % %% % % % %% % %% %% % %% % % %% %% % %% % %

d0=0; v0=5; s1=-1; s2=-2; %%Variables
11=0:0.1:5; 12=0:0.1:8; %%Timespans

x1=(((d0*s2)-v0)/(s2-s1)).*exp(s1.*t1)+((vO-(dO*s1))/(s2-s1)). *exp(s2.*t1);
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x2=(((d0*s2)-v0)/(s2-s1)).*exp(s1.*t2)+((vO-(d0*s1))/(s2-s1)). *exp(s2.*t2);

plot(tl,x1,'k",'LineWidth',1.2)  %%Plot whole line
hold on
plot(t2,x2,":k','LineWidth',1.2) %%Plot dotted line

plot([0 8],[0 01,'k"); plot([0 0], [-2 2],'k"); %%Making new axis

axis off

%% %% %%%%%%% %% % %% % % % % % %%% %% %% % % %o %o % % % % %% %% % %% % %

%%unforced, overdamped system in u-v plane%%

%% %% %% %% %% %% %% %% %% %% %% %6 % %% %% %6 % %6 %% % %6 % %6 %% %% %% %%

a0=1; b0=1.5; a1=0; b1=1.5; a2=1; b2=0; a3=0; b3=-1.5; ad4=-1; b4=0;
a5=0.7; b5=1; a6=-1; b6=-1.5; a7=-0.7;b7=-1; a8=-1; b8=1.5; a9=1;

b9=-1.5; a10=-0.7; b10=1;a11=0.7; b11=-1; s1=-1; s2=-0.5; %%Variables
%%Timespan

t=0:0.1:10;

u0=a0.*exp(sl.*t);v0=b0.*exp(s2.*t);ul=al.*exp(sl.*t);vi=bl.*exp(s2.*t);
u2=a2.*exp(sl.*t);v2=b2.*exp(s2.*t);u3=a3.*exp(sl.*t);v3=b3.*exp(s2.*t);
(
(

);

);
ud=ad.*exp(sl.*t);v4=b4.*exp

);

);

v11=b11l.*exp(s2.*t);

s2.*t);u5=a5.*exp(s1.*t);v5=b5.*exp(s2.*t);
ub=ab.*exp(sl.*t);v6=b6.*exp(s2.*t);u7=a7.*exp(sl.*t);v7=b7.*exp(s2.*t);
u8=a8.*exp(sl.*t);v8=b8.*exp(s2.*t);u9=a9.*exp(sl.*t);v9=b9.*exp(s2.*t);
ul0=a10.*exp(sl.*t);v10=b10.*exp(s2.*t);ull=all.*exp(sl.*t);

plot(uo,v0,'k',ul,v1,'k",u2,v2,'k',u3,v3,'k',us,v4,'k',us,v5,'k',u6,v6,'k',u7,v7,'k',u8,v8,'k',u9,v9,'k',u10,v10,'k',ull,v

11,'k','LineWidth',1.8)
hold on

plot([-1.5 1.5],[0 0],'k');plot([0 0], [-2 2],'k"); %%Making new axis

axis off

%% %% % %% %% %% %% % % % %0 %6 % % % %% % %% %% % % % % % %o %o %0 % % %% % %% % %

%%unforced, overdamped system in phase plane%%

%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %6 %% % %6 %% %% %% %% %%

a0=1; b0=1.5; a1l=0; b1=1.5; a2=1; b2=0; a3=0; b3=-1.5; a4=-1; b4=0;
a5=0.7; b5=1; a6=-1; b6=-1.5; a7=-0.7;b7=-1; a8=-1; b8=1.5; a9=1;
b9=-1.5; a10=-0.7; b10=1;a11=0.7; b11=-1; s1=-1; s2=-0.5; %%Variables
%%Timespans
u0=a0.*exp(s1.*t);v0=b0.*¥*exp(s2.*t);ul=al.*exp(sl.*t);vi=bl.*exp(s2.*t);
u2=a2.*exp(sl.*t);v2=b2.*exp(s2.*t);u3=a3.*exp(sl.*t);v3=b3.*exp(s2.*t);
(s2.*t);
(s2.*t);

t=0:0.1:10;

ud=ad.*exp(sl.*t);v4=b4.*exp(s2.*t);u5=a5.*exp(sl.*t);v5=b5.¥*exp(s2.*t);
ub=ab.*exp(sl.*t);v6=b6.*exp(s2.*t);u7=a7.*exp(s1.*t);v7=b7.*exp(s2.*t);
u8=a8.*exp(sl.*t);v8=b8.*exp(s2.*t);u9=a9.*exp(s1.*t);v9=b9.*exp(s2.*t);
ul0=al0.*exp(sl.*t);v10=b10.*exp(s2.*t);ull=all.*exp(sl.*t);

v11=b11.*exp(s2.*t);
hold on

x0=(u0./wO0)+((s1*(v0-u0))./(s1-s2 v0-u0)./(s1-s2

) ));yO
x1=(ul./w0)+((s1*(v1-ul))./(s1-s2));y1
x2=(u2./w0)+((s1*(v2-u2))./(s1-s2));y2
) ));y3
) ))y4

( );
(v1-ul)./(s1-s2);
(v2-u2)./(s1-s2);
( )
( )

x3=(u3./w0)+((s1*(v3-u3))./(s1-s2));
x4=(u4./w0)+((s1*(v4-ud))./(s1-s2

v3-u3)./(s1-s2
v4-ud)./(s1-s2

’ - ’

’ ’
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x5=(u5./w0)+((s1*
x6=(u6./w0)+((s1*

v5-u5
v6-ub

)./(s1-s2));y5=(v5-u5)./(s1-s2);
)./(s1-s2));y6=(v6-ub)./(s1-s2);
x7=(u7./w0)+((s1*(v7-u7))./(s1-s2));y7=(v7-u7)./(s1-s2);
x8=(u8./w0)+((s1*(v8-u8))./(s1-s2));y8=(v8-u8)./(s1-s2);
x9=(u9./w0)+((s1*(v9-u9))./(s1-s2));y9=(v9-u9)./(s1-s2);
x10=(u10./w0)+((s1*(v10-u10))./(s1-s2));y10=(v10-ul0)./(s1-s2);
x11=(ul1l./w0)+((s1*(v11-ul1l))./(s1-s2));y11=(v11-ull)./(s1-s2);

—_ e~~~
—_= == =

plot(x0,y0,'k',x1,y1,'k',x2,y2,'k',x3,y3,'k',x4,y4,"'k',x5,y5,'k',x6,y6,'k',x7,y7,'k',x8,y8,'k',x9,y9, 'k',x10,y10, 'k',x11,y11,

'k','LineWidth',1.8)
plot([-5 5],[0 0],'k");plot([0 0], [-6 6],'k"); %%Making new axis

axis off

%%Response of unforced, critically damped system%%
%% %% % % % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % %% %

d0=0; v0=5; w0=2; %%Variables
t1=0:0.1:2; t2=0:0.1:5; %%Timespans

x1=d0.*exp(-w0.*t1)+(v0+(w0.*d0)).*t1. *exp(-w0.*t1);
x2=d0.*exp(-w0.*t2)+(v0+(w0.*d0)).*t2. *exp(-w0.*t2);

plot(tl,x1,'k’,'LineWidth',1.2) %%Plot whole line
hold on
plot(t2,x2,":k','LineWidth',1.2) %%Plot dotted line

plot([0 6],[0 0],'k"); plot([0 0],[-1.5 1.5],'k');%%Making new axis

axis off

%% %% %% % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % %% % %% % %
%%unforced, overdamped system in u-v plane%%
%% % % % % % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % %% % %

a0=0.4;b0=0.3;a1=0.3;b1=0.2;a2=0.2;b2=0.1;a3=-0.4;
b3=-0.3;a4=-0.3;b4=-0.2;a5=-0.2;b5=-0.1; %%Variables
t=0:0.1:10; %%Timepsan
u0=a0*exp(-c.*t);v0=(exp(-c.*t)).*((a0.*t)+b0);
ul=al*exp(-c.*t);vl=(exp(-c.*t)).*((al.*t)+b1);
u2=a2*exp(-c.*t);v2=(exp(-c.*t)).*((a2.*t)+b2);
u3=a3*exp(-c.*t);v3=(exp(-c.*t)).*((a3.*t)+b3);
ud=ad*exp(-c.*t);v4=(exp(-c.*t)).*((ad.*t)+b4);
u5=a5*exp(-c.*t);v5=(exp(-c.*t)).*((a5.*t)+b5);

plot(uo,v0,'k',ul,vl, 'k, u2,v2,'k',u3,v3,'k',ud,v4,'k',us5,v5,'k','LineWidth',1.8)
hold on

plot([-0.5 0.5],[0 0],'k");plot([0 O], [-0.5 0.5],'k"); %%Making new axis

axis off

%% % % %% % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % %% % %
%%unforced, overdamped system in phase plane%%
%% %% %% % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % %% % %% % %

a0=0.4;b0=0.3;a1=0.3;b1=0.2;a2=0.2;b2=0.1;a3=-0.4;
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b3=-0.3;a4=-0.3;b4=-0.2;a5=-0.2;b5=-0.1; %%\Variables
t=0:0.1:10; %%Timespan
uO=a0*exp(-c.*t);v0=(exp(-c.*t)).*((a0.*t)+b0);
ul=al*exp(-c.*t);vi=(exp(-c.*t)).*((al.*t)+b1);
u2=a2*exp(-c.*t);v2=(exp(-c.*t)).*((a2.*t)+b2);
u3=a3*exp(-c.*t);v3=(exp(-c.*t)).*((a3.*t)+b3);
ud=ad*exp(-c.*t);v4=(exp(-c.*t)).*((ad.*t)+b4);
u5=a5*exp(-c.*t);v5=(exp(-c.*t)).*((a5.*t)+b5);
x0=v0./c;y0=(u0./c)-v0;x1=v1./c;y1=(ul./c)-v1;
x2=v2./c;y2=(u2./c)-v2;x3=v3./c;y3=(u3./c)-v3;
x4=v4./c;y4=(ud./c)-v4;x5=v5./c;y5=(u5./c)-v5;
plot(x0,y0,'k',x1,y1,'k',x2,y2,'k',x3,y3,'k',x4,y4,'k',x5,y5,'k','LineWidth',1.8)
hold on

plot([-0.5 0.5],[0 0],'k");plot([0 0], [-0.5 0.5],'k"); %%Making new axis

axis off

%% %% %% % %% %% %% % % % % % % % % % % % %% %% % % % % % % % % % % % % % % % %% % % % % % % % % % % %
%%unforced system with negative stiffness in u-v plane%%
%% % % % % % %% %% %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %% % % % % % % % % % % %

a0=10;b0=0;a1=0;b1=10;a2=0;b2=-10;a3=10;b3=9;a4=5;b4=4;a5=10;b5=-9;a6=5;b6=-4;a7=-10;b7=-9;a8=-
5;b8=-4;a9=-10;b9=9;a10=-5;b10=4;a11=-10;b11=0;51=-0.5;52=0.4; %%Variables

t=0:0.1:7; %%Timespan

u0=a0.*exp(s1.*t);v0=b0.*exp(s2.*t);
ul=al.*exp(sl.*t);vi=bl.*exp(s2.*t);u2=a2.*exp(sl.*t);v2=b2.*exp(s2.*t);
u3=a3.*exp(sl.*t);v3=b3.*exp(s2.*t);ud=as.*exp(sl.*t);v4=b4.*exp(s2.*t);
u5=a5.*exp(s1.*¥t);v5=b5.*exp(s2.*t);ub=a6.*exp(sl.*t);v6=b6.*exp(s2.*t);
u7=a7.*exp(sl.*t);v7=b7.*exp(s2.*t);u8=a8.*exp(sl.*t);v8=b8.*exp(s2.*t);
u9=a9.*exp(sl.*t);v9=b9.*exp(s2.*t);u10=a10.*exp(s1.*t);v10=b10.*exp(s2.*t);
ull=all.*exp(sl.*t);v11=b11.*exp(s2.*t);

plot(uo,v0,'k',ul,v1,'k',u2,v2,'k',u3,v3,'k',ud,v4,'k',us,v5,'k',u6,v6,'k',u7,v7,'k',u8,v8,'k',u9,v9,'k',u10,v10,'k',ull,v
11,'k','LineWidth',1.8)

hold on

plot([-15 15],[0 0],'k");plot([0 O], [-200 200],'k"); %%Making new axis

axis off

%% %% %% % % % % % % % % % % % % % %
%%Resonance curves%%
%% %% %% % % % % % % % % %% % % % %

A=1;w0=1;c1=0;c2=0.05;c4=0.1;c5=0.3;c6=1;w=0:0.01:2; %%Variables

al=A./(sqrt(((w0.A2-w."2).A2)+(c1.72.¥*w."2)));
a2=A./(sqrt(((w0.72-w.A2).A2)+(c2.22.¥*w."2)));
ad=A./(sqrt(((w0.72-w.A2).A2)+(c4.22.¥*w."2)));
a5=A./(sqrt(((w0.72-w.A2).A2)+(c5.22.*w."2)));
a6=A./(sqrt(((w0.72-w.A2).A2)+(c6.22.*w."2)));

plot(w,al,'k',w,a2,'k',w,a4,'k',w,a6,'k',w,a5,'k','LineWidth',1.2)
hold on
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plot([-0.1 2.1],[0 0],'k");plot([0 O], [-1 50],'k"); %%Making new axis
axis off

%% % %%% %% % %% % % %%
%%Phasecurves%%
%% % %%% %%% %% % % %%

w0=4;c1=0;c2=0.05;c3=0.2;c4=0.5;c5=0.7;c6=1;w=0:0.01:2*pi; %%Variables

tel=atan2(((cl.*w)),(w0.A2-w."2));
te2=atan2((c2.*w),(w0./2-w."2));
te3=atan2((c3.*w),(w0./2-w."2));
ted=atan2(((c4.*w)),(w0.A2-w."2));
te5=atan2((c5.*w),(w0.42-w."2));
te6=atan2((c6.*w),(w0.42-w."2));

plot(w,tel,'k',w,te2,'k',w,te3,'k',w,ted,'k',w,te5,'k',w,te6,'k','LineWidth',1.2)
hold on
plot([-1 8]1,[0 0],'k");plot([0 0], [-1 3.5],'k'); %%Making new axis

Axis off

%% %% % % % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % % % %% %% % % % %
%%forced system without dampingin the phase plane%%
%% % % % % % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % %% % % % % % % % %

m=100; FO=5; k=0.5; c=0; sig=c/m; A=FO/m; w=2; wd=sqrt((sig/2)"*2-w0"2);

d0=4; v0=1; wO=sqrt(k/m);thet=atan((sig*m)/(w0"2-w”2));  %%Variables

t=0:0.1:180; %%Timespan
xp=(A/sqrt((w0r2-wA2)A2+(sigh2*wA2)))*sin((w.*t)-thet);
xh=(d0.*cos(w0.*t))+((vO/wO0).*sin(w0*t));
yp=((A*w)/sqrt((w0A2-wA2)A2+(sigh2*w”2)))*cos((w.*t)-thet);
yh=(-d0.*w0.*sin(w0.*t))+(v0.*cos(w0.*t));

x=xh+xp;

y=yh+yp;

plot(x,y,'k','Linewidth',1.2)
hold on
plot([-20 20],[0 0],'k"); plot([0 0], [-1.5 1.5],'k"); %%Making new axis

axis off

%% %% % % %% % % % % % % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
%%forced, underdamped system the phase plane%%
%% %% % % %% % %% % % % %% % % % %% % % % % % % % %% % % % % % % %% % % % %% % % %

m=100; FO=5; c=1.5; k=1.69; sig=c/m; w02=k/m; A=FO/m; w=2; wd=sqrt(w”2-(k/2)"2);

v0=1; d0=0;thet=atan((sig*m)/(w02-w”2)); %%Variables

t=0:0.1:300; %%Timespan

xp=(A/sqrt((w02-wA2)A2+(sigh2*w”2)))*sin((w.*t)-thet);
xh=exp((-sig/2).*t).*(((vO/wd)+(sig/2*wd)).*sin(wd.*t)+(d0.*cos(wd.*t)));
yp=((A*w)/sqrt((w02-wA2)A2+(sigh2*w”"2)))*cos((w.*t)-thet);
yh=exp((-sig/2).*t).*((((-sig*v0)/(2*wd))-((sig"2*d0)/(4*wd))-(d0*wd)).*sin(wd.*t)+(v0.*cos(wd.*t)));
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x=xh+xp;
y=yh+yp;

plot(x,y,'k','Linewidth',1.2)
hold on
plot([0 0], [-1.5 1.5],'k"); plot([-1 1], [0 0], 'k') %%Making new axis

axis off

%% %% %% % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % %% % %% % % %
%%forced, overdamped system the phase plane%%
%% % % % % % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % % % % % %% %

m=10; FO=50; c=80; k=1.69; sig=c/m; w02=k/m; A=FO/m; w=2; wd=sqrt(w”"2-(k/2)"2);
b=(v0-(s1*d0))/(s2-s1); a=d0-b; s1=-1; s2=-0.5;thet=atan((sig*m)/(w02-w”2)); %%Variables

hold on
for d0=[-2 0 2] %%Initial displacement
forv0=[-202] %%lnitial velocity
t=0:0.1:1000; %%Timespan
b=(v0-(s1*d0))/(s2-s1); a=d0-b;
xp=(A/sqrt((w02-w”2)"2+(sigh2*w”2)))*sin((w.*t)-thet);
xh=a.*exp(sl.*t)+b.*exp(s2.*t);
yp=((A*w)/sqrt((w02-wA2)A2+(sigh2*w”"2)))*cos((w.*t)-thet);
yh=(s1.*a.*exp(s1.*t))+(s2.*b.*exp(s2.*t));
x=xh+xp;
y=yh+yp;
plot(x,y,'k','Linewidth',1.2)
end
end

plot([0 0], [-3 3],'k"); plot([-3 3], [0 0], 'k') %%Making new axis

axis off

%% %% % % %% % %% % % % %% % % % %% % % % % % % % % % % % % % % % %% % % % % % % %% % % %% % %
%%forced, critically damped system the phase plane%%
%% %% % % %% % %% % % % %% % % % % % % % % % % % % % % % % % % % % % % % % %% % % %% % % %% % %

m=10; FO=50; k=1.69; c=4*k; sig=c/m; w02=k/m; wO=sqrt(k/m); A=FO/m; w=2; wd=sqrt(w"2-(k/2)"2);
s1=-w0; s2=-w0; thet=atan((sig*m)/(w02-w”"2)); %%Variables

hold on
ford0=[-202] %%lInitial displacement

forv0=[-202] %%lnitial velocity

t=0:0.1:1000; %%Timespan

a=d0; b=v0+(w0*d0);
xp=(A/sqrt((w02-wA2)A2+(sigh2*w”2)))*sin((w.*t)-thet);
xh=(a.*exp(s1.*t))+(b.*t.*exp(s2.*t));
yp=((A*w)/sqrt((w02-w"2)A2+(sigh2*w”"2))) *cos((w.*t)-thet);
yh=(-w0.*a.*exp(s1.*t))-(w0.*b.*t.*exp(s2.*t));
x=xh+xp;
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y=yh+yp;

plot(x,y,'k','LineWidth',1.2)
end

end

plot([0 0], [-5 5],'k');plot([-7 7], [0 0], 'k') %%Making new axis

axis off

%% %% %% % % % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % % %
%%Position curve Van der Pol with mu=0,5%%
%% %% %% % % % %% %% % % % % % % %% % % % % % % % % % % % % % %% %% % % % %

type vanderpoldemo

tspan=[0, 60]; %% Timespan
y0=[0;1];Mu1=0.5; %%Variables

odel=@(t,y) vanderpoldemo(t,y,Mul);
[t,yl]=odel5s(odel,tspan,y0);

plot(t,y1(:,1),":k','LineWidth',1.2)
hold on

plot([0 60],[0 0],'k");plot([0 0], [-2.5 2.5],'k'); %%Making new axis

axis off

%% % % %% % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
%%Position curve Van der Pol with mu=5%%
%% % % %% % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %% % %

type vanderpoldemo

tspan=[0, 50]; %%Timespan
y0=[0;1];Mu1=5; %%Variables
odel=@(t,y) vanderpoldemo(t,y,Mul);
[t,yl]=odel5s(odel,tspan,y0);

plot(t,y1(:,1),'k','LineWidth',1.2)
hold on

plot([0 60],[0 0],'k");plot([0 0], [-2.5 2.5],'k"); %%Making new axis

axis off

%% % % %% % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
%%Position curve Van der Pol with mu=10 %%
%% % % %% % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %

type vanderpoldemo

tspan=[0, 60]; %%Timespan
y0=[0;1];Mu1=10; %%Variables
odel=@(t,y) vanderpoldemo(t,y,Mul);
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[t,yl]=odel5s(odel,tspan,y0);

plot(t,y1(:,1),"k','LineWidth',1.2)
hold on

plot([0 60],[0 0],'k");plot([0 O], [-2.5 2.5],'k'); %%Making new axis

axis off

%% %% %% % %% %% % % % % % % % % % % %% % %% % % %
%%phaseplane vanderpol mu=1%%
%% %% %% % %% %% % % %6 % % % % % % % %% % %% % % %

type vanderpoldemo

tspan=[0, 60]; %%Timespan
y0=[2;0];y02=[3;1];y03=[-1;-2];y04=[-3;3];y05=[2;-1];y06=[1;-2];y07=[0.1;0.1];y08=[-0.3;-0.3];y09=[-
3.5;3.5];y010=[0.5;-0.5];y011=[1.3;-2.4];y012=[0.5;0.5];y013=[-1.5;2.5];y014=[-3;-3]; %%Variables
Mu=1;

ode=@(t,y) vanderpoldemo(t,y,Mu);
[t,yl]=odel5s(ode,tspan,y0);
plot(y1(:,1),y1(:,2),'k",'LineWidth',1.2)
hold on

[t,y2]=0del15s(ode,tspan,y02);
plot(y2(:,1),y2(:,2),'k",'LineWidth',1.2)
[t,y3]=0odel5s(ode,tspan,y03);
plot(y3(:,1),y3(:,2),'k",'LineWidth',1.2)
[t,y4]=odel5s(ode,tspan,y04);
plot(y4(:,1),y4(:,2),'k','LineWidth',1.2)
[t,y5]=0del5s(ode,tspan,y05);
plot(y5(:,1),y5(:,2),'k",'LineWidth',1.2)
[t,y6]=0del15s(ode,tspan,y06);
plot(y6(:,1),y6(:,2),'k",'LineWidth',1.2)
[t,y7]=0del15s(ode,tspan,y07);
plot(y7(:,1),y7(:,2),'k",'LineWidth',1.2)
[t,y8]=0del15s(ode,tspan,y08);
plot(y8(:,1),y8(:,2),'k",'LineWidth',1.2)
[t,y9]=0odel5s(ode,tspan,y09);
plot(y9(:,1),y9(:,2),'k",'LineWidth',1.2)
[t,y10]=odel5s(ode,tspan,y010);
plot(y10(:,1),y10(:,2),'k','LineWidth',1.2)
[t,yl1l]=odel5s(ode,tspan,y011);
plot(y11(:,1),y11(;,2),'k', LineWidth',1.2)
[t,y12]=0del5s(ode,tspan,y012);
plot(y12(:,1),y12(;,2),'k', LineWidth',1.2)
[t,y13]=odel5s(ode,tspan,y013);
plot(y13(:,1),y13(:,2),'k','LineWidth',1.2)
[t,yl4]=odel5s(ode,tspan,y014);
plot(y14(:,1),y14(:,2),'k','LineWidth',1.2)
axis off

plot([0 0], [-4 4],'k');plot([-4 4], [0 0],'k"); %%Making new axis
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%% %% % % % %% %% % % % % % % % % % % % % % %% %% %
%% Van der Pol limit cycles%%

%% %% %% % %% %% % % %6 % % % % % % % %% % %% % % %
type vanderpoldemo

tspan=[0, 150];

y0=[2;0];y01=[1;0];y02=(3;1];y03=[-1;-2];y04=[-3;3];y05=[2;-1];y06=[1;-2];y07=[0.1;0.1];y08=[-0.3;-0.3];y09=([-

3.5;3.5];y010=[0.5;-0.5];y011=[1.3;-2.4];y012=[0.5;0.5];y013=[-1.5;2.5];y014=[-3;-3]; %%Variables

Mul1=0.1;

odel=@(t,y) vanderpoldemo(t,y,Mul);
[t,yl]=odel5s(odel,tspan,y0);
plot(y1(:,1),y1(:,2),'k",'LineWidth',1.2)
hold on

Mu3=0.5;

ode3=@(t,y) vanderpoldemo(t,y,Mu3);
[t,y3]=0del15s(ode3,tspan,y0);
plot(y3(:,1),y3(:,2),'r",'LineWidth',1.2)
Mu4=1;

oded4=@(t,y) vanderpoldemo(t,y,Mu4);
[t,y4]=0del5s(ode4,tspan,y0);
plot(y4(:,1),y4(:,2),'b",'LineWidth',1.2)
Mu5=1.5;

ode5=@(t,y) vanderpoldemo(t,y,Mu5);
[t,y5]=0del5s(ode5,tspan,y0);
plot(y5(:,1),y5(:,2),'s",'LineWidth',1.2)
Mu6=2;

ode6=@(t,y) vanderpoldemo(t,y,Mu6);
[t,y6]=0de15s(ode6,tspan,y0);
plot(y6(:,1),y6(:,2),'m','LineWidth',1.2)
plot([-4 4], [0 0],'k');plot([0 O], [-4 4],'k'); %%Making new axis

%% % % % % % %% %% %% % % % % % % % % % % % % % %% % % % % % % % % %
%%Response of the Pendulum equation%%
%% %% %% % %% %% %% % % % % % % % % % % % %% %% % % % % % % % % %

L=1.5; g=9.81; m=0.3; b=0.05;k=0;r=g/L; %%Variables

f=@(t,x) [x(2);-k*x(2)-r*x(1)];
init=[pi/6;0]

[t,x]=0de45(f,[0 10], init);
plot(t,x(:,1),'k");

hold on

plot([0 10],[0 0],'k");plot([0 O], [-2 2],'k'); %¥%Making new axis

axis off

%% % % %% % %% %% % % % % % % % % % % %%
%%Pendulum phaseplane%%
%% % % % % % %% %% % % % % % % % % % % %%

L=9; g=9.81; m=0.3; b=0.05;
k=0.2;
r=g/L;

f=@(t,x) [x(2);-k*x(2)-r*sin(x(1))];
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init1=[-3.15;0];

[t,x1]=0de45(f,[0 22], initl);
plot(x1(:,1),x1(:,2),'k’,'LineWidth',1.2);
hold on

axis off

plot([-10 10],[0 0],'k");

plot([0 0], [-4 4],'k");

%% %% %% % %% %% %% % % % % % % % % % % % %% % % % % % %6 % % % % % % %% % %%
%% Phase plane plots for nonlinear force %%
%% %% %% % %% %% % % % % % % % % % % % % % %% % % % % % % % % % % % % %% % %%

m=8; F0=50; c=0; k=0.5; w=0.5; %% Setting the variables to appropriate values.

f=@(t,x) [x(2);((FO/m)*sin(w.*t)*abs(sin(w.*t)))-((c/m)*x(2))-((k/m)*x(1))];
init1=[2;2]; %% Initial conditions

[t,x1]=0de45(f,[0 3600], init1)

plot(x1(:,1),x1(:,2),'k','LineWidth',1.2);

hold on

axis off
plot([-40 40],[0 0],'k");
plot([0 0], [-10 10],'k'"); %% Making axis through the origin.

%% %% %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
%%Position/velocity curves for nonlinear force%%
%% %% %% % % % % % % % % % % % % % %% % % % % % % % % % % %% % % % % % % % % %% %% % % %

m=8; F0=50; c=0.0; k=0.5; w=0.5; %% Setting the varaiables to appropriate values.

f=@(t,x) [x(2);((FO/m)*sin(w.*t)*abs(sin(w.*t)))-((c/m)*x(2))-((k/m)*x(1))];
init1=[2;2]; %% Initial conditions

[t,x1]=0de45(f,[0 3600], init1)

plot(t,x1(:,1),'k",'LineWidth',1.2);

hold on

axis off
plot([0 3800],[0 0],'k");
plot([0 0], [-40 40],'k'); %% Making axis through the origin.

m=100; FO0=50; c0=0; a=0; k=0.5; w=0.5;
appropriate wvalues.

o\°

% Setting the wvariables to

f=@(t,x) [x(2);-(((a.*sin(w.*t).*abs(sin(w.*t))+c0)/m).*x(2))-
((k/m) .*x(1))1;

initl=(2;2]; %% Initial conditions
[t,x1]=0ded5(f, [0 3600], initl)

plot(x1(:,1),x1(:,2),'k"', 'LineWidth',1.2);

hold on
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%% Making axis through the

plot ([-40 40],[0 01,'k");
plot ([0 O], [-10 10],'k");

axis off
origin.
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%% Setting the wvariables to
rx(1)) 17

Initial conditions

o
]

o
]

0.5;
L*x(2)) - ((k/m)

=0.5; w

k=

initl)

=0.02;
.*sin(w.*t) ) -
:,1),'k", "LineWidth',1.2);

a
.*abs (sin(w.*t)))+c0))

0.005;

appropriate wvalues.

cO
[x(2); ((FO/m)

50;
oded5 (£, [0 500],

[2;2];
plot (t,x1(

FO

((((a.*sin(w.*t)

f=Q (t, x)
initl

m=8;
[t,x1]



hold on

plot ([0 5001,[0 01,'k");

plot ([0 0], [-40 401,'k"); %% Making axis through the
origin.

axis off
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Appendix B —
Calculations for equations (3.4)-(3.12)

x,(t) = asin(wt — ) = a(sin(wt) cos(f) — cos(wt) sin(h))

Z—: = awcos(wt — ) = aw(cos(wt) cos(0) + sin(wt) sin(H))

d?x

Froie —aw?sin(wt — 0) = — aw?(sin(wt) cos(8) — cos(wt) sin(H))

Asin(wt) + aw?(sin(wt) cos(8) — cos(wt) sin(0)) — caw(cos(wt) cos(8) + sin(wt) sin(0))
— wo?a(sin(wt) cos(8) — cos(wt) sin(8)) = 0

Asin(wt) + aw? sin(wt) cos(8) — aw? cos(wt) sin(f) — caw cos(wt) cos(h)
— oaw sin(wt) sin(8) — wg2a sin(wt) cos(f) + wy?a cos(wt) sin(8) = 0

sin(wt)(A + aw? cos(8) — gaw sin(8) — wq?a cos(8)) + cos(wt) (—aw? sin(8) — oaw cos(8) + wy?asin(8)) =0
sin(wt) (A + a(w? cos(8) — ow sin(8) — wy? cos(8)) + cos(wt) (a(—w? sin(f) — ow cos(8) + wy? sin(B)) = 0

sin(wt) (A — a((we? — w?) cos(B) + ow sin(G))) + cos(wt) (a((wg? — w?) sin(8) — ow cos(8))) =0

a((wg? — w?) sin(8) — ow cos(8)) =0
(wo? — w?) sin(8) = ow cos(B)

sin(@) . ow
cos(8)  wy? — w?

can(g) = 2
an(0) = 0e —
2 — w?) cos(B
sin(6) _ (0o — w*) cos(6)
ow
2 — w?)?% cos?(0
sin?(9) = (o ::22)2 ©

sin?(0) + cos?(8) = 1
cos?(8) =1 — sin?(0)

(wo? — w?)?(1 — sin%(9))

sin?(0) = o
. (0o? — w?)? — (wy? — w?)*sin*(6))
sin?(9) = 0 Jzz)z

sin?(0)0?%w? = (wy? — w?)? — (wp? — w?)?sin?(0)
sin?(8)02w? + (wo? — w?)?sin?(8) = (wy? — w?)?
sin?(0)(02w? + (wo? — w?)?) = (wy? — w?)?

(0o - 0?)?

. 2 8 —
sin ( ) o2w? + ((1)02 — (1)2)2

we? — w?

sin(@) =
\/azwz T (woz — w?)?
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ow sin(0)

cos(9) = o~ w?
w(wy? — w?
cos(@) = 90 (W )
(0)02 _ wz)\/azwz + (0302 _ w2)2
cos(@) = o

\/szz + (0002 — w?)?2
A —a((wo? — w?) cos(8) + owsin(8))

A
(wp? — w?) cos(8) + ow sin(H)

a=

A

a =
\/(woz _ wz)z + 022
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Appendix C — Diagrams for chapter 7

C.1 Base-case system
C.1.1 a=0

When a=0, the system only has linear, constant damping from the coefficient co.

C.1.1.1 c0=0,0015

Figures C.1 and C.2 show the base-case system with the linear damping coefficient, co=0,0015. Figure
C.1 shows the position curve to the left and the velocity curve to the right, while figure C.2 shows the
phase plane diagram. The system has a steady decline in both position and velocity creating a spiral
towards the origin in the phase plane.

x(t), = =IC's y(t) = =|C's
base-case base-case
system system

=0.0015 =

55 ¢y ) €,=0.0015

a=0.0 a=0.0

[ 200 400 600 800 o 200 400 600 800

Figure C.1: Position curve(left) and velocity curve(right) for the base-case system with a=0 and co=0,0015.

® =IC's
base-case

system
c,=0.0015

a=0.0

x(t)

te [0:1000]

Figure C.2: Phase plane diagram for the base-case system with a=0 and co=0,0015.
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C.1.1.2 c0=0,005

Figures C.3 and C.4 show the base-case system with the linear damping coefficient, c,=0,005. Figure
C.3 shows the position curve to the left and the velocity curve to the right, while figure C.4 shows the
phase plane diagram. The system has a more rapid decline in both position and velocity due to the
increase in damping compared to the system with c,=0,0015.

x(t) = =|C's y(t) = =[C's
base-case
system
Co=0.005
a=0.0

]
]
<]
=7}
&
]

g

g

q

Figure C.3: Position curve(left) and velocity curve(right) for the base-case system with a=0 and co=0,005.

®=|C's
base-case
3 system
co=0.005
2 a=0.0
1
G TN
=) tt
-1
-2
3 te [0:1000]
20 10 0 10 20

Figure C.4: Phase plane diagram for the base-case system with a=0 and co=0,005.
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C.1.2a=0,5

In this part, the system will be subjected to both a linear damping coefficient, co, as well as the

nonlinear damping coefficient, a=0,5.

C.1.2.1 c0=0,0015

Figures C.5 and C.6 show the base-case system with the linear damping coefficient, c,=0,0015, and
the nonlinear damping coefficient, a=0,5. Figure C.5 shows the position curve to the left and the
velocity curve to the right, while figure C.6 shows the phase plane diagram. The nonlinearity is visible
in the position curve, but is much more prominent in the velocity curve. The phase plane diagram is

distorted as it moves very slowly towards the origin.

(1)

20

©

= =IC's
base-case
system
c°=0,001 5
a=0.5

y(t)

= =|C's
base-case
system
c0=0.001 5
a=0.5

400 600 800

Figure C.5: Position curve(left) and velocity curve(right) for the base-case system with a=0,5 and co=0,0015.

® =IC's
base-case
system
€,=0.0015

a=0.5

x(t)

te [0:1000]

Figure C.6: Phase plane diagram for the base-case system with a=0,5 and co=0,0015.
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C.1.2.2 c0=0,005

Figures C.7 and C.8 show the base-case system with the linear damping coefficient, c,=0,005, and the
nonlinear damping coefficient, a=0,5. Figure C.C shows the position curve to the left and the velocity

curve to the right, while figure C.8 shows the phase plane diagram. Since the linear damping
coefficient is increased, all the graphs move faster towards zero.

x(t) = =IC's
base-case
system
¢,=0.005
a=0.5

b
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= =IC's
base-case
system
¢,=0.005
a=0.5

Figure C.7: Position curve(left) and velocity curve(right) for the base-case system with a=0,5 and co=0,005.

® =|C's
base-case
system
¢,=0.005

a=0.5

Figure C.8: Phase plane diagram for the base-case system with a=0,5 and co=0,005.

x(t)

te [0:1000]

161



C.1.3a=1,0

In this part, the nonlinear damping coefficient is increased to a=1,0.

C.1.3.1 c0=0,0015

Figures C.9 and C.19 show the base-case system with the linear damping coefficient, c,=0,0015, and
the nonlinear damping coefficient, a=1,0. Figure C.9 shows the position curve to the left and the
velocity curve to the right, while figure C.10 shows the phase plane diagram. In all the diagrams, it is
clear that the nonlinearity is being more dominant. It is also visible that the damping at some times
becomes negative, giving an incline in amplitude for the position and velocity.

x(t) ==IC's y(t) = =IC's

SN ARAAA SR AR A A 0
VUV VY TUY Py vV o v e |

Figure C.9: Position curve(left) and velocity curve(right) for the base-case system with a=1,0 and co=0,0015.

®=|C's
base-case
system
€,=0.0015

a=1.0

x(t)

te [0:1000]

Figure C.10: Phase plane diagram for the base-case system with a=1,0 and co=0,0015.
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C.1.3.2 c0=0,005

Figures C.11 and C.12 show the base-case system with the linear damping coefficient, co=0,005, and
the nonlinear damping coefficient, a=1,0. Figure C.11 shows the position curve to the left and the
velocity curve to the right, while figure C.12 shows the phase plane diagram.

x(t) = =IC's
base-case
system
c0=0’005
a=1.0

20

()

= =IC's
base-case
system
co=0.005
a=1.0

400 600 800

Figure C.11: Position curve(left) and velocity curve(right) for the base-case system with a=1,0 and co=0,005.

®=|C's
base-case
system
¢,=0.005

a=1.0

x(t)

te [0:1000]

Figure C.12: Phase plane diagram for the base-case system with a=1,0 and co=0,005.
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C.1.4a=1,19

C.1.4.1 c0=0,0015

Figures C.13 and C.14 show the base-case system with the linear damping coefficient, co=0,0015, and
the nonlinear damping coefficient, a=1,19. Figure C.13 shows the position curve to the left and the
velocity curve to the right, while figure C.14 shows the phase plane diagram. The diagrams show that
the negative damping from the nonlinearity in the damping term is almost balancing the linear
damping coefficient.

x(t) = =IC's y(t) = =IC's
base-case base-case
system system
€,=0.0015 c,=0.0015

20 2
a=1.19 a=0.5

Figure C.13: Position curve(left) and velocity curve(right) for the base-case system with a=1,19 and co=0,0015.

y(t) = =IC's
base-case
system
€,=0.0015

x(t)

te [0:1000]

Figure C.14: Phase plane diagram for the base-case system with a=1,19 and co=0,0015.
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C.1.4.2 co=0,005

Figures C.15 and C.16 show the base-case system with the linear damping coefficient, co=0,005, and
the nonlinear damping coefficient, a=1,19. Figure C.15 shows the position curve to the left and the
velocity curve to the right, while figure C.16 shows the phase plane diagram. Even with greater linear
damping coefficient, the nonlinearity is very visible. With a=1,19, the nonlinearity becomes more

prominent in the position curve as well.
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Figure C.15: Position curve(left) and velocity curve(right) for the base-case system with a=1,19 and co=0,005.
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Figure C.16: Phase plane diagram for the base-case system with a=1,19 and co=0,005.
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C.1.5a=1,2

C.1.5.1 c0=0,0015

Figures C.17 and C.18 show the base-case system with the linear damping coefficient, co=0,0015, and
the nonlinear damping coefficient, a=1,2. Figure C.17 shows the position curve to the left and the
velocity curve to the right, while figure C.18 shows the phase plane diagram. When a=1,2, the
negative damping has overtaken the system, making it have a constant incline in both position and

velocity.
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Figure C.17: Position curve(left) and velocity curve(right) for the base-case system with a=1,2 and co=0,0015.
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Figure C.18: Phase plane diagram for the base-case system with a=1,2 and co=0,0015.
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C.1.4.2 co=0,005

Figures C.19 and C.20 show the base-case system with the linear damping coefficient, co=0,005, and

the nonlinear damping coefficient, a=1,2. Figure C.19 shows the position curve to the left and the

velocity curve to the right, while figure C.20 shows the phase plane diagram. The negative damping is

still making the system constantly increasing the position and velocity, but the linear damping
coefficient slows the system more down when increased.
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Figure C.19: Position curve(left) and velocity curve(right) for the base-case system with a=1,2 and co=0,005.
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Figure C.20: Phase plane diagram for the base-case system with a=1,2 and co=0,005.
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1
When the mass parameter, m=0,222, the system has a loading frequency, ®, one third of the natural

. 1
frequency, wo, i.e. f = e

C.2.1a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure C.21 shows the
position and velocity curve for the system with co=0,0015. Figure C.22 shows the system with
€0=0,0015 in the phase plane. Figures C.23 and C.24 show the position and velocity curve and phase
plane diagram respectively for the system with co=0,005. The systems spirals towards the origin in
the phase plane, as expected, faster for the system with higher damping coefficient.
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Figure C.21: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making ff=1/3,
with co=0,0015 and a=0.
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Figure C.22: Phase plane diagram for the base-case system with m=0,222, making f/=1/3, with co=0,0015 and
a=0.
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Figure C.23: Position curve(left) and velocity curve(right) for the base-case system with m= 0,222, making =1/3,
with co=0,005 and a=0.
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Figure C.24: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,005 and
a=0.
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C.2.23a=1,0

Figures C.25 and C.26 shoe the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,0 and c0=0,0015. Figures C.27 and C.28 show the same for the system with
a=1,0 and c,=0,0015. It is clear that the damping term at some times becomes negative, leading to an

increase in the amplitude.
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Figure C.25: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making =1/3,

with co=0,0015 and a=1,0
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Figure C.26: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,0015 and

a=1,0.
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Figure C.27: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making f=1/3,
with co=0,005 and a=1,0.
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Figure C.28: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,005 and
a=1,0.
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C.2.3a=2,0

Figures C.29 and C.30 show the position curve, velocity curve and phase plane diagram respectively

for the system with a=2,0 and c0=0,005. Figures C.31 and C.32 show the same for the system with
a=2,0 and co=0,005. The negativity in the damping term is almost balancing the positive damping,
especially for the system with the lowest linear, constant damping coefficient, c,=0,0015.
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Figure C.29: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making =1/3,

with co=0,0015 and a=2,
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Figure C.30: Phase plane diagram for the base-case system with m=0,222, making p=1/3, with co=0,0015 and

a=2,0.
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Figure C.31: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making =1/3,
with co=0,005 and a=2,0.
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Figure C.32: Phase plane diagram for the base-case system with m=0,222, making B=1/3, with co=0,005 and
a=2,0.
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C.2.4 a=3,45

Figures C.33 and C.34 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=3,45 and co=0,005. Figures C.35 and C.36 show the same for the system with
a=3,45 and c,=0,005. The negativity in the damping term is almost taking over for the positive
damping.
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Figure C.33: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making f=1/3,
with co=0,0015 and a=3,45.
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Figure C.34: Phase plane diagram for the base-case system with m=0,222, making p=1/3, with co=0,0015 and
a=3,45.
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Figure C.35: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making f=1/3,

o

with co=0,005 and a=3,45.
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Figure C.36: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,005 and

a=3,45.
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C.2.53a=3,46

Figures C.37 and C.38 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=3,46 and co=0,005. Figures C.39 and C.40 show the same for the system with
a=3,46 and c,=0,005. The negativity in the damping term has taken completely control of the system,
leading to a continued incline in amplitude. Note that the timespan for the phase plane diagrams is
set to only 90s, as the growth is rapid.
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Figure C.37: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making f=1/3,
with co=0,0015 and a=3,46.
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Figure C.38: Phase plane diagram for the base-case system with m=0,222, making f/=1/3, with co=0,0015 and
a=3,46.
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Figure C.39: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making =1/3,

with co=0,005 and a=3,46.
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Figure C.40: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,005 and

a=3,46.
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1
When the mass parameter, m=0,5, the system has a frequency, o, half of the natural frequency, wo,
i 1
ie.f = >
C.3.1a=0
When a=0, the system is only subjected to linear, constant damping, co. Figure C.41 shows the
position and velocity curve for the system with co=0,0015. Figure C.42 shows the system with
€0o=0,0015 in the phase plane. Figures C.43 and C.44 show the position and velocity curve and phase
plane diagram respectively for the system with c,=0,005. The systems have similar behaviour as for

p=1/3.
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Figure C.41: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making $=1/2,
with co=0,0015 and a=0.
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Figure C.42: Phase plane diagram for the base-case system with m=0,5, making =1/2, with co=0,0015 and a=0.
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Figure C.43: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making 5=1/2,
with co=0,005 and a=0.
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Figure C.44: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with co=0,005 and a=0.
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C.3.2a=0,5

Figures C.45 and C.46 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,5 and cy=0,0015. Figures C.47 and C.48 show the same for the system with
a=0,5 and c¢=0,0015.
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Figure C.45: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making ff=1/2,
with co=0,0015 and a=0,5.
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Figure C46: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with c0=0,0015 and
a=0,5.
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Figure C.47: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with co=0,005 and a=0,5.
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Figure C.48: Phase plane diagram for the base-case system with m=0,5, making f=1/2, with c0=0,005 and
a=0,5.
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C.3.3a=1,0

Figures C.49 and C.50 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,0 and c¢=0,005. Figures C.51 and C.52 show the same for the system with
a=1,0 and c¢=0,005.
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Figure C.49: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with c0=0,0015 and a=1,0.
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Figure C.50: Phase plane diagram for the base-case system with m=0,5, making f=1/2, with c0=0,0015 and
a=1,0.
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Figure C.51: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making 5=1/2,
with co=0,005 and a=1,0.
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Figure C.52: Phase plane diagram for the base-case system with m=0,5, making f=1/2, with co=0,005 and a=1,0.
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C.3.4a=1,60

Figures C.53 and C.54 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,60 and co=0,005. Figures C.55 and C.56 show the same for the system with

a=1,60 and co=0,005.
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Figure C.53: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making 5=1/2,
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Figure C.54: Phase plane diagram for the base-case system with m=0,5, making =1/2, with co=0,0015 and

a=1,60.
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Figure C.55: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making ff=1/2,
with co=0,005 and a=1,60.
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Figure C.56: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with co=0,005 and
a=1,60.
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C.3.5a=1,61

Figures C.57 and C.58 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,61 and co=0,005. Figures C.59 and C.60 show the same for the system with
a=1,61 and co=0,005.
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Figure C.57: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making ff=1/2,
with co=0,0015 and a=1,61.
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Figure C.58: Phase plane diagram for the base-case system with m=0,5, making f=1/2, with co=0,0015 and
a=1,61.
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Figure C.59: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with co=0,005 and a=1,61.
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Figure C.60: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with co=0,005 and
a=1,61.
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C4pB =10
When the mass parameter, m=2,0, the system has a frequency, o, equal to the natural frequency, wo,
i.e. f =1,0.

C.4.12a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure C.61 shows the
position and velocity curve for the system with co=0,0015. Figure C.62 shows the system with
€0o=0,0015 in the phase plane. Figures C.63 and C.64 show the position and velocity curve and phase
plane diagram respectively for the system with c,=0,005.
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Figure C.61: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,0015 and a=0.
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Figure C.62: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,0015 and a=0.
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Figure C.63: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,005 and a=0.
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Figure C.64: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,005 and a=0.
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C.4.23=0,5

Figures C.65 and C.66 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,5 and cy=0,0015. Figures C.67 and C.68 show the same for the system with
a=0,5 and c¢=0,0015.
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Figure C.65: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,0015 and a=0,5.
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Figure C.66: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0=0,0015 and
a=0,5.
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Figure C.67: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,005 and a=0,5.
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Figure C.68: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,005 and a=0,5.
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C.4.3a=1,0

Figures C.69 and C.70 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,0 and c¢0=0,005. Figures C.71 and C.72 show the same for the system with
a=1,0 and c¢=0,005.
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Figure C.69: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,0015 and a=1,0.
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Figure C.70: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,0015 and
a=1,0.
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Figure C.71: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,005 and a=1,0.
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Figure C.72: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0=0,005 and a=1,0.
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C.4.43=1,03

Figures C.73 and C.74 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,03 and c¢=0,005. Figures C.75 and C.76 show the same for the system with

a=1,03 and co=0,005.
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Figure C.73: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,0015 and a=1,03.
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Figure C.74: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0=0,0015 and

a=1,03.
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Figure C.75: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,005 and a=1,03.
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Figure C.76: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,005 and
a=1,03.
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C.4.5a=1,04

Figures C.77 and C.78 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,04 and co=0,005. Figures C.79 and C.80 show the same for the system with
a=1,04 and co=0,005.
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Figure C.77: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,
with co=0,0015 and a=1,04.
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Figure C.78: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0=0,0015 and
a=1,04.
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Figure C.79: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making p=1,0,

Figure C.80: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,005 and

with co=0,005 and a=1,04.
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3
When the mass parameter, m=4,5, the system has a frequency, o, is 50% bigger than the natural

frequency, wo, i.e. f = ;
C.5.1a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure C.81 shows the
position and velocity curve for the system with co=0,0015. Figure C.82 shows the system with
€0o=0,0015 in the phase plane. Figures C.83 and C.84 show the position and velocity curve and phase
plane diagram respectively for the system with c,=0,005.
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Figure C.81: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,0015 and a=0.
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Figure C.82: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and a=0.
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Figure C.83: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,005 and a=0.
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Figure C.84: Phase plane diagram for the base-case system with m=4,5, making p=3/2, with co=0,005 and a=0.
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C.5.2a=0,1

Figures C.85 and C.86 show the position curve, velocity curve and phase plane diagram respectively

for the system with a=0,1 and cy=0,0015. Figures C.87 and C.88 show the same for the system with
a=0,1 and c¢=0,0015.
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Figure C.85: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,0015 and a=0, 1.
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Figure C.86: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,1.
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Figure C.87: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,

with co=0,005 and a=0, 1.
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Figure C.88: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,005 and a=0,1.
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C.5.3a=0,2

Figures C.89 and C.90 show the position curve, velocity curve and phase plane diagram respectively

for the system with a=0,2 and c0=0,005. Figures C.91 and C.92 show the same for the system with
a=0,2 and cy=0,005.
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Figure C.89: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,0015 and a=0,2.
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Figure C.90: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,2.
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Figure C.91: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,005 and a=0,2.
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Figure C.92: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,005 and a=0,2.
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C.5.4a=0,36

Figures C.93 and C.94 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,36 and co=0,005. Figures C.95 and C.96 show the same for the system with
a=0,36 and cy=0,005.
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Figure C.93: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making =3/2,
with co=0,0015 and a=0,36.
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Figure C.94: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,36.
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Figure C.95: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,005 and a=0,36.
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Figure C.96: Phase plane diagram for the base-case system with m=4,5, making p=3/2, with co=0,005 and
a=0,36.
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C.5.5a=0,37

Figures C.97 and C.98 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,37 and c,=0,005. Figures C.99 and C.100 show the same for the system with
a=0,37 and co=0,005.
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Figure C.97: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,0015 and a=0,37.
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Figure C.98: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,37.
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Figure C.99: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,

with co=0,005 and a=0,37.
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Figure C.100: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,005 and

a=0,37.
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C.68=20
When the mass parameter, m=8,0, the system has a frequency, ®, is twice the natural frequency, wo,
i.e. f = 2,0. The system is presented for two values of linear, constant damping, ¢,=0,0015 and
€o=0,005, with an increasing nonlinear coefficient, a.

C.6.1a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure C.101 shows the
position and velocity curve for the system with co=0,0015. Figure C.102 shows the system with
€0o=0,0015 in the phase plane. Figures C.103 and C.104 show the position and velocity curve and
phase plane diagram respectively for the system with co=0,005.
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Figure C.101: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,0015 and a=0.
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Figure C.102: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,0015 and
a=0.
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Figure C.103: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,005 and a=0.
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Figure C.104: Phase plane diagram for the base-case system with m=8,0, making f=2,0, with co=0,005 and a=0.
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C.6.2a=0,01

Figures C.105 and C.106 show the position curve, velocity curve and phase plane diagram
respectively for the system with a=0,01 and c¢=0,0015. Figures C.107 and C.108 show the same for
the system with a=0,01 and co=0,0015. When the base-case system is at double resonance, the
system is very sensitive to the nonlinear damping. At a=0,01, the system with co=0,0015 is overtaken
by the negative damping, while the system with c,=0,005 still decreases its amplitudes.
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Figure C.105: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,0015 and a=0,01.
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Figure C.106: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,0015 and
a=0,01.
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Figure C.107: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,005 and a=0,01.
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Figure C.108: Phase plane diagram for the base-case system with m=8,0, making f=2,0, with co=0,005 and
a=0,01.
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C.6.3a=0,02

Figures C.109 and C.110 show the position curve, velocity curve and phase plane diagram
respectively for the system with a=0,02 and c¢=0,005. Figures C.111 and C.112 show the same for the
system with a=0,02 and c,=0,005. At a=0,02, both systems experience a continued increase in
amplitudes.
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Figure C.109: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,0015 and a=0,02.
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Figure C.110: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,0015 and
a=0,02.
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Figure C.111: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,

with co=0,005 and a=0,02.
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Figure C.112: Phase plane diagram for the base-case system with m=8,0, making f=2,0, with co=0,005 and

a=0,02.
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Appendix D — Diagrams for chapter 8

D.1 Base-case system
D.1.1 a=0

When a=0, the system only has linear, constant damping from the coefficient co.

D.1.1.1 c0=0,0015

Figures D.1 and D.2 show the base-case system with the linear damping coefficient, co=0,0015. Figure
D.1 shows the position curve to the left and the velocity curve to the right, while figure D.2 shows the
phase plane diagram.
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Figure D.1: Position curve(left) and velocity curve(right) for the base-case system with a=0 and co=0,0015.
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Figure D.2: Phase plane diagram for the base-case system with a=0 and co=0,0015.
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D.1.1.2 ¢0=0,005

Figures D.3 and D.4 show the base-case system with the linear damping coefficient, co=0,005. Figure
D.3 shows the position curve to the left and the velocity curve to the right, while figure D.4 shows the
phase plane diagram.
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Figure D.3: Position curve(left) and velocity curve(right) for the base-case system with a=0 and co=0,005.
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Figure D.4: Phase plane diagram for the base-case system with a=0 and co=0,005.
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D.1.2 a=0,5
In this part, the system will be subjected to both a linear damping coefficient, co, as well as the
nonlinear damping coefficient, a=0,5.

D.1.2.1 c0=0,0015

Figures D.5 and D.6 show the base-case system with the linear damping coefficient, c,=0,0015, and
the nonlinear damping coefficient, a=0,5. Figure D.5 shows the position curve to the left and the
velocity curve to the right, while figure D.6 shows the phase plane diagram.
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Figure D.5: Position curve(left) and velocity curve(right) for the base-case system with a=0,5 and co=0,0015.
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Figure D.6: Phase plane diagram for the base-case system with a=0,5 and co=0,0015.
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D.1.2.2 c0=0,005

Figures D.7 and D.8 show the base-case system with the linear damping coefficient, co=0,005, and the
nonlinear damping coefficient, a=0,5. Figure D.7 shows the position curve to the left and the velocity
curve to the right, while figure D.8 shows the phase plane diagram.
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Figure D.7: Position curve(left) and velocity curve(right) for the base-case system with a=0,5 and co=0,005.
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Figure D.8: Phase plane diagram for the base-case system with a=0,5 and co=0,005.
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D.1.3a=1,0

In this part, the nonlinear damping coefficient is increased to a=1,0.

D.1.3.1 c0=0,0015

Figures D.9 and D.19 showsthe base-case system with the linear damping coefficient, coc=0,0015, and
the nonlinear damping coefficient, a=1,0. Figure D.9 shows the position curve to the left and the
velocity curve to the right, while figure D.10 shows the phase plane diagram.
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Figure D.9: Position curve(left) and velocity curve(right) for the base-case system with a=1,0 and co=0,0015.
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Figure D.10: Phase plane diagram for the base-case system with a=1,0 and co=0,0015.
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D.1.3.2 c0=0,005

Figures D.11 and D.12 show the base-case system with the linear damping coefficient, coc=0,005, and
the nonlinear damping coefficient, a=1,0. Figure D.11 shows the position curve to the left and the
velocity curve to the right, while figure D.12 shows the phase plane diagram.
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Figure D.11: Position curve(left) and velocity curve(right) for the base-case system with a=1,0 and co=0,005.
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Figure D.12: Phase plane diagram for the base-case system with a=1,0 and co=0,005.
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D.1.4 5=1,19

D.1.4.1 c0=0,0015

Figures D.13 and D.14 show the base-case system with the linear damping coefficient, c,=0,0015, and
the nonlinear damping coefficient, a=1,19. Figure D.13 shows the position curve to the left and the
velocity curve to the right, while figure D.14 shows the phase plane diagram.
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Figure D.13: Position curve(left) and velocity curve(right) for the base-case system with a=1,19 and co=0,0015.
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Figure D.14: Phase plane diagram for the base-case system with a=1,19 and co=0,0015.
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D.1.4.2 c0=0,005

Figures D.15 and D.16 show the base-case system with the linear damping coefficient, coc=0,005, and
the nonlinear damping coefficient, a=1,19. Figure D.15 shows the position curve to the left and the
velocity curve to the right, while figure D.16 shows the phase plane diagram.
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Figure D.15: Position curve(left) and velocity curve(right) for the base-case system with a=1,19 and co=0,005.
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Figure D.16: Phase plane diagram for the base-case system with a=1,19 and co=0,005.

221



D.1.5a=1,2

D.1.5.1 c0=0,0015

Figures D.17 and D.18 show the base-case system with the linear damping coefficient, c,=0,0015, and
the nonlinear damping coefficient, a=1,2. Figure D.17 shows the position curve to the left and the
velocity curve to the right, while figure D.18 shows the phase plane diagram.
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Figure D.17: Position curve(left) and velocity curve(right) for the base-case system with a=1,2 and co=0,0015.
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Figure D.18: Phase plane diagram for the base-case system with a=1,2 and co=0,0015.
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D.1.4.2 c0=0,005

Figures D.19 and D.20 show the base-case system with the linear damping coefficient, coc=0,005, and
the nonlinear damping coefficient, a=1,2. Figure D.19 shows the position curve to the left and the
velocity curve to the right, while figure D.20 shows the phase plane diagram.
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Figure D.19: Position curve(left) and velocity curve(right) for the base-case system with a=1,2 and co=0,005.
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Figure D.20: Phase plane diagram for the base-case system with a=1,2 and co=0,005.
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1
When the mass parameter, m=0,222, the system has a loading frequency, ®, one third of the natural

frequency, wo, i.e. f = %
D.2.1a=0
When a=0, the system is only subjected to linear, constant damping, co. Figure D.21 shows the
position and velocity curve for the system with co=0,0015. Figure D.22 shows the system with
€0o=0,0015 in the phase plane. Figures D.23 and D.24 show the position and velocity curve and phase
plane diagram respectively for the system with c,=0,005.
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Figure D.21: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making 5=1/3,
with co=0,0015 and a=0.
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Figure D.22: Phase plane diagram for the base-case system with m=0,222, making p=1/3, with co=0,0015 and
a=0.
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Figure D.23: Position curve(left) and velocity curve(right) for the base-case system with m= 0,222, making
[f=1/3, with co=0,005 and a=0.
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Figure D.24: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,005 and

a=0.
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D.2.2

a=1,0

Figures D.25 and D.26 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,0 and c,=0,0015. Figures D.27 and D.28 show the same for the system with
a=1,0 and cy=0,0015.
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Figure D.25: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making ff=1/3,
with co=0,0015 and a=1,0.
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Figure D.26: Phase plane diagram for the base-case system with m=0,222, making =1/3, with co=0,0015 and

a=1,0.
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Figure D.27: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making 5=1/3,
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Figure D.28: Phase plane diagram for the base-case system with m=0,222, making =1/3, with co=0,005 and

a=1,0.
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D.2.3a=2,0

Figures D.29 and D.30 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=2,0 and c¢(=0,005. Figures D.31 and D.32 show the same for the system with

a=2,0 and cy=0,005.
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Figure D.29: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making 5=1/3,

with co=0,0015 and a=2.
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Figure D.30: Phase plane diagram for the base-case system with m=0,222, making p=1/3, with co=0,0015 and

a=2,0.
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Figure D.31: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making f=1/3,
with co=0,005 and a=2,0.
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Figure D.32: Phase plane diagram for the base-case system with m=0,222, making =1/3, with co=0,005 and
a=2,0.
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D.2.4 a=3,45

Figures D.33 and D.34 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=3,45 and co=0,005. Figures D.35 and D.36 show the same for the system with
a=3,45 and cy=0,005.
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Figure D.33: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making 5=1/3,
with co=0,0015 and a=3,45.
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Figure D.34: Phase plane diagram for the base-case system with m=0,222, making /=1/3, with co=0,0015 and
a=3,45.
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Figure D.35: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making f=1/3,
with co=0,005 and a=3,45.
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Figure D.36: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,005 and
a=3,45.
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D.2.53a=3,46

Figures D.37 and D.38 show the position curve, velocity curve and phase plane diagram respectively

for the system with a=3,46 and c0=0,005. Figures D.39 and D.40 show the same for the system with
a=3,46 and cy=0,005.
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Figure D.37: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making f=1/3,
with co=0,0015 and a=3,46.
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Figure D.38: Phase plane diagram for the base-case system with m=0,222, making /=1/3, with co=0,0015 and
a=3,46.
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Figure D.39: Position curve(left) and velocity curve(right) for the base-case system with m=0,222, making 5=1/3,
with co=0,005 and a=3,46.
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Figure D.40: Phase plane diagram for the base-case system with m=0,222, making f=1/3, with co=0,005 and
a=3,46.
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D3f ==

When the mass parameter, m=0,5, the system has a frequency, o, half of the natural frequency, oo,

ie.f = %
D.3.1a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure D.41 shows the
position and velocity curve for the system with co=0,0015. Figure D.42 shows the system with
€0o=0,0015 in the phase plane. Figures D.43 and D.44 show the position and velocity curve and phase
plane diagram respectively for the system with c,=0,005.
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Figure D.41: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with co=0,0015 and a=0.
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Figure D.42: Phase plane diagram for the base-case system with m=0,5, making f=1/2, with co=0,0015 and a=0.
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Figure D.43: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,

with co=0,005 and a=0.
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Figure D.44: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with co=0,005 and a=0.
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D.3.2 a=0,5

Figures D.45 and D.46 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,5 and c¢,=0,0015. Figures D.47 and D.48 show the same for the system with
a=0,5 and cy=0,0015.
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Figure D.45: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with co=0,0015 and a=0,5.
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Figure D46: Phase plane diagram for the base-case system with m=0,5, making =1/2, with co=0,0015 and
a=0,5.
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Figure D.47: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making =1/2,
with co=0,005 and a=0,5.
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Figure D.48: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with co=0,005 and a=0,5.
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D.3.3a=10

Figures D.49 and D.50 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,0 and c¢,=0,005. Figures D.51 and D.52 show the same for the system with
a=1,0 and cy=0,005.

x(t). = =|C's y(t) = =IC's

B=1/2 pB=1/2
Co=0.0015 Co=0v0015
1000 a=1.0 1000 a=1.0
500 500
Al U.L_\u’ LLARRGALLLL , \l‘m H J\.||‘\..\JHM||‘
NN DO LT T ""H”l‘l""‘\”””""” 1
-500 500
[V} 100 200 300 400 1] 100 200 300 400

Figure D.49: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with c0=0,0015 and a=1,0.
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Figure D.50: Phase plane diagram for the base-case system with m=0,5, making =1/2, with co=0,0015 and
a=1,0.
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Figure D.51: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with co=0,005 and a=1,0.
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Figure D.52: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with co=0,005 and a=1,0.
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D.3.4 a=1,60

Figures D.53 and D.54 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,60 and c,=0,005. Figures D.55 and D.56 show the same for the system with
a=1,60 and cy=0,005.
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Figure D.53: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making ff=1/2,
with co=0,0015 and a=1,60.
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Figure D.54: Phase plane diagram for the base-case system with m=0,5, making =1/2, with co=0,0015 and
a=1,60.
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Figure D.55: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with co=0,005 and a=1,60.
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Figure D.56: Phase plane diagram for the base-case system with m=0,5, making p=1/2, with co=0,005 and
a=1,60.
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D.3.5a=1,61

Figures D.57 and D.58 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,61 and c0=0,005. Figures D.59 and D.60 show the same for the system with

a=1,61 and cy=0,005.
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Figure D.57: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making ff=1/2,
with co=0,0015 and a=1,61.
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Figure D.58: Phase plane diagram for the base-case system with m=0,5, making =1/2, with co=0,0015 and
a=1,61.
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Figure D.59: Position curve(left) and velocity curve(right) for the base-case system with m=0,5, making f=1/2,
with co=0,005 and a=1,61.
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Figure D.60: Phase plane diagram for the base-case system with m=0,5, making pf=1/2, with co=0,005 and
a=1,61.
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D.4B =10
When the mass parameter, m=2,0, the system has a frequency, o, equal to the natural frequency, wo,
i.e. f =1,0.

D.4.1a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure D.61 shows the
position and velocity curve for the system with co=0,0015. Figure D.62 shows the system with
€o=0,0015 in the phase plane. Figures D.63 and D.64 show the position and velocity curve and phase
plane diagram respectively for the system with c,=0,005.

= =IC's = =IC's
o =1.0
p=1.0 . P
Xt €,=00015 v €,=0.0015
a=0.0 2000 a=00

A /\ /\ /\V/\/\/\\/A\/\/\/'

©

-1000

<
Sl
<
=

-1000

-2000 -2000

o 20 40 60

3

Figure D.61: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,0015 and a=0.
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Figure D.62: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,0015 and a=0.
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Figure D.63: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,005 and a=0.
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Figure D.64: Phase plane diagram for the base-case system with m=2,0, making f=1,0, with co=0,005 and a=0.
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D.4.2 a=0,5

Figures D.65 and D.66 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,5 and c¢,=0,0015. Figures D.67 and D.68 show the same for the system with
a=0,5 and c¢=0,0015.
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Figure D.65: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,0015 and a=0,5.
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Figure D.66: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,0015 and
a=0,5.
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Figure D.67: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,005 and a=0,5.
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Figure D.68: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0o=0,005 and a=0,5.
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D.4.33=1,0

Figures D.69 and D.70 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,0 and ¢0=0,005. Figures D.71 and D.72 show the same for the system with
a=1,0 and c¢=0,005.
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Figure D.69: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with c0=0,0015 and a=1,0.
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Figure D.70: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0=0,0015 and
a=1,0.
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Figure D.71: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,

with co=0,005 and a=1,0.

y(t)

1000

-1000

-2000

-2000 -1000

= =IC's
=10
c0=0‘005
a=1.0

x(t)

te (0:1000]

2000

Figure D.72: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,005 and a=1,0.
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D.4.4 3=1,03

Figures D.73 and D.74 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=1,03 and c0=0,005. Figures D.75 and D.76 show the same for the system with
a=1,03 and cy=0,005.
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Figure D.73: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,0015 and a=1,03.
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Figure D.74: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0=0,0015 and
a=1,03.
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Figure D.75: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,005 and a=1,03.
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Figure D.76: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,005 and
a=1,03.
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D.4.53a=1,04

Figures D.77 and D.78 show the position curve, velocity curve and phase plane diagram respectively

for the system with a=1,04 and c0=0,005. Figures D.79 and D.80 show the same for the system with
a=1,04 and c,=0,005.
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Figure D.77: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,0015 and a=1,04.
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Figure D.78: Phase plane diagram for the base-case system with m=2,0, making =1,0, with c0=0,0015 and
a=1,04.
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Figure D.79: Position curve(left) and velocity curve(right) for the base-case system with m=2,0, making f=1,0,
with co=0,005 and a=1,04.
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Figure D.80: Phase plane diagram for the base-case system with m=2,0, making =1,0, with co=0,005 and

a=1,04.
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3
When the mass parameter, m=4,5, the system has a frequency, o, is 50% bigger than the natural

frequency, wo, i.e. f = %
D.5.1a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure D.81 shows the
position and velocity curve for the system with co=0,0015. Figure D.82 shows the system with
€0o=0,0015 in the phase plane. Figures D.83 and D.84 show the position and velocity curve and phase
plane diagram respectively for the system with c,=0,005.
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Figure D.81: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,0015 and a=0.
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Figure D.82: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and a=0.
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Figure D.83: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,005 and a=0.
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Figure D.84: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,005 and a=0.
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D.5.2a=0,1

Figures D.85 and D.86 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,1 and c¢,=0,0015. Figures D.87 and D.88 show the same for the system with

a=0,1 and c(=0,0015.
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Figure D.85: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making =3/2,
with c0=0,0015 and a=0,1.
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Figure D.86: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,1.

256



x(t) u =108 y(t o=
B=3/2 B=3/2
co=D.005 c°=0,005

200 =0.1 200 a=0.1

-200

o 100 200 300 400

Figure D.87: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making =3/2,
with co=0,005 and a=0, 1.
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Figure D.88: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,005 and a=0,1.
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D.5.3 a=0,2

Figures D.89 and D.90 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,2 and c¢,=0,005. Figures D.91 and D.92 show the same for the system with
a=0,2 and cy=0,005.
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Figure D.89: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,0015 and a=0,2.
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Figure D.90: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,2.
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Figure D.91: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,005 and a=0,2.
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Figure D.92: Phase plane diagram for the base-case system with m=4,5, making f=3/2, with co=0,005 and a=0,2.
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D.5.4 5=0,36

Figures D.93 and D.94 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,36 and cy=0,005. Figures D.95 and D.96 show the same for the system with

a=0,36 and cy=0,005.
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Figure D.93: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making =3/2,

1000

with co=0,0015 and a=0,36.
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Figure D.94: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,36.
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Figure D.95: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,
with co=0,005 and a=0,36.
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Figure D.96: Phase plane diagram for the base-case system with m=4,5, making pf=3/2, with co=0,005 and
a=0,36.
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D.5.5a=0,37

Figures D.97 and D.98 show the position curve, velocity curve and phase plane diagram respectively
for the system with a=0,37 and c¢=0,005. Figures D.99 and D.100 show the same for the system with
a=0,37 and cy=0,005.
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Figure D.97: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making =3/2,
with co=0,0015 and a=0,37.
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Figure D.98: Phase plane diagram for the base-case system with m=4,5, making =3/2, with co=0,0015 and
a=0,37.

262



x(t) s =iC's
p=312
C4=0.005
1500 =037

1000

-1000

d
<
—
<

-1500

[ 20 40 60 80

40

60

y(t) = =IC's
p=3/2
€,=0005

1500 a=0.37

1000

500

. i\ /

\—\/ \—\/ \,\/ t

-500

-1000

-1500

Figure D.99: Position curve(left) and velocity curve(right) for the base-case system with m=4,5, making 5=3/2,

with co=0,005 and a=0,37.
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Figure D.100: Phase plane diagram for the base-case system with m=4,5, making =3/2, with c0o=0,005 and

a=0,37.
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D.6 5 =20
When the mass parameter, m=8,0, the system has a frequency, , is twice the natural frequency, wo,
i.e. f = 2,0. The system is presented for two values of linear, constant damping, c,=0,0015 and
€o=0,005, with an increasing nonlinear coefficient, a.

D.6.1 a=0

When a=0, the system is only subjected to linear, constant damping, co. Figure D.101 shows the
position and velocity curve for the system with co=0,0015. Figure D.102 shows the system with
€0o=0,0015 in the phase plane. Figures D.103 and D.104 show the position and velocity curve and
phase plane diagram respectively for the system with co=0,005.
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Figure D.101: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,0015 and a=0.
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Figure D.102: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,0015 and
a=0.
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Figure D.103: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,005 and a=0.
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Figure D.104: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,005 and a=0.
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D.6.2 a=0,01

Figures D.105 and D.106 show the position curve, velocity curve and phase plane diagram
respectively for the system with a=0,01 and c¢y,=0,0015. Figures D.107 and D.108 show the same for
the system with a=0,01 and co=0,0015.
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Figure D.105: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,

with co=0,0015 and a=0,01.

y(t)
200

»=IC's
B=2.0
co=0.001 5
a=0.01

-200

-200 -100

te [0:1000]

Figure D.106: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,0015 and

a=0,01.
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Figure D.107: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,005 and a=0,01.
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Figure D.108: Phase plane diagram for the base-case system with m=8,0, making p=2,0, with co=0,005 and
a=0,01.
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D.6.3 a=0,02

Figures D.109 and D.110 show the position curve, velocity curve and phase plane diagram
respectively for the system with a=0,02 and ¢y=0,005. Figures D.111 and D.112 show the same for the

system with a=0,02 and c,=0,005.
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Figure D.109: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,0015 and a=0,02.
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Figure D.110: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,0015 and
a=0,02.
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Figure D.111: Position curve(left) and velocity curve(right) for the base-case system with m=8,0, making =2,0,
with co=0,005 and a=0,02.
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Figure D.112: Phase plane diagram for the base-case system with m=8,0, making =2,0, with co=0,005 and
a=0,02.
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Appendix E

This appendix is in its entirety copied from the master thesis “Apparent Negative Damping an
Original Approach to the Oscillations of Offshore Structures” [25] by Babtiste Reyne from 2016.

E.1 Context

Nils Gunnar Gundersen is today a consultant in oil and gas production management. He was in the
past involved in various projects and held the position of platform manager on Shell Draugen
platform. The following text summarizes his testimony which was collected during an interview
arranged by Ove Tobias Gudmestad on April 7, 2016.

E.2 Interview

| was already involved with the Draugen project during its concept phase. The structure consists of a
single concrete shaft of variable section located at two hundred and fifty meters deep sea. On top of
it, around thirty tons of steel forming the decks and the equipment. The air gap, initially supposed to
be twenty four meters, was increased of six meters during the construction after a redesign
proposed by the structural engineers who explained to us that it would reduce the risk of failure due
to “ringing response”; this decision might have later saved our lives. In the year 1988 when the
design process had just started, the project director asked the team to set on a date to begin the
production: October the sixteenth, 1993 was our answer. After a few years of exemplary
management demonstrated by minimum delays and no over costs, the production started on
October the nineteenth, 1993. | then took charge of the platform management that held me
responsible for all that would happens on site during its life of production.

During one day of March 1995, | was working in my office when | noticed that the painting hanging in
front of my desk was was not only swinging as it usually did, but punctually be lifted away from the
wall before hitting it back. A hurricane was announced that day, and we could also tell by the
“bangs” shrilling in the site. | then received an unexpected call from Aberdeen weather center,
warning me of a very large wave coming in our direction. According to them, we had only thirty
minutes to prepare. | ran to the microphone in order to quickly stop the production and to summon
every present individual to the gymnasium located on the lower deck. Once everyone gathered was
standing in front of the inner walls, | stood in the center of the room and told them about “Rasmus” -
this is the name sailors give to the largest waves. Everyone was quiet and alert. | explained them how
well the conception of the platform had been lead using a short presentation that the engineering
team gave me. | finally tried to reassure everyone expressing my unconditional faith in the designers
work. My short speech was concluded by this precise sentence: now we can only wait for “Rasmus”
to hit us. As soon as | finished pronouncing these words, the loudest, most shivery and violent BANG |
have ever heard rang out in the gymnasium. We started to feel increasingly large motions under our
feet, the projector | was using for the presentation all of a sudden left its place and rolled towards a
wall. Once | caught it, all and sundry sat and no one batted an eye while the room kept on pitching. |
could not tell exactly how long it lasted but my guess would be more than a minute.

Once it became obvious that “Rasmus” had left, we eventually went outside. Heavy equipment that
where before taped on walls had run off after their bands were cut in the shock. We had been hit by
a massive wave. On the hundred and thirty four workers who where present at Draugen, some
would be quite experienced as fishermen. | would allow them to fish and to hang their catches under
the deck where strong winds result in an effective way of drying fish. My condition was to only use
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rope and wooden elements in order not to alter the structure, and they would come up with clever
solutions to strongly attach the hundreds of kilograms of seized prays. We went to the lower deck to
see what happened to them. Not only this large mass of robustly roped beings had disappeared, but
the wave had not even left a clue of their very existence. No significant damage however was
reported, and knowing what could have happen if we had not be told of the upcoming danger, | felt
at first very thankful to those who warned us. The origin of this phenomenon could not be explained
and | do not know how it was detected. While the industrial Shell hardly showed a reaction, the
engineering team from Norwegian Contractors saw there an excellent way to confirm the quality of
their work. This occurrence lead to the installation of measuring devices on the platform which may
have recorded a similar event about a year later.

Nils Gunnar Gundersen

E.3 Complementary comments

By the description of the events, it is clear that the phenomenon that was experienced is related to
exceptional wave conditions which involve high magnitudes in both velocity and period. As the
investigations were advancing rose the question of the relation of directions in between the
impacting flow and the oscillations. N. G. Gundersen was contacted again and asked for possible
further informations about any memory he may have had of both the angle of attack of the wave,
and the trajectory of the resulting oscillations.

| do not remember from which direction Rasmus was coming. The report | wrote after the event has
very unfortunately been removed from the document center in the operating office in Kristiansund.

Additionally, | cannot remember the direction of the oscillations. | just remember the tremendous
big “BANG” when the huge wave hit us and everybody standing along the walls immediately jumped
down on to the floor. The very big oscillations must have taken around 40 to 60 seconds, but it is
difficult to judge because the weather was at that time very bad and the leg moved quite a lot during
this bad weather situations. The fact that there were movement in the leg was in full compliance
with the design criteria.

| mentioned that | still remember the large painting | had in my office on the wall in front of me
moving in all directions during bad weather situations. | always took it as a good sign that the huge
vertical concrete structure behaved in accordance with all design criteria.

Nils Gunnar Gundersen

E.4 Conclusion

Although N. G. Gundersen was understandably not able to recall the very details of the events, two
hints may indicate the occurrence of a crossflow amplification of the oscillations, studied in part Il.

First, the gigantic wave that is described corresponds to a great height that necessarily comes with a
large period. But the vibrations that are mentioned seem to correspond to much higher frequencies
that do not resemble inflow oscillations. Then, the movement of the painting at the beginning of the
events is reported abnormal because it would be lifted off the wall instead of gliding along it, which
implies a change of the action’s direction. Assuming the usual forces to have the same direction as
the flow, the behavior of the painting may be the result of an unusual crossflow oscillation.
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