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ABSTRACT. We show that a Hilbert scheme of conics on a Fano fourfold double
cover of P? x P? ramified along a divisor of bidegree (2, 2) admits a P'-fibration with
base being a hyper-Kéhler fourfold. We investigate the geometry of such fourfolds
relating them with degenerated EPW cubes, with elements in the Brauer groups
of K3 surfaces of degree 2, and with Verra threefolds studied in [Ver04]. These
hyper-Kahler fourfolds admit natural involutions and complete the classification of
geometric realizations of anti-symplectic involutions on hyper-Kéhler 4-folds of type
K32,

As a consequence we present also three constructions of quartic Kummer surfaces
in P3: as Lagrangian and symmetric degeneracy loci and as the base of a fibration of
conics in certain threefold quadric bundles over P*.
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By a hyper-Kahler manifold or equivalently by an irreducible holomorphic symplectic
(or THS) 2n-fold we mean a 2n-dimensional simply connected compact Kéhler manifold
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with trivial canonical bundle that admits a unique (up to a constant) non-degenerate
holomorphic 2-form (called the symplectic form) and is not a product of two manifolds
[Bea83]. In this paper we are studying the geometry of some families of THS fourfolds
that are deformation equivalent to the Hilbert scheme of two points on a K3 surface
(of type K3[2]).

Recall from [BD85] that Hilbert schemes of lines on smooth cubic hypersurfaces in P
are THS fourfolds of type K3[2! characterized by the fact that they admit a polarization
of Beauville degree ¢ = 6 (i.e degree 3%36). In [O’G06] O’Grady described the complete
family of polarized THS fourfolds of K 3[2] type with Beauville degree ¢ = 2. He found
out that such manifolds are double covers of sextic hypersurfaces defined as Lagrangian
degeneracy loci. Next [IM11] described constructions of THS fourfolds with ¢ = 2 as
bases of P! fibrations on Hilbert schemes of conics on Fano fourfolds of degree 10.

The aim of this article is to investigate a special 19-dimensional family U of THS
fourfolds of type K3[2! admitting a polarization of Beauville degree ¢ = 4 (i.e degree
48). In fact, the family U represents a component of the hyperelliptic locus in the
moduli space of all THS fourfolds of type K32 admitting a polarization of Beauville
degree ¢ = 4. The elements of the family U are obtained as double covers of some special
Lagrangian degeneracy loci on a cone over P2 x P2, The same family I/ is obtained by
considering for a general Fano fourfold Y being the double cover of P? x P? branched
along a bi-degree (2,2) divisor (we call such Y Verra fourfolds) the Hilbert scheme
F(Y) of conics on Y. We show that a general fivefold F(Y) admits a natural P!
fibration such that its base is an IHS fourfold in ¢/. Finally, we show also that the
generic element from U is a moduli space of twisted sheaves on a K3 surface.

The THS fourfolds from U appear naturally in the following context: Recall that van
Geemen classified two torsion elements in the Brauer group Br(S) of a general K3
surface S that admits a polarization of degree 2, [vG05]. He showed that there are
three types of elements in Br(S)s ~ (Z2)?' and that they give rise to three type of
varieties Y,,, for 7 = 1,2, 3 respectively:

e a smooth complete intersection of three quadrics in P?, or
e a cubic fourfold containing a plane, or
e a double cover of P? x P? ramified along a hypersurface of bi-degree (2,2);

such that a twist of the polarized Hodge structure defined by «; is Hodge isometric to
a primitive sublattice of the middle cohomology of Y, for i = 1,2,3. There are direct
geometric constructions relating (S, «;) with the variety Y,,. In the first case Mukai
[Muk87] showed that a moduli space of bundles on Y, is isomorphic to S. In [Bho86]
it is shown that Y, is isomorphic to the moduli space of certain orthogonal bundles
on S; giving the relation in the other direction. Note, however, that the twist is not
apparent in these construction. One may ask whether the K3 surface Y,, of degree 8
is isomorphic to a moduli space of twisted sheaves on K3 surfaces of degree 2 with the
twist a; [MSTVA14, §1].

In the second case for (S,az) a geometric relation was described in [MS12]. It
was shown that a moduli space of twisted sheaves on (S, a3) is birational to the THS
fourfold being the Hilbert scheme of lines on a cubic fourfold containing a plane. Our
construction completes the picture by showing that the moduli space of twisted sheaves
on (S, a3) is isomorphic to an ITHS fourfold from i i.e. is constructed from the Hilbert
scheme of conics on the corresponding fourfold Y,..

0.1. Construction via Lagrangian Degeneracy loci. Section 2 is devoted to the

construction of elements of U as double covers of appropriate Lagrangian degeneracy
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loci inside a cone C(P?xP?) c P over the Segre embedding of P2xP2. This construction
is analogous to the construction of EPW sextics [O’G06], [EPWO01]. It is also naturally
related to special EPW cubes [IKKRI16]. Let us be more precise: Let Up,Us be 3-
dimensional vector spaces with fixed volume forms. Consider the cone over the Segre
embedding of P(A2Uy) x P(Us)

Cy, = C(P(A%Uy) x P(U:))
interpreted as a subset
Cu, = G(3,U1 @ Up) nP(APUL @ (A2U; @ Us)) c P(A3 (U @ Uy)).

Note that we use the notation P(B) to denote the space of 1-dimensional subspaces of
B. Consider the vector subspace (A2U; ® Us) @ (U ® A2Us) ¢ A3(Uy @ Us) equipped
with a symplectic form corresponding to wedge product. Each point [U] of the cone
Cy, corresponds to a three-space U c U; @ Uy such that dim(U nUy) > 2. To U we
associate the Lagrangian subspace

TU = (/\2U A (U1 ® UQ))/ /\3 U, C(/\3U1 @ (/\2U1 ® UQ) @ (U1 ® /\2U2))/ /\3 U,
= (A2U1 ® Ug) @ (U1 ® /\2U2).

Let Ac (A2U;®Us) @ (U ® A2Us) be a general Lagrangian subspace. To this subspace
A we can associate degeneracy loci for each k > 0:

D = {[U] € Cy, | dim(Ty n 4) > k}.

The variety D1A is a special quartic section of Cy, that we call an EPW quartic section
(abusing the name of the first degeneracy locus in G(3,6) considered in [DK15]). We
shall prove that for a generic choice of A the fourfold Df1 is singular exactly along
the surface D§ c P(A3(Uy @ Us)) which has degree 72. The main result of the above
construction is the following:

Theorem 0.1. For a generic choice of A € LG(9,(r*Uy ® Uz) ® (Uy ® A*Us)) there
exists a natural double cover X 7 — Di' branched along D3 such that X 5 is an IHS
fourfold of K3[2! type that admits a polarization of Beauville degree q = 4.

The proof is presented in Section 2. The subset U of the moduli space of polarized
THS fourfolds deformation equivalent to K32 and with polarization of Beauville degree
4 that parametrizes manifolds constructed in Theorem 0.1 is of dimension 19.

0.2. Relation to EPW cubes. The construction of EPW quartic sections is more
natural when seen in the context of EPW cubes. Recall that in [IKKR16] we con-
structed a 20-dimensional family (locally complete) of polarized THS sixfolds deforma-
tion equivalent to the Hilbert scheme of three points on a K 3-surface (i.e. of type K 3[3])
and admitting a polarization of Beauville degree q = 4. The elements of this family are
natural double covers of special codimension 3 subvarieties of the Grassmannian G(3,6)
that we called EPW cubes. The EPW quartic sections can be seen as subvarieties of
special EPW cubes. Recall that for a Lagrangian subspace A c A3V we define

D3 = {[U] € B(w*Vg)| dim(A 1 ((\°U) A Vg)) > 2.

When A is general DE‘ is called an EPW cube. If now A c A3V} is a general Lagrangian
subspace that contains A3U;, for some U; ¢ Vg of dimension 3 then Di is a special

EPW cube. Now for every decomposition Vg = Uy @ Us we have a natural identification
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Cy, = C(P(Uy) x P(A2Uy)) = Tir,1 1 G(3, V), where Tjy,p is the projective tangent
space to G(3,Vs) in [U1]. Under this identification we have

D% =D3nCy,,
with A = A/(A3U7) € (A3UL)Y/(A3TY).

0.3. Construction via Hilbert scheme. Our second construction of IHS fourfolds
from the family U is the subject of Section 3. It uses Hilbert schemes of conics on so-
called Verra Fano fourfolds. Let U; and Us be 3-dimensional vector spaces. We call a
Verra fourfold [Ver04], [I1i97] an element of the 19-dimensional family of Fano fourfolds
which is the intersection Y of the cone C(P(Uy) xP(A2U3)) c P(C& (U1 ® A%Us)) with a
quadric hypersurface Q. Equivalently Y is the double cover of P(U; ) xP(A2Uy) = P? xP?
branched along a divisor Z of bi-degree (2,2). The threefold Z will be called the
Verra threefold associated to the Verra fourfold Y. Note that Z can be identified
with the section of Y by the hyperplane polar to the vertex of the cone C(P(U;) x
P(A2U,)) via the quadric Q. Verra threefolds were introduced by A. Verra in [Ver04]
as counterexamples to the Torelli problem for Prym varieties of unbranched double
coverings of plane sextics.

The linear system of quadrics containing C(P(Uy) xP(A2U3)) ¢ P(Ce (U1 ® A%U3)) is
then naturally isomorphic to P(U; ® A2Us), via a volume form on Uy ® A2U; = U ® U .
The linear system of quadrics containing Y c P? is therefore naturally isomorphic
to P(C ® (U, ® A%Us)) and its dual is naturally isomorphic to P(C & (A2U; ® Uy)).
The fourfold Y admits two natural projections 7; and 72 onto P(U;) and P(A%Uy)
respectively. We denote by F(Y') the Hilbert scheme of plane conic curves on Y of
type (1,1) i.e. conics that projects to lines by both 7; and .

Let [C] € F(Y) bea (1,1)-conic on Y, then C spans a plane P¢ ¢ P(Ca (U ©A%U3)),
and the locus H¢ of quadrics containing Y U P is a hyperplane, i.e. a point [H¢] €
P(C ® (A2U; ® Uz)) in the dual space. In this way we define a map

Yo F(Y) > P(\U1 & (BT @ 1h));  [C] e [Ho]

We identify the image of this map in the following way. Note that the quadric
hypersurface @, such that Y = Q n C(P(U;) x P(A2U3)), induces a quadric Q' c
P(U; ® A2Uy) defining the branch locus Z of the double cover Y — P(U;y) x P(A2Us)
via Z = Q' n (P(U) ® P(A%U3)). The quadric Q' is defined by a symmetric linear map
¢": (U ® A’Us) - (A2U; ® Uy). The graph of such a symmetric map ¢’ is a Lagrangian
subspace that we denote Ag c (A*U; ® Us) ® (U ® A?Uz). We shall prove that the
image 1o (F'(Y)) coincides with the first degeneracy locus

D9 c C(P(A2U) x P(Uy)).
Furthermore by studying fibers of the map we obtain a factorization ¢ = po¢ with ¢ a
P! fibration and p a 2:1 map branched exactly in D2A ©. Combining this with Theorem

0.1 we obtain:

Theorem 0.2. The Hilbert scheme of conics on a general Verra fourfold Y = Q n
C(P(U)xP(A%Us)) admits a P*-fibration (a smooth map whose all fibers are isomorphic
to P') over the IHS fourfold XAQ eU. Moreover, a general IHS fourfold X €U appears

in this way.
As a consequence of the proof of Theorem 0.2 we observe furthermore that in the

above notation the surface D; ? is on one hand isomorphic to the fixed locus of an
antisymplectic involution on the IHS fourfold X 4 o and on the other it admits an étale
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double cover by the Hilbert scheme of conics on the Verra threefold Z (see Proposition
3.6).

0.4. Moduli space of twisted sheaves. In Section 4 we show a further alternative
construction of the elements of U: as moduli spaces of twisted sheaves [Yos06] on K3
surfaces. More precisely we prove:

Theorem 0.3. A general fourfold X € U is isomorphic to the moduli space of stable
twisted sheaves on a polarized K3 surface of degree 2 with a two-torsion Brauer element.

0.5. Properties. Our main motivation to study the family ¢/ is to understand the
relation between the three geometric constructions considered. As a result we present
relations of different points of view: Hodge-theoretic, moduli-theoretic, geometric, and
arithmetic. In particular we prove, that the generic element of I/ has Picard group of
rank 2 does not admit any polarization of Beauville degree 2 and is not isomorphic to
a moduli space of sheaves on a K3 surface. Moreover, each element of the family U
admits two Lagrangian fibrations and is a 8 : 1 ramified cover of P? x P2,

In section 2 we also discuss our construction in the context of the classification of
automorphisms of THS fourfolds of type K 321, In particular, we shall see that U/ is the
unique 19-dimensional irreducible family of IHS fourfolds of type K 3[2] that is not in
the closure of the family of double EPW sextics, such that each element admits an anti-
symplectic involution [OW13]. In particular, the family ¢/ can be seen as a component
of the hyperelliptic locus of the moduli space of polarized THS fourfolds of type K 3[2]
with ¢ = 4. Indeed, for a general IHS fourfold of type K3[2 with polarization of
Beauville degree ¢ = 4 the map defined by the polarization is birational. The following
remains a challenge:

Problem 0.4. Describe the generic polarized IHS fourfold of type K32 of Beauuville
degree q = 4.

The description as double covers of Lagrangian degeneracy loci can also be applied
to study degenerations of the family U/ and permit to complete the classification of
geometric realizations of automorphisms of IHS of type K 3[2] given in [MW15]. Note
that as a direct consequence from [MW15, §5.1] we obtain the following:

Corollary 0.5. Any IHS fourfold X of type K3 that admits non-symplectic auto-
morphism of prime order p # 3,23 is either in the closure of the family of double EPW
sextics or in the closure of the family U, or X is isomorphic to a moduli space of stable
objects on a K3 surface and the automorphism is induced from an automorphism of

the K3 surface.

Finally in section 5 we study the invariants of the two dimensional fixed loci of
the involution on the elements from the family /. Recall that Beauville studied the
invariants of the fixed loci of antisymplectic involutions on THS fourfolds in general. In
the case of 19-dimensional families of involutions on IHS fourfolds with by = 23 it follows
from [Beall, Theorem 2] that the invariants of the fixed locus F are K% = 288 and
X(Op) = 37. Using Proposition 3.6 we are able to deduce the invariants of a Hilbert
schemes of conics on a Verra threefold Z. The computation of all invariants is included
in Proposition 5.1.

0.6. Relation to Kummer surfaces. In section 1, we describe a ”Baby case” of

our constructions by presenting two constructions of the Kummer surfaces first as

Lagrangian degeneracy loci (as in [EPWO01, Theorem 9.2]) and next as a quotient of
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the base of a fibration on the Hilbert scheme of (1,1)-conics on a quadric section of
a cone C(P! x P?) c P® over the Segre embedding P! x P? ¢ P°. The relation to the
description of the EPW quartic section is explained in Section 3.1. In particular, we
shall see that the EPW quartic section admits two fibrations by Kummer surfaces.
The descriptions of EPW quartic sections via Lagrangian degeneracy loci and Hilbert
scheme fibration restrict to the obtained descriptions of Kummer surfaces.

Furthermore, in Section 1 we provide in addition a third construction for a general
Kummer surface: as a component of the discriminant locus of the system of quadrics
containing the Verra fourfold, or equivalently as the associated symmetric degeneracy
locus.
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0.7. Notation. Let us explain here some of the notation used in the paper. Let V be
a complex 6-dimensional complex vector space, and fix an isomorphism vol : A5V - C.
It induces a natural skew-symmetric form

(0.1) n:A3V x A3V - C,  (w,w) = vol(wAw).

We denote by LG,(10, A3V) the variety of 10-dimensional isotropic (i.e. Lagrangian)
subspaces of A3 with respect to 1. For any 3-dimensional subspace U c V, the
10-dimensional subspace
Ty = N2U AV c A3V

belongs to LG, (10,A3V), and P(Ty) is the projective tangent space to G(3,V) c
P(A3V) at [U]. Therefore, the family {7y | [U] € G(3,V)} forms a symplectic vector
bundle of rank 10 over G(3,V).

For any [A] € LG,(10,A%V) and k € N, we consider the following Lagrangian degen-
eracy locus, with natural scheme structure [PR97],

Dt ={[U] € G(3,V) | dim(AnTy) >k} c G(3,V).

The variety Df is an EPW cube. In the present paper we study special EPW cubes
corresponding to the choice of Lagrangian space A € 3, where

¥ = {[A] € LG, (10,A*V) | P(A) nG(3,V) # &}
as in [0’G13] and [IKKR16]. From the same references we recall the notation for the
following additional subsets of LG, (10,A3V):

A ={[A] € LG, (10,A*V) | Fve Vidim An (v A (A*V)) > 3},

['={AeLG,(10,A’V) | 3[U] e G(3,V):dim An Ty > 4}.

For [U1] € P(A) nG(3,V) the Lagrangian space A c A3V is contained in (A3U7)*,
and thus defines a Lagrangian space Ay, c (A3U7)*/(A3U1). Clearly

TU C (/\3U1)J' c /\3V
for any [U] € G(3,V) nP(Ty, ) so we define

D?Ul ={[U] € G(3,V)nP(Ty,) | dim(Ay,n(Tr/(A3U1))) 2 k} = G(3,V)nP(Ty, )nDi, ;.
6



The variety DfUl is an EPW quartic section.
Denote after O’Grady [O’G13]:

Y= {([U],[A]) € G(3,V) x LG(10,A3V) | A3U c A},
$(d) = {([U],[A]) € £ | dim(An (AU AV)) >d+1},
O4:={[U]eC(3,V)| A*U c A}.

Y, ={[A]eX| Card(©4)>1},

If mG(3,V) x LG(10,A%V) — LG(10,A3V) is the projection, then we set X[d] :=
m(X(d)).

1. KUMMER SURFACES—THE FIRST CASE

In this section we present a special construction of the Kummer quartic surface as
a first Lagrangian degeneracy locus and at the same time as a symmetric degeneracy
locus, as well as the base of a fibration on the Hilbert scheme of conics on a Fano
threefold. This shows, in particular, that the Kummer quartic can be seen as the
"baby case” of the EPW sextic construction. In the section 3.1 we shall see that the
Kummer quartic is a building block in the construction of our 19-dimensional family
Uu.

1.1. Kummer surfaces as Lagrangian degeneracy loci. Denote by V = Vo@V} the
complex 6-dimensional vector space decomposed in the direct sum of a 2-dimensional
space V5 and a 4-dimensional space V4. Set an isomorphism vol : AV = A2VheAtY, - C
by fixing isomorphisms wvol; : A'V; - C. The isomorphism induces a natural skew
symmetric form

(1.1) n:A3V x A3V - C,  (w,w) = vol(wAw'),
which restricts to a nondegenerate skew symmetric form 724 on the 12-dimensional
subspace
Vau=V2@A*Vyc AV
For each v € V4 the 6-dimensional subspace
Fy=V2®VinvcVay

is Lagrangian with respect to n24. Let A c Vo4 be a general Lagrangian 6-space, and
let
DA = {[v] e P(Vy)|rank An (Vo ® V4 Av) > i},

Lemma 1.1. Df‘ is a Kummer quartic surface singular in Dg‘; a set of 16 points.

Proof. Let LG(6,V54) denote the Lagrangian Grassmannian parameterizing the La-
grangian subspaces of Vo4, and let F be the universal rank 6 quotient bundle on
LG(6,V24). The map

¢:P(Vy) > LG(6,V24);  [v] = [F]

is an embedding, and the pullback ¢*(F) is a rank 6 bundle Fp(y,) on P(Vy). By
construction F, is a direct sum of two copies of a plane P(Vy Av) c P(A2V}), so Fp(va)
is a direct sum of two copies of a bundle Fy on P(Vy) with total Chern class c¢(Fp) =
1 +2h + 2h2, where h is the class of hyperplane in P(V}). Therefore Fe(v,) has total
Chern class
o(Fp(vyy) = 1 +4h+8h° + 8h° + 4h™.
7



The class in P(V}) of the degeneracy DZA is now the degeneracy of the natural map
¢*(A) = Fpvy)- The first bundle ¢*(A) is trivial, so, by the formulas of Pragacz and
Ratajski [PR97, Theorem 2.1], these degeneracy classes are given by the Chern classes
of f[p(v4):

[D'] = c1(Fevyy) =4h,  [D3'] = (c1c2 = 2¢3)(Fpqvy)) = 16h°.

Remark 1.2. Similarly, for any 3-dimensional subspace U c V}, the subspace
Va® A*U € Vay
is Lagrangian with respect to 72 4. The degeneracy loci
DA = {[U] e P(V))|rank An (Vo ® A2U) > i}, (i=1,2)

are then again a Kummer surface 1514 and 16 points ﬁg‘ forming the singular locus of
A
D{.

The Lagrangian degeneracy loci DZA7 may also be interpreted as symmetric degener-
acy loci:
1.2. Kummer surfaces as symmetric degeneracy loci. Fix a decomposition Vj =
(vo) ® V3 and the Lagrangian subspace Fy,, = Va ®@ VyAvg 2 Vo ® V3, and let B c Vay
be a Lagrangian subspace such that F,, n B = 0. Then B is naturally isomorphic to
F) = Vy’®A*V3. The Lagrangian space A is then the graph in Va4 = F, @B = F, @F), of
a linear symmetric map Fy, - F,, . Composing with the natural isomorphism Vo®V3 —
Fy, and its transpose I, — V' ® A%V, we obtain a linear map

qa:Va® V3 - Vy @ A%V

inducing a symmetric bilinear form that, by abuse of notation, we shall denote by the
same name

qa: (V2@ Vs) x (V2@ V3) > C.
Denote by Q4 = {[@]| ga(a, ) =0} c P(Va ® V3) the quadric defined by g4. Abusing
notation again 4 will also be the quadric polynomial defined by Q4(«) := ga(c, )
defining the quadric Q4. Similarly, for every v € V3 the map (ve ® v3) ~ V2 @ V3 AV
extends linearly to a symmetric bilinear map

@ (Va®V3) x (Vo V3) - C.

Denote by Q, = {[a]| ¢u(c, ) = 0} c P(Vo ® V3) the quadric defined by ¢, and again
also the quadratic polynomial defining the quadric. Notice that @, vanishes on the
Segre 3-fold

So3={[va®vs] eP(V2® V3)| vg € Vp, 03 € Vi },
and in fact [v] —» @, defines an isomorphism

P(V3) > P(H"(Ts,4(2)))-
Let S4 =230 Q4. Then there is similarly a natural isomorphism
Vi HO(ISA(Q)); VH AV P @y + AGA.
Let
D; = {[v] e P(V})|corank g, > i}

be the i-th degeneracy locus in P(V}) of the linear system of quadrics {Q,|[v] € P(V})}.
Since the quadrics in the ideal of ¥ 3 have rank 4, i.e. corank 2, we get that D

contains the plane P(H°(Zy,,(2))) with multiplicity 2, and D; contains this plane
8



with multiplicity 1. The relation between the Lagrangian loci DZA and the symmetric
loci D; is described in the following;:

Lemma 1.3. D uP(H"(Zs,,(2))) = D;
Proof. 1t suffices to show that if 8 =ga(«) and (A vg+ ) € Fyiny, N A, then
(qv +Aga)(a) =0.
To show this we may assume that
a=02®v3+v§®v§EVQ®V3
and let

ga(e) =B =020 1 + vy ® Bo
with f3; € A2V5. Then

vorna+feAeF, n,nA iff (vpAa+pB)A(v+Av)=0.
The right hand side is
voAaAV+ B A(v+ Avg) =
Ve ® (V3 AVAUY+ L1 AV+ABLAU) +Vh ® (Vi AV AV + P2 Av+ NP2 Avg) =0
and is equivalent to

BiAv=PFaAv=0 and AB;=-v3A0,\B2 =~V A0.

But then
(qv + Aqa) (@) =v2 @ V3 AV + V) ® V5 AU+ Avg ® 1 + Avh ® [o
=V ®U3AV+ UV ®UTAV - V2 ®U3 AV —Vy ®Vs AV =0
so the implication and the lemma follows. O

Remark 1.4. The intersection Sy = Y23 N Q4 is a del Pezzo surface of degree 2.
The plane P(H"(Zs,,(2))) ¢ P(H%(Zs,(2))) intersects the Kummer surface DA c
P(H%(Zs,(2))) in a plane quartic curve. One may show, that for general A, this
curve is smooth. Considering the similar symmetric degeneracy locus of quadrics for
a hyperplane section S4 N H and a double hyperplane section S4 n H n H', one may
show that the corresponding plane quartics are a singular quartic and a double conic,
respectively.

That the symmetric degeneracy locus Dy c P(HY(Zs,(2))) has a component that is
a Kummer surface can be seen considering conics on S4. The surface D; is clearly a
sextic, being the discriminant of a space of quadrics in P°. Since the quadrics in the
ideal of the Segre cubic scroll all have rank 4, the plane P(H° (Zs,5(2))) is a component
of multiplicity 2 in Dj, so the residual component is a quartic surface. We show that
16 pairs of conic curves on S correspond to 16 planes in P(H°(Zs,(2))) that each
contain 6 rank 4-quadrics that contain S, but not ¥ 3. Furthermore there are 16
rank 4-quadrics on the quartic surface in D; outside the plane P(H?(Zg, ,(2))), so the
quartic is a Kummer surface.

Let 71 : Sa4 — P! and 7y : S4 — P? be the two projections to the factors of Y23. Then,
for a general quadric Q)4 every line in the intersection S4 = ¥9 3N Q4 is contracted by
the map ;.

Proposition 1.5. Assume that S is smooth and that every line in S4 is contracted
by m. Then

(1) Sa contains 12 lines, that form the components of 6 singular conics.
9



(2) Sa contains 32 smooth conic sections that are not fibers of m1. They form 16
pairs that each intersect in a scheme of length 2.

(3) Sa contains 32 pencils of twisted cubic curves, that are pairwise complementary
in hyperplane sections.

Proof. The fibers of the projection 7 : S4 — P! are plane conics, so S4 is birational to
a ruled surface. Let H be the class of a hyperplane section on A and F' the class of a
fiber, then the canonical divisor is, by adjunction on ¥ 3,

Kg,=-2H +F.

So K??A =2 and S4 is isomorphic to a rational ruled surface blown up in 6 points, and
therefore has 6 singular conics, i.e. 12 lines that intersect in 6 pairs and (1) follows.

Consider next the projection my : S4 — P?. It is 2 : 1 and given by divisors in the class
H - F. The general curve in this class is an elliptic quartic curve which is mapped 2 : 1
onto a line with 4 branch points. In particular, the branch curve in P? is a quartic curve
with 28 bitangent lines. The preimage in S4 of each of these lines is a pair of rational
curves intersecting in 2 points lying over the two branch points. Now, every line L in
S4 is mapped to a line by ma, and 751 (ma(L)) is the union of L and a twisted cubic
curve Cp, with C? = —1. Since there are 12 lines on Sy4, there must be 16 bitangents to
the branch curve whose preimage in S4 does not contain a line. Since the preimages
have degree 4 on S4, they must decompose into two smooth conics that intersect in a
scheme of length 2. On the other hand, any conic that is not in a fiber of m; must be
section of 7 and is therefore mapped to a line by ma, so (2) follows.

Notice that each of these conic sections have self intersection —1 and intersect 15
other conic sections among the 32 in one point.

Consider any conic section C' that is a section of 71, and its complement C’ in the
preimage of its image by ma. Then C intersect 6 lines in S4, one from each singular
fiber of 7, while C” intersect the remaining 6. Let L be on of the lines intersecting C,
then the divisor class C'+ L contains a pencil of twisted cubic curves without basepoints
on Sy. If L' is the line in S4 that intersect L, then C’ + L’ contains a pencil of twisted
cubic curves without basepoints and C'+ L+ C’ + L' = H. Now, if C" is a conic section
in S4 that do not intersect C, and L is a line that intersect C”" but neither of C' and
L, then (C+L)-(C"+ L") =0 and the two divisor classes C'+ L and C"" + L” coincide.
Since (C"+ L") - (C"+ L") =3, we also have C"-C" =C"-L" =C"-L"=1. Let L" be
one of the 5 lines in S4 besides L’ that do not intersect C, then C' u L' U L"” spans a
hyperplane, so the divisor class H — C' = L' = L” contains a unique curve C”, a conic
section that must be a section of 7. We may conclude that that in the pencil |C + L]
of twisted cubic curves there are 6 singular fibers. We conclude that each conic section
C that is a section of 71 is a component of a fiber in 6 pencils of twisted cubic curves,
and that each such pencil has 6 singular fibers. Adding up we find 16 pairs of base
point free pencils of twisted cubic curves on S4 and (3) follows. 0

Notice that the linear span of each twisted cubic curve is contained in unique quadric
that contains S4, a quadric of rank at most 4 that does not belong to the ideal of ¥ 3.
A hyperplane section of this quadric that contains the twisted cubic, will contain a
twisted cubic of the complementary pencil, so the quadric must have rank 4. On the
other hand any rank 4 quadric in the ideal of S that does not contain Y 3, will define
on S4 two base point free pencils of twisted cubic curves. We may therefore conclude:

Corollary 1.6. In the ideal of S4 there are exactly 16 quadrics of rank 4 that do not
contain Yo 3. Fach of them define a pair of base point free pencils of twisted cubic
10



curves on Sa. Furthermore, let C' and C' be a pair of conics in S4 that intersect in a
scheme of length 2 and let P and P’ be the planes spanned by these conics. Then the
net of quadrics that contain Sy and P contains also P, and the net contains exactly 6
rank 4-quadrics that do not contain ¥ 3.

Proof. Tt remains only to remark that each quadric in the net that contain S4 and P
contain both C’ and the line of intersection P n P’, so also P’. O

The dual surface K" to a Kummer quartic surface K is also a Kummer quartic, with
each plane tangent along a conic through 6 nodes on K corresponding to a node on
KV, so we conclude:

Corollary 1.7. Let D ¢ P(H%(Zs,(2))) be the Kummer surface, such that Dy =
DU P(H(Zs,,(2)). Then the dual Kummer surface

(D7) c P(H"(Zs,(2))")
is singular in each point [HO(ISAU(C)(Q))] e P(H(Zs,(2))"), where C c Sy4 is any of

the 32 conics whose spanning plane (C) is not contained in 3a3. These conics occur
in pairs that define the same point, thus accounting for the 16 nodes of (D).

1.3. Kummer surfaces from a Hilbert scheme of conics. We relate the La-
grangian and symmetric descriptions of Kummer surfaces to the Hilbert scheme of
conics in a certain Fano threefold.

First we note a general lemma that identifies the discriminant locus of a family of
quadrics with base locus a quadric section of a cone with the discriminant of the family
of quadrics defining the branch locus of the induced double cover.

Lemma 1.8. Let X c P" be a manifold defined by quadrics and let CX c P be
a cone over X with vertex p € P"*1. Let Q be a general quadric form in P"*'. Let
Yo =CXn{Q =0} and let Y, c X be the branch locus of the 2 : 1 map induced by
the projection from p of Yo onto X. Let Dox c P(HY(P"™ Icx(2))) and Dy, c
IP’(HO(IP’"”,IYQ(Z))) be the discriminants. The projective space P(H°(P"™ Iox(2)))
is a hyperplane in IP’(HO(P"+1,IYQ(2))), so we consider the inclusions

Dcx < Dy, c P(H(P™, Iy, (2))).
Similarly, we consider the inclusions in P(H°(P", Ix(2))) and P(H°(P", Iy.(2)))
Dy c Dy, c P(H(P", Iy.(2))).
Then there exists a linear isomorphism P(H°(P", Iy (2))) — P(H° (P!, Iy, (2))) map-
ping Dy, N Dx isomorphically to Dy, ~ Dex.

Proof. Observe that in an appropriate choice of coordinates in P™*! we have

Q(z,xg,...,xp) = 2% = Q' (x0,...,x,)
and p is the point (0,...,0,1). It is the clear that in this setup Y, is defined in P"
with coordinates xg,...x, as X n{(zg : -+ : 2,)|Q"(xo : -+ : x,) = 0}. Note that
HY(Icx(2)) = H°(Ix(2)). Consider the map:

¢: HO(P", Iy, (2)) > H (P™*, Iy, (2))

such that ¢[go(r, (2)) = id and #(Q") = Q. Clearly ¢ is an isomorphism that doesn’t

change the corank of the quadrics that do not belong to Ix(2), while it increases the

corank by one for each quadric in Ix(2). The complement Dy, \ Dy is therefore

isomorphic to Dy, N Dox. ]
11



Consider the 6-space P(C® (Va2 ® V3))(= P%), a general quadric hypersurface Q4 in
this space and the 3-fold obtained as the intersection

Ty = C(P(Vz) X P(Vgg)) OQA CP(CGB (V2 ®V:9)))

Denote by p the vertex of C(IP(V2)xIP(V3)), and let H 45, be the polar of p with respect to
the quadric Q 4, and let Q4 = QanH4, and Sy = TanH 4 . Following Lemma 1.8, the
restriction map H°(P(Ce (Va®V3),Zr,(2)) = H°(Hap, Zs,(2)) is an isomorphism not
just between the vector spaces, but also between the components of the discriminants
residual to the planes ]P’(HO(IC(P(V2)XP(V3))(2))) and P(H"(Zs,,(2))), respectively.
The discriminant in P(H°(Zr,(2))) is the union of the plane P(H" (Ze@vn)xpvs))(2)))
and a surface that we therefore may identify with the Kummer surface Dfl. Dual to
Di* is the Kummer surface (Di')Y c P(H°(Zr,(2))".

The 3-fold T4 has natural projections, w1 : Ty - P(V3) and 79 : T4 — P(V3). A
conic in T4 that is mapped birationally to P(V52) and birationally onto a line in P(V3)
is called a (1,1)-conic. We denote by F(T4) the Hilbert scheme of (1,1)-conics in T4.

Proposition 1.9. F(Ty4) admits a morphism
Vo4 F(Ta) - (D) c P(H(Zr,(2))"
whose general fiber is a pair of P's.

Proof. The proof requires several lemmas. First we define ¢g,. For any (1,1)-conic
C c Ty we let Po be the plane spanned by C. Then the subspace

He = H(Zr,upe (2)) € H(Tr,(2))
has codimension one, and hence defines a point in
[Hel e P(H(Zr,(2))".
We shall show that (D{!)V is the image of the map
vQ,  F(Ta) > P(H(Zr,(2))Y,  [C]~[Hcl.
First, however, we show that the general fiber of ¢g, is a pair of PLs.

Lemma 1.10. Assume that Q4 is general, so that Ty is smooth. Let [C'] € F(T4),
then the subscheme defined by the net of quadrics Ho is a complete intersection, the
union of Ty and a quadric threefold Q¢ of rank at most 4. For general C, the quadric
Qc has rank 4 with singular point pc ¢ T4, and the intersection Qo NT4 is a Del
Pezzo quartic surface inside Ts. The two pencils of planes in Q¢, define two pencils
of (1,1)-conics on T4.

Proof. We first show that the quadrics in Ho define a complete intersection. Note that
since C'is a (1, 1)-conic, the plane P¢ is not contained in the cone C(P(V3) x P(V3)),
so the net of quadrics Ho cannot contain the cone. Therefore, the net of quadrics He
contains a pencil of quadrics that contain this cone. The base locus of this pencil is
the union of the cone and a IPAC that intersects the cone in a quadric 3-fold Qcco. If
the net of quadrics H¢ contains the }P’é, then Qcc is a component of T4, against the
genericity of T4. Therefore every component in the base locus of Ho has codimension
3 and H¢ defines a complete intersection.

This base locus is therefore the union of T4 and a quadric 3-fold Q¢ in ]P’4C. Since
Q¢ contains the plane Pg, it has rank at most 4, with equality for general C. The
intersection T4 N Q¢ = Qoo N Q¢ is a Del Pezzo surface, which is smooth for a general
C. In particular, the singular point po of the quadric Q¢ cannot lie on this surface.
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The two pencils of planes in ()¢, intersect T4 in two pencils of conics, both of type
(1,1). The fiber of the map 1/@1 (H¢) is therefore two disjoint P!s. O

Corollary 1.11. The Hilbert scheme of (1,1)-conics F(Ta) is a threefold.

Proof. The general net of quadrics H ¢ H°(Zr,(2)) defines a reducible complete in-
tersection T4 U (), where @ is a quadric threefold. The quadric @) is singular for a
codimension one, i.e. 2-dimensional family of nets H, in which case the pencil of
planes in @ intersect T4 in (1, 1)-conics. O

To identify the image of 1)g, with the Kummer surface (D1')Y, we show that the net
of quadrics He ¢ H%(Zr, (2) defines a plane P(H() that is tangent to the discriminant
D% so that the point [Hc] € (D)Y.

First we show that when C is a (1,1)-conic on Ty, then the net of quadrics He
contains a quadric ). that is singular in the base locus of H¢.

Lemma 1.12. Let [C] € F(T4), and let Q¢ be the quadric 3-fold of rank at most 4 in
IP’4C, such that the base locus of Ho is TaUQc. Let po € Q¢ be the singular point. Then
there is at least one quadric Q. c P(C® Vo ® V3) that belongs to Ho and is singular at

bc-

Proof. The net of quadrics Ho defines a complete intersection 3-fold Ty U Q¢ of degree
8, and Q¢ c IP%. There is a pencil of hyperplanes in P(C & V5 ® V3) that contain P‘é.
Every quadric in Ho contains po € Q¢, and has a tangent space at po that contains
]P’4C, so one of these quadrics, say Q. is singular at the point pc. ]

The next lemma implies that the plane P(H¢) ¢ P(H®(Zr,(2)) is tangent to the
discriminant surface D{'.

Lemma 1.13. Let W be a linear space of quadrics in a projective space P and let
Z c P be the base locus of the quadrics in W. Let D ¢ W be the discriminant. If
[Q] € W is a singular quadric with singular point at p € Z, then the discriminant D is
singular at [Q].

Proof. The tangent space to D in W at a quadric [@Q] that is singular at p € P is the
hyperplane in W of quadrics that vanish at p. So if p is in the base locus Z, then the
hypersurface D is singular at [Q]. O

Let C c T4 be a general (1,1)-conic, let Heo be the net of quadrics vanishing on
Ta U Pe, and let T4 U Q¢ be the base locus of Ho. Let po € P(C® Vo ® Vi) be the
singular point in the quadric 3-fold Q)¢ of rank 4. Then, by Lemma 1.10, pc ¢ T4 and,
by Lemma 1.12, p¢ is a singular point of a quadric Q. in Hg. Therefore, by Lemma
1.13, P(H¢) n D{! is singular at [Q.], so P(H¢) is the tangent plane to Di* at [Q.].

In particular ¢g, maps to (Di!)Y. Since F(T4) is a threefold and the fibers are
curves, the map is onto.

0

1.4. From the Hilbert scheme of conics to a Lagrangian degeneracy locus.
Finally we relate the base of the fibration on the Hilbert scheme F'(T4) directly to the
Lagrangian degeneracy locus defined in 1.1. Let us consider the space

Ty = C(P(Va) x P(V3)) n Q4 c P(Co (Vo ® V3)).

Choose a coordinate system in C® (Vo ® V3) in such a way that Q4(z, ) = 22 - Q'y(z),

i.e. such that z = 0 is the hyperplane polar to the vertex of the cone with respect

to the quadric Q4. Note that we then have Ty n{z = 0} = S4. The quadric Q';
13



corresponds to a symmetric map qf4 Vo® Vs - (Vo® V3)Y. Let now Vy := Cug @ V3.
Thus A2V, = vg A V3 ® A2V5 and:

V2®/\2w:(Vg®vo/\V3)€a(V2®/\2V3).

We shall from now on interpret Vo ® A2V} as a subspace in A%(Vo @ V4). Then, up to
choices of volume forms voly and voly in V4 and Vy respectively, we have a natural skew-
symmetric form 724 on Vo ® A%V} induced by the wedge product. The decomposition
Vo ® A2V = (Vo ® vg A V3) @ (Vo ® A%V3) is then a decomposition into a sum of two
Lagrangian spaces with respect to 724. Furthermore the graph Ac (Va®V3) @ (Vo ®
A2V3) of ¢’y is also Lagrangian. Hence to A we can associate a Kummer surface:

D= {[U] e P(V})| dim(An (Va ® A2U)) > 1},
singular in
D = {[U] e P(V})| dim(An (Vs ® A2U)) > 2.
On the other hand the system of quadrics containing T'4 is naturally isomorphic to
Vy=Cao V3 via
Vi=Cao Vs> (2,0) (2-Qa+Qy) € H(ZIr,(2)),
with @, defined by Q,(z,2) =z Az Av where (z,2) e Ca® (Vo @ V3).
We, consider the map ¥g, : F(Ta) - P(H(Zr,(2))") = P(V)’) associating to a
conic C' the system H¢ of quadrics vanishing on T4 and the plane Pg spanned by C
and prove:

Proposition 1.14. The map g, factors as pg, ©¢q,, where ¢pg, : F(Ta) - X4 is a
P!-fibration and PQu XA~ Df‘ 15 2: 1 onto its tmage. Furthermore X 4 is an abelian
surface, and pg, 1s a double cover of its Kummer surface.

In Proposition 1.9 we showed that (Di')Y is the image of ¢g,. We shall now see
that the image of g, is in fact also described as 15114

Lemma 1.15. For any (1,1)-conic C c Ty i.e. [C] € F(Ta) we have v ,([C]) € D{,
furthermore if C ¢ Sy =Tan{z=0} then ¢g,([C]) € Di.

Proof. Fix the notation above. We start by describing the map g, in coordinates.
Consider three general points (21, 81), (22, 82), (23, 83) € C c Ty c C(P(V2)xP(V3)). By
assumption, §; € Vo® V3 are decomposable tensors that can be written as 51 = u1 ® (vg A
v1), B2 = u2 ® (Vg Av2), B3 = (u +uz) ® (vg A (v1 +v2)) (recall that we interpret elements
of V3 as two-forms vy A *) for appropriate choice of basis (uy,us) of Vo and (v1,ve,v3) of
V3 satisfying voly(vg Avy AvgAvg) = 1, vola(ui Aug) = 1. We keep this basis until the end
of the proof. Clearly the component of g, (C) € P(V,') = P(C & A*V3) corresponding
to the part A?V3 is then v A vy. We need to determine the remaining part of g, (C).
Let a; = ¢/y(B;) € Vo ® A*V3 which is equivalent to o; + 8; € A c (Vo ® V3) @ (Vo ® A2V3)
and implies also Q';(8;) = a; AB;. Since A is Lagrangian we have (a; +5;) A (o +5;) =0
for all 4, j which implies o; A B; = o A B; =t ¢; j for i # j. Now

Qa(Mi(zi, Bi) + X225, 8))) = (zi + A2;)? = QUa(MBi + XofB) =
= (Mizi + A22))” = (M@ + Aaa) A (M i + Aaf3))
= MQa((2::8:) + A3Qa((25, 8))) + 2\ X2(zi2) = ci ).
But Q4((z;,5:)) =0, since (z;, ;) € C cT4. So we deduce that
QA1 (2, 8:) + >\2(2jaﬁj)) =21 A2(2i%j — ¢i )



Now

(toQA + tlQ(leW)* )()\1(,2@', ﬁz) + )\Q(Zj, ,33)) = 2t0)\1)\2(zizj - Ci,j) + 2t1)\1A2

it follows that the ¥g,(C) = [(zizj — ¢ij,v1 A v2)] € P(C & A?V3)) which means, in
particular, that:

2122 —C12 = 2123 —(C1,3 = 2223 —C23 = CC.
If now Ug =< [(¢c,v1 Avg)] >'c C @ V3 we have
AN Ue = {ve (vo/\Vg)@/\2V3]’yAv1/\vg =y Av1 A (covz+vg) =7 Avy A (covs +vg) =0}
We deduce
Vo ® A2Uq = {weV2®/\2V4|w/\Ul Avg =w AV A (covs + 1) =w Avg A (covs +vg) =0}

We shall prove that An (Vo ® A2Ug) # 0. We know z;’;l Ni(a; + B;) € A for \; € C.
It is therefore enough to prove that the following system of equations has a nonzero
solution (A1, A2, A\3):

3
El()\l,)\g,/\g) = (Z)\Z(al +/6z)) ANV1 ANV = 0

i=1

3
E2()\1,)\2, )\3) = (Z )\Z(OLL + Bz)) A AN (’Uo + Cc’Ug) =0
i=1

3
E3(A1,)\2, )\3) = (Z )\Z-(ozi + ﬁz)) NV N\ (’UO + Ccvg) =0
i=1

Observe now that F;(A1, A2, A3) = 0 since both a; A vy Ave =0 and 5 A vy Avg = 0.
Furthermore, we have:

Ey(M1,A2,A3) Avp = Ea(A1, A2, A3) Avg = Ea(A1, A2, A3) Avsg = Ea(A1, A2, A3) Avg =0,
as well as

Es5(A1, A2, A3) Avp = E3(A1, A2, A3) Avg = E3(A\1, A2, A3) Avg = E3(A1, A2, A3) Avg = 0.
Finally, the three equations

EQ()\l, AQ, )\3) AUy = Z%/\l + 212’2)\2 + 2123)\3 = 0,
E3()\1, /\27 )\3) ANUg = 2’12’2/\1 + Z%)\Q + 2223)\3 = 0,

(EQ()\l, )\2,)\3) + Eg()\l,)\g, )\3)) AN (U1 + UQ) = 2123)\1 + ZQZ3>\2 + Z%)\g = 0,

are proportional, so the above equations reduce to the following linear equations in
the A\;: E2(A1, A2, \3) Aug = 0 and one of the above proportional equations. It follows
that the system is a rank 2 system of equations, it hence admits a nontrivial solution
implying dim(A n A2U¢) > 1, which proves:

NA
wQA([C]) €Dy
If now C'is contained in the branch locus S4 = T4 nz = 0, then the system of equations

is of rank 1 since the three above proportional equations vanish, so 1g ,([C]) € D, O

We can now pass to the proof of Proposition 1.14.
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Proof of Proposition 1.14. Note that there is a natural involution on F(7T4) induced
by the involution (z,3) — (-z,3). A conic is fixed by this involution if and only if it
is contained in {z = 0}. Note also that from the explicit formula it follows that the
involution acts on the fibers of ¥g,. From Lemma 1.10 we know that such a fiber is
either a disjoint union of two P's or a single P!. On the other hand, we know that a
nontrivial involution on P! has two fixed points. By Proposition 1.5, there are exactly
16 pairs of (1,1)-conics on Sy =T4n{z=0}. Each pair intersect in two points, so we
deduce that the involution exchanges the P's in the general fiber and acts on the P's
in 16 fibers whose images are the 16 singular points of the Kummer surface f)f‘ Hence
the Stein factorization of 1g, gives the desired decomposition. Moreover, X4 — ﬁf‘
is a double cover branched in the 16 singular points of D{* and is therefore an Abelian
surface. n

Note that, as observed above, combining Proposition 1.14 with Proposition 1.9 we
obtain.

Corollary 1.16. The Kummer surface ﬁf‘ s projective dual to the Kummer surface
DA

Remark 1.17. Note that Corollary 1.16 provides further analogies between our de-
scription of Kummer surfaces and that of EPW sextics. Indeed a choice of Lagrangian
A provides two constructions leading to birational and projectively dual varieties Df‘
and D{! which are both Kummer surfaces. In the context of EPW sextics a choice of
Lagrangian space also gives rise to two birational and projectively dual EPW sextics.

2. FIRST CONSTRUCTION - SINGULAR EPW CUBES

In this section we present the first construction of the family /. Let us first discuss a
natural context where the elements from U/ appear. We shall investigate IHS fourfolds
deformation equivalent to the Hilbert scheme of two points on a K3 surface (of K 3021
type) which admit an antisymplectic involution ¢ (i.e. that changes the sign of the
symplectic form).

Involutions of K3 surfaces were first studied from a lattice-theoretic point of view
by Nikulin [Nik80]. For higher dimensions a classification of invariant lattices of non-
symplectic automorphisms of prime order was given in [BCS16] and [BCMS16]. The
problem of finding a geometric realization of non-symplectic automorphisms on THS
fourfolds was addressed in [OW13] and [MW15].

It follows from [Beall, 3.4, Theorem 2] and [O’G06] that there exists exactly one
irreducible 20-dimensional family of THS fourfolds of K3[? type which admit anti-
symplectic involutions. By [O’G06], the invariant polarisation in this family has Beauville
degree g = 2 and the quotient of such an involution for a generic element is a special
sextic hypersurface in P5 called an EPW sextic. In [OW13] the authors classified all
the possible invariant lattices H?(X ,Z)" of 19 parameter families of THS fourfolds of
K32 type. They found that any such lattice is hyperbolic and 2-elementary. In
[OW13, thm. 2.3] they distinguished five families of THS fourfolds of K3[2)-type with
anti-symplectic involutions. In fact there are only four isomorphism classes of invariant
sublattices H?*(X,Z)* ¢ H*(X,Z). They are U, U(2), and (2) ® (-2) such that the
generator g with ¢(g) = -2 has divisibility either 2 or 1 (we call them the cases 1,2,3.4
respectively). Moreover, they found that there is a unique 19-dimensional irreducible
family that admits the invariant lattice from each of the cases 1,2, 4 respectively and two
families in the case 3. The families in the cases 1, 3,4 admit polarisations of Beauville
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degree ¢ = 2, it is not hard to see [MW15, Rem. 5.7] that they can be described as
families of resolutions of special singular double EPW sextics.

Our aim is to study the geometry of the missing family of IHS fourfolds with involu-
tions from the case 2 above i.e. with invariant lattice U(2). Note that each element of
this family admits a natural polarization of Beauville degree 4 and as proved in [Add16,
Proposition. 4] the generic element of this family is not isomorphic to a moduli space of
sheaves on a K3-surface. Note finally that the family with invariant lattice U also ad-
mits a polarisation of degree ¢ = 4 that is invariant with respect to the non-symplectic
involution.

From [OW13] there is only one possible invariant lattice of rank two

H*(X,7)" = {x e H}(X,Z)|* (z) = x}.

that does not admit a polarization of Beauville degree ¢ = 2, namely:

0 2
volo )

Let X be an IHS fourfold with an involution and an invariant lattice U(2). Then,
by [Beall], the invariant lattice has signature (1,1) for some n. In particular X is
projective. Let h; and hg be the generators of the lattice with g(hy) = q(h2) = 0. We
are interested in the invariant polarization h = hy + ho of Beauville degree q(hy + hs) =
4. If (X,H) is a polarized THS fourfold of type (K3)[? with ¢(H) = 4, we infer
H* = 3.(4)% = 48, and from the Riemann-Roch theorem we find h°(Ox(H)) = 10
[Nie03, Theorem 5.2]. Thus, our polarization h gives a map f: X — PY that factors
through the involution ¢. Hence, we expect that f is 2:1 to a degree 24 fourfold. Our
aim is to describe the image of this map. We shall first show that this image can be
realized as a subset of a degenerated EPW cube and next prove that in fact X is an
element of U.

2.1. Degenerate EPW cubes. In this section we consider double EPW cubes con-
structed from a general Lagrangian subspace A € ¥, in particular with P(A)nG(3,V) =
[U1]. Let T be the Lagrangian subbundle 7 c Og(3y) ® A3V whose fiber over [U] e
G@3,V)is Ty =Tu = AU AV. The degeneracy locus D3 = {[U] € G(3,V)|dim(A n
Ty) > 2} is called an EPW cube. Our 19-dimensional family of IHS fourfolds will be
constructed from the subvariety Dj' nP(Ty, ), when P(A) nG(3,V) = [U1].

The following description of a projective tangent space P(Ty) to G(3,V) at [U] is
classical [Don77].

Lemma 2.1. Let [U] € G(3,V) and P(Ty) = P(A2U A V) c P(A®V) be the embedded
projective tangent space to G(3,V) c P(A3V) in [U]. Then the intersection

Cy=P(Ty)nG(3,V)

is a cone in the 9-dimensional linear space P(Tyr) with vertex [U] over the Segre em-
bedding of P(A2U) x P(V/U).

Proof. See [Don77, Lemma 3.5]. The tangent space P(7y/) is spanned by the spaces U’
that intersect U in codimension 1. These spaces are naturally parameterized by pairs
(M, N1), where My c U is 2-dimensional, Ny ¢ V /U is 1-dimensional and U'nU = M,
U'|Ms = N. O

Note that for each [U] € Cy, we have [U;] € P(Ty) nP(A). It follows that Cy, c
Di{*. Observe, that since A is Lagrangian and A*U; ¢ A then A c (A3U;)*. Similarly

Ty c (A3Up)* for each [U] € Cy,. There is moreover an exact sequence:
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(2.1) 0 Ocy, = Tloy, =T =0,
with 7 a subbundle of the trivial bundle Ocy, ® (A3V)[(A3UY) with fibers Ty =
Ty /(A3U) over [U] € Cy,. Consider the space

(NUNH (AT € (RV)[(AUh)

equipped with the symplectic form 7 induced by 7. Clearly both A = A/(A3U;) and
the fibers Tyy = Ty /(A3Uy) of T are contained in (A3U;)*/(A3U) and are Lagrangian
with respect to the symplectic form 7. The natural map

v Cuy > LGy(9, (MUY (A°Uh)); (U] [Tv]
is an embedding, since it is the restriction of the embedding
G(3> V) - LG7](107 ASV)? [U] = [TU]

to Cy,. Denote the corresponding Lagrangian degeneracy loci by

D = {[U] € Cy,| dim(Ty n A) > k}.
These degeneracy loci are simply the restrictions to t(Cy, ) of the universal degeneracy
loci Dif on LG(9, (A3U1)*/(A%TU7)) [PRIT].
Lemma 2.2. Let [A] € (X - (2, UX[1])) ¢ LG, (10, A*W) such that [U;] € P(A) n
G(3,V). Then Cy, c D{, and DA = Cy, n D2, when i = 1,2. Furthermore, Di* is an

+1’ .
intersection of Cyy, P? with a quartic hypersurface Q 4, and Dg‘ is a surface of degree

72 contained in the singular locus of Dfl.

Proof. First, we simply note that AnTy = (AnTy)/(A3Uy), so we obtain Cpy, n DA

i+l =
Df‘. To compute invariants, recall that the PP-bundle P(7) is the projective tangent
bundle on G(3,V), so T fits into an exact sequence

0 - Qg@iyy(1) > T = Ogy)(l) > 0.
Therefore 7 has total Chern class
o(T) = c(Oavy (1)) (s (1))
=1+401 + 80% + (80% + 60109 — 603) + (240%02 - 240103)
+ (300105 — 300903) + (1003 + 24010903 — 2403) + 180503 + 120903 + 405

where 0; = ¢;(Q¢) and Qg is the universal quotient bundle on G(3,V’). Furthermore,
by the exact sequence 2.1, ¢; (7v) NCy, =¢(TY)nCy, for all i. Applying the Pragacz
Ratajski formulas [PR97, Theorem 2.1] for the classes of the Lagrangian degeneracy
loci DZA we get

(D= e(T) (O] = ea(T") 0 [Cur ] = dor 0 [Cur ],
SO D{K is an intersection of Cy, c PY with a quartic hypersurface Q4. Furthermore
[D3'] = (cac1 - 2¢3)(T") 0 [Cu,] = (261 = 2¢3)(TY) n [, ]
= (6201 - 203)(TV) N [CUl] = (16(7? - 12010’2 + 1203) N [CUJ.
The class of [Cy, ] in G(3,V) is (05 — 0103) N [G(3,V)], so

A
deg Dy = f[G(s,V)] ot (0% - 0103) - (1603 — 120109 + 1203) = f[G(3,V)] 36020503 = 72.
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The last statement is a standard result on degeneracy loci. O

To proceed with the construction we need to know precisely the singular locus of the
Lagrangian degeneracy locus Df‘.

Lemma 2.3. Let [A] € (X - (X, uX[1]) and let [U1] be the unique point in ©(A).
Then the Lagrangian locus Cy, N D3 = Dt is smooth outside Sz = D§ = Cy, n D3

Moreover, the tangent cone to Df‘ in points of Sz is a cone over a smooth conic curve.

Proof. The proof will be analogous to that of [[KKR16, Lemma 2.9]. Let [U1] be the
unique point in ©(A). Observe that, by assumption, [U;] ¢ D, Fix [Up] € Cy, n D{
and choose a 3-space Uy such that U,, Uy =0 and Uy, NUy = 0. Let

U={[U] eG(3,V)|UnUs = 0}.

It is an open neighbourhood of [Uy] in G(3,V).

For [U] € 4l the Lagrangian space Ty defines a symmetric linear map Ty, — Tpy, that
we denote by gy and a corresponding quadratic form on 7y, that we denote by Q.
We shall describe Qp in local coordinates. Let (u1,u2,us), (ug,us,us) be a basis for
Ug resp. Us.

Observe that for any [U] € G(3,V),

TUOTUOOZOHUI"IUOOZO

and that any such subspace U is the graph of a linear map Sy : Uy = Us. In particular,
there is an isomorphism:

piil— Hom(Up,Us); [U]= By
whose inverse is the map

ar [Uy] = [(ur + a(ur)) A (ug + a(uz)) A (us + a(us))].

In the given basis for Uy and Us, we let By = (bij); jeq1...3y be the matrix of the linear
map By. In the dual basis, we let (mq, M), with M = (m; ;); je(1..3}, be the coordinates
in

Ty, = (WU @ AUy ® Use)” = (A*Up ® Hom(Uy, Use))”
In these coordinates, the map
LU [U] = Qu e Sym® Ty,
is defined by
(22) QU(mO, M) = Z bi’jMi’j + mo Z B;]’jmiyj + mg det BU,
i,je{1...3} i,j€{1...3}
where M%7, B?}j are the entries of the matrices adjoint to M and By. To see this,
write the map A3Uy @ A2U) ® Uso = A3U ® A2Us ® Uy whose graph is A3U @ AU ® Uy,
in coordinates, where U is the graph of the map Uy - Us given by the matrix By .

Let now g4 be the symmetric map Ty, - Ty, = TLV,O whose graph is A and @4 the
corresponding quadratic form. In this way

D nsl={[U] edl|dimTy nA) 21} = {[U] e Wrk(qu — qa) <10 -1},

hence Dj! is locally defined by the vanishing of the (11 ) x (11 - 1) minors of the
10 x 10 matrix with entries being polynomials in b; ;.
We now consider the restriction of the map ¢: [U] » Qu to Cy, nil.
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The map f : Uy - Us, whose graph is Uy, has rank 1, since [Up] € Cy, n D{* and
Cy, nU = {g € Hom(Uy,Us)|rk(g — f) < 1}. After possible changes of basis for Uy
and Us, we may assume that f € Hom(Uy,Us ) is given by a matrix with one nonzero
entry in the upper left corner. The restriction of the map ¢ is then given by

(23) QU(mO,M) = Z bid'Mi’j + Mo Z B;}jmi7j.
ije{1...3} i,j¢{2,3}

We now observe that all quadrics Qu with [U] € Cy, are singular in the point
[U1] with coordinates mqg = mq 1 # 0 and m; j = 0; (4,7) # (1,1). Passing to the quotient
Tu,/ A3Uj and denoting the induced quadrics on the quotient space by Qrr and Q4 = Q 5
and the corresponding symmetric linear maps by gy and ¢z respectively. We have

(24) QU(M) = Z bivai’j.

We can now follow the proof of [IKKR16, Lemma 2.9] for the first degeneracy locus
Di* around [Up]. In U the locus

DAt = {[U] € 44n Cp, | dim(Ty/ A3 Ur) n A) 1 = {[U] € 4 Cur |tk (G — 1) < 9~ 1},

ie. Df1 is defined by the determinant of a 9 x 9 symmetric matrix with entries being
regular functions on 4 n Cy,. We may assume that gz is given by a diagonal matrix
with 0’s and 1’s on the diagonal, and let K :=kerqz = AnTy,/ A3 U;. By 2.3, we know
that the differential of the map t|c,,, in [Up] maps onto the linear system of quadrics

generating the ideal of the image C' of the projection of the cone Cy, c P(Ty,) from
the point [U7]. In other words, the linear forms of the matrix of polynomials

7:4nCy, 3 [U] = Qu € Sym*(Ty, | N> Uy)”

for a chosen coordinate chart of Cy, in [Up] define the linear system of quadrics con-
taining C. We then observe that if P(A) n G(3,6) = [U1] then P(4/ A2 U)nC = @
hence K nC =0 and remark that ' satisfies the assertion of [I[KKR16, Lemma 2.8].
More precisely, we have:

Lemma 2.4. If P c P(Ty,/ A* Uy) N C is a linear subspace of dimension at most 1,
then the restriction map rp : HO(]P’(TU),IC(2)) - HY(P,0p(2)) is surjective.

Proof. Note that C is defined in P® = P(Ty,/ A3 Uy) by 5 quadrics obtained as 2 x 2
minors of a 3 x 3 matrix of linear forms that do not involve the upper left entry. Since
C is defined by quadrics the lemma is proven for dim P = 0. If dim P =1 it is enough
to observe that C' can be seen as a cone over a section of the Grassmannian G(2,5)
by two hyperplanes. Let G = G(2,5) ¢ P? and consider the rational map § : PY - P*
defined by the quadrics that generate the ideal of G. Observe that the closures of the
fibers of § are P9 spanned by 4-dimensional quadrics in G. It follows that the image
5(1) of any line I , with InG = @ is a smooth conic. If now CG c P! is a cone over G,
then the map defined by quadrics containing C'G factorizes as the composition 4 o m,
of the projection from the vertex p of the cone CG and §. It follows that 6(m,(1)) is
a conic for any line I c P!Y such that [ n CG = @. This means that the restriction map
from the system of quadrics containing CG to quadrics on the line [ is surjective if
InCG = @. Now, since C appears as a section of CG we conclude that the system of
quadrics containing C' contains the system of restrictions of quadrics containing CG.
The latter restricts surjectively onto quadrics on the line P since P n CG = &, which

proves the lemma. 0
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Let us now denote the components of ® := det(qy — ¢;) of degree i by ®;. If now
[Uo] € D{* ~ D4 then dim K = 1, then ®; = 0 and @, is the linear entry of (g — ¢x)
corresponding to the restrictions to Sym?K . It follows, by Lemma 2.4, that ®; # 0
hence D1 is smooth in [Up]. If now [Up] € D4, then dim K =2 so &y = ®; = 0 and then
®, is the determinant of the restriction of gy — ¢4 to Sym?K. Again, by Lemma 2.4,
we get that ®4 is a rank 3 quadric which concludes the proof.

O

Lemma 2.5. The variety Df 1s integral.

Proof. By Lemma 2.3, Dfi is a divisor in Cy, that is smooth outside the codimen-

sion two locus Dg‘; in particular it is reduced. By Lemma 2.2, the locus D{K is the
intersection of Cy, with a quartic hypersurface, so if it was reducible, it would have

singularities in codimension one which would contradict Lemma 2.3. Therefore D’fi is
integral. O

From Lemmas 2.3 and 2.5 we conclude that Dfi is an irreducible 4-fold with quadratic

singularities along the surface Dé. We proceed to construct a natural resolution of
singularities. For this define the incidences

D = {([U].[w]) € Cu, x G(1L, A)| Tvr > (w))},
and .
D' = {([L], [w]) € LGg(9, (A*U1)*/(A*U1)) x G(1, A)| L= (w)},
which fit in the following diagram:

Cu, —— LG#(9, (A3U1)*/(A3UY))

Ul Ul

A . A

Dl - 7 Dl
oft

§ &

HA . A

Dl = 7 Dl

where & and ¢ are the projections on the first factor.

Lemma 2.6. The variety Dfi as well as the exceptional divisor E of & are both smooth.
In particular & is a resolution of singularities of Df.

Proof. Once we have proved Lemma 2.3, and observed that Di = & the proof is com-
pletely analogous to [IKKR16, Lemma 3.3]. O

We can now perform the construction of a smooth double cover of Dj' branched
in Dy, Note that the exceptional divisor in D' is an even divisor. To see this,
denote by H a Pliicker hyperplane section on LG5 (9, (A3Up)*/(A3U1)), denote by h a
Plicker hyperplane section on G(3,V') restricted to Cy,, and denote by R a Pliicker
hyperplane section on G(1,4). Then, by [IKKR16, Lemma 2.4] and the fact that
C(H) =c1(TY)nCy,) = 4h, the divisor E can be expressed as

E = (H-2R)=4h-2."(R).

Hence, FE is divisible by 2 and there exists a unique double cover f : X i— Dfi branched

along FE. Clearly the preimage of f‘l(E) is contracted by a birational morphism
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defined by some multiple of the system f*a*H on X i- The proof that the image
X 5 = ¢(X ) of this morphism is smooth is similar to the proof of [[KKR16, Proposition
3.1]. It amounts to observing that the restriction of ¢ to the strict transform on X;
of a generic surface linear section of D{* is the contraction of (~1)-curves on a smooth
surface. Denote by

(25) px: Xz~ Dif
the induced double cover, ramified over D§ .

Let [A] € (X - (2+uX[1]uTl) and let [U;] =P(A) nG(3,V). In [IKKRI16, Section
3] a 6-fold double cover Y4 — D? ramified along D;‘f is constructed over the second
degeneracy locus Dé“ c G(3,V) of the Lagrangian subspace A. Note that our construc-
tion of the double cover px is just the restriction of that construction to D§4 n Cy,.
Indeed, we proceed as shown in the diagram 2.6. The intersection D4 n Cy, coincides
with Dfi and D4 n Oy, = D?. Also the resolution of singularities D3 — D! restricts
to the resolution of singularities Dfi - DlA. The double cover Y4 — D3 restricts to a
double cover of [?fi branched along E. It hence follows by uniqueness of double cover
that the strict transform of Df under the double cover Y4 — Dg‘ is isomorphic to X 4.

Cy, n D3 - DA Di —= G(3,V)
. A
Dy D

Therefore X 5 coincides with the strict transform of Dfi under the double covering
Y4 - D4 Finally px is then the restriction of the double cover Y4 — D3 to X z:

Proposition 2.7. Let [A] € (£ - (X, uX[1]uTl), let [U] = P(A) nG(3,V) and
py 1 Ya - D3t c G(3,V) be 6-fold double cover ramified over D{f. Then px : X 7 - D{!
coincides with the restriction of the double cover py to the preimage p;l(DQA nCu,).

We construct in this way a 19-dimensional family, parametrized by
Y- (X, uX[1]),

of hyperkahler fourfolds admitting polarizations of degree 48 that define antisymplectic
involutions.

2.2. The construction. We need to prove that X 5 are hyper-Kéhler manifolds.

Proposition 2.8. Let [A] € (¥ - (X, uX[1]uT)), let [U1] = P(A)nG(3,V) and let
px : X1 - Dil be the double cover of (2.5). Then X 5 is a smooth manifold with trivial
first Chern class.

Proof. The smoothness of X ; was noted above, so it remains to compute the canonical
class. For this we start with Df, a quartic hypersurface section of the cone Cy,, see
Lemma 2.2, with quadratic singularities along the surface DQA. Let C’Ul — Cp, be the
blowup of the cone Cp, in the vertex. Then C’Ul is a P'-bundle over P? x P2. The

pullback A to C’Ul of a hyperplane divisor on P? x P2, coincides with the pullback of
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a hyperplane divisor on Cp,. The pullback of a canonical divisor on P? x P? is —3h,
while the relative canonical divisor over P? xP? is —h, so the canonical divisor on C'Ul is
—4h. By adjunction the fourfold D{* has trivial canonical sheaf. Since the singularities
along the surface D2A are quadratic, the canonical divisor of the smooth fourfold Dfl is
half the class of the exceptional divisor. The double cover X 1, therefore has canonical
divisor equal to the ramification divisor E. On the smooth fourfold X z, this divisor is
blown down, so X z has trivial first Chern class. O

Theorem 2.9. There exists a 19-dimensional family of polarized IHS fourfolds (X, H)
such that |H| defines a 2 : 1 morphism to P? and the image is the intersection of a cone
over a Segre product P? x P? with a special quartic Q 4, with the branch locus being the
surface Sz defined in Lemma 2.2. Moreover, each fourfold in this family admits two
Lagrangian fibrations and a polarization with q = 4.

Let us be more precise. Let A € LG, (10, A*V) such that P(A) intersects transversally
G(3,V) in one point (i.e. [A] € (X—(X,UX[1])). In this case without, loss of generality
we let X 5 c Y4 be the fourfold defined in (2.5) and Proposition 2.8.

In order to prove that X is IHS we need to find a degeneration of X ; that is
birational to the Hilbert scheme of two points on a K3 surface. For this, we first
consider, for v € V', the 10-dimensional Lagrangian subspace

Frp1=(v) A (A2V) c AV

Recall that
A ={[A] e LG,(10,A*V)| JveV:dimAn F},j >3}

We shall use an [A] € ¥ n A to find the suitable degeneration.
By dimension count we infer the following, using the notation of 0.7:

Lemma 2.10. The set (XN A) - (X, uX[1]ul) is nonempty of dimension 18.

Proof. By a direct count, we first compute that dim(¥ n A) = 53. Let v € V and let
P c P(F},) be a plane. The set of triples Fj,), P and [U] € G(3,V)nP* depend on 5+
(3%7)+6 = 32 parameters. The set of Lagrangian subspaces A such that P(A) > (P, [U])
is isomorphic to a LG(6,12) so its dimension is 21. It follows that (¥ n A) contains a
component corresponding to general pairs (P,[U]). We shall compute dimensions of
the intersections of this component with ., ¥[1] and T separately:

(1) For a general [A] € ¥, n A, the linear space P(A) contains a pair (P,[U])
and a point [U'] € G(3,V) n (P, [U])*. Since P and [U] are general, we have
G(3,V)n(P,[U])=[U] and

dim(G(3,V) n(P,[U])*) = 5.
It follows that [U'] ¢ (P,[U]) and the space of choices of U’ is 5-dimensional.
A dimension count yields 32 + 5 + dim(LG(5,10)) = 52

(2) For a general [A] € X[1] n A, the linear space P(A) contains a pair (P,[U])
and a line | ¢ P(Ty) through [U]. Since A is Lagrangian we get that [ c
P(Ty) n (P, [U])*, and the number of parameters for A given (P,[U]) and the
line [ is dim LG(5,10) = 15

When P and [U] are general the number of parameters for [ is

dim(G([U],1,P(Ty) n (P, [U]))) = 5.

So summing up we get that 3[1]nA has dimension 32+5+dim(LG(5,10)) = 52.
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(3) For a general [A] e 'nXnA, the linear space P(A) contains a pair (P,[U]), and
intersects Ty for some [U'] € G(3,V) such that dim(P(Ty:) nPP(A)) = 3. Let
dim(P(Ty) n(P,[U])*) =5+ dy and therefore dim(P(Ty/) n(P,[U])) = dy - 1.
The set of 4-dimensional subspaces Wy c A3V such that P(Wy) c P(Tig) N
(P,[U])* and meets (P,[U]) in dimension d; is a Schubert cycle of dimension
8 for diy = 0 and 9 for d; = 1. On the other hand the dimension of the set of
Lagrangian spaces A such that P(A) contains (P(Wy),P,[U]) is

B (2+d1)(3+d1)
= 5 .

To complete the dimension count we compute the dimension of the set of sub-
spaces U’ corresponding to d; = 0 and d; = 1. For dy = 0 the set of subspaces
U’ is an open set in G(3,V), so the dimension is 9, so the set of Lagrangian
subspaces A in this case has dimension 32 + 9 + 3 + 8 = 52. Whereas, for d; = 1
the set of subspaces U’ such that P(Tj;q) n (P, [U]) # @ has dimension 5, so
the set of Lagrangian subspaces A in this case has dimension 32+5+6+9 = 52.

0

d1m(LG(2 + dl, 4+ 2d1))

Definition 2.11. Let vg € V. We call LG, (10, A3V)% the set of Lagrangian subspaces
A c A3V that satisfy the following conditions:

(1) There exists a codimension 1 subspace Vg c V such that A3V n A = 0.
(2) v € U for at most one [U] € © 4.
(3) If vo e U and [U] € © 4, then An (A2U AV) = A3U

Recall that for A € LG(A3V)% O’Grady defined a surface S4(vo) as follows [O’G13]:
By the first two conditions V' = (vo) @ Vj. Consider the isomorphism

/\:/\2V0—>FU0:1;0/\(/\2V); U9 A Q.

Let Kg = )\‘I(A nEy)c A%V;. Given a volume form on Vj, there is an isomorphism
A3V = /\Q%V, and hence the annihilator Anan c A3V, defines a linear section Fg =
P(AnnKY) n Gr(3,Vo) c P(A3Vp). Now, K9 is 3-dimensional, so the linear section
F9 has codimension 3 in Gr(3,Vp) and is a Fano 3-fold. The first assumption in 2.11
implies that A is the graph of a linear map

qa: AVy = AV e APV
such that ga(a) = 8 < (voAa+3) € A. Since A, Fp,,; and A3Vp are Lagrangian, the
map g4 is symmetric, while kerqy = Kg, so q4 induces an isomorphism
A Vo /KY - AnnKY c A%V,
whose inverse defines a quadratic form

Q% : = vol(anB), whereqga(a)=_

on AnnKY. The surface S4(vp) is the intersection F§ n{Q% = 0}.

O’Grady proves that if © 4 is finite, then Sa(vg) is reduced and irreducible with
explicitly described singular locus. Moreover, if it has du Val singularities, then the
minimal resolution S (vg) = Sa(vo) is a K3 surface [O’G13, Corollaries 4.7 and 4.8].

Lemma 2.12. Let [A] € (¥nA)—(2,uX[1]ul) be generic, then there exists a unique
[v] € P(V) such that dim(An Fp,1) > 3. Moreover, [A] € LG(A’V)" and the surface
Sa(v) is a K3 surface with one node.
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Proof. Consider Fy,j for a general v € V and a general projective plane P c P(F],) and
let [U] be a general point in G(3,V) nP+. By Lemma 2.10, the general Lagrangian
space A such that P(A) contains [U]UP is an element of (X nA) - (X, uX[1]uTl).
Clearly A and v then satisfy the assumption of 2.11 i.e. A € LG, (10, A3V,

We need to prove that S4(v) is a K3 surface with one node. We build on the proof
of [0’G13, Proposition 4.6]. The Fano threefold Fy = P* nG(3,Vp) is smooth and the
surface S4(v) is a quadric section of F4 that is smooth outside one point. It follows
that the singularity is an ordinary double point. ]

We denote by S4(v) — Sa(v) the minimal resolution of singularities on S(v).
Consider the 6-fold Lagrangian degeneracy locus Y4 c G(3,V) called an EPW cube in
[IKKR16], defined as

Y4={[U]eG(3,V)|dimAnTy > 2}.
When [A] € (XnA) - (X, uX[1]) we shall define a rational map
Vi Sa()P > Yy,

as in [IKKR16, §4].
First we consider the natural isomorphism:

VY=V e (vg) > H(Zg,)(2)): v +cvg = que +cqi,
where (), is the restriction to Anan of the quadratic form on A3V} defined by
Qv+ (w) =vol(w(v*) Aw).
Let [$1] and [B2] be two points in S4(v), such that the line ([51],[B2]) is not contained
in Sy (v), then HO(ISA(U)U<ﬁ1,B2)(2)) is a hyperplane in HO(ISA(U)(Q)) ~ V. Therefore

¢ Sa()B > P(V); ([81),[B2]) = [H(Zs (0)0(81,60) (2))]
defines a rational map. The rational map t: S4(v)] -> G(3,V) is now defined by

Y(B1, B2, B3) = [{(B1, B2), (51, B3), ¢(B2, B3))] € G(3,V)

For general A, both ¢ and v are morphisms that are 2 : 1 onto their image [IKKRI16,
Proposition 4.1].
We consider a restriction of the map 1 to show

Proposition 2.13. Let [A] € (XnA)— (X, uX[1]ul). Let [U] =G(3,V)nP(A), and
let A=A/ AN3U. Then Xz is birational to SA(U)[2].

Proof. Let U be the unique element in © 4. Consider the decomposition V' = vg@ V. By
[0’G13, Corollary 4.7], the K3-surface S := S (vg) in P(A3Vp) is singular in p := [A3U']
where U’ is the projection of U onto V. Moreover, by Lemma 2.12, the point p is a
node in S. Let x: S — S be the blow up giving the resolution of the node p. Consider
the following rational map ¢ defined on pairs of distinct points on S.

5% 5 a3, HYT5(2)); &(lpropa]) = B (Toug,, 1.9(2)) € G(3, H(Zs(2)),

where [, is the line spanned by p and x(p;) when p # k(p;) and the line in the tangent
cone of p corresponding to p; when x(p;) = p. Moreover, (l,,,[,,) is the plane spanned
by Iy, and [p,.

P1 7l:l72

Lemma 2.14. The map & is generically 2:1, well defined and unbranched outside a set
of codimension 2.
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Proof. The proof is analogous to the proofs of Proposition 4.1 and Proposition 4.5 of
[IKKR16]. We need only to observe that S is the intersection of a smooth Fano threefold
F with a quadric @) and hence every twisted cubic passing through p is tangent to the
quadric @ in p. This implies that the involution on S A(v)[3] given by 1) above restricts
to an involution on the locus of triples on S 4(v) containing p, and ¢ can be considered
as the restriction of v to this locus. [l

The next step is to prove that the image of £ is contained in the cone Cy = G(3,V)n
P(Ty) ={[L] € G(3,V) : dim(LnU) > 2}. By [IKKR16, Lemma 4.2], we have

§([p1,p2]) = ¥([p, p1,p2]) = (&([p, 21]), &([p, p21), ¢ ([P1, P2]))

in the above notation. To prove that £([p1,p2]) € Cy it is enough to prove that
&([p,pi]) € U. Let i =1. We follow the proof of [[KKR16, Proposition 4.1]. Indeed let

/\3U:u1/\u2/\u3:vo/\a+vl/\vg/\vg

with vy, v2,v3 € Vg and a € A%(v1,v2,v3), then, by [0’G13, Corollary 4.7], the singular
point of the K3 surface S is p = v1 A vy A vg. Without loss of generality we may then
assume that p; = v; Avg Avs. Then, by [IKKR16, Equation 4.1], we have ¢([p,p1]) =
[vol(aw A vy A vy Aws)ug +v1]. To check that it is an element of U we compute
(vol(a A vy Avg Avs)vg+v1) A (vg A e+ v Avg Avg)
=01 Avg A+ vol(aAvy Avg Avs)vg A UL AV A VS,
The latter is an element of /\4(1)0, v1,v2,v3) and the wedge product with vy A v,
(v1 Avg A+ vol(a Avp Avg Avg)vg AV AU AV3) A UL A Vs
= (—vo A AV Avg Avs + vol(a Avp Avg Avs) (Vg A ... Avs)
= (—=vol(a Avy Avg Avs) +vol(aAvy AvgAvs))(vo Ao Avg) =0,
so (vol(aAvy AvgAvs)vg+v1) € U. With the same argument for ¢ = 2 we conclude that

&([p1,p2]) € Cy, in particular £([p1,p2]) € Dj% cCy.

Therefore X 5 — D}a and & : 51[42] - D,lfx are two double covers which are well defined
and unbranched outside a set of codimension 2. It follows that X 5 is birational to
S as in [TKKR16, §5] and further still following [TKKR16, §5] we get X 7 is THS and

deformation equivalent to a K 302 for general A. g

Remark 2.15. The intersection lattice of 5'1[42], where S is the minimal resolution of
the nodal Sy, is the diagonal matrix with entries 10, -2, -2. After a change of base to
(h1,he,0) we obtain:

02 0
2 0 0
0 0 -10

We find that the map & is given by h1 +ho. Since there is a divisor with self-intersection
~10 and divisibility 2 perpendicular to hi + hs, it follows that & contracts a P? to a
point (see [HY15, §5.1] or [Monl15, §2]). We can identify this P? as the set of pairs of
points on S, such that the line spanned by these points is contained in the threefold
section of G(2,5) containing S4.

Remark 2.16. We can find another 18-dimensional subfamily of U such that the
elements are birational to the Hilbert scheme of two point on a K3 surface. Let us
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take a K3 surface S that is a hyperplane section of a Verra threefold Z c P8. The
intersection lattice of S is

2 4 0

4 2 0].
0 0 -2

After an integral linear change of coordinates the matrix takes the form:

02 0
2 0 0
0 0 -6

with basis l1,l3,7’. Then [ +15 gives a 2: 1 map to an EPW quartic section containing
the vertex of the cone and singular at it. We can show that this map contracts two
planes P? to this vertex point.

3. THE SECOND CONSTRUCTION- THE HILBERT SCHEME OF CONICS ON THE VERRA
4-FOLD

We describe the second construction of elements from U that is parallel to the con-
struction of Kummer surfaces given in section 1.3. Let U; and Us be three dimensional
complex vector spaces, fix moreover a volume form on each space U,Uy such that
AUy = UY and A2Uy = Us, and let 1 : A3U; ® A3Uy — C be the product volume form.
Let Y c PY be the intersection of the cone C(P(Uy) x P(A2Us)) c P(C & (U ® A2U3))
with a quadric hypersurface. Such a fourfold is a smooth Fano fourfold when @ is
chosen generically: we call it a Verra fourfold. We have a 19-dimensional family of
Verra fourfolds.

Note that a Verra fourfold is naturally a double cover of P(U;) x P(A2Us). Tts
ramification locus Z is the intersection of Y with the hyperplane polar to the vertex of
the cone via the quadric ). In terms of coordinates, this means that if coordinates are
chosen in such a way that Q is defined by a quadric {z?> - Q' =0} then Z =Y n{z=0}.
We call Z the Verra threefold associated to Y. We shall sometimes also identify Z with
the branch locus P(Uy) x P(A%2U) n {Q’ = 0}.

Notice the following properties of Verra fourfolds.

Lemma 3.1. If Y c C(P(Uy) x P(A%Us)) is a smooth Verra fourfold then:

(1) Y does not pass through the vertex of the cone C(P(Uy) x P(A2Us));

(2) Y contains no quadric threefold;

(3) the preimage of each quadric surface P(LY) x P(MY) c P(Uy) x P(A2Us) by the
double cover Y — P(Uy) x P(A2Uy) is irreducible.

Proof. Clearly Y being a smooth complete intersection of C(P(U;) x P(A%2Us)) with a
quadric cannot pass through the singular point of the cone. For (2), if Y contained
a quadric threefold, then this threefold would be contained in C(P(U;) x P(A%2U3))
and hence would be a cone over a quadric surface in P(Uy) x P(A2Uy). This leads to
a contradiction with (1). Finally assume that the preimage of some quadric surface
P(LY)xP(M") c P(Uy) xP(A%Uy) is reducible. Then it must decompose as the union of
two quadric surfaces and the branch locus of the projection onto P(LY)xP(M") is then
a double conic. It follows that the branch locus Z of the projection Y — P(U;)xP(A%Us)
meets the P3 spanned by P(LY)xP(M") in a double conic. By Zak’s Tangency theorem
[Zak93], this implies that Z is singular and in consequence Y is also singular. ]
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The linear system of quadrics containing C(P(U;) x P(A%2U3)) c P(C @ (U ® A2Uy))
is naturally isomorphic to P(U; ® A%2Us). In fact let w € Uy ® A’Uy = Uy ® (U)Y and
(wo,w’) cCo (U1 ® /\2U2) =Ceo (U1 ® (Ug)v), then

Qu(wo,w") =n(warw Aw')
is a quadratic form on C @ (U; ® A?Us), and the map
Ur ® AUz > HY(Zop(uy)<p(n20))(2)); - W = Qu
is an isomorphism. Thus
Iys = H(Zy(2)) 2 C & (U ® A*Us),

and the linear system of quadrics containing Y c P? is naturally isomorphic to P(C &
(U1 ® A2U3)) and is dual to P(C @ (A2U; ® Us)). By abuse of notation, we denote also
by Q. the quadric hypersurface corresponding to [w] € P(U;) ® P(A2Us).

Consider the two natural projections 7; of Y onto P(U;) and P(A2Us) for i = 1,2
respectively. We denote by F(Y) the Hilbert scheme of conics on Y of type (1,1) i.e.
conics that project to lines by both m; and ms.

Let us now relate the Hilbert scheme F(Y') corresponding to the quadric @ with
an EPW quartic section. Let C' be a conic on Y, then C spans a plane Po c P(C @
(U1 ® A%U3)). Consider the locus Ho of quadrics containing Y U Po. Clearly He
is a hyperplane in the space of quadrics containing Y i.e. naturally a point H¢ €
P(A3U; @ (A2U; ® Us)). In this way we defined a morphism

¢Q : F(Y) — IP)(/\?)Ul ® (/\2U1 ® Ug))
Proposition 3.2. The image Yg(F(Y')) is isomorphic to an EPW quartic section.

Proof. We first introduce the EPW quartic section that we claim is ¢g(F(Y)).

For that, choose a coordinate chart (z,3) on C @ (U; ® A%2Us) in which Q(z,f) =
22— Q'(B). Note, that in this case Q' n (P(U;) x P(A%Us)) is the branch locus of the
projection map of Y from the vertex of the cone.

Now, the vector space ((A2U1)®Us) @ (U ® (A%Uy)) is equipped with the symplectic
form 7(c,3) = vol(a A B). Observe that ((A2U1) ® Us) @ (Up ® (A2Us)) is then a
decomposition into a sum of Lagrangian spaces with respect to 7. In particular 7
defines the canonical isomorphism ((A2U;) ® Up)Y =~ (U ® (A2U3)). Now Q' defines a
symmetric map ¢ : (U; ® (A2U3)) — (U1 ® (A2U3))Y = ((A%Uy) ® Us), the graph of this
map in ((A2U;) ® Uz) @ (U; ® (A%Uz)) is a Lagrangian space that we call Ag.

Since we know that the subset of the Hilbert scheme of conics in Y parameterizing
smooth conics is dense in the whole Hilbert scheme of conics the following lemma
completes the proof of the proposition.

Lemma 3.3. Let P be a plane in P(C®(Uy®A%Us)) meeting Y in a smooth conic curve

C of type (1,1), then the hyperplane Hp of quadrics containing Y UP is an element of
— Ay . . . .

the EPW quartic section Dy Q" Furthermore, if C is contained in the branch locus Z

then [Hp] € D;Q’.

Proof. Let us consider the cone
C(P(Uh) x P(A*U)) c P(C @ (U ® (A*Us))) = P((AU:) ® (U1 ® (A%U2)))

as

]P)((Ul (&) UQ) A (/\2U2)) n G(3, U e UQ) C IP(/\g(Ul (&) UQ))
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Let
P = ((217/81)7 (22752)7 (Z3,B3)>,
such that
(2, ;) € C(P(UY) xP(A2U)) c P((Uy @ Us) A (A2UR)) nG(3, UL @ Us) c P(A3 (U @ U)).
Since P meets G(3,U;®U>) in a conic curve, there exists then a basis u1, us, us, v1, v2, v3
of Uy @ Uy such that we have
B1=u1 Avi Avg, o =ug Autp Avg, B3 = (ur +ug) Avp A (V2 + U3).

In such basis the coordinate of Hp € P(C ® (A2U;) ® Us) corresponding to A2U; A Us is
u1 A ug Avp. Moreover, by the definition of ler, for each 8 € Uy A A2Us there exists an
a € (A2U1) A Uy such that Q'(3) = a A B or equivalently a + 3 € AQ,, Let us denote by
«; the elements corresponding to 3; under the above. Since (a; + 3;) A (o + ;) = 0 for
all i, j we get a; A Bj = aj A B =t ¢; j for i # j. Now

QM (21, Bi) + Ma(z), B5)) = (2 + Azj)* = Q" (M B; + \o3j) =

= (2i+A2;) = (Mo + oo ) A (AL Bi+ A2 B5) = ATa((2i, i)+ M50 (25, B5) ) +2M1 Xa (2522 —¢i 5.
But Q((zi,5:)) =0 by assumption, so
Q(A1(zi, Bi) + Aa(z), B5)) = 2\ Aa(zi22 = cij)-

Now
(toQ + tlQ(ul/\ug/\vl)*)()‘l (Zi, ,81) + )\2(Zj, ﬁ])) = 2t0)\1)\2(zizj - Ci,j) + 2751)\1)\2.
It follows that the Hp = [(2izj — ¢ij,u1 Auz Avy)] € P(C @ Uy A (A2Uz)) which means,

in particular, that:
2122 —C12 = 2123 —(C1,3 = 2223 —C23 = Cp.
Hp is also an element of the cone C(P(A2U1) x P(Uz)) ¢ P(C ® AUy A Us)
The corresponding Ty, is described by
{w e (AU oUs)@((A2Uz) U, )|wAui Aug = wAug A(vy+epus) = wAusA(vi+cpus) = 0.

We shall prove that leI N THP # 0. We know that 213:1 Nila; + 5;) € leI for \; € C,
it is therefore enough to prove that the following system of equations has a nonzero
solution (A1, A2, A\3):

3
El(/\l,)\g,)\g) = (Z )\i(ai +,Bl)) ANUL ANUg = 0
i=1

3
E2(>\1,)\2, )\3) = (Z )\1(04Z + ﬁl)) AU N (1)1 + CPU3) =0
i=1

3
Eg(/\l,)\g, /\3) = (Z )\i(ai + ,31)) AN Ug N (1}1 + CPU3) =0
i=1

Observe now that Ej(A1, A2, A3) = 0 since both a; Auj Aug =0 and ; A ug Aug = 0.
Furthermore, we have:

Eo(A1, A2, A3) Ay = Eo( A1, Ao, Ag) Aug = Ea(Aq, A2, Az) Aus = Ea(A1, A2, A3) Avg =0,
as well as

E3(A1,A2,A3) Aug = E3(A1, A2, A3) Aug = E3(A1, A2, A3) Aug = E3(A1, A2, A3) Avg = 0.
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Finally

(3.1) Eg()\l,Ag,)\y,)/\’Uz ZZ%Al +212’2)\2+2123)\3,
(3.2) Eg()\l, )\2, )\3) ANvV3 = 2’12’2)\1 + Z%)\Q + 2223)\3,
(33) (Eg()\l, /\2, )\3) + Eg()\l, )\2, )\3)) N (UQ + Ug) = 2’12’3)\1 + 222’3)\2 + Z%)\g,

are proportional, so the above equations reduce to two linear equations in the A;:
E5(A1,A2,A3) Avg =0

and one of the above 3 proportional equations. It follows that the linear system has
rank 2 and therefore admits a nontrivial solution implying dim(ler NThp) > 1, which
proves the first part of the lemma.

It remains to prove that the image of the Hilbert scheme of (1,1)-conics contained

. . . . . = Ao .

in the ramification locus Y n{z = 0} of the projection maps to D, “ . Clearly points on
such conics satisfy z; = 0 and the three proportional equations above are then trivial,
hence the system has two-dimensional solution i.e. dim(Ag N T, ) > 2. O

O
We shall now describe the Stein factorization of the morphism
Vg F(Y) > Dy<.
Consider the diagram:
P(F) —" s P(A2UY) x P(US)
|
P(C e (72U, ® Uy))

where
(3.4) F =71 ((Op(a20) (1)) ® 73 (Op(r,) (1)) © C)

is a vector bundle on P(A%2U;) x P(Uy) such that m is the projection. Moreover, f is
given by Op(py(1) such that the image of f is the cone over P(A2U;) x P(Us) and f is
the blow-up of the vertex with exceptional divisor E.

Consider the rank 5 bundle G over P(A%2U;) xIP(Us), such that for (L, M) e P(A?U}) x
P(Uz) the fiber G1, ary is

Co(L'®M")cCeo (U, ®A2U,).

There is a natural restriction map Iy — SmeQ(VL M) When Y contains no quadric

threefold, this map has rank 2, and the image is a pencil of quadric threefolds that
defines a complete intersection that we denote by Dz pr). Thus for each (L, M) €

P(A%2U;) x P(Uy) there is a natural surjective restriction map

mwar) vz = Ipg 2 = HO(P(G(1.00)): IDp ary (2)) € Sym>GlL ay-

For each element £ € [ D(pany2> let Hy c Iy 2 be the hyperplane of quadrics whose image
in I D)2 18 proportional to £. We define degeneracy loci

DP ={([Hal, (L, M))|Q € Ip, 2 rank(Q) < 5-r} c P(CO(A*U18U3) ) xP(A*U1)xP(Us).
Notice that DY c P(F). Consider the projections

flpe : DS ~B(Ca (U0 Un)); ([Hal, (L, M)~ [Ha] r=1,2.
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We claim
Lemma 3.4. f(D%) = ¢o(F(Y)).

Proof. A (1,1)-conic C' is mapped to a unique pair of lines P(LY) c P(U;) and P(M") c
P(A2Uy), and is therefore contained in a unique complete intersection Dr .y, so if
el Doy 2 is the quadric threefold that contains the plane Py spanned by C, then
Hc c Iy is the hyperplane of quadrics that contain Pe, i.e. ¥[C] = f([Hq], (L, M)).
On the other hand, if 9 € Ip; \py,2 18 singular, then, by Lemma 3.1(4), it has rank 4 or
3, and the planes in Q intersect Dy, jr) in conics that are (1,1)-conics on Y. O

Next, we claim that f restricted to D? has an inverse f!: f(D(f?) — P(F). Indeed,
the quadrics in the ideal of Y define a rational map:

P((C @ (U1 ® /\2U2)) -> P(C ® (/\2U1 ® UQ))
The preimage of a point p € CP(A%2U;) x P(Us), outside the vertex, is the union
Y uQ,,

where 9, € ID(L,M)72’ and, by abuse of notation, at the same time £, is a quadric
threefold in P(C' & (LY ® M")). Therefore, the quadrics in the hyperplane Hy with
Q€lp, 2 define the pair (L, M) and hence also 9, so f has an inverse.

We choose coordinates such that Y is the intersection of C(P(A2U;) x P(Us)) with a
quadric {z2-Q’ = 0}, where {Q’ = 0} is a cone with vertex at the vertex of C(P(A2U;) x
P(U3)), and z is nonzero at the vertex.

The pencil D)2 contains in general 5 rank 4 quadrics. One is the rank 4 quadric
C(P(LY) x P(M")). The planes in this quadric intersect Dy, sy in conics that are
contracted, by the projection to either P(U;) or P(A%Us), so these are not (1,1)-
conics. A plane in any of the other singular quadrics in [ Dp.),20 intersects Dy

in a (1,1)-conic. When Q € Ip , ,, o has rank 4, the fiber T]Z)él([HQ]) is therefore two

PYs of conics defined on D(r,.ary by the two pencils of planes in . The two pencils
coincide precisely when 9 has rank 3.

The double cover Y — P(U;) x P(A%2U,) is branched along the Verra threefold Z =
Y n{z =0}. It defines an involution on Y, that for each (L, M) restricts to an involution
on Dy, pry and on each threefold quadric Q, where Q € Ip (z.an,2- In particular, when 9]
has rank 4, the two pencils of planes in the quadric are interchanged by this involution.

Finally, when Q € I any2 has rank 3, then Dz, jr) is singular in two points on the
vertex of Q. So the double cover

Dy = P(LY) x P(MY) ¢ P(Uy) x P(A%U,)

is branched along a curve with two singular points, i.e. a pair of conics C' U C’, corre-
sponding to the fixed points of the involution on the pencil of planes in . The pair of
conics C'UC' lies in the hyperplane {z = 0}, i.e. in the Verra threefold Z =Y n{z = 0}.
Conversely, a (1,1)-conic C in Z is mapped to a pair of lines P(L") and P(M") and is
a component of the ramification locus of the double cover Dy, 5y — P(LY) x P(M").
The other component C” is also a (1, 1)-conic contained in Z and C' and C’ intersect in
a scheme of length 2. The complete intersection D(r, 5r) is singular along this scheme,
which is the intersection of the vertex of a rank 3 quadric Q € I apy 2 and D(r, r)-

Thus, we have identified the set of pairs ([Hq],(L,M)) € Dg where 9 has rank 3
with the set of pairs of (1,1)-conics CUC’ in Z that intersect in a scheme of length 2.
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Agr
By Lemma 3.3, we infer f (Dg2 ) =D, “. Summing up, we have precisely described the
Stein factorization of the map 1q.

Proposition 3.5. The Stein factorization of 1q is

Vg =¢op
Agr
with ¢ : F(Y) - Xg a P! fibration and p : Xg— D, @ a 2:1 cover branched precisely
Agr
in D, @,

Moreover, we have proven the following relation between the singular locus of an
EPW quartic and its associated Verra threefold.

Proposition 3.6. Let Y = QnC(P(A%2U;) xP(Us)) be a general Verra fourfold and let
Z = (P(A2U) x P(U2)) n Q' =Y n{z = 0} be its associated Verra threefold. Then the

map

Vqlr(z): F(Z) - C(P(A*Uy) x P(Us))

Agr
is an étale 2: 1 map to the set D,°" c C(P(A?Uy) x P(Us)). Thus the singular set of a
general EPW quartic section admits an étale double cover being the Hilbert scheme of
conics on the corresponding Verra threefold Z.

Finally, Theorem 0.2 appears also as a direct consequence of the above arguments.

Proof of Theorem 0.2. Let Xz € U, then X7 is a double cover of Di! for some La-
grangian A c ((A2U;) ® Up) @ (U; ® (A%U3)). Let Q5 c P((Uy ® (A%Us)) be the corre-
sponding quadric and Z ;5 be the corresponding Verra threefold and Y3 the correspond-
ing Verra fourfold. Then both X . and X ; appear as double covers of Dfl branched in
D3 hence are isomorphic. It follows that X 7 is the base of a P! fibration on F(Y}). For
the converse we just need to recall that there is a 1:1 correspondence between general
Lagrangian subspaces A and general quadrics @ 4. O

Remark 3.7. Observe that if V5 a 6-dimensional vector space and [A] € LG(10, A%Vg)
such that P(A) n G(3,Vs) = {[U1]} then to A we associate a unique EPW quartic
section Dk and also a unique Verra fourfold V4. The Verra fourfold appears as follows.
First, for a fixed choice of [Us] € G(3,Vs) such that Us n Uy = {0} consider

qav, * T/ < [U2] >= (Tiyyy/ < [U1] >) = (Tiu,)/ < [U2] >)”

the symmetric map whose graph is A/ < [U1] > and let Q4,, be the corresponding
quadric. Let Cy, = Tiy,; 0 G(3,U) and Py, = P(A*Us) x P(Uy) be the corresponding
Segre embedding

P2 x P? ¢ Tjpy)/ < [U2] >= (Tjoyy/ < [U1] >)".

Define Za,y, = Py, N Qa,u, the Verra threefold associated to A and Uz and Vy s, the
corresponding Verra fourfold. We claim that in fact Z4 7, (and in consequence Vy r, ) is
independent from the choice of Us. Indeed, if we choose a different [U3] € G(3,V;) then
we have a canonical isomorphism Tjy)/ < [U3] >~ (Tjy,y/ < [U1] >)¥ = Tjy,/ < [U2] >
induced by the symplectic form and under this identification we have Q4.y, - Q AU €
H(Ip,, (2)) = HO(Ip,, (2)).
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3.1. Two Lagrangian fibrations. Observe that a general double EPW quartic sec-
tion X admits two fibrations. Indeed, consider the composition of maps X 7 — Df1 c
C(P(A%Uy) x P(Us)) = C(P? x P?), with D{' the EPW quartic section defined by
the Lagrangian subspace A c (A3U;)*/(A3U1). The projections to the factors of
P(A2Uy) x P(Us) induces two fibrations 7; and mo. Since Xz is IHS the fibers are
abelian surfaces. Let us study these fibrations in more details. We shall consider the

fibration of the EPW quartic section Di! c C(P(A2U7) x P(Uy)).

Proposition 3.8. The general fibers of the two natural fibrations m :DfT - P(A%U7)
and o : Df‘ - P(Us) of the EPW quartic section Df‘ are Kummer quartic surfaces.

Proof. We consider the fibers of the second projection 7o, the fibers of 7 are treated
similarly. Let v € P(Uz) be generic. Denote by P(V3) c P(A2Us) the line dual to
v. This induces a subset C(P(U;) x P(V2)) n @3 of the corresponding Verra fourfold
C(P(Uy) x P(A2U2)) nQ 4.

We can identify the fiber 73! (v) as the image by g 4 of the conics contained in
C(P(Uy) xP(V2)) n Q4. It follows from Proposition 1.9 that this fiber is a Kummer
surface. g

Remark 3.9. Note that from the adjunction formula 7y and w9 induces two Lagrangian
fibrations on X ;5. The Kummer surfaces above can be seen as quotient of the Abelian
surfaces in the fibers.

Remark 3.10. Note that also the original description of the EPW quartic section as
a Lagrangian degeneracy locus induces naturally a description of the Kummer quartic
fibers as Lagrangian degeneracy loci in P2. That description is consistent with Lemma
1.1 in the following sense. We analyze both fibrations separately:

(1) The fibers of 7y : D{* » P(Us). We know that

D c C(P(A%U1) x P(U2))
hence a fiber D,,, of the projection s : Df — P(U3) of a point [uz] € P(Us) is the
intersection of

P[u2] = P((/\BUl) ® ((A2U1) ® UQ))) N G(3, Ui o UQ) = C(]P)(/\QUl)),

with the Lagrangian degeneracy locus D{i:

Dy, = Py 0 Dit = {[U] € Py 0 G(3, AUy ® Uy)| dim(Ty n A) > 1},
Let
K,=U® (UQ)
then

N Ky = AU @ (AU ®@ ug))) € A3V
Thus, for all [U] € P,, we have A3U c A3K, and
Ty = ((A2U) A V) 5 (A3KY)

Since Ty is Lagrangian with respect to the wedge product form on A3V, we have
TU C (/\3K4)J'.

Consider the 12-dimensional quotient space (A3K4)*/(A3Ky), with the nondegener-
ate 2 form induced by the wedge product form. Then

Ty /(N Ky) € (BKy) (A Ky)
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is a Lagrangian subspace. The Lagrangian subspace A c A3V contains A3U; so has a
Lagrangian quotient A c (A3U1)*/(A3U7). It follows that the image Af, = Imgp of the
natural projection

@ A N (/\SK4)J'/(/\3U1) g (/\3K4)J'/(/\3K4)

is an isotropic subspace.

By the genericity of A, we have A n ((A2Ky)/(A3U1)) = 0 (for every us € Us), so
dim(Ag,) = 6 and A, is Lagrangian (for every ug € Us).

Finally for [U] € P,, i.e. U c Ky,

[U]l€e Dy, «—= dim(TynA)>1 «— dim((Ty/(A3Ky)) nAg,) > 1,

i.e. the fiber D,, is a Lagrangian degeneracy locus associated to the family of La-
grangian subspaces
{TU/(A3K4)|U C K4}
and the fixed space Af, as Lagrangian subspaces of (A3Ky)*/(A3Ky).
With a choice of decomposition V = K4 @ K2 we may identify

(A K)Y(AKY) = (A2Ky) ® Ky ¢ A3V

and identify the 6-dimensional subspace Ag, with a Lagrangian subspace in (A2K4) ®
K5, finally we identify:

Ty = (/\2U) ® Ky c (/\2K4) ® K.
In this context D,, c P(K}) is the first degeneracy locus
{[U] e P(KY)|dim((A*U) ® K2) n Ag,) > 1}.

This degeneracy locus was described in Section 1 as a Kummer quartic singular in 16
points given by: -
{[U] e P(K})|dim((A%U) ® K3) n Ag,) > 2}.

(2) Consider next a fiber of the first projection 7 : D{K - P(A%U;) from the La-
grangian degeneracy locus

DX ¢ C(P(A2UY) x P(UL)).

Let My c U; be a 2- dimensional subspace and denote by Dy, the fiber 711 ([A2Mz]).
Let U > My be 3-dimensional subspace of V', then

AU e /\2M2 AV c A3V

Thus we may identify the sets {[U] € G(3,V)|U > Ma} = Ppz,] where

Py =P(A* My A V) c P(APV)
The fiber 771 ([A2M;]) is then

Dig, = Dt Pagy).
Notice that for each [U] € Pyy,,

NMy AV €Ty = (A2U) AV).

In particular
N My AV € Ty, = AU @ (A2 M) ® Ua) € APV
Since Ty is Lagrangian with respect to the wedge product form on A3V, we have
Ty c (A2My A V)L, Consider the 12-dimensional quotient space
(AMy AV [(A2My A V),
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with the nondegenerate 2-form induced by the wedge product. Then
Ty /(A2 My AV € (A2My AV (A2 My A V)
is a Lagrangian subspace. The Lagrangian subspace A C7A3V contains A3U7, so has a
Lagrangian quotient A c A3UE] A3 Uy, So the subspace A n ((A2My A V)/(A3UY)) of
A is isotropic. The projection
¢ An (A2 MyAV)H(A3UL)) = (AR2My A V) (A2 My A V)
therefore has an image
Im ¢:= Ay, ¢ (N2Mo AV /(A2 Mo A V).

which is isotropic. By the genericity of A we have An ((A2My A V)/(A3U1)) = 0 (for
every My c Uy), so dim Ay, = 6, and Ay, is in fact a Lagrangian subspace for every
MQ C Ul.

Finally for [U] € Py, i.e. U > Mo,

(U] € Dy <= dim(Ty nA) 21 < dim((Ty/(A2Ma A V)0 Apg,) 2 1,

i.e. the fiber Dyp, c Py, is the first Lagrangian degeneracy locus associated to the
family of Lagrangian subspaces

{TU/(/\2M2 N V)‘U D MQ}
and the fixed space Ay, as Lagrangian subspaces of (A2My A V) /(A2Ma A V), ie.
D, = {[U] € Py | dim(A*U A V(A M) AV)) 0 Apgy) > 13
If we set Vo = My and decompose V =V, & Vy, then
(N My AV (A2 My AV) 2 (A2 Vo AVR) Y A2 Vo AV, 2 Vo ® APV

On the one hand we can identify the space {U > My} with {{(v) = UnVy}. If A" is
the Lagrangian subspace corresponding to Ay, via these isomorphisms, then the fiber
771 ([A%M3]) is isomorphic to

Dy, = {[v] e P(Vy)|rank A" n (Vo ® VyAv) n A") > 1}.

This degeneracy locus is the Lagrangian degeneracy locus va of Lemma 1.1 and is a
Kummer quartic surface singular in 16 points.

Corollary 3.11. The general fibers of the fibrations P(A*U1) « Xz — P(Us) are
abelian surfaces. The projections factor through the double cover X ; — Df‘, which for
each fiber is the double cover of a Kummer quartic surface branched in its 16 singular
points.

4. THE THIRD CONSTRUCTION-MODULI SPACE OF TWISTED SHEAVES

It was observed by G. Mongardi, that the generic element from the family &/ can be
constructed as the moduli space of twisted sheaves on a K3 surface of degree 2. We
know that the generic element from the family X € U admits two Lagrangian fibrations
mi: X — P2. In particular, we obtain two sextic curves as discriminant curves of the
fibrations on the bases. The double cover of P? branched along a curve of degree 6 is
a K3 surface of degree 2. For a given X we can associate naturally two such surfaces.
Those will be naturally the base of our moduli space of stable twisted sheaves.

Recall that the moduli space of stable twisted sheaves were described by Yoshioka
in [Yos06]. In order to construct such a moduli space M, (S,«) = M (v) we need to fix
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a K3 surface S with an element « in the Brauer group Br(S) and a Mukai vector v.
Recall that for a K3 surface we have

Br(S) =Hom(Ts,Q/Z),
where
Ts=NS(S): ={veH*(S,Z): ¥ meNS(S) v-m=0}
is the transcendental lattice of S. For a cyclic element o € Br(S) of order n denote by
Tia) = ker(a:Ts - Q[Z) c Ts

the sublattice of index n.

Now let S be a general K3 surface of degree 2 such that NS(S) = Zh. In [vG05] van
Geemen classified the order 2 elements in Br(.S) by classifying the possible index two
sublattices of Tg = (-2) @ 2U @ 2Eg(-1) and found three possibilities. Recall that an
element of order n in the group Br(S) can be represented as a Brauer-Severi variety
being a rank n bundle on S. As suggested to us by A. Kresch it is convenient to look
at the three geometric realizations of the order two elements in Br(S) in the following
way:

e a (2,2,2)-complete intersection is the base locus of a net of quadric 4-folds, then
the space of planes in the quadric 4-folds is generically P2 UP? and over the
sextic discriminant curve is just P?; Therefore it is a P3-bundle over the double
cover of P? branched along the discriminant sextic (an element of Br(S)s is
also an element from Br(.S)4 so gives a rank 4 bundle).

e for the cubic fourfold containing a plane, the projection from the plane yields
a quadric surface fibration over P2, the discriminant locus is a sextic curve, the
space of lines in the quadrics give a P'-bundle over the double cover branched
along the sextic.

e the double cover of P? x P? branched along a (2,2) hypersurface is a quadric
surface bundle (by the projection to the first factor), the discriminant locus is
a sextic and the spaces of lines give a P'-bundle over the corresponding double
cover.

We are interested in the last case, discussed in detail in [vGO05, §9.8]. Then
T(a3> = <—2) oUa U(2) ® 2E8(—1)

is Hodge isometric to a primitive sublattice of the middle cohomology of the Verra
fourfold. Note that T{,,) admits two embeddings as an index 2 sublattice of Ts. Note
also that Hassett and Varilly-Alvarado [HVA13] showed that the Brauer elements as
that we consider can obstruct the Hasse principle.

Proposition 4.1. Let X €U be general then X is isomorphic to the moduli space of
stable twisted sheaves on a K3 surface of degree 2 with twist as € Br(S).

Proof. Since the Picard group of X has rank two and X admits two Lagrangian fibra-
tions it follows that the movable cone of X is isomorphic to the nef cone. Thus it is
enough to prove that X is birational to the moduli space of twisted sheaves.

We argue similarly as [Add16] using the global Torelli theorem [Verl3]. Let us
use the notation from [Huyl5, Proposition 4.1]. We have to show that there is an
embedding H?(X,Z) — H(S,a3) (into the Hodge structure of the twisted K3 surface
see [Huyl5, Definition 2.5]) that is compatible with the Hodge structure. Given the
embedding, we find a vector v € H(S, o3) in the orthogonal complement of the image
of H*(X,Z) having (v,v) = 2. For such v let M (v) = M,(S,a3) be the moduli space
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of stable twisted sheaves on S. We know from [Yos06, Theorem 3.19] that there is a
distinguished embedding

H*(M(v),Z) ~v* > H(S,a3).

We deduce an isomorphism H?(X,Z) ~ H*(M(v),Z) and conclude by the global Torelli
theorem for deformations of K321 [Mar11, Corollary 9.8] that M(v) and X are bira-

tional.

1

0 |

A=TeJeMeN ®2Eg(-1),

where I, J, M, N are copies of the hyperbolic lattice U. VVe~ can assume (by choosing
an appropriated marking) that H2(X,Z) = A ® (-2) = n* c A, where A ~ 3U @ Fg(-1)
and 7 is some element with n? = 2 contained in I. We know that the Hodge structure
on H%(X,Z) ® C is determined by the choice of

x = (H20(X))

such that the algebraic part H''(X) of z* contains the lattice U(2) ¢ A. We are
thus in the context of [Huyl5, Lemma 2.6]. From the improved Eichler’s criterion
[BHPVAV04, thm 1.2.9] it follows that there is a unique (up to O(A)) embedding of
a lattice of type U(2) @ (n) into A. In particular, we can assume that U(2) c M @ N
such that if w1, ue and vy, vy are standard generators of M and N respectively, then the
image of the embedding is defined by e = u; + v1, fo = us + v9. We find that the lattice
generated by (e, f), where f =us (or f =wv9) spans a hyperbolic plane U. We obtain a
new special decomposition

(4.1) A=UeA

(this decomposition is different from the one in the definition of ]\) Since z is orthog-
onal to e, it admits a decomposition x = Ae + o with respect to (4.1) with 0 € A® C and
AeC.

By the surjectivity of the period map we can find a K3 surface S that realizes
0 € A®C (we have two such K3 surfaces). We claim that S admits a polarization of
degree 2. Indeed, observe that n € I, so we have n € A. Moreover,

0=(nz)=0(Ae+0))=(n0)=(n0)
and 7% = 2. It follows that n induces a polarisation of degree 2 on S; the claim follows.
Let us identify the twist. As in [Huyl5, Lemma 2.6] we decompose with respect to
(4.1) the element fo = v+ 2f + ke with v € A. We compute that v = vo —ug € A and
denote B := %7 = %(’02 —uz). We define the Brauer class o € Br(S) as the image of B
under the exponential map

A®Q=~H?*(S,Q) - H*(S,0%)tors ~ Br(S).

Finally, if we identify Ze c U c A@U (with respect to (4.1)) with H4(S,Z) we obtain an
isometry with H (S, as) and the Hodge structure determined by = on A (and a second
isometry for f = wv9).

In order to identify the element «f with the element g described above, we use
[vG05, §2.1]. Indeed, we associate to B a map b:Ts — Q/Z, where Tg c A is the
perpendicular lattice to n (in particular Ts ~ (-2) ® 2U @ 2Eg(-1) = (-2) @ A" and
B e A'), such that b(t) = [t.B] (in particular a,;, =0 and d = 1 in the notation of [vGO05,
Proposition 9.2]) i. e. we are in the case of [vG05, Proposition 9.8]. O
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Remark 4.2. By analogy with the generic cubic fourfold containing a plane we expect
that the generic Verra fourfold is not rational. We hope that the ITHS fourfold from U
related to a Verra fourfold can be used to attack this problem [MS12].

Remark 4.3. We saw in the proof above that X admits two structures of moduli
spaces of stable twisted sheaves on K3 surfaces of degree 2. The elements of these
moduli spaces are torsion sheaves that are supported on curves on the linear system of
degree 2 on S, so define two Lagrangian fibrations.

We are now ready to give a proof of our main Theorem.

Proof of Theorem 0.1. It follows from Theorem 2.9 and Proposition 2.13 that the La-
grangian degeneracy locus Df‘ admits a double cover branched along Dg‘ being an

THS fourfold of type K3[?! such that the double cover X i- Df‘ is given by an anti-
symplectic involution. Moreover, X ;7 moves in a 19-dimensional family. It follows
from [OW13] that the invariant lattice of the involution is one of the lattices U, U(2),
(-2)®(2). On the other hand X 7 admits a polarisation of Beauville degree 4 and, from
Section 3.1, two Lagrangian fibrations: thus the invariant lattice is U(2).

The fact that the Hilbert scheme of conics on Y admits a P! fibration with base a
fourfold from U, follows from Proposition 3.6. The isomorphism with the moduli space
of twisted sheaves follows from Proposition 4.1. O

5. THE FANO SURFACE OF THE VERRA THREEFOLD Z

Let Z = (P2 x P2) n Q be a general Verra threefold, and let F' = F(Z) be the Fano
surface of conics of bidegree (1,1) on Z, i.e.
F={[C]:CcZisaconic,C-hy=C-hy=1}

where the h; is the pullback to Z of a line in P?. On F there is a natural regular
involution

i:F > F, [C]~[C"]=4([C])

described as follows: Since any [C] € F' is of bidegree (1,1) then C can degenerate
only to a pair C, = L + M of intersecting lines, one of bidegree (1,0) and the other of
bidegree (0,1). Indeed if C, = 2L is a double line, then the bidegree deg(C,) = (2,0)
or (0,2), a contradiction. Let p; : Z — P?,i = 1,2, be the two projections. Then, for
any [C'] € F' the projections

Li=pi(C)cPi=1,2
are lines, and the conic C lies on the smooth quadric surface

SQZleLQCP%XP%.
Since Z is a quadratic section IP’% X ]P’% NQ and C c Z, then

SQﬂZZSQﬁQZC-i-C,,
where also C" is a (1, 1)-conic on Z. It is bisecant to C. The involution on F is defined
by
i:[C]~[C'].

Clearly [C] =i([C']), and C" is the unique conic on Z bisecant to C'. The Fano surface

F = F(Z) of the general Z is smooth, the involution ¢ : F' - F' is regular and has no
fixed points; in particular the quotient Fano surface

Fy=Fy(Z)=F/i
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of Z is smooth [I1i97], [DIM11]. Note that, by Proposition 3.6, the quotient Fano
surface F{ is isomorphic to the singular locus of the EPW quartic section associated
to the Verra fourfold Y being the double cover of P? x P2 branched in Z. In particular
Fy is isomorphic to the fixed locus of an antisymplectic involution on an THS fourfold
of K3 type from the family U.

5.1. The two conic bundle structures on Z and invariants of the Fano surface.
[Ver04], [11i97]

Let Z = (P? x P3) n Q be general. For a point = € P? denote by C, = p;1(x) the
fiber of p; over x. If 2 € P? (resp. z € P2) then C, c Z is a conic of bidegree (0,2)
(resp. of bidegree (2,0)). For the general Z any degenerate fiber C, of any of the two
projections p; has rank two, i.e. C; = pl-_l(x) = L + L is a pair of lines, intersecting at
a point

fi(z) =L, nL) = Sing C,,
and the discriminant curves
Ai:{a:e]P’?:C’x:L;-i-Lg}cP?
are smooth plane sextics, see [Ver04]. The maps
fi: A > P8z fi(x) = Sing Cy,i=1,2

are called the the Steiner maps of the conic fibrations p;.
Let

Ai={([Lla): LeCraeAy)

be the curve of components of degenerate fibers p;!(z) = Cp = L, + LY of p;, i = 1,2.
Let

T AZ e Ai, ([L],x) =T
i = 1,2 be the induced étale double covering, and let €; € Pica(4;) be the 2-torsion
sheaf defining ;. Then for i = 1,2 the two coverings m; (resp. the two pairs (4A;,&;))
define two Prym varieties

Pr; =Prym(A;, &)

which are both principally polarized abelian varieties (p.p.a.v.) of dimension 9 = g(A;)—
1. Let also

J(2) = H'(Q%)" [H5(Z, Z)
be the principally polarized (p.p.) intermediate jacobian of Z. By the results of [Ver04],
Prq and Pry are both isomorphic to each other and to J(Z) as p.p.a.v..

Proposition 5.1. Let Z =W nQ c P® be a general Verra threefold. Then:
(A) The Fano surface F = F(Z) has invariants K* =576, ¢y = 312, p, =82, ¢ =9.
(B) The quotient Fano surface Fy = F(Z)/i has invariants K* = 288, co = 156,
Py =36, ¢=0.

Proof. The irregularity q(F') =9 follows from the Abel-Jacobi isomorphism Alb(F') =
J(Z), from where q(F) = h%0(F) = h?1(Z) = 9.

We have seen that Fj is isomorphic to the fixed locus of the an IHS fourfold from
U. Starting from this, we compute the invariants of F'(Z) and Fy. The facts that
K%O = 288 and x(Op,) = 37 follows from [Beall] since Y moves in a 19 dimensional
family. By Noether’s formula, we infer co(Fp) = 156.
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Now, by [Bea82], the class of F'in J(Y) is [F] = 207/7!, where O is the theta divisor
of the principal polarization on J(Y'). Moreover from [Voi90, Corollary 3.17] the Abel-
Jacobi map is surjective. Thus, by [Voi90, Corollary 3.18], we deduce that the invariant
part HO(KF(Z))+ of the involution i on HO(KF(Z)) has dimension 36. It follows that
pg(Fo) = 36.

Since F(Z) — Fj is a 2-sheeted unbranched covering, then

Kfz) =2 Kf, =576,
es(F(Z)) =2 co(Fy) = 2156 = 156,
and x(Op) =2-x(Op) =37-2 = 74. Therefore, since py(Fp) — q(Fp) +1 = x(OF,) then
q(Fo) Zpg(FQ) - X(OFO) +1=36-37+1=0.
Thus we find ¢(Fp) = 0. O

Remark 5.2. Note that the Chow group CH?(F(Z)) was studied in [Voi90, Proposi-
tion 1.1]. In particular, we find a description of the class 2([C] +[C']) e CHY(F(Z))
where C' and C’ are two involutive conics.

Remark 5.3. Note that the Hilbert scheme of (1,1) conics on Z was already studied
in [Ver04, §6] and [DIM11]. Verra considers a natural birational map u: F(Z) - D%,
where D6Z is the intersection of the closure of the locus of rank 6 quadrics containing
Z but not P? x P? with the locus of quadrics containing P? x P2

Note that in [DIM11] it is proved that each nodal prime Fano threefold Xjo of
degree 10 is birational to a Verra threefold Zx. From [DIM11, Proposition 6.6., §5.4]
the Fano surface of conics on X9 and (1,1) conics Zx are two birational Beauville
special subvarieties S°% and S¢U¢" respectively.

By [Bea82], the class of Z in J(Z) is [Z] = 207/7!, where © is the theta divisor of
the principal polarization on J(Z). Also Kz is numerically equivalent (on Z) to 20|z.
Therefore we recompute

K% =(20|3)?=(20)%.207/71 =80%/7! =8.9!/7! = 8.8.9 = 576
since the Abelian 9-fold J(Z) is principally polarized by ©, this yields ©/9! = 1.

Remark 5.4. We also have the following relation K, = 2H + e where H is the hy-
perplane section on C(P? x P?2) ¢ PY and e is the torsion divisor defining the cover
7.
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