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1 Introduction

This master thesis presents a short introduction into the field of sampling of functions of
one variable. It is not meant to come up with any new theory, just to give an overview over
known material, and to prove most of the background theory. The main focus is on band-
limited functions, i.e. L?-functions f whose Fourier transform vanishes outside a bounded
set, called the spectrum of f. We will also consider the larger class of Bernstein functions,
which are not necessarily square-integrable.

Sampling means reducing a continuous function (signal) f to a discrete set A. The set
{f(N\) s.t. X € A} is called the samples of f on A, while A is called the sampling set.

The classical weak sampling problem is to determine when a given function, or class of
functions, can be detemined from knowledge of A and their samples. The strong sampling
problem asks when the sampling is stable, which is about how small perturbations changes
the results. For the class of band-limited L?-functions, whose spectrum lies inside a bounded
set .S, this is equivalent to asking for which sets A the exponential system

{20 st )\ € A}

is a frame in the Hilbert space L?(.9).

In the case of uniform sampling, i.e. when the sampling set A is an arithmetic progression,
we have the classical Shannon’s sampling theorem whenever S is an interval. It gives a
precise answer to how close the sample points must be for the exponential system to be an
orthonormal basis for L?(S). Also, it gives a reconstruction formula for the function we are
sampling. We will focus on uniform sampling in section 10, which is when we will get to
this theorem.

Until that point, we will be more general than uniform sampling. In that case, the
sampling problem becomes more complicated. However, the Swedish mathematician Arne
Beurling came up with a beautiful approach, which essentially gives the sampling properties
in terms of a density of the sampling set. We will briefly present his theory, but not prove
a lot of his theorems. It will just be introduced, and finally applied to the case of uniform
sampling.

The sampling theory presented below is based on the Fourier transform, the theory of
frames and a little bit of complex analysis. The theory of frames is itself based on the theory
of Hilbert spaces, which are Banach spaces with an inner product. Especially operators
between such spaces are important, which is why we will start our discussion there. We will
go into some very basic definitions and theorems, and some less well-known ones that will
be useful to us later. For that reason, we will not start looking at sampling before section 8.



2 Some conventions and notations

2.1 Functions

Functions are normally defined in a pointwise sense. To say that a function f : R — R
squares the argument, we could write

f(z):= 2% Vz € R.

However, we will often use a dot in parenthesis when we talk about the function itself, rather
that the value of the function at a specific point. That is, we might define the same function
as f := (-)%. Note that if f is a function, then an expression like g := fe?™() means the
function defined pointwise by

g(z) == f(x)e’™, Va € R.

Sometimes, we will encounter functions that are not defined pointwise. These functions,
we will view as equivalence classes of functions. If f is a function defined pointwise, then
the equivalence class containing f: R — C will be denoted by [f]. It is defined to consist of
all functions g: R — C, defined pointwise, s.t. (such that) the set

{reRst.g(r)# f(x)} CR

has measure zero. Functions that coincide, except on a set of measure zero, are said to be
equal a.e. (almost everywhere).

We will not go into the details of what a measure is, but it is a function whose inputs
are (measurable) sets, and whose output is, in some sense, the size of that set. In particular,
the measure of any interval equals the length of that interval, and the measure of a disjoint
union of sets equals the sum of their individual measures. A set of measure zero is a set that
is, for any € > 0, contained in some union of finitely or countably many open intervals of
length less than e. Discrete sets, i.e. sets containing finitely or countably many elements,
have measure zero. Also, the (Lebesgue) integral of the unit function over a set S is equal
to the measure of .S, denoted by p(S). This is the only thing we really need to know about
measures in this thesis, other than the specific case that the measure is zero. Note that an
unbounded set can have infinite measure, so in general, ;(S) € R = [0, o0].

A real function f might only be defined on a subset S C R. In that case, we will use
the convention that f is defined on R, but vanishes outside S. That is, we identify f by the
function fy g, where Y is the characteristic function of S, defined by

(z) = 1, z€8
XSWE=0 0, zeR\S

Normally, we will just denote this extension by f as well. That is also the case when we
extend or restrict a function in a given different way, as long as it does not create any confu-
sion. Sometimes, we will start by calling it something else, until we have justified extending
the original function, but in general, we will denote them by the same letter. Unsurprisingly,
we will do the same when we extend or restrict functions between other vector spaces, which



we will call operators. There is really no difference between the terms function, signal, map
and operator, but we will use them somewhat differently.

Note that there is an important exception to using the same notation when we extend or
restrict a function. If f: R — C is a function and A C R is discrete, we do NOT denote fyx
by f. Instead, as we will see in section 8, we will denote it by f|,. f|x will then be viewed
as a sequence, indexed by A, rather than a function. This requires an ordering, as we will
talk about in the following section.

2.2 Sequences and series

When we have a sequence, it might be important to know the order of the terms. For that
reason, we will always view the index set as a sequence indexed by N. Of course, N is
indexed in increasing order. That is, if A C R is our index set, we think of it as the sequence

A={A1 A b = {1y = {Aedken

Lower case letters with subscripts in N will always denote the elements of the set with the
corresponding capital letter. However, we will nearly always use the notation {a, } xca, rather
than {ay, }ren, to denote a sequence indexed by A. Of course, the same is true for series,
which are just limits of sequences of partial sums:

In both cases, we are assuming to have decided on an ordering of A, even though it is not
stated explicitly. Subscripts of subscripts are mainly used to denote subsequences, in which
case not all the elements of A would be covered.

In the examples, our index set is often the integers, Z. Then, we are summing over the
symmetric partial sums, i.e.

n n
ch = lim Z cp = o+ lim (cp + k).
keZ g — et
Strictly speaking, this does not correspond to an ordering, since we are grouping terms pair-
wise together, but the general theorems remain true for this convention.

When writing general results, until section 8, we will always index the sequences and
series by N. However, we may replace it by any other discrete set, since they have the same
cardinality. The index set might be finite, but that does not create any problems, since finite
sums can be viewed as infinite sums whose terms vanish from some point onwards. Note
that for the same reason, we might still call it a sequence or series even if there are finitely
many terms.

Finally, we will mention a sequence of functions that is going to be used so much that
have a notation for it:

E(A) := {20} i



It is also a normal convention to drop the factor 27, but we will include it here. The main
reason is that we will do the same when we define the Fourier transform in section 3.6, in
order not to need any normalization. Most references, however, are from books that drop
that factor.

2.3 Vector spaces

Whenever we say space, we mean vector space. Through the whole thesis, in general, we will
assume that a given vector space is complex. That is, we can take linear combinations with
complex coefficients. However, in the finite-dimensional cases, we will often refer to both
R™ and C", even though R" is a real vector space. In particular, some of our examples are
using R2. Since C is an extension of R, and is in fact a real vector space itself of dimension
two, it should be no surprise that most theorems also work for real vector spaces. The reason
for using R? in many examples, is because it is easier to picture what is going on in that
space, as it can be drawn on a two-dimensional paper. The examples work equally well for
C?, though, which is a complex vector space. It should be noted that in these examples, we
will as a convention use subscripts to denote the two coordinates. That is, if € R?, then

()

Also, quite sloppily, we will refer to both R” and C" as Euclidean space, since it will never
be important for us to distinguish them.

In the case that we have a normed vector space X, we will denote the norm by || - || or
|| |lxx- We will normally use the subscript if there are multiple normed spaces involved, except
when we are talking about the operator norm, to be defined in section 4.1. However, in the
case that X is LP(S) or [?(A), we will just write || - ||,. Specifying whether the elements
are functions or sequences, and what their domain or index set is, will normally be clear
from the context. The sup-norm, which is typically used for spaces of bounded functions,
is denoted by || - ||oo. Sometimes, we will denote inner products with subscripts as well, if
we need to distinguish between two Hilbert spaces. However, we normally have just one, in
which case we will always denote it by (-, -). It is well-known that norms and inner products
are continuous.

It should be noted that when consider stable sampling in section 8.2, we will encounter
two different norms on the same space. In that case, we give them different subscripts to
distinguish them. As we will see, we have a particular way of doing it in that case, so it is
always clear which of the two we are talking about.

We will never prove that a given vector space is actually a vector space. It is normally
very easy. However, when we encounter Paley-Wiener spaces and Bernstein spaces, we will
prove completeness. Another thing to note is that whenever we talk about a basis, we mean
a Schauder basis, i.e. a sequence of vectors s.t. every vector can be uniquely expanded as
a linear combination of all the basis vectors. Hence, if the basis is an infinite sequence, we
must allow infinite linear combinations.



3 Functions and operators

There are lots of different properties that an operator between vector spaces may have. Sec-
tion 3.1 presents 11 of them, and proves a few relations between them that will be useful
later. A particularly important operator is the Fourier transform, which is defined on L*(R),
and can be extended to LP(RR) for any p > 1. We will, however, only consider its extension
to the Hilbert space L*(R), which will be the most relevant one.

3.1 Operators

Definition 3.1. Let X, Y be vector spaces and'l': X — Y be an operator.

(i) T'is called linear if T(ax + By) = oTx + BTy, Yo, B € C, Vz,y € X.

(i) T is called anti-linear if T(ox + By) = aTx + BTy, Yo, € C, Vz,y € X.
(iii) T is called surjective if Vy € Y, dx € X s.t. Tx = y.
(iv) T is called injective if whenever x,y € X and T'vr = T'y, we must have x = y.

(v) T is called bijective, or invertible, if it is both surjective and injective. In that case,
the inverse of T is the operator T~':Y — X defined by T~'(Tz) = z, Vo € X.

(vi) T is called an isomorphism if it is linear and bijective.

(vii) T' is called an anti-isomorphism if it is anti-linear and bijective.

Now, let X and Y be normed spaces.

(viii) T is called bounded (above) if K > 0 s.t. | Tx|y < K||z|x, Vo € X. K is called
an (upper) bound for T'. The space of bounded linear operators mapping X into Y is
denoted by B(X,Y).

(ix) T is called bounded below if 3K > 0 s.t. | Tz|y > K||z||x, Yz € X. K is called a
lower bound for T'.

(x) T is called an isometry if | Tz|y = ||z|x, Vx € X.

(xi) T is called continuous at © € X if for any sequence {xy}ren C X converging to x, it
is true that the sequence {Txy}ren C Y converges to Tx. If T is continuous at every
element of X, we simply say that T’ is continuous.

These are the main properties we will go into here. It can be shown that (xi) is equivalent
to the well-known e-d-definition of continuity. The rest of this section presents and proves
some other general facts involving the properties above.



Lemma 3.2. Let X and Y be vector spaces and'T': X — Y be a linear operator. Then, we
have:

(i) T is injective if and only if the only x € X satisfying T'x = 0is x = (.
Now, let X and 'Y be normed spaces.
(ii) If T’ is bounded below, it is injective.

(iii) T’ is bounded if and only if it is continuous.

Proof. (1) The fact that 70 = 0 follows from linearity of 7. And by definition, if 7" is

injective, there can be no more than one x € X satisfying 7'z = 0. This proves necessity.
For sufficiency, assume that T'x = 0 if and only if x = 0. If 21, x5 € X satisfy

Txy = Txy, then 0 = Txy — Txy = T(x1; — x2). Hence, our assumption implies that

x1 — w9 = 0, 1.e. that z; = x5, showing that 7" is injective.

(i) Assume that K > 0 is a lower bound for 7. If some x € X satisfies T'x = 0, then
0 = ||Tz|ly > K||z| x. This can only happen if ||z||x = 0, i.e. if z = 0. Thus, T is injective
by ().

(iii) [Wik2] Assume that K > 0 is a bound for 7', and pick an x € X. Let {24 }ren C X be
a sequence converging to x. Pick an € > 0, and find N € N satisfying

€
|z — zp||x < 73 Vk > N.
Then,

||T$ - TkaY = HT(.T} — CCk)||y S KHx — xk”X S €, vk Z N.

Thatis, Txy — TxinY as k — oo, so 1" is continuous at x. Since z € X was arbitrary, this
shows that T’ is continuous.

Conversely, assume 7" is continuous at 0. Find a § > 0 s.t. ||Ty|ly < 1 whenever
lyllx < 0. Setting K := £, we have:

T T 1
ally = 1 |1 <5 ) < Sllallx - 1= Ke|x, Vo € X,
0 lzllx /1y — 0
since y := § i satisfies |lyl|x = 0. Thus, K is a bound for 7T O

From the proof of (iii), it is obvious that continuity for linear operators, continuity is implied
by continuity at just the origin! This is also a well-known fact.

Before we conclude the introduction to the basic properties of operators, we will briefly
talk about compositions of them. That is, given operators R: X — Y and S: Y — Z,
we will look at the operator 7' := SR: X — Z. If we know that both R and S possess
a given property, will that property necessarily be transferred to 7'? Let us first show that
boundedness will, whether it is above or below.

Lemma 3.3. Let X.,Y and Z be normed spaces. Given two operators R: X — Y and
S:Y — Z, define'l := SR: X — Z.



(i) If Ky, K5 > 0 are bounds for R and S, respectively, then K1 K> is a bound for T
(ii) If K1, Ky > 0 are lower bounds for K, and K, respectively, then KK is a lower

bound for T
Proof. (i) ||Tz||z = ||S(Rz)||z < Ky - ||Rx||ly < KoK - ||z||x, Vo € X.
The proof of (ii) is similar. O

What about the other properties? If R and S are anti-linear, then it actually turns out that
T is linear, since T'(ax + By) = S(@Rx + BRy) = a(SRx) + B(SRy) = aTx + BTy.
Hence, anti-linearity cannot be transferred to 7". Of course, this can also be said about anti-
isomorphism, which is a stronger property. However, these turn out to be the only exceptions.
We will not provide the proofs, but they are very trivial.

Proposition 3.4. Any composition of operators sharing a property in definition 3.1, other
than anti-linearity and anti-isomorphism, must itself possess that property.

3.2 LP-spaces

As usual, we define

LP(S) :={f:R — Cs.t. /S|f(x)|pda: < o0},

where p € [1,00) and S C R are given. The corresponding space of equivalence classes,
defined in section 2.1, is also denoted by L?(S). Whenever necessary, we will point out
which of the two we are talking about. These equivalence classes are crucial, since the norm
defined by

1Al = (/5|f(flf)|pdx)i7 vf e LP(S). (D)

will not be a norm if the elements of L”(S) are functions. The reason is that there exist
non-zero functions f € LP(S) satisfying || f||, = 0, which is forbidden for norms. However,
a nice thing about the equivalence classes is that any integral can be computed using any of
its representatives. That is, if f,g € L'(S) and f = g a.e., then

/S F(a)dz = /S o(z)da.

After all, any integral over a set of measure zero will vanish, so if the functions coincide
outside a set of measure zero, then the integrals must also coincide. In particular, that is what
allows us to define the norm, given by (1), using any representative of the equivalence class.

As mentioned in section 2.1, if S C R, then any f € LP(S) will be interpreted as the
function fxg, which is defined on R. With this convention, it is clear that L?(S) C LP(R)
whenever S C R, with equality if and only if the sets differ only on a set of measure zero.
Another useful property can be seen from Holder’s inequality ([Ch10], p. 19). If S is
bounded, if p > ¢, if » > 1 is given so that ]% + % = 1,and if f € LP(S), we have:

10



I = [ 10 st as < ( / wm)* ( JEIE dw)p — 1(S)F I < oo,

where 1(S) is the measure of S. Hence, any LP-function is also an L?-function. To see that

the converse does not hold, notice that f(z) := m, where z is an inner point of .S,

defines a function that is in L?(S), but not in LP(S). We state these two observations as a
theorem.

Theorem 3.5. Let p,q € [1,00) and R, S C R be given.
(i) If S C R, then L?(S) C LP(R). Also, LP(S) = LP(R) if and only if u(R\ S) = 0.
(ii) If S is bounded, and if p > q, then L*(S) C L%(95).

Specifically, theorem 3.5 tells us that L*(S) C L'(S) € L*(R) for any bounded set S C R.
This is a fact will be used a lot when we get to Paley-Winer spaces.

3.3 The Fourier transform and its inverse
Definition 3.6. The operators § and & are defined pointwise on L' (R) by:
(i)
fi=Ff:= / f(x)e 2™02dy Vf € L}(R).
R
(ii)
F=6F = / F(t)e*™Otdt, VF € L'(R).
R
T is called the Fourier transform.

The operators above are well-defined, since the exponential factors have absolute value 1.
Since L'(S) C L'(R) for any S C R, we can specifically apply them to f € L'(S). In that
case, we only need to integrate over S, since f vanishes elsewhere.

Clearly, both operators are linear by the properties of integrals. Some well-known, less
obvious properties of the Fourier-transform are given in the following theorem. Since f and
f are symmetric about the y-axis, it is clear that @ must also have these properties.

Theorem 3.7 ([Ch10], p. 138-141). Forany f € L'(R), we have:

(i) [ is continuous on R, and f(t) — 0 as |t| — oc.

(ii) || flloo < [I£]]:-
(i) If f € L)(R), then f = & f a.e.

11



Property (i1) makes sense because the sup-norm is a norm on the space of continuous func-
tions tending to 0 at +=00. Note that it tells us that the Fourier transform is a bounded operator,
and that 1 is a bound. In fact, 1 is the smallest bound, but that is not an important point to us
yet. It is a lot more relevant what happens to the norm when we extend § to an operator on
L?(R), which can be done in a very convenient way!

As we have seen, L*[—R, R] C L'(R) for any R > 0. Thus, it makes sense to define an
operator §r on L%(R) by

R
Srf = / f(x)e*%ri(')wd:m Vf € LZ(R)
-R

It is well-known that if we let & — oo, the integral converges a.e. Hence, up to a set of
measure zero, we can define an operator 7" on L?(R) by

Tf:= lim (§rf), Vf € L*(R).

That is, if R C R is the set of points where the integral converges, then

lim
R—o00

T fe)e?™itde, te R
(Th)E) = { undefined. FER\R -

Since T'f is defined a.e., we will not view it as a function, but as an equivalence class of
functions. R

One property of our new operator is that if f € L'(R) N L*(R), then T'f = f. Thatis, T
is an extension of the Fourier transform from L'(R) N L?(R) to L?(R). For that reason, we
will also denote T' by F, an refer to it as the Fourier transform on L?*(R). Just as the Fourier
transform on L'(R), it has some really nice properties. The most relevant ones for us are
stated in the following theorem. One of them only makes sense if we extend & to L?(RR) as
well, which is of course possible to do in the same way.

Vf e L*(R).

Theorem 3.8 ([Ch10], p. 143-144). The Fourier transform on L*(R) satisfies:
(i) f € LAR), Vf € L2(R).

(ii) (f.9) = ([, 9). V/.g € L*(R).
(iii) §: L*(R) — L*(R) is bijective, and T~ = &.

This theorem gives us an idea of how nice the Fourier transform on L?(RR) is! Properties (i)
and (iii) tell us that § maps L? (R) bijectively into itself, and (iii) also tells us what the inverse
is. For that reason, & is usually referred to as the Fourier inverse transform, and denoted by
§ L. However, since it is not in general true for L'-functions, we will use a non-standard
notation here to point out that they are not always inverses of each other.

Theorem 3.8 (ii) tells us that the Fourier transform is unitary, i.e. that it preserves inner
products. In particular, it preserves norms and orthogonality. Later, we will take advantage
of this to transform an orthonormal system in L*(R) into another one. Comparing with
the Fourier transform on L'(R), they are both bounded linear operators, with 1 being the
smallest bound, but only the Fourier transform on L?(RR) is an isometry.

12



It should be noted that since f € L*(R), it makes sense to talk about convergence of Fr f
to f in the L?-norm. For that reason, it is very usual to express the Fourier transform as an
integral, even though it is not defined everywhere. After all, an intergal with infinite limits
of integration simply means the limit of a corresponding integral as the limits of integration
tend to infinity. Taking the limit in the L2-norm, rather than in a pointwise sense, we do not

need to worry about sets of measure zero to say that limg . §rf = f.

Example 3.9. For constants ¢, > 0, let f := e*™“Oy(_, ;1 € L'[—0, 0]. Then,

A g ) . i . 1 . =0
1) = 2micr 727sztd — / Qﬁz(cft)xd — 2mi(c—t)x
f( ) / € e L € x 27Ti(C _ t) [6 ]x:—cr

—0 —0

1 2woi(c—t) _ 2moi(c—t) in(2 —t
= © © = sin(2mo(c — ¢) = 20 sinc(20(c — t)), Vt € R,
m(c—t) 2i m(c—1)

where the sinc-function is defined by

. sin(rz) © 2 e R\ {0}
sinc(z) = { 3 o0

Example 3.10. For a constant ¢ € R and a function f € L*(R), let g := fe*°() ¢ LY(R)
and h = f((-) — ¢) € L'(R). With a change of variable y := x — ¢, we get:

g(t) = / f(z)e?miere=2mict dg — / flz)e 22 dy — f(t —¢), Vt € R.
R R

il(t) — / f(iL’ o c)efQﬂixtdx _ / f(y)efZﬂ'i(y+c)tdy — / f(y)ef%riytdy . 672m'ct
R R R

= f(t)e > Vt € R.

That is, the Fourier transform turns multiplication by a complex exponential into translation,
and vice versa. Clearly, the same calculations hold if f € L*(R), as long as we only consider
the values of t s.t. the integral converges. Alternatively, we can note that integrating over a
bounded interval leads to the same integral in y. The change of variable changes the limits
of integration, but when we let them tend to +00, it makes no difference. Thus, the Fourier
transform on L?(R) must possess these properties as well.

Example 3.11. Given a bounded set S C R, let F € L*(S), and define f = F € L*(R).
Also, let G(t) :=tF(t), YVt € Rand g := G. Since

IGIE = [ 1G@OFd= [ 1t [P < (sup SPIFIE < o
we have G € L*(S), and thus g € L*(R). We will not justify interchanging derivative and

integral yet, but we get back to this again in section 7.3. Assuming we can, and repeatedly
using the fact that § and ® preserve norms, we have:
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f(x) = 4 / F(t)e*™™ ' dt = 2ri / tF(t)e*™ ™ dt = 27?2'/ G(t)e*™ ™ dt = 2mig(x),
dr Jg S S

Vz € R.
[f'll2 = 27llglla = 27| Gl < 27 (sup [S])[|F'll2 = 27 (sup [S])| f]]2-

From this, we see that if f is the Fourier inverse transform of an L*-function vanishing
outside a bounded set, then f is differentiable on R, f' € L*(R), and we have found an upper
bound on || f'||2. Our upper bound also shows that if we fix the set S, then the differentiation
operator on the space of such functions is bounded! We will come back to that in section 7.6.

14



4 Banach theory

A normed vector space X is said to be Banach, or complete, if every Cauchy-sequence in X
converges to some element of X. Given any n € N and any p € [1, 00), it is well known
that both R”, C", [?(N) and LP(R) are all complete w.r.t. their usual norms. The same is
true for [P(A) and LP(S), where A C R is discrete and S C R. However, unlike Hilbert
spaces, there are a lot of other structures that a Banach space may have, and a big problem
for mathematicians has been to classify all of them. We will not consider that problem here,
but we will look at some properties that all Banach spaces must have. The most important
concept we will consider is the adjoint of an operator between two Banach spaces.

Operators mapping a vector space into R or C will be very relevant in this section. They
are typically called functionals. Especially in section 4.3, the elements of B(X, C) are cen-
tral, i.e. the bounded linear functionals on X. Note that it is also normal to require X to be
Banach or Hilbert, or that the functional is linear.

4.1 The operator norm

Recall that there are many vector spaces whose elements are functions or operators. An
important one is the space B(X,Y), defined in section 3.1, where X and Y are normed
spaces. It has a well-known norm, typically called the operator norm, which can be defined
equivalently in any of the following three ways:

Tx
T x—y := sup |Tz]ly = sup ||Tz|y = sup ||Tx|y, VT € B(X,Y).
220 [[Tlx = el x <1

Equivalence of the three definitions follows from the fact that ||az||x = |a] - ||z|x, where
a € Cand x € X, which is one of the axioms for norms. ||7’||x_y is simply the smallest
bound for 7'. In all three expressions, we have skipped mentioning that we take supremum
over r € X. We will continue skipping that throughout this thesis, since it saves space under
the supremum sign. It will always be clear anyway what space z is taken from. Also, we
will normally drop the subscripts for the operator norm. However, if the operator may have
different domains or co-domains, we now have a way of specifying them. Note that with
this norm, lemma 3.3 (i) tells us that [|[SR||x—z < ||R||x—y - ||S||y—z for compositions of
bounded operators.

An important property of B(X,Y') is that it is a Banach space, assuming that Y is. This
is our first theorem in this section. Note that if we want to take the limit of a real sequence,
but we do not know whether it exists, it is sometimes convenient to replace lim by lim sup.
That always exists, and it coincides with the limit if it exists. We will use that trick a few
times in this thesis, and the proof of the following theorem is the first time.

Theorem 4.1. If X is a normed space and Y is a Banach space, then B(X,Y) is complete
W.r.t. the operator norm.

Proof. Let { Ax}ren C B(X,Y) be a Cauchy-sequence. Fix an z € X, pick an ¢ > 0 and
find N € Ns.t. ||A,, — Ayl < == whenever m,n > N. Then,

llzllx
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[Amz — Anzlly = [|(Am = An)zlly < [[Am — Anll - [[2llx <€, ¥m,n >N,

showing that {A;x}reny C Y is also Cauchy. Since Y is complete, it converges to some
element of Y, which we will denote by Az. Letting z € X vary, this defines an operator
A: X — Y. We need to show that (i) A is bounded, (ii) A is linear and (iii) { Ay }ren
converges to A in the operator norm.

(1) Knowing that Cauchy-sequences are bounded, let A > 0 be an upper bound for the set
{|| Ak, k € N}. Since norms are continuous, we have:

|Az|ly = || lim (Agz)|ly = lim ||Agz|ly <limsup [|[Ag] - ||z|lx < K||z||x, YV € X.
k—o00 k—o0 k—00

(i) A(aw + By) = lim (Ag(ox + By)) = lim (@ Agz + BAwy)

= aklim (Agz) + ﬁkhm (Ary) = aAx + Ay, Vo, B € C, Vx,y € X.
—00 —00

(iii) As before, pick an € > 0, but this time, find N € Ns.t. ||A,, — 4,| < € whenever
m,n > N. For any z € X with ||z||x = 1, we have:
(A= Aely = [ Az = Aually = || tim (An) = Aually = lm [ Ape = Aualy

= lim [|(An — A)zly < lm |4y — A, - ||2]lx < € Yn > N.
m—00 m—00

Hence, ||[A — A,|| = sup [[(A— A)z|y <€ Vn> N, ie. A, - Aasn — co.

lzll x=1

4.2 Fundamental results of Banach theory

Now, we will get a brief overview of the most important theorems in Banach theory. They
are not so crucial in this thesis, so we will call them lemmas. However, two of them lead to
other theorems that we will use later.

Lemma 4.2 (Banach-Steinhaus’ theorem; [Sc02], p. 71). Let X and Y be normed spaces,
where X is Banach, and let F C B(X,Y) be a family of operators.

If sup || Tx|ly < oo, Vo € X, then sup ||T||x—y < oo.
TeF TeF

16



Banach-Steinhaus’ theorem is also referred to as the uniform boundedness principle, since it
states that any pointwise bounded subset of B(.X, Y") is also uniformly bounded. Specifically,
if {T}ren C B(X,Y) is a pointwise bounded sequence converging to some 7" € B(X,Y),
then by Banach-Steinhaus’ theorem,

[Ty = lim |Thz|y <limsup ||Ti]|xoy [zl < sup |Th| x-y [z, Vo € X.
k—oo k— 00 keN
Thus, 7" is also bounded, and sup;,y ||Z%|| x—y is a bound for 7". In particular, this is useful
to study the partial sum operator, but we will not do that here.

Lemma 4.3 (Hahn-Banach theorem; [Sc02], p. 148). Let X be a vector space, let V C X
be a subspace, and let p: X — R be a functional satisfying:

(i) p(z +y) < plx) +py), Yo,y € X.
(ii) p(az) = |a|p(x), Ya € C, Vo € X.

Also, let f: V' — C be a linear functional satisfying Re(f) < p on V. Then, f can be
extended to a linear functional on X satisfying | f| < p on X.

Functionals with properties (i) and (ii) are called sublinear. Note that norms are examples
of a sublinear functionals. We will take advantage of this observation to prove the following
result.

Corollary 4.4 ([Sc02], p. 36). Given a normed space X and a non-zero xy € X, there exists
a functional f € B(X,R) s.t. || fllxor = 1 and f(zo) = ||xo|| x-

Proof. Let V := {axg,a € C} C X, and define g € B(V,R) by the expression

g(axg) = |af - ||zo]|x, Yo € C.

Then, |g(axo)| = |a| - ||zol|x = ||axo||x, showing that ||g||yr = 1. Also, the functional
p:=1| - |lx: X — Ris sublinear and satisfies Re(g) < |g| < p on V. Hence, by the Hahn-
Banach theorem, g has a linear extension f: X — R satisfying |f| < p on X. Since p(x)
is just the norm of x, the last inequality tells us that f is bounded, and that || f||x_r < 1.
Also, since f is an extension of g, we have ||f||xor > |lg/lvsr = 1. We conclude that
Ifllx—r = 1, and of course, f(z0) = g(x0) = [|lo] x- 0

Lemma 4.5 (Open mapping theorem; [Sc02], p. 71). Let X and Y be Banach spaces. If
T € B(X,Y) is surjective, and if U C X is open, then T|U| C'Y is open.

Mappings with this property are typically called open, which is the reason for the name of
the lemma. It is well-known that continuity can be defined topologically by the condition
that the preimage 7~'[V] C X is open whenever V' C Y is open. In that sense, openness
is simply the converse of continuity. From this remark, it is obvious that if an operator 7'
is both open and continuous, so is 7'~ ! if it exists. Specifically, this holds for any bijective
T € B(X,Y), since T is continuous by lemma 3.2 (iii). This gives us the following result.

Theorem 4.6. Let X and Y be Banach spaces. If T € B(X,Y) is bijective, then
T-'e B(Y,X).
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Proof.
T Y aTx + pTy) = T T (ax + By) = ax + By = T (Tx) + BT (Ty), Vo, B € C,

Va,y € X, showing linearity. As remarked, 7'~ is continuous by the open mapping theorem,
hence bounded by lemma 3.2 (iii). [l

4.3 Dual spaces

With theorem 4.1 established, we are ready to encounter a special class of bounded linear
operators, namely those having C as their co-domain. That is, we will introduce the spaces
of bounded linear functionals, specifically on Banach spaces.

Definition 4.7. If X is a normed space, then X* := B(X, C) is called the dual space of X.

If X** = X, up to isomorphism, we say that X is reflexive. Since C is complete, theorem
4.1 ensures us that X* is complete as well. This already tells us that might not be reflexive,
which we would often expect when using the name dual. We will see later that Hilbert spaces
are reflexive, and our next example tells us that it is also the case for L”-spaces when p > 1.
On the other hand, L'(R) is not even the dual of a normed space, even though it is complete!
We will not prove that, but it is good to be aware of the fact that such cases exist.

Example 4.8. Given S C Rand p € (1,00), find g € (1,00) s.t. L+ 1 =1 Let g: R — C
be a function, and consider the functional ®,: LP(S) — C given by

S, f = /f g(z)dz, Vf € LP(S).

Let us check whether O, is even well-defined. For any f € LP(S), by Hélder’s inequality,

w1 [lesetar ([17@0) (L) =1l

Hence, O, is indeed well-defined, as long as g € LI(S). Our calculation also shows that ®,
is bounded, with || Q|| < ||g||,- It is easily verified that @ is linear as well, so

o, € B(LP(S),C) = (L*(S))*. In fact, it can be shown that every element of (L*(S))*
is equal to ®, for some unique g € L%(S). Hence, up to isomorphism, we conclude that
(LP(S))* = L4(S). In particular, this shows that L*(S) is reflexive.

4.4 The adjoint operator

We start with two normed spaces, X and Y, and an operator 7' € B(X,Y). Given any
y* € Y™, consider the composition y*7". Note that it maps X into C. Also, since it is
composed of two bounded linear operators, it must itself be a bounded linear operator by
proposition 3.4. Hence, we conclude that y*T € B(X,C) = X*. Letting y* € Y* vary, this
observation allows us to define a very useful operator mapping Y* into X*.

Definition 4.9. Let X and Y be normed spaces. If T € B(X,Y), then the adjoint of T is
the operator T™: Y* — X* given by T*y* = y*T, Vy* € Y*.
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Theorem 4.10. Let X and Y be normed spaces. If T € B(X,Y), then T* € B(Y*, X*),
and || T = [|T.

Proof. T*(az* + Py*) = (ax* + py*)T = aax*T + By*T = oT*z* + T*y*,

Va,p € C, Va*,y* € Y*. Thus, T™ is linear. Also,

1Ty |Ix= = |y Tl < [ly*|ly=- IT]], Yy~ € Y™

by lemma 3.3 (i), showing that 7™ is bounded and that || 7| < ||T']|.
For the converse inequality, pick an z € X with ||z|[x = 1. By corollary 4.4, there exists
ay* € B(Y,R) C Y* satisfying ||y*||y« = 1 and y*(T'z) = ||Tx||y. Hence, we get:

1 Tzlly = |y Te] < ly™Tllx- - lollx = 1Ty lxe - llellx < AT - ly v - llellx
= 1770 - Ml x-
This shows that ||T|| < ||7||, so we conclude that || T|| = ||7|. O

We finish this subsection by giving two results that we will use later.
Theorem 4.11. Given Banach spaces X and Y, let T € B(X,Y).
(i) T is injective with closed range if and only if it is bounded below ([Sc02], p. 67).
(ii) T' is surjective if and only if T* is bounded below ([Ru91], p. 100).

Proof of (i). Assume that K > 0 is a lower bound for 7. We have already seen in lemma
3.2 that T is injective. Pick a sequence {yx}reny C T'[X] converging to some y € Y, and
find a sequence {xy}ren S.t. yp = Tz for kK € N. Pick an € > 0, and find N € N s.t.
llux — willy < eK whenever k,l > N. This exists since convergent sequences are Cauchy.
Now,

1 1
Hl’k — «TZHX S EHT(M - .%‘Z)Hy == E”T]Ik - T«TIHY S €, \V//{Z,l Z N.

Hence, {zy }ren is Cauchy, so it converges to some = € X. Thus,

y = lim (Tzy) = T(lim z) = Tz € T[X].

k—o0 k—o0

This shows that 7'[.X] is closed.

Conversely, assume that 7" is injective with closed range. By injectivity, 7: X — T[X] is
bjiective. Any Cauchy-sequence in 7'[X| converges to some y € Y, and since 7 has closed
range, y € T[X]. Hence, T[X] is complete, so lemma 4.6 tells us that 7' : T[X] — X is
continuous. Hence,

lzllx = 1T~ Txllx < T lzpoox - 1T,

showing that || 7| 7(x]— x is a lower bound for T". O
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Using theorem 4.11, we might now be able to use boundedness below to show that an oper-
ator between Banach spaces X and Y is surjective and/or injective. Given T € B(X,Y), if
we can find constants K7, Ky > 0 satisfying

ITely > Killzlx, Vo € X

and

1Ty | x- = Kslly"]

Y*, vy* € Y*7

it will prove that 7' is bijective. This is something we will take advantage of when we study
the frame operator in section 6.3.

4.5 Absolutely convergent series in Banach spaces

A series in a normed space X is said to converge absolutely if the corresponding series of
norms converges in R. That is, absolute convergence of ), .z, means that ), _ ||z x
converges. If a series converges to the same limit regardless of the ordering, it is said to
converge unconditionally. These concepts will not be that important to us in general, but we
will sometimes take advantage of an important theorem for the case that X = C. We will,
however, prove it for a general Banach space.

Lemma 4.12 ([Wik1]). Let {xy}ren be a sequence in a Banach space X. If the series
> ken Tk converges absolutely, it converges unconditionally.

Proof. Pick an € > 0. Since {D>_;_, ||zx]|x }nen C Cis Cauchy,

n

>

k=m-+1

n

< 3 el =

X k=m-+1

n m n m
POETED B S laellx =3 llallx| < e
k=1 k=1 k=1 k=1

for sufficiently large n,m € N. Thus, {D>_;_, 24 }nen C X is also Cauchy, so it converges to
some r € X.
Now, find Ny, N, € N satisfying:

X

X

> €
Z [zl x < 5 Vn > Ns.

k=n

N, exists because the tail of any convergent series converges to 0. Let M := max{ Ny, N»}.
Pick a reordering of N, i.e. a bijective function o: N — N, and define:

J:={oc'(1),0742),...,07(M)}.
N := max(J).
I,:={1,2,....n}, Vn € N,
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Then, for any n > N, we have:

Tr — Z :Eo(k)
k=1

=z = Taw — D Tow
X

keJ kelp\J X
M n
o= wam| H|| 2 Tow| == 2wl | D @
keJ e kel \J x j=1 X J=M+1 iy
M n p p
<lz=> x| + > lzjllx < 5+5=¢
j=1

]

Lemma 4.12 is particularly useful in R and C, since it implies that if a series of non-negative
real numbers converges, then the order of the terms does not matter. In partucular, whether a
given sequence is in [P(N) is independent of the order. This will be useful in section 6, since
where adding elements to an [?-sequence will be relevant.

In R, it is well-known that the converse is also the case, i.e. that unconditionally con-
vergent series are absolutely convergent. That is not true for general Banach spaces. For
example, if {ey}ren is an orthonormal basis for a Hilbert space H, we will see later that
> ken Ckex converges if and only if {¢; }ren € I?(N). The convergence turns out to be
unconditional ([Ch10], p. 81). However, absolute convergence would mean that
Y oren lererllm = D pen x| < 00, ie. that {c}ren € I'(N). Since not all [>-sequences are
I*-sequences, this disproves the converse of lemma 4.12. Note, however, that this discussion
tells us something else: If {c; }ren € IH(N), then Y ren Cker is absolutely convergent, hence
convergent, so {cx treny € [*(N). That is, [*(N) C [*(N). This is no surprise, since the terms
of a convergent series must tend to zero, so their squares tend to zero even more rapidly.

Example 4.13. We want to compute the sum ) _, _, @ by taking advantage of the follow-
2
ing well-known fact:

1 w2

n? 6
neN
Since all the terms are positive, we do not need to worry about the order. Hence, we can split
the integers into the positive and the non-negative ones, and split them again into even and

odd numbers, to get:

1 1 1 2 1 72 T
Zzn_l Zm Zzn =2 ilw 6 16 s

nEN eN
1 1 1 w2 2
I — - -4 — =4 — = —.
n%(n—%)Q %(%(271—1))2 %(271—1)2 8§ 2
St e p e
keZ 2 neN
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5 Hilbert spaces

A Hilbert space, which we will usually denote by H, is a Banach space whose norm is
induced by an inner product. As is well-known, the inner product should be linear in the first
slot and anti-linear in the second slot:
o))
(ax + By, z) = alw, z) + By, 2), Vo, € C, Vo, y,z € H
(ii) _
(2,2 + By) = a(z,z) + B(z,y), Va,B € C, Va,y,2 € H.
Property (1) is one of the axioms for inner products, and combining it with the axiom that
(x,y) = (y,x), Vx,y € H yields property (ii). By continuity of the inner product, which
follows from Cauchy-Schwarz’ inequality ([Ch10], p. 62), the two properties above are also

satisfied for infinite sums. That is, if ZkeN crpry converges in H, then we have, for any
y e H:

(1)

Z cx(zk, y) converges in C to <Z CLTE, y> :

keN keN
(i1)

Z@(y, xy) converges in C to <y, Z cka:k> .

keN keN

Given any n € N, it is well known that R, C", [*(N) and L*(R) are Hilbert spaces w.r.t.
their usual inner products. The same is true for [?(A) and L?(S) for any discrete A C R
and any S C R. We will later encounter Paley-Wiener spaces, which also turn out to be
Hilbert spaces. It turns out that every finite-dimensional Hilbert space is isomorphic to C”
for some n € N, while every infinite-dimensional, separable Hilbert space, to be defined in
section 5.2, is isomorphic to lz(N) ([Ch10], p. 82). However, firstly, there are Hilbert spaces
whose dimension is uncountable, in which case it is not separable. Secondly, isomorphic
Hilbert spaces might be convenient to treat in different ways, depending on their applications.
And in fact, for some of our purposes, it is more convenient to use anti-isomorphisms than
isomorphisms, since we can use inner products for that!

5.1 The adjoint of operators between Hilbert spaces

Let H and K be Hilbert spaces. If T': H — K is a bounded linear operator, we know that we
can define the adjoint operator 7™ : K* — H*. What do H* and K* look like? This question
turns out to have a very simple answer, as we will now show. We will take advantage of the
following property of norms and inner products:

HWHZHTPK%wLVyGH. 2)
z||lg=1
It follows immediately from Cauchy-Schwarz’ inequality and the fact that setting x = ﬁ

gives equality.
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Lemma 5.1. Any Hilbert space H is anti-isomorphic to its dual space H*, and the function
Up: H — H* defined by Ugy = (-,y), Yy € H is an isometric anti-isomorphism.

Proof. 1t is easily verified that Ugy is a bounded linear functional for any y € H, i.e. that
Upy € H*. By Riesz’ representation theorem ([Ch10], p. 70), any bounded linear functional
on [ can be expressed as a left inner product with a fixed y € H. Thus, Uy is surjective.
Since Riesz’ representation theorem also states that the y € H is unique, we conclude that
Uy is injective as well, hence bijective. It remains to be shown that Uy (i) is anti-linear and
(i1) preserves norms.

(@) |Unyl

we = sup |(Uny)z[ = sup [(z,y)] = llyllu, vy € H

=]l =1 =]l =1

by (2). O

Lemma 5.1 allows us to interpret the adjoint operator in a very convenient way for Hilbert
spaces. If T': H — K is a bounded linear operator between two Hilbert spaces, then 7™
maps K into H, up to (anti)-isomorphism. The following theorem tells us what 7™ looks
like with that interpretation.

Theorem 5.2. Given two Hilbert spaces H and K, anda T € B(H, K), define the operator
S :=Uy'"T*Uy: K — H. Then, S is the unique operator satisfying

(Tz,y) = (x,Sy)y, Ve € H, Vy € K. 3)
Also, S € B(K, H) and ||S| = ||T.

Proof. For any y € K, we have:
(T"Uk)y =T"(Uky) =T )k = (T(), y)x-

(UnS)y = Uu(Sy) = (-, Sy)n.

Since Uy S = T*Uk by definition of S, this proves (3). Uniqueness follows from the well-
known fact that if (z,y)y = (x,z)y for all x € H, then y = z ([Ch10], p. 70). Since S
is a composition of bounded linear operators, we must have S € B(K, H) by proposition
3.4. Now, taking advantage of lemma 3.3 (i) and the fact that Uy, Uy and their inverses are
isometries, we have:

ISI = 1U&"T* Ul < U |- NN - UKl = 11T

171 = 1T ST < Ukl - 1S1- 1T =181
The two inequalities above, together with theorem 4.10, tell us that || S|| = ||T7*|| = | 7||. O
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For Hilbert spaces, it is normal to define 7™ to be the operator satisfying
(Tr,y)k = (z,T*y)m. That is, to define T to be the operator we called S in theorem 5.2.
Accordingly, we will simply denote S by 7™ from now on. It will always be clear which
operator we are talking about. Note that since both Uy and Uy are bijective, anyone of
the two operators called 7™ will be surjective/injective if and only if the other one is. Note
that to identify 7™, we just need to find an operator satisfying (3), since 7™ is UNIQUELY
determined by that equation.

Some properties of the adjoint operator are given in the following proposition. The iden-
tity operator is denoted by .

Proposition 5.3. Given Hilbert spaces H,J and K, let T € B(H,J) and S € B(J, K) be
operators. Then, we have:

(i) (ST) =1°5".
(ii) (T*)* = T.
(iii) If T is invertible, so is T*, and (T*)~' = (T1)*.

Proof.
() (I"S*z,y)u = (S"x,Ty); = (x, STy)k, Vx € K, Vy € H.

(ii) (T, y)y = (2, T"y)u = (T*y,x)n = (y, (T*)*x); = (T")"x,y)s, Vo € H, Vy € J.
(iii) By theorem 4.6, T~! € B(Y, X), so its adjoint is defined. Also, by (i),

T~ Y =(T7'T) = I* = I.

(T T =TT Y =I"=1.

5.2 Complete sequences

Definition 5.4. Let X be a normed space. A sequence in X is said to be complete if
finite linear combinations of its elements can approximate any element of X. If a complete
sequence in X exists, then X is said to be separable.

A basis is an example of a complete sequence. In that case, we can improve our approxi-
mations by just adding more coefficients, without changing the ones we have already used.
We cannot do that in every separable space, though, since they might not possess any basis.
Specifically, a complete sequence is not necessarily a basis, even if it is linearly independent.
For example, it is well-known that if X is the space of continuous functions on a fixed closed
interval, equipped with the sup-norm, then {1, (-), (-)%, (-)?, ...} is a complete sequence in X
that does not form a basis for X. But if a basis exists, it is certainly complete, so existence
of a basis for a normed space definitely guarantees separability.

In Hilbert spaces, we say that two vectors are orthogonal if their inner product vanishes.
This concept is very useful for a lot of reasons, and we will look at some of them in the next
section. For now, we will see how it can be used to give an alternative definition of complete
sequences.
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Theorem 5.5 ([Ch10], p. 71). Let H be a Hilbert space. A sequence {vi}reny C H is
complete if and only if the only element of H orthogonal to all the terms is the zero-vector.

We have pointed out that every basis in a normed space is complete. But if we have a basis
and add extra elements, we obviously still have a complete sequence. Contrary to a basis,
we do not require complete sequences to be linearly independent, so adding extra elements
does no harm. However, if we assume linear independence, things are sometimes different.
It is well-known that in n-dimensional Euclidean space, any linearly independent set of n
vectors is a basis. A bigger set will not be linearly independent, while a smaller set will not
be complete, so any complete, linearly independent set is a basis. What about separable,
infinite-dimensional spaces?

5.3 Bessel’s inequality and its converse

Definition 5.6. Let {uy}ren be a sequence in a Hilbert space H. If there exists a B > 0 s.t.

> la,u)? < Blz|?, Vo € H, 4)
keN
then {uy }ren is called a Bessel sequence in H. B is called a Bessel bound for the sequence,
and (4) is called Bessel’s inequality.

An important feature of Bessel sequences is that the inner products (x, u;) always form an
[2-sequence. After all, Bessel’s inequality gives a finite upper bound for the /2-norm of that
sequence. Less obvious is the fact that for Bessel sequences, any [2-sequence can be used as
coefficients to get a convergent series.

Theorem 5.7 ([Ch10], p. 77). If {uy}ren be a Bessel sequence in a Hilbert space H. If
{ci}ren € 12(N), then > ken kUi converges in H.

Proof. Pick a sequence {c }ren € [*(N), and define

n

Ty = chuk, Vn € N.
k=1

Then, whenever n > m, using (2) and Holder’s inequality, we have:

20 — 2] = Z ckug|| = sup |(z, Z Ckug)| = sup Z Cr(, u,)
k=m+1 llll=1 k=m-+1 [lzll=1 k=m-+1
n n o0
<sup > el YD Heu)P < sup > el [ ug)
lell=1 — i1 k=m+1 e keN
o [o@)
< sup Z jex|* - Bl|z||* = B Z [
[lz||=1 k=m+1 k=m+1

Since the last sum is the tail of a convergent sequence, it becomes arbitrarily small for large
m € N. Hence, {x, }ren is Cauchy, hence convergent. O
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Note that there might be convergent sequences whose coefficients do not form an /?-sequence.
E.g. if {ey }ren is an orthonormal basis for H, then we will see in the next section that it is
a Bessel sequence in H. Thus, {ug}reny = {k%ek}keN also satisfies Bessel’s inequality.
Clearly, {k}ren ¢ [?(N), but still,

Zkuk = Zk%ek = Z %ek
keN keN keN

converges, since {+ tren € 1*(N).
The converse of (4),

Allzl> <> e, u)|?, Vo € H, (5)
kEN

has no commonly used name, other than the converse of Bessel’s inequality. Both of them,
however, will be important for us when we get to frames in section 6. We notice that if an
x € H is orthogonal to all the uy, then the right side of (5) vanishes, showing that x = 0.
That is, due to theorem 5.5, every system satisfying the converse of Bessel’s inequality is
complete. The converse is not true, though. E.g. if {e; }ren is an orthonormal basis for H,
then uy, := key, for £ € N defines another complete system. Still,

1 1 1
S ew ) = 30 1 Hew el = 37 6=+

keN keN keN

becomes arbitrarily small for large enough n € N. Since all the e,, have the same norm, this
contradicts (5).

5.4 Orthonormal sequences

Orthonormal vectors in a Hilbert space are orthogonal vectors of norm 1. A system of or-
thonormal vectors will be abbreviated by ONS, and if it is also a basis, we will write ONB.
A nice property of separable Hilbert spaces is that they always possess an ONB
([Ch10], p. 82). Not only do they always exist, but they also have some really nice proper-
ties. Before going specifically into ONBs, we will consider some more general properties of
orthonormal systems.

Let {uy }ren be an ONS in a Hilbert space H. Then, for any n € N,

n

E CrUuj

k=1

2 n n n n n n n
_ _ — _ G = 2
— CrUg, CGuy - CkC <Uk7ul> — CLC0k = |Ck|
k=1 =1 k=1

k=1 1=1 k=1 1=1

for any sequence of coefficients. Since all the operators we are dealing with are continuous,
the same must hold as n — oo, assuming that the linear combination actually converges.
That is,

2
= el (6)

keN

E CrUf

keN
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whenever the linear combination converges in /. Hence, the sequence of coefficients must
always be an [%-sequence.

Do ALL [?-sequences give us convergent linear combinations? The first part of the fol-
lowing theorem will give us an answer to that.

Theorem 5.8. Let {uy}ren be an ONS in a Hilbert space H. Then,
(i)
S lw,un)* < ||l Vo € H.

keN

(ii) Y pen Cuur, converges in H if and only if {ci }ren € *(N). In that case,

2
2
>_cwurl| =2 lal”.

keN keN

Proof. (i) ([Mc07], p. 12) Given any x € H, define ¢ := (x,uy), Yk € N. For any n € N,
we have:

2 n n
= <$ — chuk,x — chuk>
k=1 k=1
n n n
= ||lz|” - Z@@%Wc) — Z%(W,x) + chuk
k=1 k=1 k=1

n n n n
= el =Y we — Y _ad+ Y lal* =l =Y lal,
k=1 k=1 k=1 k=1

where we have taken advantage of the finite version of (6). Hence,

n n n
Sl w) P =) enl? = ll2l® = flr = e
k=1 k=1 k=1

so letting n — oo gives the desired result.

n
Tr — E CrUj
k=1

2

2
< [,

(i1) Assuming convergence, the equality is just (6), and it shows necessity. Since (1) is a
special case of Bessel’s inequality, theorem 5.7 shows sufficience. [

Property (i) shows, as pointed out in the proof, that any ONS is a Bessel sequence with
Bessel bound 1. If the system is also a basis, we even have equality, as the next theorem
shows.
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Theorem 5.9. Let {ey}ren be an ONB for a Hilbert space H. Then, the following hold:
(i)
r = Z<I, ex)ex, Vo € H.
keN

(ii)
]> =[x, ex)*, Vo € H.

keN

Proof. (i) Pick an € H. Since {ey}ren is a basis for H, there exists a unique sequence
{ck}ren C H st x =), crey. Taking inner products with the e,,, this yields:

(x,e,) = <Z ckek,en> = ch<ek,en> = chékn = C,.

keN keN kEN
Hence,

T = Z Crer = Z(x, er)ex

keN keN

(ii) Z [z, e)|” = Z(x,ek><ek,x) = <Z<x,ek>ek,x> = (z,x) = ||z|?, Vo € H.

keN keN keN

]

] (ICh10), p. 129). What
=t¢) is an ONB for any

Example 5.10. Ir is well-known that E(Z) is an ONB for LQ[—%
about L*|—o, 0] for a general o > 0? We will show that W
c>0.

Firstly, pick an f € L*|—0,0]. Then,

(2

1 1}
29
defines a function g € L*[—3, 3]. Find the unique sequence {cy}ren C C s.1.

g = Z ck627rik(~)

keZ

9(x) = f(202)e™, Vi € [

in the L?-norm. Then, again in the L*-norm, we have:

feg (21 ¢ >> J2ics () _ chezmki(.)ezmi(.) _ Z (L 2RO,
g

k€EZ keZ

This shows that the arbitrary f € L*[—0, o] can be uniquely expanded in
{2755 O}z = E(%€), so it is a basis for L*[—o, o).
Now, we need to calculate the inner products. If k,l € Z and k # |, then
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<e§i(k—i-c)(~)7 egi(l-‘rc)()) _ /U egi(k-i-c)xe—gi(l—i-c)xdm _ /0 egi(k—l)xdl,

—0 —0

_ o [egi(k—l)ﬂng _ U(em‘(k—l) _ 6—m‘(k—l)> _ J((—l)k_l _ (_1)—(k—l)) 0
mi(k —1) r==0 mi(k —1) mi(k —1) ’

since k — | and —(k — 1) are either both even or both odd. Also,

e o

<e§i(k+c)(-)7 €§l(k+c)()> — / egi(kJrC):Eegi(kJrc):pdx — / dr = 20,’ vk € 7.
Hence, if we normalize by dividing by \/% we get an ONB.

In fact, since all these exponential functions are periodic with period 20, both the expan-
sion and the integrals must give the same result if we replace |—o, o] by any interval S of

length 20. Hence, we conclude that \/%E (%t€) is an ONB for L*(S).

Example 5.11. Let f(x) := 2mizes™, Vo € [~0,0]. Then, f € L*[—0, 0], which has the
ONB \/%E (%) We have, for k € 7, using integration by parts:

7 d .1
e / (Les
1 ([ ] -~ —/ e i(k%)mdx)
- 5 r=—0 —0

g g
us . Mie T . m(e—L
(f,ex*0)y = / 2mize2 e o“md:B:/ omize o' *=2)%dy
—0 g

E

40.2 e —mi(k— 5) + eﬂ'i(k—%) 20_2 o
- ) _ |:€—;z(k——) ]

k=3 2 ik — 1)2 —
_ 4o?cos(n(k - 3)) 4o? o-milk—1) _ gmi(k—1)
- -3 (k- 3)? 2i

40% cos(Z(2k — 1 4o4sin(Z(2k — 1
- 17 i ) | 2@ L) g
— 3 m(k — 2)

The cosine of any odd multiple of 5 is zero, so the first term vanishes. The sine, on the other
hand, oscillates betweeen 1 and —1, so we have sin(3(2k —1)) = (—=1)*~!, Vk € Z. Hence,

'y 4o?(—1)k1
sk = 2 3 ) YkeZ
(f.e ) m(k — %)2 ? ’
so by theorem 5.9 (i),
1 a0 20(—=1)F1 L0
f= <f, >_€olk() — E TN T eotk()
kGZZ V20 ez m(k — %)2

inthe L*-norm on |—o, o). Since f is differentiable on [—o, o] and has continuous derivative,
this Fourier series converges to f also in a pointwise sense.

29



5.5 Riesz bases

We have seen that if we have an ONS, specifically an ONB, then the linear combinations
that converge are exactly those with coefficients taken from /2. We will now look at another
type of basis where that is the case. If H and K are Hilbert spaces, if {uy }ren is a Bessel
sequence in H, and if 7" € B(H, K), then

D e Tug)kl =) (T 2 w)ul* < BT 2|y < BIT|?|lz|l%, Ve € K. (D)
keN keN
That is, bounded linear operators between Hilbert spaces map Bessel sequences into Bessel
sequences. The basis we will consider is the image of an ONB under such an operator, so
this observation guarantees that [?-coefficients give convergence. Also, the operator will be
an isomorphism, which allows us to say more than that. The following lemma tells us exactly
what we need in this respect.

Lemma 5.12 ([YoO01], p. 25). Let {ug}tren C X and {vi}tren C Y be sequences in two
Banach spaces, X and Y. If there exists a bounded isomorphism T : X — Y satisfying
Tuy, = vi for any k € N, then

E cruy converges in X if and only if E crUy convergesin Y.
keN keN

Proof. Assume ZkeN cruy converges to x € X, and define

n
Ty 1= chuk € X, VneN.
k=1
Now, continuity of 7" tlls us that 7'z,, — T'x € Y as n — oo. Since

Txn =T (i ckuk> = i ckTuk = i Cr U
k=1 k=1 k=1

by linearity of 7, this shows necessity.
Since T'~! is also a bounded isomorphism by theorem 4.6, we can use the same argument
to prove sufficiency. ]

Definition 5.13. Let H be a Hilbert space. {uy}ren is called a Riesz basis (RB) for H if
there exists a bounded isomorphism T': H — H s.t. {Tuy }ren is an ONB for H.

By theorem 5.8 (ii) and lemma 5.12, the convergent linear combinations of an RB are exactly
those whose coefficients are taken from /?(N). A convenient fact to be aware of is that if
{ek }ren is an ONB for H, and if T: H — H is a bounded isomorphism, then

{T'er,}ren := {up }ren is automatically a basis for H. Hence, to verify that the u;, form an
RB for H, we just need to find 7. To see why, given any z € H, define y := Tz € H, and
note:

keN keN keN

r=T"ly=T"" (Z(y, ek>ek> = Z(y, er)T ey, = Z(y, ek ) U
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This shows that = can be expanded in the wy. Similarly, if {c,}ren are the coefficients in
such an expansion for x, then

y=Tr=T (Z ckuk) = Z cpT'uy, = chek.
keN keN keN
If the coefficients were not unique, this would give us different expansions for y in the ONB,
which is a contradiction. Hence, they must be unique. This proves that {uy }xcn is indeed a
basis, specifically an RB, as long as the desired operator exists. Note that all the sums above
converge, due to theorem 5.12, while continuity of 7" and 7'~! justifies moving them into the
sums.

It is possible to define different inner products on the same Hilbert space. We will not
do that, but it turns out that there exists an inner product for which the RB becomes an
ONB ([Yo01], p. 27). This gives another view of how closely related RBs are to ONBs.
The elements of an RB might not have the same norm, like an ONB has, but they must be
bounded both above and below. That is, the norm of the elements of an RB can neither get
arbitrarily large nor arbitrarily small. That is one consequence of the following theorem,
which is a generalization of theorem 5.8 (i1) for ONBs. To see why boundedness of the RB
follows, set ¢;, = 0 for all but one k € N.

Theorem 5.14 ([YoO01], p. 27). A basis {uy, }ken for a Hilbert space H is an RB if and only
if there exist constants A, B > 0 s.t.

2
< BY lel s Vierhen € BON). (8)

keN

2
g cruy, converges, and A E lek]” <

keN keN

g CrUg

keN

Proof. Assume the u; form an RB for H, and find a bounded isomorphism 7": H — H s.t.
the e;, := T'uy form an ONB for H. Then, for any sequence {c; }ren € [?(N), we have:

2 2 2 2
Z lcx]® = chek = Z cTup|| =T (Z ckuk> <|IT|? chuk
keN keN keN keN keN
2 2 2 2
_ -1 |l “1y2
Z CrU = Z C].CT €k = | T Z Ck6k> S ||T || Z CLCL
keN keN keN keN
=T Jenl”.
keN
This proves necessity, where we may pick A = W and B = || T~

For sufficiency, assume that {uy }ren is a basis for H satisfying (8). Existence of that
basis implies that H is separable, so it has an ONB as well. Pick an ONB {ey, }xen for H,
and define an operator S: H — H by

Sz = Z(x,ek>uk, Ve € H.

keN
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Setting ¢ := (z, e) for k € N, by theorem 5.9 (ii), our assumption says that

Allz||* < |Sz|* < Bll=[|*, Vz € H.

Hence, S is bounded both above and below. Lemma 3.2 (ii) now shows injectivity. Clearly,
S is linear as well, and it satisfies Se,, = u,, forn € N. Now, pick a y € H, and find the
coefficients s.t. y = >, - cxuy. Define

n n
Yp 1= chuk, T, = chek Vn € N.
k=1

k=1
Applying (8) to a sequence of finitely many non-vanisish terms, and using theorem 5.8 (i1),
we get:

2

= Allx, — xm”2

n
E CkCk

k=m+1

2 n
>A D) al=A

k=m-+1

n
E CrUg

k=m+1

Yn — ymH2 =

whenever n > m. Since {yj }ren is Cauchy, this shows that {xy }ren is also Cauchy, so it
converges to an x € H. Also,

Sz, =S (i: ckek> = zn:CkSBk = Xn:Ckuk —Y

k=1 k=1 k=1
as n — oco. Continuity of S tells us that Sx = y, so S is surjective. Due to theorem 4.6, we
have now proven that S~! satisfies the premises of the operator T in definition 5.13. U

Something more general that RBs, called Riesz sequences, are in fact defined by (8). The
difference is that we require the u; to form a basis for their closed linear span, rather than for
the whole of H. If a Riesz sequence is complete in H as well, it is obviously an RB for H.

It is also convenient to note how 7'~! was constructed in the proof of theorem 5.14. Firstly,
we picked the ONB, {ey }ren, that we want to equal {7T'uy, }ren. Then, we defined

T Yy = Z(y,uk>ek, Vy € H.
kEN
Constructing 7' might not be as easy, though. After all, there is no general way of construct-
ing the inverse of a known bijective operator, even if it is bounded and linear. We could start
by finding the inner product that makes {uy } xey an ONB, which would of course not change
the fact that {ey, }ren is an RB. That allows us to construct 7" in the same way, but finding that
inner product is probably not any easier than finding 7" to begin with. However, if we pick a
particularly convenient ONB, it might be easier to understand what 7" should look like. We
will see an example in section 10.3, even though we will not attempt to find 7" in that case.
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Example 5.15. Define u;, us, e1, e € R? by:

()= ()
=()-+-()

Then, {e1,es} is an ONB for R We want to define an isomorphism T € B(R? R?) s.1.
Tuy, = ey and T'us = es. The inverse of T' is given by:

= 1 0 2 2 0\ (y
-1, . o 1 o 1 2

k=1

Thus, T' is given by the inverse of the 2x2-matrix above, i.e.

-1
. 2 0 T _1 1 0 T _1 T 2
T$_<1 1) <x2>_§<—1 2) (m)_i —ay + 20, ) TP ER

Clearly, T is linear. Since the matrix is invertible, T is bijective as well. For boundedness,

1 1
||TxH2 = Z(m% + (—x1 + 2:162)2) = Z(x? + x% —4xixo + 4x§) < x% + :Eg — 21T

< 23 4 2k + |owg| < 23 4 2k + (28 + 23) = 2|2 ||A

Here, we have used the fact that either |x1z5| < 22 or |z135| < 13, showing that
|z129] < 2 + 23. Thus, {u1,us} is an RB for R%.
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6 Frames

Frames are sequences in a Hilbert space [/ with some really nice properties. One of them
is that every element of [ can be expanded in the frame, just like a basis can. Also, like
for the ONB, we have a general way of computing the coefficients in such an expansion. In
fact, frame is an even more general concept than RB, which as we know is more general
than ONB. The main difference is that a frame might be overcomplete, i.e. there might exist
proper subsequence that is still a frame in H. This allows us to lose some frame vectors, and
still be able to expand any element of /. Also, it means that the expansion is not unique.
However, the frame operator, to be defined in section 6.3, gives a particularly convenient
expansion, and that is the one that we have a general formula for.

As is well-known, LQ(S ) is a Hilbert space. If S is bounded, then there exist exponential
systems that form frames in L?(S). These frames are particularly important to us, since
the strong sampling problem in Paley-Wiener spaces is equivalent to finding all exponential
frames in L?(S) (see section 8.4). That is our main reason for considering frames. This
section is all about defining the most important concepts related to frames, proving some of
their general properties and doing some examples.

6.1 Introduction to frames

Definition 6.1. A sequence {uy.}ren in a Hilbert space H is called a frame in H if it satisfies
both Bessel’s inequality and its converse. That is, if there exist constants A, B > 0 satisfying

Allzll* <> [z, w)|* < Bllz|*, Va € H. 9)
keN

The largest lower bound and the smallest upper bound for the frame are called the frame
bounds.

Note that whether {uy}rey C H is a frame or not, is independent of the ordering. The
reason is that the sum in (9) contains only non-negative terms, and absolute convergence
implies unconditional convergence. In particular, that means that if we add extra elements to
the frame, we do not need to worry about where to put them in the sequence.

As we have seen in section 5.3, the converse of Bessel’s inequality implies that every
frame is complete. The converse is not true, though. E.g. if {ej }xen is an ONB for H, then
{%ek}keN is also complete in H. However, given any A > 0, we have:

D

keN

1 2

1
<en7 _€k>

1
=5 <A= Allen|]?, Vn > —.

VA

Thus, the converse of Bessel’s inequality is not satisfied for {%ek} kEN-

Another feature of the converse of Bessel’s inequality is that it remains true if we add
extra elements to our sequence, since it only adds extra non-negative terms to the series in
the middle of (9). The same is not true for Bessel’s inequality. For example, if we start
with an ONB, and then add elements that do not form Bessel sequence, we clearly do not
get a Bessel sequence. On the other hand, among the two inequalities, Bessel’s inequality is
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normally the easier one to check. Also, our first two examples give us a couple of ways to
add elements to a Bessel sequence without disturbing Bessel’s inequality.

Bessel’s inequality tells us, by theorem 5.7, that every linear combination of the frame
vectors with [%-coefficients converges. In particular, for any © € H, Bessel’s inequality
ensures us that the sequence {(x, u) }ren is an element of [?(N). Hence, it can be used as
coefficients in a linear combination of the u;. In fact, this is exactly what we will do when
defining alternate dual frames and the frame operator in the next two sections.

Before looking at examples, we will define two properties that a frame may have, so that
we can check for those properties in our examples. However, we will not discuss them for
general cases yet.

Definition 6.2. A frame in a Hilbert space H is called
(i) tight if the two frame bounds are equal.
(ii) exact if no proper subsequence of the frame is complete in H.

By theorem 5.9 (ii), every ONB is a tight frame with frame bound 1, and since it is a basis, it
is also exact. Every ONS is a Bessel sequence with Bessel bound 1, but unless it is an ONB,
it will not be complete, hence not a frame. We will see later that exact frames are always
bases, in fact bases of a particular kind.

Example 6.3. Ler Jy, Jo C R be disjoint, discrete sets. If {uy. }re s, and {uy.} e, are Bessel
sequences in a Hilbert space H, and their respective Bessel bounds are B, and B, then

ST )P =S e u) P+ 3 e wd P < Bille|? + Balle|]? = (By + By)la],

keJ UJo keJi keJa

for any x € H. Hence, {uy}res,u, is a Bessel sequence in H, and By + By is a Bessel
bound.

Example 6.4. Let {uy }ren be a sequence in a Hilbert space H, and assume that
{lluk|| ken € *(N). Then,

DMz ug)P < Y el - fluxll®

keN keN

by Cauchy-Schwarz’ inequality. Hence, {uy }ren is a Bessel sequence in H, and Y, || ux||?
is a Bessel bound.

These two examples, together with the fact that adding extra elements never destroys the
converse of Bessel’s inequality, give us some ways of adding extra elements. Example 6.3
tells us that we may add elements that form a Bessel sequence, and example 6.4 implies that
we may pick that extra Bessel sequence to be any finite set. In particular, this shows that if
we start with a finite number of ONBs and add finitely many other elements, we still get a
frame.

Now, what about the case that H is a finite-dimensional Euclidean space? In that case,
neither of the two inequalities is very difficult. We will give a theorem for that, before
considering an example.
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Theorem 6.5. Let n € N and a finite set J C R be given. A sequence {u;};c; in R" or C"
is a frame if and only if it is complete.

Proof. Example 6.4 shows that the u; satisfy Bessel’s inequality, so we only need to check
its converse. Assume that no lower bound for the u; exists. Then, there exists a sequence
{Zm}men C C" with ||2,,|| = 1 and

1 1, )
— = Zlzn|? > my )", Vm e N.
o = llonl > e

Since {x,, }men is a bounded sequence in Euclidean space, it has a subsequence {z,, }ren
converging to some = € C". Then, we have:

1

2 . . L
> = 3 [ )] = Jim 30 < i 2 =0
jeJ jeJ jeJ
This shows that z is orthogonal to all the u;, so {u;};c; is not complete. []

Example 6.6. In R?, define the sequence {uy}s_, = {uy,us,uz} by:

o (o= () (3)

Since {uy,us,us} is a complete system in Euclidean space, it is a frame. However, let us
verify that it is indeed the case. We have, for all x € R?:

3
S o, wd? = 23 + (01 + 2)? + 23 > 23 + 2F = ||z
k=1

D N )P = af+ (w1 +an) +a3 = 2(af+a3)+2m1 20 < 207 +a3)+2(2] +a3) = 4|2,

Hence, {uy,us, us} is a frame in R%, where we may pick A = 1 and B = 4. We will not
worry about optimizing A and B.

6.2 Alternate dual frames

Definition 6.7. Let {uy }ren be a frame in a Hilbert space H. A frame {vy }ren in H is called
an alternate dual frame for {uy }ren if it satisfies

T = Z(w,vk)uk, Vo € H. (10)

keN

We will see later that any frame has at least one alternate dual frame. So if we can find one,
it will give us a formula for expanding vectors in the frame! Note that the expansion in an
ONB, given by theorem 5.9 (i), is in that form, showing that it is its own alternate dual frame.
We will now show that, contrary to dual spaces, being an alternate dual frame is in general
a reflexive property. Thus, we can talk about two frames as being each other’s alternate dual
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frames. It should be noted, though, that the alternate dual frame might not unique. In fact, it
can be shown that it is unique if and only if the frame is exact ((HLO0O0], p. 35).

Theorem 6.8 ([HLOO], p. 17). Let {uy }ren be a frame in a Hilbert space H, and let {vy, } ken
be an alternate dual frame. Then, x = Y, (@, up)vy, Yo € H. That is, {uy}ren is an
alternate dual frame for {vy }ren.

Fartial proof. For any x € H, we have:

Z(x,uk>vk = Z(x, g ) Z(Uk, vuy = Z(x, Z(vl, VYU ) Uy = Z(x, v)u = .

keN keN leN leN keN leN

What remains, which we willl not do here, is to justify interchanging the order of the two
sums. [

Note that the proof of theorem 6.8 never took advantage of the fact that {uy, }reny and {vg }ren
are frames, only that they satisfy the reconstruction formula (10). Hence, assuming that we
can interchange the two sums in the proof, the reconstruction formula is symmetric for any
two sequences satisfying it. Recall that as long as {uy, } xen and {vy, }ren are Bessel sequences,
we know that (10) converges. Specifically, it does in the case of frames, which is what the
theorem is actually about.

Example 6.9. Let an ONB {ey. }ren for H and a ¢ > 0 be given. Clearly, {cey }ren is a tight,
exact frame in H with frame bounds c*. Its alternate dual frame is {%ek}keN, as is easily
seen by the expansion

1
r = Z(m,ek>ek = Z<x, Eek>cek, Vr e H.

keN keN

This turns out to have a simple generalization. Given a tight frame {uy}ren with frame
bounds A > 0, define, vy, = %uk for k € N. Clearly, {v}ren is a tight frame with frame
bounds %. It can be shown that the following reconstruction formula holds:

r = %Z(%UQW = Z(x,vk>uk, Vee H (11)

keN keN

([HLOO], p. 14). This shows that {vy}ren is an alternate dual frame for {uy}ren. Setting
c:= A, if the %uk form an ONB for H, we get the special case that we considered first.

6.3 The frame operator

There is a particular alternate dual frame that is very convenient. It is defined in terms of a
very important operator, which we will take a look at in this section. First, we need to define
a related operator.

Definition 6.10. Let {uy }ren be a Bessel sequence in a Hilbert space H. The operator
T: H — [*(N), defined by Tx := {(x, uy) }ren, V& € H, is called the analysis operator.
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For the rest of this section, the only operator we will denote by 7' is the analysis operator.
Note that a reformulation of (4) is that
IT2; < Bllal, Vr € H.

This is the same as saying that T is bounded, and that ||T'|| < v/B. Hence, Bessel sequences
are exactly the sequences for which the analysis operator, as an operator mapping /I into
I?(N), is well-defined and bounded. Similarly, in the case of a frame, (9) can be written as

Allzllfy < |Tll; < Bllz|y, Yz € H.

From this, we see that a sequence in H is a frame if and only if 7" is well-defined and bounded
both above and below. Obviously, 7" is linear as well, since inner products are linear in the
first slot. Hence, T' € B(H, [?(N)), which allows us to talk about the adjoint of 7. The two
operators in the following definitions are well-defined for all Bessel sequences, but we will
only consider them for frames. Otherwise, theorem 6.13 (iii) and (iv) will not be true, and
those properties will be important!

Note that if H is R" or C", and if the Bessel sequence contains m vectors, then 7" maps
R™ into R™ or C™ into C™.

Definition 6.11. Let {uy }ren be a frame in a Hilbert space H.
(i) The operator T*: I>(N) — H is called the synthesis operator.
(ii) The operator S :=T*T: H — H is called the frame operator.

Just as for the analysis operator, for the rest of this section, we are always talking about the
frame operator when we denote an operator by S. Now, what do 7™ and S actually look like?
We will see in the following theorem.

Theorem 6.12. Let {uy, }ren be a frame in a Hilbert space H.

(i) The synthesis operator is given by

T*{ck}ren = Z crur, V{ck}ren € P(N).

keN
(ii) The frame operator is given by

Sz = Z(x,uk>uk, Vr e H.
keN

Proof. (i) For any z € H and any {c; }ren € [*(N), we have:

<Tl‘, {Ck}keN>2 = Z(Tﬂ?)kq = Z(x,uk>H_k = <x,chuk> .

keN kEN keN
Since this equals (z, T*{cy } ren) g by theorem 5.2, this proves (i).
(i) Sz = T"Tw = T {(x, ug) tren = D _pen(T, ur)ur, Yz € H by (i). O
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A very convenient observation is the following:

T3 =" o) =) (o, up) (ug, z) = <Z<x,uk>uk,x> = (Sz,z), Yo € H.

keN keN keN

Hence, the sum in (9) may at any time be replaced by either ||Tz||% or (Sx,z). This also
shows that (S, =) is a non-negative real number for any x € H, which is a general property
of self-adjoint operators. This suggests that S might be self-adjoint, and it is not hard to
show that it is. This is one of many really nice properties of the frame operator. Some of
them are stated in the following theorem.

Theorem 6.13. The frame operator is
(i) self-adjoint.
(ii) linear and bounded, with || S|| = || T

(iii) bounded below. If A > 0 is a lower bound for the frame, then A is a lower bound for
S.

(iv) bijective.
Proof. (i) S* = (T*T)* = T*T* = T*T = S by proposition 5.3 (i) and (ii).
(ii) Since S is composed of two bounded linear operators, S is itself bounded and linear by
proposition 3.4. Also, we have:
IS =TT < |\T|| - |7 = | T|I*
by lemma 3.3 (i) and theorem 5.2.

IT2)3 = (Sz,z) < |Szllg - llzlla < IISI| - [l2]E, Vo € H = |T* < ||S]
by Cauchy-Schwarz. The two inequalities together show that ||S|| = ||T']|*.
(ii1)
Al < (Sz,2) < [ISz[lz - 2]z = Allz|lr < ||Sz|lm, Vo € H,
showing that S'is bounded below, with A being a lower bound.

(iv) By (i) and (iii), both S and S* are bounded below. Thus, S is bijective by theorem
4.11. O

Note that if A, B > 0 are the frame bounds, recalling that ||T'||> = B, theorem 6.13 (ii) and

(111) state the following:
Allz|| < ||Sz|| < Bl|z||, Yz € H. (12)

We will take advantage of that to prove an important result in the next subsection.

39



6.4 The dual frame

We are now ready to introduce the particular alternate dual frame that the frame operator
gives us. Recall from the previous subsection that .S is bijective.

Theorem 6.14 ([OU16], p. 9). Let {uy}ren be a frame in a Hilbert space H, and define
v = S~ uy, for k € N. Then, {v;.}ren is an alternate dual frame for {uy }ren. If A, B > 0
are the frame bounds for {uy,}en, then %, % are the frame bounds for {vy}ren.

Partial proof. Whenever we pick ay € H, we set  := S~ 'y. We have:

D ooue =Y (y, S uup = Y (S7'y,whup = S(Sy) =y, Vy € H,

keN keN keN

where we have taken advantage of the fact that S~ is self-adjoint by proposition 5.3 (iii).
Thus, if {vy }ren is a frame in H, it is an alternate dual frame for {uy }ren. Also,

Z|<y,vk>|2 = Z|<y,5‘1uk>}2 = Z|<S‘1y,uk Z| (x,up)|” = (Sz,z), Yy € H.

kEN kEN kEN kEN

Hence, what remains is to find ¢, C' > 0 s.t. ¢||y||* < (Sx, a:) < Cllyl|? Yy € H What we
will not do is to optimize them, but it is easily shown that c := ];42 and C' := AQ works. By
(12),

A A B
2ol = SlSzl? < Al < (Sz,3) < Blall* < 1ol = lyl, vy € .
[

Definition 6.15. The alternate dual frame given in theorem 6.14 is called the (canonical)
dual frame.

Theorem 6.14 tells us that, as we have pointed out before, every frame does indeed have at
least one alternate dual frame, namely the canonical dual frame. Note that the frame bounds
are consistent with (11) for the case that A = B. With theorem 6.14, we have everything
we need to expand any x € H in a given frame. The only remaining problem, in terms of
finding the coefficients of this expansion, is that it requires finding S~!, which we do not
have a general expression for.

One nice property of the expansion given by the dual frame, is that it minimizes the [2-
norm of the coefficients. That is, if v = >, cxur = D on{T, vi)uy for some x € H,
then the /2-norm of the c; cannot be smaller than the [?>-norm of the (z, v;). Of course, this
does not require {c, }xen to be in [?(N), since it still holds if >, |cx)® = oo. We state this
property of the dual frame as a proposition, before turning to examples.

Proposition 6.16 ([OU16], p. 9). Let {uy}ren be a frame in a Hilbert space H, and let
{vk}ren be the dual frame. If {ci}ren is a sequence of complex numbers s.t. Y, .\ Cpuy,
converges toan r € H, then

Z |<$,Uk>’2 < Z |Ck|2 .

keN keN
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Proof.

(z,S7'z) = <Z<IE,S—IUk>Uk,S—1x> = Z(S @, ug) (ug, S Z} {(ug, S~'x)

keN keN keN

keN keN keN keN

(w, S '2) <Z CpUg, S~ £L’> = ch(uk,Sflx) < \/Z k) Z | (g, S—1z) |

by Holder’s inequality. Hence, combining the two lines above, we get:

Dl D [, 570) [ > (Z !<uk,51x>’2>

keN keN keN
_ 2 _ 2
:>Z|Ck|222‘<5 I%UM :Z‘@as 11%)‘ =Z|<ﬂ%vk>|2
keN keN keN keN
[
Example 6.17. Let vy, := ™) ¢ L2[—%, %]fork‘ € Z. Since both {usy, } ez and {uak+1 } ez
are ONBs for L*[—1, 3], we have:

11
D)= W ful+ D [fudl” = IFIB+IF1P = 2013, Vf € L[5, 5]

kEZ ke2Z ke2Z+1

Thus, the uy, form a tight frame with frame bounds 2. Also,

SfiZ(f,uka:Z , Ug) Uk + Z supyug = f+ f = 2f, VfELQ[—%,%].

keZ ke2Z ke2Z+1

Thatis, S = 21, so S~ = %[. Hence, the dual frame is {%uk}kez. Also,

1\? 1 1 11
S IR = (3) S wdl = § 2171 = 18, 7 € -3, 3).

keZ keZ

Hence, the mimimum [*-norm of the coefficients in an expansion for f in the uy is 3 || f||3. Of
course, every step in this example works equally well for any two ONBs for any separable
Hilbert space.

Example 6.18. Define u;, us, us € R? as in example 6.6. The three operators of this section
look like this:

Tx = {<x,uk>}2:1 = {21,201 + 22,22}, V& € R2,

3
} 1 1 0 e+ ¢
T {ck}izl = chuk = C1 (0> + Co (1) + C3 (1) = <C; + Cz) y VC1702,63 & R

k=1
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g (i (x4 xe)\ | (2m (2 1) [ 2
Sz=T {x17x1+x2’x2} o <<l’1 + Ig) + l’g) o (ZL’l + 21‘2 \1 2 ) ’ Ve € R
That is, S can be viewed as left-multiplication by the 2x2-matrix above. Hence, S~! is left-
multiplication by the inverse of that matrix, i.e.

_ L2 =1\ {(w
Sy =2 Yy € R2.
Y 3(—1 2)(y2)’ v <

3G -0)
w5502 0)=350):
w=3(202)0) =55

Let us verify that (10) holds.

i@, V) U = % ((le — 1) (é) + (21 + 72) G) + (=21 + 222) (2))
() () e (atan)) =a () = wrem

Now, for a special case, let x1 = 2, x5 := 5. Of course, x € R? can be expanded in the uy,
asxr = Zizl cruy by putting ¢y = 2, co = 0, c3 = 5. In that case,

The dual frame is:

3
D el =2 457 =29,
k=1

Another option is to put ¢c; = 0, cy = 2, c3 = 3. In that case,

3
>lel =22+ 32 =13,
k=1

which is a definite improvement compared to just using the ONB. However, the optimal
solution, in terms of minimizing the I>-norm of the coefficients, is given by proposition 6.16:

1 1
1 = <.§L’,’U1> = 5(21‘1 — ;CQ) = —g

1 7
Co = <x,’l}2> = 5(5111 + 1’2) = g

1 8
c3 = (x,v3) = g(—xl + 229 = 3
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3

1 114
Z |Ck|2 _ §(12 + 72 + 82) — 7 ~ 12.67.
k=1

One thing to note from example 6.18 is that the matrix for the frame operator is symmetric.
That is consistent with the fact that S is in general a self-adjoint operator. After all, it is
well-known that the complex, self-adjoint matrices are exactly the anti-symmetric ones, i.e.
those that are equal to their conjugate transpose. In the real case, there is no difference
between symmetry and anti-symmetry, so the result is as expected. We will see the same
thing happening in example 6.20.

6.5 Riesz bases and frames

Now, we are ready to give an exact characterization of exact frames. We know that ONBs
are exact frames, and we have mentioned in a sentence that all exact frames are a particular
kind of basis. This is what we are going to show in our next theorem.

The theorem uses a term that we have not yet encountered. Two sequences, {uy }xen and
{vr}ren in H, are said to be biorthogonal if (uy,v;) = dy, for all k,I € N. That is, each
element is orthogonal to all elements of the other sequence, except the one with the same
index. As an example, any orthonormal system is biorthogonal to itself. More generally,
if {u }ren is an orthogonal system, it is biorthogonal to {”;‘#}%N. Note that a sequence
might not have a biorthogonal sequence. E.g. if two of its elements are parallel, then there is
no vector orthogonal to exactly one of them. However, in the case of exact frames, it always
exists, and it is unique. In general, {v, } ey has a biorthogonal sequence if and only none of
the v;, can be approximated by finite linear combinations of the others, an it is unique if and
only if {v }xen is complete in H as well ([YoO1], p. 24).

As pointed out in section 6.3, 7" is now referring to the analysis operator, rather than the
operator in definition 5.13.

Theorem 6.19 ([YoO01], p. 157). Let {uy }ren be a sequence in a Hilbert space H. Then, the
following three are equivalent:

(i) {ug}ren is an RB for H.
(ii) {ux}ren is an exact frame in H.
(iii) {uy}ren is a frame in H, and it is biorthogonal to its dual frame.

Proof. (1)= (ii)
Let L: [>(N) — H be the synthesis operator,

L{Ck}keN = chuk, v{ck}kEN € l2<N)

keN

Since the u;, form a basis for H, and since [*(N) is exactly the space of coefficients for the
convergent linear combinations, L is well-defined and bijective. Theorem 5.14 tells us that
L is bounded, and clearly, it is linear as well. Thus, L* is defined. Every step in the proof of
theorem 6.12 (i) still works here, so
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Lz = {(x, ug) tren, Vo € H.

By theorems 4.10 and 4.11 (i1), L* is bounded both above and below. That is just a reformu-
lation of (9), so {ug }ren is a frame in H. Since any proper subset of any basis is incomplete,
it must be exact.

(i1)=- (iii)

Pick an n € N. Since {uk}keN\{n} is incomplete, there exists a v,, € H satisfying

(Un,ug) = 0, Yk € N\ {n}. Since {uy }ren is complete, this implies (v, u,) # 0, so we
may pick v, to satisfy (v,, u,,) = 1. Repeating that for all n € N, we get a sequence {v,, }nen
biorthogonal to {uy }ren. Also,

Sv,, = Z(Un,uk up = Z(Snkuk = Up, Vn €N,

keN keN
80 {¥p }nen is the dual frame.
(ii)= (i)
Pick a sequence {c; }ren € 1?(N), and define

xTr = E Cr Vg,

keN
where {vy, }ren is the (biorthogonal) dual frame. Then,

(Tz), = (z,u,) = <Z ckvk,un> = ch@k,un} = ch&m =c¢,, Vn € N.

keN keN keN

That is, Tx = {c}ren, so the analysis operator is surjective. Hence, theorem 4.11 (ii)
shows that 7* is bounded below, and since it is also bounded above, this proves that {uy, } xen
satisfies (8). Thus, if it is a basis, it must be an RB by theorem 5.14.

Now, pick a y € H, and find coefficients {dj }reny C C s.t.

y= Z duy,.

kEN
Such an expansion exists by theorem 6.14. Now,

(S 1y, u,) = <Z dyug, S~ un> = de<uk,vn> = deékn =d,, Vn € N.

keN keN keN
Thus,

Sl =3 (S )| < BIS Tyl < oo,

neN neN
where B is a Bessel bound for {uy }ren. This proves that such an expansion can only take
[2-coefficients. Since T is bounded below, it is injective, showing that an expansion for ¥ in
the w, with [2-coefficients must be unique. Hence, {ug }ren is indeed a basis for H. O]
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Example 6.20. Define uy,us € R? as in exampe 5.15. We have seen that {uy,us} is an RB
for R2, so it should be a frame. Let us verify that it is indeed the case. For all x € R?,

[z, ue) [P = 222 + (21 + 22)% = 322 + 22 + 2125 < 327 + 22 + 2(2? + 22) < 5|22

WE

1
The three operators, plus the inverse of the frame operator, are:

i

Tz = {{z,ur) ioy = {221, 21 + 22}, Vo € R™.

2
% 2 1 2
T {Cl7 CQ} = ch‘uk =G (0) + co (1) = ( Clc—: CZ) ) vcla Cc € R.
k=1
- 2(2[131) + (1’1 + IEQ) . 51171 + X9 i 5 1 T 2
Sx—( 21+ T Rl B . , Vo € R=.

—1
_ 5 1 Y1 L1 =1\ (wn Ly —y 2
S7ly = = == Vy € R,
Y (1 1) (y2> 4 (_1 5 ) (y2 4 \—y1 +95y2 )’ ye

The dual frame is:

Now,
: 1 2 1 ( )+
Z<$,Uk>uk = (7 — 1) + 9 — (T ) = T, Vx € RQ,
2 0 1 T
k=1
verifying that {vy, v, } does indeed satisfy (10). Since it is the only expansion in the wy, that
exists, since they form a basis for R%. It is easily seen that {vy, vs} is biorthogonal to uy, us.
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7 Some function spaces

Earlier, we have been looking at LP-spaces as spaces of equivalence classes of functions.
Soon, we want to consider separate functions. For that reason, we will in this section be very
careful to distinguish f from [f]. Also, even though we will only do sampling on the real
number line, it will sometimes be useful to think of it as sampling a function with complex
domain. For that reason, we will start this section by introducing the complex analysis we
need. Then, we will go into the actual spaces of functions we are interested in. The relevant
function spaces are of two different kinds: Paley-Wiener spaces and Bernstein spaces.

7.1 Some complex analysis

Definition 7.1. A function mapping C into C is called
(i) analytic at a point zy € C if it is differentiable in some neighbourhood of z.
(ii) entire if it is analytic in the whole complex plane.

A well-known fact is that any power series, centered at some z, € C, converges uniformly to
an analytic function inside some open ball B, centered at z,. Also, it is differentiable and in-
tegrable on B, and its derivative/anti-derivative can be obtained by differentiating/integrating
term by term. The new power series has the same radius of convergence, although the be-
haviour at the boundary might be different. Limits can also be performed term by term, since
the convergence is absolute.

Conversely, if f is analytic on B, it is well-known that its Taylor series about z, converges
to f on B. Since the Taylor series is a power series, it has the mentioned properties. One
implication of this is that f is infinitely many times differentiable on B, since its derivative
is also a power series that converges on B. Another implication is that if f is entire, then
its Taylor series about any point converges pointwise to f on C. The reason is that any
z € C lies on some open ball B, centered at any point, and uniform convergence on B
implies pointwise convergence at z € B. Specifically, the Maclaurin series for f converges
pointwise to f on C, which we will take advantage of to prove our next lemma.

It should be noted that not all of the above is true for real functions. E.g. the function
defined by f(z) := ﬁ, Vx € R is differentiable on R, but its Maclaurin series only
converges on (—1,1). If we extend f from R to C by defining f(z) := H%, Vz € C, then
f has singularities at z = =4i. Thus, the Maclaurin series is only guaranteed to converge
(uniformly) to f for |z| < 1. In fact, it is also well-known that it diverges for |z| > 1.

Lemma 7.2. If f: C — C is entire, if {z; }ren is a sequence in C \ {0} converging to zero
as k — oo, and if f(zx) = 0 forany k € N, then f = 0 on C.

Proof. Let >/, 2" be the Maclaurin series for f. We want to prove by induction that
c, =0, Vk € Ny.
For the basis case, we have:

o0

0= f(zn) = chzﬁ, Vn € N.

k=0
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Since lim,,_,, 2z, = 0, we get:

n—o0

© k
0= lim f(z,) =co+ ch (hm zn) = ¢p.
n—oo
k=1

Now, for m € N, assume that ¢;, = 0 for all ¥ < m. Then,

f&) _ i cphm = i Ceam?", ¥z € C\ {01,

Zm
k=m k=0
where we have translated the index of summation. Specifically,

Zn -
f<m) = chmzﬁ, Vn € N.
“n k=0
Again, as n — oo, we get:
- f(zn) N . g
0 Jim om Cm + ; Crom ( 1M 2 c
This completes the proof by induction that all the coefficients of the Maclaurin series van-
ishes. Hence, the whole series vanishes for any z € C, showing that f = 0 on C. ]

Lemma 7.3. (i) If f: C — C is an entire function that vanishes on R, then f = (.
(ii) If f1: C — C and fy: C — C are entire functions that coincide on R, then f; = f.

Proof. (i) Let z, := 147, Yk € N. Then, 2, — 0as k — oo, and f(z) = 0, Vk € N.

Hence, f = 0 by lemma 7.2.
(ii) Let f := f; — fo. Then, f is an entire function that vanishes on R. Hence, f = 0 by (i),
ie. fl = fg. O

Note that a consequence of lemma 7.3 is that any real, complex-valued function has at most
one analytic extension to the complex plane. That is, if f: R — C has an extension to C
s.t. f is entire, then the extension is unique. This is the main knowledge we want to bring
into the following sections. In particular, we will see that Paley-Wiener functions can be
analytically extended to the complex plane.

Before finishing this section, we will give four more lemmas without proofs. All of them
will be helpful when we are studying Bernstein functions, which is why we will mention the
lemmas. However, none of them will be referred to more than once, so we will just continue
to the next section without going more deeply into them.

Lemma 7.4 ([Ah66], p. 214). Let F' be a family of continuous functions mapping C into C.
Then, every sequence of functions in F' has a subsequence that converges uniformly on every
compact subset of C, if and only if both of the following are satisfied.

(i) Given any compact set E2 C C and any € > 0, there exists a 0 > 0 satisfying
|f(22) — f(z1)| < €forall f € Fandall 21,2z € E s.t. |20 — 21| < 0.

(ii) For any z € C, there exists a compact set R C Cs.t. f(z) € R, Vf € F.
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Property (i) is often called equicontinuity on any compact set. It states that every element of
F is uniformly continuous on F, where the same ¢ > 0 works for all of them.

Lemma 7.5 (Maximum modulus principle; [Ah66], p. 134). If f: C — C is analytic on a
compact set E C C, then sup,p | f(2)| is attained on the boundary of E.

Lemma 7.6 ([Yo01] p. 71 and 83). Let f: C — C be entire, and assume that there exist
constants A, B > 0 satisfying

1£(2)] < AePFl vz e C. (13)

(i) Restricting f to the real number line, if f € LP(R) for some p € [1,00), then f(x) — 0
as |x| — oo.

(ii) If f(x) — 0 as |x| — oo along the real axis, then f(x + iy) — 0 uniformly in y as
|x| — oo along the real axis. That is, for any bounded set S C R, and for any ¢ > 0,
there exists an R > 0 s.t. | f(x + 1y)| < € whenever |x| > R,y € S.

Lemma 7.7 ([Ch10], p. 106). If { fx }ren is a sequence of integrable functions mapping R
into C, and if

> [ 1@ldr <o,

keN
then

/Rka(:c)d:c: Z/Rfk(:c)d:c.

keN keN

Note that lemma 7.7 can also be applied to sequences of complex functions that are square-
integrable on the real number line. After all, what matters here is their properties on R, so
we may consider their restrictions to the real number line and use the lemma.

7.2 Paley-Wiener spaces

In this subsection, we will sometimes encounter sets that are defined only up to a set of
measure zero. To take care of that, we will view them as being equivalence classes of well-
defined sets. The equivalence class containing a set S C R will be denoted by [S], and
it consists of the sets that equals S except possibly on a set of measure zero. Just like for
functions, it is easily verified that this does indeed define an equivalence relation. We will
say that [S] is bounded if for any S. € [S], there exists a set A C R of measure zero s.t.
Se \ A is bounded. Similarly, given sets U, V' C R, we will say that U C [S] C V' if for any
S € [S], there exist sets A, I' C R of measure zero s.t. U C S.\ Aand S.\T' C V. We will
never explicitly refer to equivalence classes of sets other than in this subsection. However,
after the following definition, it will be clear that some of the sets to come are not really
defined everywhere.
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Definition 7.8. Let f: R — C be a function.

(i) The set supp(f) := {x € Rs.t. f(x) # 0} is called the support of f.

(ii) The support of |f] is defined, up to a set of measure zero, as supp([f]) := supp(f).
(i) If f € L*(R) U L*(R), the set spec(f) := supp(f) is called the spectrum of f.
(iv) If spec(f) is bounded, then f is called band-limited.

Recall that the Fourier transform of an L'-function is a function, while an L?-function trans-
forms to an equivalence class of functions. Thus, the spectrum is a well-defined set for
L!-functions, but only defined up to a set of measure zero for L2-functions. However, for
our purposes, that is sufficient, since integrals of functions that are equal a.e. will always
coincide. That fact also means that we can integrate functions over equivalence classes of
sets. We can even integrate an equivalence class [f] of functions over an equivalence class
[S] of sets, since for any choice of f. € [f] and S. € [5], the integral [, f.(x)dx will take
the same value. Still, to work with band-limited L2-functions, we need a way of saying that
spec(f) is bounded, even though it is only defined up to a set of measure zero. This is the
main reason for our discussion about equivalence classes of sets.

Proposition 7.9 ([Ch10], p. 149). If S C R is a bounded set, if f € L*(R), and if

spec(f) C S, then f is equal to a continuous function a.e.

Proof. Since f € L2(R) = f € L2(R) and supp(f) C S, we have f € L2(S) c LY(R) by
theorem 3.5. Hence, & f is continuous and equals f a.e. by theorem 3.7 (i) and (iii), applied
to the operator & (rather than to §). O

Definition 7.10. Given a bounded set S C R, the Paley-Wiener space with spectrum S,
denoted by PWs, is defined by PWg := {f € L*(R) s.t. f is continuous and spec(f) C S}.
If o > O is given, then PW, := PW|_, .

Propositions 7.9 ensures us that the definition of PI/s makes sense. Since different con-
tinuous functions cannot be equivalent, we could just as well have defined Py to be the
corresponding space of equivalence classes of functions. Then it would by definition be
a subspace of the Hilbert space L*(R). For our purposes, it is more convenient to let the
elements be functions. Note that since the inner product on L?(IR) is computed using repre-
sentatives for the equivalence classes, the same inner product can be used for PWWg. Thus, it
is an inner product space. It turns out that PWg is complete w.r.t. the induced norm, i.e. the
L?-norm. That is, PW is a Hilbert space. Before proving that, we will show how we might
define PWy in an equivalent way. In practice, that is the definition we normally use when
we study Paley-Wiener functions.

Theorem 7.11 ([OU16], p. 13). If S C R is a bounded set, then
PWs={®Fs.t F e L*5)}.

Proof. For f € PWg, let F := f . Then, F' € L?(S), and the same argument as in the proof
of proposition 7.9 shows that & F' is continuous and equals f a.e. Since f is also continuous,
they must be equal everywhere, so f € {&F s.t. F € L*(S)}.
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Conversely, assume f = &F for some F' € L*(S) C L'(R). Then, f is continuous by
theorem 3.7 (i), and f = F a.e. by theorem 3.8 (iii). Hence, spec(f) = supp(F') C S, so
f e PWs. ]

Theorem 7.12. If S C R is a bounded set, then PWs is complete w.r.t. the L*-norm.

Proof. Let { fi}ren C PWg be Cauchy. Then, {[fx] }ren is a Cauchy-sequence in the Hilbert
space L?(IR), so it converges to [f] € L*(R) for some f € L*(R). We need to show that f is
equivalent to an element of PW. Since the Fourier transform on L?(R) is a linear isometry,
we have:

1 = Fullo = I8F = §fulla = I8(f = f)lla = Ilf = fll2 = 0

as k — oo. That is, fk — f in the L?-norm as k — oo. Also, since all the fk vanish almost
everywhere outside .S, so does their limit class, f. Thus, f € L*(S),s0 g := &f € PWg by
theorem 7.12. Since and g = f a.e., this concludes the proof. O

A A

Obviously, if S C R, and if supp(f) C R, then supp(f) C S as well. Thus, PWg C
PWpg. In particular, we may pick R to be an interval, centered at the origin, containing
R. That is, PWg C PW, for any ¢ > sup|S|. We will take advantage of that a lot
of times, since Paley-Wiener spaces with such spectrums are often extra convenient. One
reason becomes clear when we start comparing them to Bernstein spaces. However, for the
moment, we will state most properties more generally, allowing .S to be any bounded set.

7.3 Extending Paley-Wiener functions to the complex plane

As we have seen, the Paley-Wiener functions with spectrum S C R are the functions that can
be expressed as [, F(t)e*™*dt for some F' € L*(S). What happens if we allow « to be any
complex number? Is the integral still guaranteed to converge pointwise, and if it does, what
properties will the defined function have? The following theorem gives part of the answer.

Theorem 7.13. Given a bounded set S C R, define 0 := sup|S|. If F € L?*(S), then
[ F(t)e*™Otdt defines pointwise a function f: C — C. f is entire, and it satisfies:

(i) (TOU16], p. 14)
[f()] < V(S)| flloe®™ P, vz € C.

(ii)
f'=2mi / tF(t)e Ot
S
(iii)
1€ PWs, and || f'|2 < 2mo || f]l2.
(iv)

|f'(2)] < 210/ u(S) || fll2e*™ P, Wz € C.
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Proof. For any ¢ € R, we have 0 < e“ < el whenever t € S. Hence, for any fixed
x,y € R, setting z = x + iy , we have:

[F(2)] =

/F(t>€27ri(ac+iy)tdt‘ < / |F<t)e27ri:ct—27ryt} dt = / |F(t)’ . ’62m'xt’ . }6—27ryt| dt
S S S

S/S\F(tﬂem'ydtg (/1 dt) (/ |F () dt) 2l =\ /1u(S)|| F || e 1

=V u(S)| fll2e” M < o0,

where we have used Holder’s inequality. This shows that the integral converges pointwise,
so f is defined on C. We have also proven (i).

Now, we need to show that f is differentiable at z. This involves a lot of interchanging
integrals, sums and derivatives, so we will do the steps carefully. First, we note, for any
n € N:

The fact that the last sum converges is easily verified by the ratio test, and in fact, it is
well-known that its limit is e>™1?l. We will soon take advantage of these observations to
interchange integrals and sums. Assuming f is differentiable at z, we have:

o0

() = dilz/SF< e2ristqy — Z 2mzt /Z 2mzt

n=

o0

dzz / QmTt _ di (Z / 27mt dt)

£ (e fro a5 o [

2mzt 2mzt
_Z/zth D) dt_QmZ/tF ASalthad a7
QWZZt 2mizt
= 2mi Z tF () ~——dt = 2mi | tF(t)e*™dt.

S

Before continuing, we will ]ustlfy some of the equalities above:
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Fourth equality: Lemma 7.7.

Sixth equality: Any power series can be differentiated term by term.
Nineth equality: Translating the index of summation.

Tenth equality: Lemma 7.7 again.

Hence, we have found an expression for f’(z) if it exists, i.e. if the last integral converges.
To see that it does, note that

[lp@ea < [ oF@©]e e < o /uS)] e
S S

by the same calculation as in the beginning of the proof. Thus, f is indeed differentiable on
C, i.e. entire. This also shows (ii) and (iv), since

1F'(2)] =

omi / tF(t)eQ’fmdt‘ < or / |tF(t)e*™ dt| < 2mo/p(S)|| fl|2e .
S S

Also, since ¢F'(t) defines a function in L?(S), (ii) implies that f' € PWs. Example 3.11
now shows that || f’||2 < 27 (sup|S|)|| f||2 = 27wo|| f]|2, which concludes (iii). O

In accordance with theorem 7.13, we will view PWg as a space of complex functions, rather
than a space of real functions, whenever that is convenient. We are mainly interested in the
case that S = [—o, o], after which u(S) = 20. In any case, since S C [—0, 0], it is obvious
that PWs C PW,. Hence, if convenient, we can think of any Paley-Winer function as
having spectrum inside some bounded interval.

Example 7.14. Given o > 0, pick an F € L*|—0, 0], and define f == F € PW,,. Also, let
g: [—0,0] — C be the function given by

g(t) = 2mite?" | Vit € [~0, 7).

By example 5.11, recalling that the Fourier series converges pointwise to g,

20(—1)1 . —1)k L ™
g(t) = Z &G;lk’t = it = Z %egzkte—%za Vi e [—O‘, 0_].

keZ m(k — %)2 keZ m(k—3)?
Combining this with theorem 7.13 (i),
/ 2mixt 20 fzkt - zt 2mixt
f(z) = / 2mitF(t)e* ™t dt = Z F(t)e>™tdt
I 0 keZ
20 x— (—1)F! /f’ ) 20 x— (—1)F1 k-1
_ =7 ) F(t)e m( (k +x tdt —f T+ 2 7
T = (k- 2], T % (k—3)? 20

for all x € R. Exchanging integral and sum is justified by lemma 7.7, since the last sum
converges absolutely:
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The integral test, applied to the function ( J@‘f =, how shows convergence. So we do indeed
2
arrive at the pointwise formula
20 (—1)k1 E—1
fllz) =" ——fla+ 2), vzeR. (14)
T keZZ (k—3)? 20

7.4 Bernstein spaces

We are now ready to introduce a space of complex functions, defined by a that property that
we have already encountered for Paley-Wiener functions.

Definition 7.15. Given a o > 0, the Bernstein space B, is the space of all entire functions
f: C — C with the property that there exists a constant C > 0 satisfying

|f(2)] < Ce?moliml vy, e C. (15)

Theorem 7.13 (i) shows that Paley-Wiener functions satisfy (15), so PW, C B,. The fact
that the two spaces do not coincide is clear from the following example.

Example 7.16. Given a o > 0, let f(z) := sin(2w0z), Vz € C. It is well-known that f is
an entire function. Also, for any x,y € R,

. 627rio(x+iy) - 6727Tia(w+iy) 1 2micT—2ToY —2micx+2ToY
Fa+iy)| = . =2 e e |
21 2
1 A , 1
S 5 (‘627r10x6—27ray‘ + |€—2moz627r0y|) _ 5(6—27r0y + 6271'03/) S 627r0|y\'

Thus, f € B,. However, f is not square-integrable over the real number line, since the
integral of | f |2 over one period is a positive number, [ > (. The integral over n € N periods
is then nI, which tends to infinity as n — co. Hence, f ¢ PW, C L*(R).

The fact that not all Bernstein functions are L>-functions means that we cannot use the
L?-norm on B,. However, to find a norm that works, we can take advantage of a simple
observation. If we restrict the domain of a Bernstein function to be the real number line, then
(15) reduces to | f(x)| < C, Yz € R. For spaces of bounded functions, it is typical to use the
sup-norm, and that is exactly what we are going to do now. Just like the most well-known
spaces of bounded functions, Bernstein spaces are complete w.r.t. the sup-norm, but does
not have an inner product. We will prove that in the next section.

Theorem 7.17. If o > 0, then, || - |oo: By — R{, defined by

[f1loe = Sup [f(@)], Vf € B,

is a norm on B,.
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Proof. (i) Obviously, |||l > 0, Vf € B,, with equality if and only if f vanishes on the
real number line. By lemma 7.3 (i), since Bernstein functions are entire, this happens if and
only if f = 0.

(i) [|aflloc = sup|af(z)| = |afsup |f(z)] = |a] - [ fllo, Vo € C, Vf € Bs.
z€eR z€eR

(iii) || f + glloc = Sup |f(x) +g(z)| < sup (If(2)] + [g(x)])

< sup (|f(x)] +19(m)]) = sup [f(z)| +sup [9(y)| = | flloc +[|9lloe; ¥, 9 € Bo-.
z,yeR zeR yeR

]
Example 7.18. Letm € N, e € (0, 1), 0 > 0 and f € B, be given. Define

g(z) := sinc(20¢€z), f(2) == f((1 —me)2)(g(2))™, Vz € C.
For any x,y € R, setting z = x + 1y, we have:

eZmztdt — : [62ﬂzzt:| - — : = 90€
=moe oz 2i 2moez

/06 ) 1 e 1 627ri05z _ e—Zﬂ'iO'eZ sin(27raez)

= 20esinc(20€z) = 20¢eg(z).

20¢€ \g(z)| S / ‘627ri(x+iy)t| dt = / ‘627ri:ct€—27ryt| dt S / 627rae|y\dt — 627r05|y\'

—0€ —O0€ —0€

Hence, g € B,.. Also,

1

1 m
m— Mmoo [ 2oyl ) — 2rmaely|
0" =l < (Groe ) = e,

showing that g™ € B,,,.. Now, since f € B, picking C > 0 satisfying (15), we have:
’f((l . me)z)| < 06271'0|Im((17m6)z)| — 616271*0'(177)%:)|y\7
so f((1 —me)(-)) € Boi—me). Thus,

¢ 27ra(17me)|y\€27rmae|y\ —

= g @

Since z € C was arbitrary, this shows that f. € B,.
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7.5 Properties of Bernstein spaces

This subsection covers the most important properties of Bernstein spaces. Our ultimate goal
is to show that the sup-norm makes 5, a Banach space, which will be the last theorem in
this section. However, there are lots of other properties, alll requiring a little bit of complex
analysis. We will carefully go through a proof for each of them, taking advantage of what
we know from section 7.1.

As we have seen, PW, C B,. More specifically, PW, C B, N L?(R), where we
interpret L?(R) as being the space of all complex functions that are square integrable on the
real number line. In fact, the converse also turns out to be true. That is, ALL entire L>-
functions satisfying (15) are elements of PW,, i.e. their spectrum lie inside [—o, o|. This is
known as the Paley-Wiener theorem, which we will now show.

Theorem 7.19 (Paley-Wiener theorem; [Yo01], p. 85). If o > 0, then PW, = B, N L*(R).

Proof. Pick an f € B, N L*(R), and find a C > 0 satisfying (15). As pointed out, what
remains to be shown is that spec(f) C [—o,0], i.e. that f vanises almost everywhere on
R\ [-0,0]. Fixat < —o. Forany R > 0 and any r € (0, R), consider the five line
segments

= [-R,—R+1ir], y2:=[-R+ir,—R+iR], 73 :=[-R+ iR, R+ iR,
v4 = [R+ir, R+ iR], 75 :=[R, R+ iR)].

Note that together, taking v, and y; in the negative direction, the five line segments make a
contour clockwise around a rectangle, starting at — R and ending at R. Forn € {1, 2, 3,4, 5},
let /,, be the integral

I, ::/ f(2)e 2™ dz :/ [z +iy)e ™ rte2™i
Tn Tn
Our goal is to estimate the contour integral [ := [} + [, + I3 — I, — I5 for large R > 0,
which is independent of the chosen r > 0. Note that the function g := fe=2"0)t € L%(R),
defined on C, satisfies, for all z,y € R:
|g(:L’ + Zy)‘ — ’f(.’lf + zy)| . ‘e—2ﬂixt| . ‘627ryt’ § Ce?ﬂ'o|y\e27ryt S Ce27r(0—t)|y\ S CeQﬂ(o-_t)M.
Thus, g is of exponential type, meaning that it satisfies (13). Now, pick an ¢ > 0, and
fix r > 0 st e2rletr < —@. This is possible because o + ¢t < 0. Also, find
Ry, Ry, R3 > 0 satisfying:
F(=Re+ i) & = g(~R +iy)] € & YR > B,
. . €
[f(R+iy)|e™ = |g(R+iy)| < o, VR > Ry,

R 2m(c+t)R < L VR > Ra.
‘ =100 T
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Ry and R; exist due to lemma 7.6. Now, for any R > max{r, R, Ry, R3}, we have:

|| < / |f(=R+iy)| e*™'dy < / —dy — g
1| < "R . ﬂytd < Cle2moy ﬂ‘ytd — w(o+t)y
|2“/r (=R +i)le y—/,» ceTw [2%(0—1—2&)6 .
¢ 2m(o+t) 2r(oc+t)R C 2 (o-+t) €
- _ - (o ro_ (o < — (o r < —
2m(0 +t) (e ‘ ) on(o +1)° =5
R R )
[Is] < / [f(z +iR)| e dx < / ey = 2RO <
Similar calculations show that |14, |I5] < ¢ as well. Thus, 1] < Zn || < e By

Cauchy’s integral theorem, since f is entire,

R .
I= / f(z)e 2™ty
-R

Thus, we have shown that this integral tends to zero as R — oo, assuming that ¢ < —o.
Now, h(z) := f(—=z) defines another function h € B, N L*(R). The change of variable
X = —x gives,fort > o0 = —t < —0:

R R R
/ fz)e 2™ dy = / h(—z)e 0 g = —/ h(X)e X (gX — 0
-R -R

“R
as R — oo. Thus, for [t| < o,

= lim / f(z)e ?™dy = 0.

R—o00

The next property optimizes the constant C' in (15).
Proposition 7.20 ([OU16], p. 17). Ifc > 0 and f € B,, then

F(2)] < || flloce®™ ™, vz € C.

Proof. The case that f = 0 is trivial. Otherwise, find C' > 0 satisfying (15). For any € > 0,
define

fe(z) — f(Z) 6271'1'0,2’ V2 € @’

1 — ez

where C* is the set of all z € C with [ m(z) > 0. Note that 1 — iez never vanishes on C+,
so f. is analytic. Now, for any € R and any y € R, we have:

f(.’L’ + zy) egm'g(x_m‘y) _ f(ZL‘ + Zy) 62m’aa¢€—27roy'

Jelw +iy) = 1 —ie(x + dy) 1+ ey —iex
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|f(17%_iy)| 672Woy < ¢

flx +1y)| = < .

17l ) V(1 +ey)? + (ex)? V14 2ey + (22 + y?)

For R > 0, define Eg := {z € Cs.t. Im(z) >0, |z| < R}. If |z| = R, then
|fe(2) ¢ —0as R — oc.

| < <
V1+2eIm(z) + 2R? ~ V14 eR?

Thus, for sufficiently large R, this cannot exceed the largest value that |f.| takes on the
real interval [—R, R]. Hence, the maximum modulus principle (lemma 7.5) tells us that
SUp,cp,, | fe(2)| must be attained on [~ R, R]. Since

_ U@L
@) = LD < If(@)

for all x € R, this shows that

sup |fe(2)] < Slelﬂlg!fe(ﬂf)! < sgg[f(x)\ = [[flse-

2eC+

Thus,

(@ +ay)| = [fela +iy)| V(1 + ey)? + (ex)2e™ < /(1 + ey)? + (e2)?]| flloce™™

for any x,y € R with y > 0. Since this holds for arbitrarily small ¢ > 0, we can get the
square root arbitrarily close to 1, as long as x and y are fixed. Hence, we conclude that
[f(z + i)l < [ flloce® = || flloce® 1.

For y < 0, define h(z) := f(—z) for z € C. Clearly, h € B, and ||h|| = || f]|c0» SO We
have shown:

|f(z +iy)| = |h(—z —iy)| < [|Ale™ Y = || f]le®™ W, Yo,y € Rs.t.y <O0.
]

It is well-known that on normed spaces of differentiable functions, the differentiation
operator is usually not bounded. We need some sort of restriction if we want that to be the
case. To do an example with the sup-norm, let

fr(z) :=sin(kzx), Vo € R, Vk € N,

Then, both f; and f; are bounded on R, where || fx||.o = 1 and || f}||cc = %k, V& € N. Hence,

H;’;H“ — o0 as k — oo, showing that the differentiation operator is not bounded. This must

also be true for the corresponding space of functions that can be analytically extended to the
complex plane, since all the f; have that property. However, for sufficiently large k, we have
fr & B,, so this does not prove that the differentiation operator on B, is not bounded. In
fact, it turns out to be bounded! This is known as Bernstein’s inequality, which is our next
theorem. It is very similar to the result of example 3.11, except that in Bernstein spaces, we
are using the sup-norm rather than the L?-norm.
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Theorem 7.21 (Bernstein’s inequality; [OU16], p. 21). If o > O and f € B,, then ' € B,
and || f'l|se < 270 || f|oo.

Proof. Since the derivative of any entire function is entire, it suffices to show that the
inequality holds. Pick an f € B,. First, assume that f € L?(R). Then, f € PW, by the
Paley-Wiener theorem. Now, by example 4.13,
k—1
2
i(+557)

2o~ (DM (ks 20 1
WZ(k_l)2f( + 29 ) SWZ(k_l>2

keZ 2 keZ 2

20
< —-w*sup|f(y)] < 270 flloe
™ yeR

for all x € R. Applying (14) to f, we get ||f'||c < 270||f]|0,» Which proves Bernstein’s
inequality for the space B, N L?(R).

On the other hand, if f ¢ L?*(R), we need to approximate f pointwise by a sequence in
B, N L*(R). Define

ful2) = ((1 _ %) z) (sinc (2%2» VzeC, VkeN.

Example 7.18 shows that f; € B,, where we put m := 1 and € := % Also, since f is

bounded on R and the sinc-function is square-integrable on the real number line, we have
fr € L*(R). Thus, { fx}ren is a sequence in B, N L*(R), so we have shown that

1 flloe < 270]| filloo, VK € N.
Now, for any z € R\ {0}, we have:

d—sinc(?oex) _d <Sin(27mex)> _ 2moe cos(2moex) - 2noexr — sin(2noer) - 2moe€

x dx 2noex (2moex)?
_ cos(2moer) sin(2moer)  cos(2moexr) — sinc(20¢€x) . 1-1 0
B x 2roer? x r

as € — 0. Thus,

= (1= (1)) () (1-)7) & o (3
—1-fQ-2)- 1+ f(1-2)-0= f(z)as k — oo.

For x = 0, the derivative of the sinc-function vanishes, so

f1(0) = (1 - %) f'(0)sinc(0) — f(0) as k — oco.

Hence, f; — f’ pointwise on R as k — oo. Also,
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/()] =

lim fi(2)] = Jim |fi(2)| = limsup | f{(2)] < limsup | ], Vo € R
k—oo k—o0 k—o00 k—o0

= ”f/”oo < limsup Hfl/cHOO

n—oo

Clearly, || fx|loo < ||f]lo for all k& € N, since the sinc-function never takes a greater value
than 1, while f((1 — 1)(-)) is just a translation of f. Hence, we finally get:

1/ lloe < Timsup || filloo < limsup(2mo|| filloo) < 270 floe-

k—o00 k—o0

]

Note that Bernstein’s inequality also gives an upper bound for | f’|, in terms of the imaginary
part of the argument. Since f’ € B,, proposition 7.20 tells us that

()] < (1f ™™™ P, vz € C.

Bernstein’s inequality now allows us to replace || f/||oo by 270 || f || in the inequality above.

Now, we get to the one theorem that uses equicontonuity on compact sets. This is ex-
actly the property we need before we are ready to prove completeness. Note how crucial
Bernstein’s inequality is in the proof.

Theorem 7.22 (Compactness property of Bernstein spaces; [OU16], p. 19). Given o > 0,
every bounded sequence in B, has a subsequence converging uniformly on every compact
subset of C to some [ € B,.

Proof. Pick a C' > 0, and define F' := {f € B, s.t. || f|lcc < C'}. We need to show that F
satisfies the premises of lemma 7.4.

(i) Pick a compact &£ C C and an € > 0. Let 7 := maxyep [Im(u)| and § := ;=ze >™" If
f € F,and if 21, 25 € E satisfy |z — 21| < 6, then

/Z '(w)du

<270 || fl|0e€®™"8 < 2w Ce*™ 7§ = €.

|f(22) - f<21)| =

< sup | f/(w)]-|z2 — 21| < sup (|| f/[|oe® ™M) |25 — 24
uekl uer

(i1) Pick a zo € C, and define

o= e2mlml Rp.— {» e Cst |2| < Cr}).
Then, R C C is compact, and

1£(20)] < || fllac€® MmNl < Cr = f(2) € R, Vf € F.

Hence, by lemma 7.4, any sequence { fx }reny C F converges uniformly on every compact
subset of C to a function f : C — C. For any z € C, since uniform convergence implies
pointwise convergence,
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im fk(z)‘ = lem ’fk(z)’ < hiﬂsup kanooemrallm(z)\ < Ce2molim(z)|
oo o —00

7)) = | i

Thus, f € F' C B,, which concludes the proof. ]

As noted in the proof, the compactness property specifically says that any bounded sequence
in B, has a subsequence converging pointwise on C to a function f € B,. This is what we
will now use to finish this section.

Theorem 7.23. If 0 > 0, then B, is complete w.r.t. the sup-norm.

Proof. Let {f;};en C B, be Cauchy. Since Cauchy-sequences are bounded, it has a
subsequence { f;, } ren converging pointwise to some f € B, by the compactness property.
Pick an € > 0, and find N € Ns.t. || f;, — fjlloc < € whenever j, k > N. Then,

F(@) ~ @) = [Jim £, () ~ f5(@)| = Jim |£,(@) ~ £;()

<limsup||fj, — filleo <€,

k—o00

for all x € R and all j > N. Thus,

I} = Filloe = sup|f(z) = fi{z)| < & ¥j 2 N,

showing that f; — f in the sup-norm as j — oo. Hence, B, is complete w.r.t. thatnorm. [l

7.6 Comparing PW, and B,

Since PW, C B,, the two spaces are guaranteed to have some similar properties. For
example, if functions with a given property exists in PIV,, they must also exist in B,. Also,
if there exists at most one function in B, with a given property, i.e. if we have uniqueness in
B, then there is at most one such function in PW,,. Another implication is that any general
property of all functions in B, must also be a general property in PW,,. In particular, the
properties of the sup-norm are satisfied in PW,,. Thus, || - || is a norm on PW,, but it does
not have as nice properties as the L?-norm. In particular, PWW, is not complete w.r.t. the
sup-norm. However, it turns out that there is an inequality relating the two norms on PW,,.
We will now show that for the more general space PWWg, where the bounded set S might not
be an interval centered at the origin.

Lemma 7.24. If S C R is bounded, and if f € PWyg, then f is bounded on R, and
[ flloe < A/ 1(S)[| f]l2-

Proof. Setting F' := f , we have:

)| = ‘ / F(t)em"”dt‘ < / ()| dt = / (1)) dt

<(/ %zt) ([ |dt) = VHE)IFl = VA fll, V2 € R.

Taking supremum over x € R, we get the desired result. ]
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In particular, if S = [0, o], lemma 7.24 states that || f||oc < v/20]| f||2. Comparing theorem
7.13 (1) and (iv) with proposition 7.20 and Bernstein’s inequality, this should be no surprise,
even though they do not prove it. With the properties we have found, we get the following
list of properties that hold for any o > 0:

(i) PW, = B, N L*(R).
(i) B,, equipped with the sup-norm, is a Banach space.
(iii) PW,, equipped with the L?-inner product, is a Hilbert space.
For f € B,:
(@) 1f(2)] < [ fllsce? ™, vz € C.
V) f" € By, and || f']oc < 270 | f[cc-
i) |f'(2)] < 270 f|lsoe?™ AN V2 € C.
For f € PW,:
vii) |f(2)] < V20l fll2e?™ V] vz € C.
(viii) f' € PW,, and || f'||2 < 27o]| f]|2-
(x) |f'(2)| < 2mov/20|| f||2e2™ ™A V2 € C.
0 [/l < 270v/20) £

Note that since all the properties of f also apply to f’, we can iterate the properties of f’ as
many times as we like. For example, (viii) can be generalized to: || f™||o < (270)"|| f]|2 for
all f € PW,.
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8 Sampling

Let X be a space of functions and A C R be a discrete set. Sampling theory adresses the
question of whether any f € X can be uniquely determined if we know its values at A, and
whether there are any significant changes under small perturbations. We will give a precise
formulation of the two main problems in the next section. If f describes a process that we
are measuring in real life, we will not be able to measure points arbitrarily close to each
other, and our measurements might not be exact. After all, the instruments can only measure
with a certain frequency and a certain precision. That is why we will always assume that A
is uniformly discrete, and why we are interested in what happens under small perturbations.
This section presents the so-called weak and the strong sampling problems in general, before
concentrating on Paley-Wiener spaces.

8.1 A discussion about sampling

Definition 8.1. Let A = {\, \o, ...} C R be discrete. If 6(A) := infj |\, — Ni| > 0, then
A is called uniformly discrete (u.d.), and 6(A\) is called the separation constant for A.

Uniformly discrete sets simply mean sets whose elements never get arbitrarily close to each
other, and the separation constant is the the largest lower bound for the distance between
them. For example, 6(Z) = §(N) = 1, while sets like Q and {; s.t. k € N} are not u.d. If
we measure in a time-domain with an instrument that can measure 100 times every second,
then 0(A) must be at least 0.01 seconds. That is, if we start at 0 and measure as often as we
can, then

1
A = {0,0.01,0.02,0.03,..} = 77-MNo.

When A is an arthmetic progression like this, i.e. if the distance between consecutive points
is constant, we are dealing with so-called uniform sampling. In practice, that is normally
what we do, since we want as much data as possible. We will, however, study more general
samling than that, until we focus specifically on uniform sampling in Paley-Wiener space in
section 10.

The set A is called the sampling set, and the values {f(A) s.t. A\ € A} are called the
samples of f at A. The restriction og f to the sampling set is denoted by f|5. That is, f|, is
defined on A by f|A(N) := f(A), YA € A. As before, we will assume that A is ordered, so
that we can view A and f|, as sequences. This is important when we work with sampling in
Paley-Wiener spaces, since we will encounter a lot of sums over A. If A is bounded below,
we might pick ascending order, which simply means chronologically if the domain is time.
Note that with our new notation, sampling is about whether knowledge of f|, is sufficient to
determine f.

Note that a different question is whether f is guaranteed to exist. If Y is a space of se-
quences indexed by A, we could ask whether any sequence in Y is equal to f|, for some
f € X. That s called the interpolation problem, which is not adressed in this thesis. Our fo-
cus is on uniqueness, plus a stronger property that is related to small perturbations, assuming
that the function we are searching for actually exists.
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What do we need to know about the function f to have any chance of being able to
determine it from knowledge of f|,? With no assumptions on f at all, one solution would
be:

flalz), x€A
f("””):{o,| . r€R\A

This solution is probably not the one we are looking for, and it is definitely not unique.
Usually, a convenient assumption is that f is continuous. However, that still allows us to
draw straight lines between the samples, which is probably not the right solution either. That
solution is still not differentiable, though. A good start is to assume that f is differentiable
infinitely many times. In any case, it is clear that we need some sort of assumptions on f,
which is why we always consider some given function space X.

As mentioned, we can never measure anything with arbitrary frequency. Also, we cannot
measure anything forever. Hence, in reality, A is always a finite set. This is no problem if
the dimension of X is also finite. For example, it is well-known that given any set of n € N
points in R?, having different z-coordinates, there exists a unique polynomial of degree at
most n — 1 going through all of them. Thus, as long as A contains at least n points, it can
be used for sampling in the space of such polynomials. However, if we have no restriction
on the degree of the polynomial, we get a problem. In fact, most convenient function spaces
have infinite dimension, just like the space of all polynomials. If X has an infinite basis,
{vk }ren, then we need infinitely many coefficients ¢, € C to be able to write

f= chvk, Vfe X,
kEN

and we need infinitely many data points to determine infinitely many coefficients. Since
we only consider u.d. sampling sets, we must sample forever to get infinitely many data
points. One attempt to get around that problem is to restrict ourselves to a convenient, finite-
dimensional subspace of X that we expect to approximate f well. E.g. in Paley-Wiener
spaces, there may be finitely many frequencies we expect to get, which allows us to use the
discrete Fourier transform. Another idea is to measure finitely many points, and assume the
function vanishes on the rest of our infinite sampling set. To be exact, that cannot work if the
only element of X vanishing outside a bounded set is the zero-function. That is the case in
Paley-Winer spaces and Bernstein spaces. However, if we get a function that is very small
outside that bounded set, it might be a good approximation of the function we are searching
for. These are problems that will not be covered in this thesis. We will allow unbounded
sampling sets, and see what it leads to mathematically.

8.2 The sampling problem

To give a precise formulation of the sampling problem, we will take advantage of a
convenient operator.

Definition 8.2. Letr A C R be a discrete set and X be a space of functions with real or
complex domain containing A. The restriction operator R, is defined by Ry f := f|x,

Vfe X.
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That is, Ry maps f into its samples on A. From now on, whenever we denote an operator
by R, we are always talking about the restriction operator. Linearity of R, follows from
how linear combinations of functions are defined. However, no other property in definition
3.1 makes sense to talk about before we specify a co-domain Y for R, and some of the
properties also require both X and Y to be normed. The only thing we can say in general
about Y is that it must be a space of sequences indexed by A. Assuming that Y is normed
and 7, 1is injective, it turns out that we have a general way of inducing a norm on X.

Proposition 8.3. Let A C R be a discrete set, let X be a space of functions, and let Y be a
normed co-domain for R. If Ry is injective, then || f|| := |Raf|ly, Vf € X defines a norm
on X.

Proof. (i) Since || - ||y isanorm on Y, we have || f|| > 0, Vf € X, with equality if and only
if Ry f = 0. By linearity and injectivity of R, this happens if and only if f = 0.

(i) [loef[| = [[Ralef)lly = llaRaflly = laf - [ Baflly = lal-[[f]l, Vf € X, Va € C.

(i) [ + gll = [Ba(f + 9)lly = [[Raf + Raglly < [[Baflly + |Raglly = [[£1 + llgll,
Vf,ge X. Il

We will denote this specific norm by || - ||y, even though it is a norm on X rather than on
Y. Whenever we use it, it will be clear whether we are taking the norm of a function in X
or a sequence in Y. As we know, injectivity of Ry means that given a sequence y € Y,
there exists at most one function f € X satisfying Ry f = y. In other words, if it exists, it
must be unique. This motivates part (i) of our next definition. Part (ii) is the main reason for
introducing the norm given by proposition 8.3, as it defines a very convenient, even stronger,

property.

Definition 8.4. Let A C R be a u.d. set, let X be a space of functions, and let Y be a
co-domain for R.

(i) If Ry is injective, then A is called a uniqueness set (US) for X.

(ii) If Ry is injective, if X and Y are normed, and if || - ||x and || - ||y are equivalent norms
on X, then A is called a set of stable sampling (SS) for X. By equivalent, we mean that
there exist constants c,C' > 0 satisfying

cllfllx < Wflly < Clifllx, Vf e X. (16)

These are exactly the sets that sampling theory tries to determine. The weak sampling

problem is to find all uniqueness sets for X, and the strong sampling problem is to find all
sets of stable sampling for X. Note that neither of the two problems involve actually finding
a way to reconstruct f from f|,, but if we can, then it is good to know that it is unique.
Our main focus will be on the strong sampling problem. When we get to section 9.5, we
will see one aspect of stable sampling that is very convenient. Note that we can check (16)
even without knowing that R, is injective. After all, the definition of || - [y : X — Ry
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makes sense, even if it does not define a norm on X. In fact, if the left inequality is satisfied,
then R, is necessarily injective. The reason is that f|, = 0 still implies || f||y = 0, so the
inequality states that c|| f||x < 0,i.e. f = 0. Thus, we do not need to check for injectivity,
as long as we have verified (16).

Example 8.5. Given a u.d. set A C R, let Y be the space of bounded sequences indexed by
A. Define

lylly = sup |f(y)|, Yy € Y.
AEA

Then, the same arguments as in the proof of theorem 7.17 show that || - ||y is a norm on'Y.
Now, pick a 0 > 0. Clearly, since Bernstein functions are bounded on R, Ryf € Y for all
f € B,. That is, Ry maps B, into Y. Also, ||fll = | flly = |f|ally for all f € By,
since the supremum over a subset of R cannot exceed the supremum over R. Thus, the right
inequality in (16) is always satisfied, where we may pick C' = 1. Thus, to check whether A is
a set of SS for B,, we just need to check whether there exists a ¢ > 0 s.t.

csup | f(z)] < §1€1£|f(A)|, Vf € B,.

zeR

8.3 Bessel’s inequality in Paley-Wiener spaces

We want to consider the strong sampling problem in Paley-Wiener spaces and Bernstein
spaces. In order to do so, we need to find a normed co-domain for the restriction operator.
Example 8.5 solves that problem for Bernstein spaces in such a way that the left inequality
in (16) is all we need to check. It turns out that we can do the same in Paley-Wiener spaces.
The following theorem shows us how.

Theorem 8.6 ([OU16], p. 15). Let S C R be bounded, and let A C R be u.d. Then, there
exists a C' > 0, only dependent on S and 0(M), satisfying 3, ., NP < C|If|I3 for all
f € PWs.

Proof. Pick a o € (0,36(A)] satisfying S C [—-, &]. Such a o always exists, since if we

40’ 4o
pick it to be sufficiently small, then the interval [—-=, -1.] will be large enough to contain S.

407 4o

We will prove that the theorem holds with C' = 5. Define h € PWg and {hy}ren C PWs

by h = \/%X[—a,a] and hy := h((-) + A), VA € A. Then, we have, for any ¢ € R:
o 7 /20 ) —\/20 o e2miot _ o—2miot
h(t) = v= —27rza:td — —2mixt _ 2% -
®) / L 20 € il O T

in(2wot
=20 - sin(2not) = V20 sinc(20t).

2mot

Ift € S, then 20t € [—%, %] On that interval, the sinc-function only takes positive values,
1

the smallest one being % Hence, the smallest value h can take on S is V20 - % = e
Now, given any A € A, h), vanishes everywhere except on an interval of length 20 < §(A).

Thus, if Kk € A and k # A, then h) and h, cannot both be non-zero at more than one single
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point. Hence, hyh, = 0 a.e., so (hy,h,) = 0. Also, (hy, hy) = %f:;f: dr = 1. This
shows that {h)}ea is an orthonormal system in L?*(R), since A\, x € A were arbitrary.
Since the Fourier transform on L?(R) preserves inner-products, { h, Afaea is an
orthonormal system as well. Thus, it satisfies Bessel’s inequality by theorem 5.8 (i). Also,
by example 3.10, 1y (t) = e*™h(t), Vt € R, VA € A.
If f € PWg, then g := % € L*(S), where we interpret % as being zero. Thus,

(g, ha)| = ;

/ @ﬁ(t)e%“‘tdt
s h(t)

[ dwemvar] = o] = 1501 e

A N 1
cwmzmm@:mmMch~—-

7a|, = 19l > Do l@ =Y 1F .

AEA AEA

]

In the next section, we will see that theorem 8.6 actually states that Bessel’s inequality is
always satisfied in Paley-Wiener space. Note that ), , [f (M) is simply the [2-norm of
flx. Hence, one consequence is that the [2-norm of f|y is finite for any f € PWj. That
is exactly what it means to be an element of [?(A). Thus, we can pick /?(A) to be the co-
domain for the restriction operator, whenever the domain is a Paley-Wiener space. We finish
this section by stating this as a theorem.

Corollary 8.7. Let S C R be bounded, and let A C R be u.d. Then Ry maps PWg into
I2(A).

8.4 Sampling in Paley-Wiener space

By definition, a set of SS for PWs is a u.d. set A C R s.t. there exist constants ¢, C' > 0
satisfying

cIFIE <D IFNIP < ClIfIIE, Vf € PWs. (17)
AEA
Theorem 8.6 ensures us that the right inequality is always satisfied. Hence, just as for Bern-
stein spaces, we only need to check the left one.

Since Paley-Wiener spaces are Hilbert spaces, we can talk about whether a sequence of
Paley-Wiener functions satisfies Bessel’s inequality or its converse. It turns out that the inner
product in (9) has a very convenient form. Given a bounded set S C R, if F' € L*(S), and if
f = ®F € PWg, then

(F, ™20 = / F(t)e 2Nt = / F(t)erixdt = f()), VA € R, (18)
S S

Thus, since || f||2 = ||F|l2 = || F |2, a reformulation of (17) is:
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| FIZ < SR EON < O FI3, VF € LA(S). (19)
AEA
Hence, theorem 8.6 actually states that F(A) is a Bessel sequence in L?(S)! Since the
Fourier inverse transform preserves inner products, it also states that the Fourier inverse
transform of that exponential system is a Bessel sequence in PWg. Hence, we can think of
it as being Bessel’s inequality in any of the two spaces.
With this discussion in mind, it is now easy to give a precise characterization of both
all US sets and all sets of SS for Paley-Wiener spaces. It turns out that the two sampling
problems can be interpreted in the language of frames and complete sequences.

Theorem 8.8. Let S C R be bounded and A C R be u.d.
(i) Ais a US for PWys if and only if E(A) is complete in L*(S).
(ii) A is a set of SS for PWy if and only if E(A) is a frame in L*(S).

Proof. (i) First, assume that A is not a US for PW. Find a non-zero f € PWj that vanishes
on A, and let F' := f. Then, by (18)

(F, ™0 = f(X) =0, VA € A.

That is, F is orthogonal to F(A). Since F is a non-zero element of L?(S) by injectivity of
T, this shows that E'(A) is not complete in L*(S).

Conversely, assume that E(A) is not complete in L?(S), and find a non-zero F' € L*(S)
orthogonal to F/(A). Then, by (18),

FO) = (F,e2™A0) =0, YA € A,

where f := &F. Hence, by injectivity of &, f is a non-zero element of PV that vanishes
on A, showing that A is not a US for PWs.

(i1) As we have seen, A is a set of SS for PWy if and only if (19) is satisfied. This is just (9)
for the sequence F(A), with A = cand B = C. [

This theorem is a good reason to study frames, in particular exponential frames in L?(S)! In
fact, not only can we find all sets of SS for PWWg by study frames. We can also reconstruct
in PWyg, as long as we are able to find an alternate dual frame! The proof is a generalization
of an argument from [Ch10], page 152.

Theorem 8.9. Ler S C R be bounded and A C R be a set of SS for PWs. Let {v)} ea be an
alternate dual frame to E(\) for L*(S), and define v, := vy, Y\ € A. Then, the following
reconstruction formula holds pointwise on R:

f=>_F\w, Vf € PWs.

A€A

Proof. Let f € PWy, and define F := f. Since F' € L2(S), we can expand it in the alternate
dual frame as
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F=(F,e™ o =3 Joa =3 Fwon.

AEA keN
This convergence is in the L?(.S)-norm, so we get:

2 2

‘f(x) = Fws,

—

/S F(t)e*™ ™ dt — Y~ f(Ar)

= / (F(t) = Fwuy, (f)> emldt) < / F(t) =Y fw)oa (6)] dt
o k=1 S k=1
:/ m—if()\k)mk(t) dt — 0asn — oo, Vo € R.
S k=1
Hence, Y, f(Ar)v), — f(z)asn — oo forall v € R. O

We will get back to this formula in section 10.2, when we are specifically talking about
uniform sampling.
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9 The strong sampling problem in PV, and B,

Our main goal of this section is to understand Beurling’s sampling theorem, which gives an
almost complete answer to the strong sampling problem for PW, and B, . In the beginning,
we will consider some of the tools that are needed to understand at to prove Beurling’s
sampling theorem. However, proving it requires some theory that is not presented here, in
particular weak convergence of measures. For that reason, we will refer to [OU16], rather
than actually proving the theorem. In that book, Paley-Wiener spaces and Bernstein spaces
are defined slightly different than here. Therefore, we start section 9.6 by discussing how it
changes the theorems before going into them.

9.1 Weak convergence of sequences of u.d. sets

The sampling properties of Paley-Wiener spaces, as we have seen, can be equivalently found
by studying frames and complete seuences in L?(S). There is nothing similar for Bernstein
spaces, so their sampling properties must be approached in a different way. We will do it via
a concept called weak limits of translates. The goal of this section is to understand what that
means.

Definition 9.1. (i) Given A, B C R, pick an € > 0. B is called an e-perturbation of A if
there exists a bijective function f: A — B s.t. |f(x) — x| <€, Vx € A.

(ii) A sequence {\y}ren of u.d. sets is said to converge weakly fo a set A C R if for any
€ > 0and any a,b € R\ A, there exists an N € N s.t. AN (a,b) is an e-perturbation of
Ay N (a,b) whenever k > N. A is called the weak limit of { A }ren.

Note that if A C R is discrete, and if I' C R is an e-perturbation of A, then part of definition
9.1 (i) says that

A — 3l < e Yk EN (20)

for a convenient choice of ordering. If A is u.d. and € < @, then the elements of A cannot
lie within distance ¢ of more than one element of I'. Surjectivity of f makes sure that an
element of I always exists on the interval (A, — €, \x + €), so by our previous comment,
there is exactly one. This gives us an alternative way of viewing e-perturbations of u.d. sets,
as long as € is small enough, and specifically when we consider weak limits.

Another view is obtained by considering distances between real numbers and sets of real
numbers:

dist(z, B) := inf{|z — y| s.t. y € B},

where x € Rand B C R. If A,I" C R are u.d. sets, then I" being an e-perturbation of A is
almost the same as both of the following being true:

dist(\,T') <€, VA € A.
dist(y,\) <e, Vy eT.
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Together, they make sure that every element of any of the sets is close enough to some
element of the other set. The missing part is that two elements of A can be close enough
to the same element of I', or the other way round. However, as before, that problem is
automatically fixed whenever € < @.

Now, intuitively, what is a weak limit? If J C R is a finite set, we denote the number
of elements in J by #.J. Also, we denote the j’th element of A, by (Aj);. Assume that
Ay — A weakly as k — oo, and pick a,b € R \ A. By (20), for some ordering, (Ay); — A,
as k — oo forany j € Ns.t. \; € (a,b). Since we could have picked (a,b) to contain
any element of A, this must be true for all ; € N. From now on, whenever we know that
we have weak convergence, we will assume such an ordering to be used. Bijectivity of the
function f in definition 9.1 (i) is equivalent to saying that #(A; N (a, b)) = #(A N (a,d))
for sufficiently large k € N. Thus, a reformulation of definition 9.1 (ii) is that for any € > 0
and any a,b € R\ A, there exists N € N satisfying:

#(Ax N (a,0)) = #(AN (a,5), |(Ae); — Al e, VE> N, Vj € Nsit. \; € (a,b).

The fact that (a, b) contains only finitely elements of A ensures us that we may pick the same
N e Nfor all the \; € (a,b).

It is convenient to note that we may restrict ourselves to considering intervals centered at
the origin. That is, we may assume that —a = b. To see why, consider an interval (—R, R)
containing (a, b), where £ R ¢ A. For sufficiently large k& € N, we have

#(AN (=R, R)) = #(Ax N (—R, R)).

Assuming € < %A), the (Ay); approaching \; € (—R, R) \ (a, b) must themselves be outside
(a,b), so we must have #(A N (a, b)) = #(ArN(a, b)) as well. Note that this argument even
holds if we restrict R to be a natural number. Hence, we only need to consider a discrete
family of open intervals to check for weak convergence. We will take advantage of this
observation in the proof of theorem 9.4.

We have seen that if A, — A weakly as k — oo, then (A;); — A; in R for any j € N.
Conversely, if we know that {(Ay); } ken converges to \; for any j € N, does that imply weak
convergence? In other words, are we guaranteed to have # (A, N (a, b)) = #(A N (a, b)) for
sufficiently large k& € N, regardless of our choice of interval? Let us check with an example.

Example 9.2. Define the sequence { Ay }ren by:

Ag = {—mod(k,2),1,2,3, ...k — 1,k+1,..}, Vk € N,
where mod(z,y) is the remainder when x is divided by y. The first few elements look like
this:
A ={-1,2,3,4,5,6,...}
Ay ={0,1,3,4,5,6,...}
A3 ={-1,1,2,4,5,6,...}
Ay ={0,1,2,3,5,6,...}
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We note that the lower element jumps between —1 and 0, so we do not expect { Ay }ren to
converge weakly. To absolutely prove it, note that no matter how big k € N becomes, the
number of elements in the set Akﬂ(—%, %) does NOT stop jumping between 0 and 1. However,
it turns out to be possible to order the elements in such a way that {(Ay); }ren C R converges
for any j € N. Specifically, we define, for all j € N:

3 e N\ {k
(Ak)jiz{j_mod(j72)’ ;:k\{} , Vk € N.

Then, Ay, is the same set as before, for any k € N. Also, for any fixed j € N, the sequence
{(Ak);}ken C R converges to j. Thus, we conclude that convergence of each sequence of
corresponding terms does not imply weak convergence of the sequence of u.d. sets.

It should be noted, though, that there exists a subsequence converging weakly.
Specifically, it is not hard to see that the subsequence {Ao}ren converges weakly to Ny.
Also, {Agk—1 }ren converges weakly to N U {—1}.

Now, what can we say in general about the weak limit? It is natural to think that it is u.d.,
since points that are always far from each other cannot converge to points that are close to
each other. That turns out to be the case. What can we say about the separation constant?
This is what our next lemma is all about.

Lemma 9.3 ([OU16], p. 27)). Let {Ay}ren be a sequence of u.d. sets converging weakly to
some set A C R. Then, A is u.d., and

d(A) > limsup d(Ag).

k—o0

Proof. Choose different numbers n, m € N. Pick an € > 0 and find an N € N s.t.

|(Ak)n — Al <€, [(Ak)m — Am| <€, VE > N.

Then, by the reverse triangle inequality, we have:

|)‘n - >‘m| = |((Ak)n - (Ak)m) - (>‘m - (Ak)m - At (Ak)n)|
> [(Ax)n = (Me)m| = [((Ak)n — An) + (A — (Ag)m)|
2 |(Ae)n = (A)m| = ([(Ar)n = Anl 4 [Am = (Ap)ml) = 0(Ax) — 2€
whenever k£ > N. Hence,

|An — A| > limsup 6(Ag) — 2e,

k—o00

and since this holds for any € > 0, we conclude that

[An — Am| > limsup 0(Ag).

k—o0

This holds for any n,m € N with n # m, so A is u.d. with the desired lower bound for
d(A). [
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This shows, in particular, that if all the A, have the same separation constant, then the limit
cannot have a smaller one. We will see in example 9.5 that it might be strictly larger. Note
that if 6(Ay) — 0 as kK — oo, then it MUST be strictly larger, as we cannot have §(A) = 0.
However, if the 6(Aj) do not become arbitrarily small, then it turns out that the sequence
satisfies a property that is very similar to Bolzano-Weierstrass’ lemma for Euclidean space,
which states that any bounded sequence has a convergent subsequence. In fact, our next
theorem is a consequence of that lemma.

Theorem 9.4 ([OU16], p. 28). Let { Ay }ren be a sequence of u.d. sets satisfying
lim supy,_, o 0(Ag) > 0. Then, { Ay }ren has a weakly convergent subsequence.

Proof. By passing down to a subsequence if necessary, we may assume that there exists a
d > 0s.t 0(Agy) > dforall k € N. For N € N, define Iy := (—N, N), except that if a
sequence of elements in the A, converges to N or — N, we shift that endpoint by min{%, g
units towards the origin. Now, define

ny = lilgninf#(/\k NIy), YN € N.
—00

Pick an ordering s.t. for any N € N, the first ny elements of (Ay) all lie inside I for
sufficiently large k£ € N. Obviously, the sequence {(Ay); }ren is bounded for all

j € {1,2,...,n1}. Hence, by Bolzano-Weierstrass’ lemma, {(Ax); }ren has a subsequence
converging to a ¢; € I;. Then, the corresponding subsequence of {(Ay)s2}ren itself has a
subsequence converging to a c; € [. Continuing this process n; times, we get a subsequence
{Ak,, }men Of {Ay}ren st {(A,,); }men converges to ¢; € I; forall j € {1,2,...,n1}. We
will denote the indexes of that subsequence by ki, i.e. (Ag,, ) j — ¢, forall 7 < nq, as
m — 0. '

Now, we repeat the same process for the set 5 to get a sub-indexing {k2 , }men, s.t. for
all j € {ny +1,n1 +2,...,n; + na}, the sequence (A, ,,); converges to a c; € Iy. By sub-
indexing, we mean that the indexing sequence, {k2, }men, is a subsequence of {k; ,, }men.
This ensures us that for j < ng, (Ay,,,); — ¢; asm — oo, even if j < nj.

For N > 2, doing the process for Iy, we get an indexing sequence, {kn , } men, satisfying
the following two criteria:

() {knm }men is a subsequence of {kn_1 1, }men-
(ii) (Agy,,); convergestoac; € Iy, forall j < ny,as m — oo.

By construction, the c; do not change as NV increases. This yields a u.d. set A C R, defined
by A\; :=¢;, forall j € N.

We need to construct an indexing {k,, }men s.t. Ag,, — A weakly as k — oco. Let us look
at the indexing sequences we have constructed so far.

kii kg Fkis
ko1 koo kog

k3,1 k3,2 k3,3

Here, we have highlighted the diagonal indexes, {k;, . }men, as these are the ones we will
be using. Let k,, := k,,, for all m € N. Then, for any N € N, {k,, }men is a subsequence
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of {kn .}, except for the first N — 1 terms. Thus, (A, ); — ¢;, forall j € N, as m — oo.
Also, by construction, A and Ay, contain the same number of elements on each of the Iy
for sufficiently large m € N. Thus, {Ay,, }men does indeed converge weakly to A. ]

Example 9.5. Let A, := Z U {k — 1} for k € N. Then, §(Ayx) = 5 for any k € N, since
they all contain a point in the middle of two consecutive integers. Now, for any k € N, if
I is an interval whose right endpoint is less than k — % then A N I contains exactly the
integers lying on 1. Thatis, A\, NI = Z N I. Hence, as k — oo, we see that A, — 7 weakly.
However, 6(Z) =1 > % showing that a sequence of u.d. sets with equal separation constant

may converge weakly to a set of larger separation constant.

Example 9.6. Ler A C R be u.d., and let {c; } ren C R be a sequence of numbers converging
to some ¢ € R. Let {Ag }ren := {A — ¢k }ren be the corresponding sequence of translates of
A. Order the elements of Ay, s.t. (Ay); = \j —cy forall k,j € N. Pick an interval (a,b) C R
with a,b ¢ A — ¢, and an € > 0 small enough that (a,b) and (a,b) £ € contain exactly the
same elements of A. For sufficiently large k € N, we have:

(M) = A=)l = (N =) =N =)l =le—a| <€ VjeN

Hence, (Ay); — (A —¢);j as k — oo. Also, by construction,

#Ax N (a,0) = #(A —c) N (a,b)
for equally large k € N. Hence, \;, converges weakly to A — c.

9.2 Weak limits of translates

The goal of this section is to understand what weak limits we can get from sequences of
translates of a given u.d. set. Thatis, if A C R is a given u.d. set, and if {c}reny C R is
an arbitrary sequence of numbers, what can the weak limit of {A — ¢ }ren possibly be if it
exists? To get closer to an answer, we start by looking at some special cases of translates.

We have seen in example 9.6 that if ¢, — ¢ € Ras k — oo, then A — ¢, — A — ¢ weakly
as k — oo. This shows that we can get any translate of A, and a very easy, general way of
generating the sequence. The easiest is to pick {cx }ren to be a constant sequence, but it can
be any sequence converging to the number we want to translate by.

If {ck}ren does not converge, we can still make {A — ¢ }reny converge weakly. For
example, if A = 7Z and all the ¢, are integers, then all the A — ¢;, are just Z. Can we also
make it converge to something different than a translate of A? Let us look at an example.

Example 9.7. Let A, := N—k and 'y, := N+ k, Vk € N. The first few elements of { Ay } ken
are:

A ={0,1,2,3,..}
Ay ={-1,0,1,2,3,...}
Ay ={-2,1,0,1,2,3,...}

Any integer will be captured by Ay, for sufficiently large k € N. Obviously, no non-integer is
contained in any of the Ay, so we conclude that Ay, — 7 weakly as k — oo.
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Now, let us look at the first few elements of {I'y } ren.

I ={2,3,4,5,6,..}
Iy = {3,4,5,6,...}
Iy ={4,5,6,..}

This time, any integer disappears for sufficiently large k € N. Again, no non-integer is ever
captured, so we conclude that T';, — () weakly, i.e. the empty set, as k — oo,

Example 9.7 shows that { A — ¢}, }reny may converge weakly, even if { ¢y }ren is unbounded!
If we replace N by any other set that is bounded below, we will still get the empty set by
putting ¢ := —k for £ € N. Similarly, if A is bounded above, ¢; := k, Vk € N would
give the empty set. Had we picked A := Z, though, we would just get Z back again in both
cases, since we never gain or lose any integer. The fact that Z is neither bounded above nor
below makes sure that even if {cy}ren is unbounded, we will never lose all the elements
larger/smaller than a fixed number. However, it turns out that even sets that are unbounded
both above and below may have the empty set as a weak limit of translates!

Example 9.8. Ler [ := {[2%", 22" U [-2%"1 —22"] s.t. n € Ny}, and let A := Z.N 1. That
is, A contains the integers on the intervals

[1,2], [4,8], [16,32], [64,128],[256,512], ...

and on the corresponding negative intervals. Define ay := 22k+12+22k, b = 2%2& and
cp i= 2?% — 1 for k € N. Then, we have:
]—apzl—ggé:]—GZHAH—&—MU}QJMHNJQUW
]—afzf—%;JG:I—24:WUPQQ—EMH—&&UMQNMUW
I—a3=1-— % =1—-96=..U[-80,—64] U[-32,32] U [160,416] U ...

In general, I — ay, contains the interval [—2%¢~1 2%%~1]. Hence, any real number is contained

in I —ay, for large enough k € N. Similarly, any integer is contained in \ — a;, for sufficiently
large k € N. Since no number between them is ever captured, we conclude that N — ay, — 7
weakly as k — oo.

For the second sequence, we have:

4+ 2
]_blzj—%:]—3:,,,U[—27—1]U[1,5]U...
16 + 8
[—by=1-— ; [ 12= .. U[-8 —4]U[4,20]U..
64 + 32
I—by=1— JQF —[—48=..U[-32,—16] U[16,80] U ...
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In general, elements of the interval (—22%=2 22*=2) are NOT contained in I — by. Simi-

larly, A — by, does not capture any integer (or non-integer) on that interval, which becomes
arbitrarily large as k — oco. Hence, A — b, — () weakly as k — oo.
The third sequence yields:

I—¢=1-3=..U[-2,-1U][L,5]U...
I—cy=1-15=..U[-11,-7|U[1,17] U ...
I—c3=1-63=..U[-47,-31]U[L,65]U...

In general, I — ¢y, contains [1,2?% + 1], but no elements of (—2?*=1 4 1,1). Restricting
ourselves to integers, the same is true for A — c. Any number greater than or equal to 1 is
contained in the former interval for sufficiently large k € N, while any number less than 1 is
captured by the latter. Thus, we conclude that A — ¢, — N weakly as k — oc.

Note what allowed us to get both the integers and the empty set as weak limits in example 9.8.
A contained the integers on infinitely many intervals whose length became arbitrarily large,
allowing us to get Z as a weak limit. The fact that the empty intervals also became arbitrarily
large is what gave us the empty set as a weak limit. Also, in the example, translating A by
the sequence {3, 6,12,24,48,96, ...} = {321}, cn, we get both Z and () as subsequential
limits.

The set of ALL weak limits of translates of a u.d. set A is denoted by W (A). As we have
seen, W (A) contains all translates of A. More generally, if I' € W (A), then any translate
of I'is in W(A) as well. After all, if A — ¢, — I" weakly as & — oo, then A — (¢ + a)
converges weakly to I' — a. However, we have also demonstrated that even if A contains
only integers, W (A) may contain very different sets. In example 9.8, it contained both Z,
which has a separation of 1, and (), which has infinite separation. This is an exmple of how
different separation in different regions may give weak limits of different separation. If the
separation within the regions is not constant, it gets even trickier. However, in any case, a
good indication is to look for different regions having the same separation constant, and see
how the size of these regions changes.

9.3 Lower uniform densities

In this subsection, when considering a u.d. set A C R, we define

n(R) := inf #(AN(a,a+ R)), VR > 0.

acR
It satisfies:
(i) n(Ry) > n(R;) whenever Ry > R; > 0.
(i) n(Ry + Ry) > n(Ry) + n(Ry) forall Ry, Ry > 0.
(iii) n(R) < %, rounded up, for all R > 0.

Property (ii1) is a direct result of the fact that the elements cannot be arbitrarily close to
each other. (ii) follows from the following observation: If [ is an open interval of length
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R; + R, containing n elements of A, then there exist two open intervals 1, I5 of length
Ry and Ry, respectively, s.t. AN (I; Uly) = AN 1. The intervals may be picked so that
they do not contain any common element of A. Hence, if [ is the interval of length R; + R,
that minimizes #(A N I), then I; and I, are two particular intervals of length R; and Ry,
respectively, satisfying n(R; + Ro) > #(AN 1) + #(A N Iy). Since #(A N 1) > n(Ry)
and #(A N I3) > n(Ry), the property follows.

For any R > 0, applying property (i) multiple times, we have ”(22,25) > "(22135) whenever

k > [. That is, {(;:—?}keN is an increasing sequence. Since (iii) makes sure that it is also
bounded above by ﬁ, it must converge to some limit, L € [0, ﬁ] It turns out that L is
independent of the choice of R ([OU16], p. 29). This is exactly what we need to define the

density used to formulate Beurling’s sampling theorem in section 9.6.

Definition 9.9. If A C R is u.d., the lower uniform density of A is defined by

D™ (A) := lim inf #(AN (a0 + R)) n(f)

=1 —
R—s00 a€R R R—s00

If we replace inf by sup in definintion 9.9, we get the upper uniform density D" (), but we
will not use that here. Step by step, what we do is:

(1) Pick an arbitrary R > 0.

(i) Count the number of elements of A on every open interval of length R. The count is
always at least 0 and at most TI?\) rounded up. Hence, the set of counts is bounded, so
it has both supremum and infimum. We pick the infimum to get n(R).

(iii) Divide by R to get the smallest density that A can have on intervals of length R.

(iv) Let R — oo.

Note that if A is an arithmetic progression, then D~ (A) = TlA)' Also, if we fix the separation

constant, there is no way that we can make a u.d. set any sparser than the case of an arithmetic
progression. This observation reflects property (iii) at the beginning of the subsection, and
it helps us comparing the two quantities. The reciprocal of the separation constant is the
largest number of terms we can have on an open interval 7, relative to the length of /. In
that sense, it can be thought of as an upper density, so the lower uniform density is kind
of an opposite. With that interpretation, it is no surprise that the two coincide when the
separation is constant. An important difference, though, is that in the uniform densities, we
let the length of I go to infinity. For <%=, on the other hand, we can just choose I so that

3(A)
it maximizes % E.g. if A is bounded above or below, then D~ (A) = 0. The same is

true if there exists a sequence of empty regions growing arbitrarily large, as in example 9.8.
However, that does not mean that §(A) is infinite, since other regions have finite separation.
As long as a set contains at least two points, there is no doubt that /(A) < oo.

Example 9.10. Let A := Z\3Z = {...,—8,—7,—5,—4,-2,—1,1,2,4,5,7.8, ...}. Then,
we can verify that the counting function n satisfies, for all k € N:
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2%k, N =3k
n(N)=1{ 2k N =3k+1
2% +1, N =3k+2

In particular, since n(3) = n(4) = 2, we obviously have @ > #. Hence, @ is not an

increasing function of R. However, "gik) = % — %for all k € N. Also, for R € (3k—3,3k),
n(3k—3) n(R) . n(3k—=3) __ 2k—2 2
Tap o < g <2 Since W5 = T g
shows that @ — % as R — oo. Hence, the lower uniform density does exist, and

D-(A) =2

we have as k — oo, the squeeze lemma

Example 9.10 demonstrates the fact that 25 s not an increasing function of R, even though

R
the sequence {”gg ) }ren is for fixed R > 0. The reason is that increasing R by a sufficiently

small amount will normally not capture any new elements of A. Hence, the fraction will
decrease in most small regions. However, we have also demonstrated (without proof) that as
R — oo, it does not decrease enough for the limit to not exist.

Before turning back to the sampling problems, it is convenient to note that bounded per-

turbations do not change the lower uniform density. That is, if A C R is u.d., and if there
exists a d > 0s.t. dp € [0,0] forall & € N, then I' := {\; + 0 s.t. & € N} satisfies
D~(I") = D~ (A). The reason is that for any interval / C R, no matter how large it is, the
number of elements inside / cannot change by more than a fixed amount.
Specifically, we can get at most Jd(A) new elements from the above, and similarly from
below, so |#(ANT)—#(I"' N 1) < 205(A). Hence, as (/) — oo, the changes approache
zero relative to p(7). Of course, we are assuming that two points never overlap under the
perturbations. The separation constant may change, since that does not involve a limit, but
the lower uniform density stays fixed.

9.4 Sampling in B,

We are now ready to give a lemma about sampling sets for Bernstein spaces. It does not
immediately help us identifying the uniqueness sets or the sets of SS, but it allows us move
the problem into the space of weak limits of translates.

Lemma 9.11 (JOU16], p. 28). Given a u.d. set A C R and a o > 0, we have:
(i) If A is a set of SS for B,, then every element of W () is a set of SS for B,.
(ii) If every element of W (M) is a US for B,, then A is a set of SS for B,.

proof of (ii). Assume that A is not a set of SS for B,,. Then, there exists a sequence
{fe}ren C By sit.

1
| fillo = 15 | frlalloo < T Vk € N.

Since all the fj, take values arbitrarily close to 1 on R, there exists a sequence {cj }reny C R
s.t. {fr(ck) }ren C {2z € Cs.t. |z| < 1} converges to 1 as k — oco. Now, define the sequence
{gk}kGN C Bo by
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ge(2) == fu(z +c), V2 € C, Vk € N.

By passing down to a subsequence if necessary, theorem 9.4 makes sure that {A — ¢ }ren
converges weakly to some I' € W (A). Also, again possibly passing down to a subsequence,
{gx }ren converges pointwise on C to some g € B, by the compactness property. Pick a
j € N,andlet E := [y; —1,~,+1]. We need to show that g;((A —c);) — g(v;) as k — oo.
Hence, pick an € > 0, and find an N; € Nand a § € (0, 1] satisfying:

lg(x) — gr(x)| < =, Vk > Ny, Vz € E.

DO ™

€
l9(z) — g(;)] < 5 VT € [v; — 8,7, + d).

N, exists because g, — g uniformly on E, while J exists because ¢ is continuous at ;. Also,
find N; € Ns.t.

v — (A —cp)j| <0, Vk > Ns.

Set N := max{N;, N2} and x, := (A — ¢;); for & € N. Then, since z;, € E whenever
k > N, we have:

19(75) — gr(xx)| = [(9(7y) — g(zr)) + (g(zr) — gr(z))]
<Ig(vj) — g(zp)| + [g(xx) — gr(xr)] < g + g = Vk > N.

This shows that indeed, gi(x) = gr((A — cx);) — g(v;) as k — oo.
Now, define j: N — N so that (A — ¢); = A\j) — cx, Yk € N. We get:

1
3 . < 1 | - =
I [ fe(Aja)| < lm [ fifallee < lim ;=0
9(y;) = lm gi(Ajr) — ¢5) = lm fi(Ajo — e + i) = lim fi(Aj) = 0.

Since j € N was arbitrary, this shows that g|r = 0. However, g # 0, since
9x(0) = fr(ck) — 1 # 0 as k — oo. Thus, we conclude that I is not a US for B,. O

Note that one statement of lemma 9.11 is that if all elements of 1/ (A) are uniqueness sets,
then they are also sets of SS. The reason is that by (ii), it implies that A is a set of SS, which
by (i) implies that the elements of W (A) are sets of SS. This is NOT the same as saying that
in B,, being a US and being a set of SS are equivalent properties, as the following example
shows. It is only guaranteed to be the case if ALL elements of W (A) are uniqueness sets,
including A itself. The remaining statement of the lemma is, of course, that A is that a set of
SS for B, if and only if every element of W (A) is.

Example 9.12. Let 0 := 3, and let A := 7Z.U {3}. It can be shown that if f € B, vanishes
on Z, then there exists a C' > 0 s.t. f(z) = Csin(wz), Vz € C ([OU16], p. 18). Thus, if
f(%) = 0 as well, then f = 0. This shows that A is a US for B, while 7 is not. Example 9.5
shows that 7. € W (A). Hence, if A were a set of SS for B,, then lemma 9.11 would imply
that 7. is a set of SS for B,, which is a contradiction. We conclude that A is a US set for B,,,
but not a set of SS.
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9.5 Perturbations of sets of SS

In this subsection, we will consider differences between sequences of different indexings.
The elements of that difference are defined in terms of the ordering when N is used as the
indexing set. That is, by f|r — f|a, we mean the sequence {f(7Vx) — f(Ax) }ken. Note that
the restriction operator can be defined the same way independently of which indexing set we
choose.

Recall that if two u.d. sets A,I' C R are e-perturbations of each other if any element of
any of the sets is within distance € of an element of the other set. If € < min{@, @}, then
that condition is sufficient. Intuitively, when we say something is stable, we would think that
it does not change under sufficiently small perturbations. In that sense, what do we mean by
stable sampling, which we defined in a different way?

Let X be a normed function space, and let Y be a normed co-domain for the restriction
operator. If A,T" C R are u.d. sets, with A being a set of SS for X, and if we find C' > 0 in
(16), then

1flelly = [fo=FlatFlally = [[fally =Ifl0=Flally = Clifllx = 1f 0= Flally, VF € X.

Thus, if we can find a constant K € (0, C) satisfying || f|r — f|ally < K||f]x., it will show
that the left inequality in (16) is satisfied for I'. Of course, we do not expect every u.d. set
to satisfy that, but there might very well be a 6 > 0 s.t. every d-perturbation of I" has that
property.

Recall that in Paley-Wiener spaces and Bernstein spaces, we only need to check the right
inequalities in (16) to figure out whether a given u.d. set is a set of SS. Thus, we can take
advantage of our our previous discussion. This is exactly what we will do to prove the
following two theorems.

Theorem 9.13. Let 0 > 0 and a u.d. set A C R be given. If A is a set of SS for B,, then
there exists a 0 > 0 s.t. every d-perturbation of A\ is also a set of SS for B,.

Proof. Find ¢ > 0 s.t. || f|allec > €|/ flloo» Vf € By, and let § := min{®® <1 fT c R
is a d-perturbation of A, then

" f'(u)du

Ak

[f () = F(w)] = < sup [f'(u)] [y — Al

Cc

C
< 1Flo 8 < 2700 oo+ o = 51 f s Vh €N

Hence, |[flrlloo 2 I1f1alloc = sup £ () = FOW)] 2 ellflloe = 51710 = 51711
keN

]

Theorem 9.14. Let a bounded set S C R and a u.d. set A C R be given. If A is a set of SS
for PWg, then there exists a > 0 s.t. every 0-perturbation of A is also a set of SS for PW.

Proof. Find ¢ > 0 s.t. ||f|all2 > ¢||fll2, Vf € PWg. In accordance with theorem 8.6, find
C > 0s.t || flxllz < C||fll2 for any f € PWs and any u.d. set X C R with §(X) > 2.
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Now, define § := min{ @, m}. For any J-perturbation I' C R of A, and any

f € PWjg, the mean value theorem ensures us that there exists a sequence {xj }reny C R s.t.

xx € [k, Al flw) = F(A) = /(@) (e — Ae), VE € N,
Also, X := {z; s.t. k € N} is u.d. with §(X) > 2. Thus, by theorem 7.13 (iii),

£l = flallz = D 1FGm) = FODP = DI @) Iy = Mal* <6 > 1/ ()]

keN keN keN
, C
= 0l fIxllz < 0Cfll2 < 2m(sup [SNIC| fll2 < 5I1fl2-

c c
1A ellz = 1 lalla = [1f 10 = flall2 = el fll2 = S Fllz = 511 Fll2-
Since [" and f were arbitrary, this proves the theorem. [

We now have a couple of tools to determine some sets of SS from others. In both Bernstein
spaces and Paley-Wiener spaces, sufficiently small perturbations still keep the property of
being a set of SS. By lemma 9.11 (i), the same can be said for weak limits of translates, at
least for Bernstein spaces. We have not seen whether the same can be said for Paley-Wiener
spaces, but it turns out that the sets of stable sampling are almost the same for P, as for
B,. We will not prove it, but this is one of the crucial steps to prove our theorem for the next
section.

Another very relevant question about small perturbations is the following: under small
perturbations of the samples, are we still guaranteed to get a function, and will its changes
be small? That is, if {J)}.ca is a sequence of complex numbers of small absolute value,
and if we replace f(A) by f(\) + 0, does there exist a function ¢ in the desired space s.t.
g(A) = f(A) + 6y for A € A? And if g exists, is |f(z) — g(z)| small for z € C? In a
practical situation, this is a question of whether high precision in our measurements gives us
a function close to the one we want. However, this is not a question this thesis attempts to
answer. Identifying the sets of SS is our main focus here.

9.6 Beurling’s sampling theorem

We are almost ready to give the main theorem of this section. But as mentioned, [OU16] uses
another definition of PW, and B, than this thesis. Thus, since the theorem is taken from
that book, we need to know how to interpret it with our definitions. On page 13, [OU16]
defines the Fourier transform by:

fo L ~ia()
f= m/ﬂ{f(w)e dzx.

One difference is the factor \/Lz?’ which is needed to make the Fourier transform on L*(R)

unitary. However, the relevant detail here is that the argument is scaled, since that is what
changes the support of f. If f € PW, with our definition, then

80



/f(x)e_ixtdx = / f(x)e_%m(%)dx =0
R R

a.e. for ‘%| > o, i.e. for [t| > 27o. This shows that what we call PV, is the same space
that [OU16] calls PWs,.,.

Similarly, on page 17, the book defines B, to be the space of all entire functions s.t. there
exists a constant C' > 0 satisfying

1£(2)] < Cectm@l vz e C.

Thus, what we call B, is the same space that they call By,,,.

From these observations, we get what we need to interpret the theorems. E.g. assume that
[OU16] states a u.d. set A C R to be a set of SS for PW, if and only if a given statement
containing o is satisfied. Replacing o by 27wo everywhere then gives the corresponding
statement for PW,,,, which 1s what we call PWW,. Of course, the same can be said about
B,. With this in mind, we can now state the theorem.

Theorem 9.15. Let a u.d. set A C R and o > 0 be given.
(i) If D= (A) > 20, then A is a set of SS for both PW, and B,.
(ii) If D~ (A) < 20, then A is neither a set of SS for PW, nor B,.
(iii) If D~ (A) = 20, then A is not a set of SS for B,,.

This is found in [OU16], pages 30 and 33, where we have replaced Z by 2“7” = 20. Note
that in the limiting case that D~ (A) = 20, A may or may not be a set of SS for PIW,. For
example, we know that in L?[—3, 3], E(Z) is an ONB, while E(Z \ {0}) is incomplete.
Thus, by theorem 8.8 (ii), Z is a set of SS for PW, while E (Z \ {0}) is not. However, they

both have lower uniform density 1, which is the limiting case for o = %

In the beginning of this section, we mentioned that Beurling’s sampling theorem almost
solves the strong sampling problem completely for P, and B,. Now, we see that it does
solve the problem completely for B,. The only remaining part of the question is what u.d.
sets A C R with D~ (A) = 20 are sets of SS for PIW,,. We will not adress that problem in
general, but as we will argue in the next section, the arithmetic progressions with D~ (A) =
20 are sets of SS for PW,,.

Note that the version of Beurling’s sampling theorem presented here does not say anything
about stable sampling in PWg, unless S is an interval centered at the origin. However, since
PWg C PW, for any o > 0 satisfying S C [—o, o], sampling in PW, implies sampling in
PWyg. Also, the two Paley-Wiener spaces have the same norm, so SS in PIW, implies SS in
PWg. What remains unanswered here is whether there are any other sets of SS for PWg.

81



10 Uniform sampling in P,

We will now limit ourselves to considering uniform sampling, i.e. cases where the distance
between consecutive elements of the sampling set is fixed. Also, we will only consider PW,,,
i.e. the Paley-Wiener spaces whose spectrum is an interval centered at the origin. What does
the theory we have look like in that case?

10.1 Uniform sets of SS for P/,

As we know, for any ¢ € R, E(%E¢) is a multiple of an ONB for L?[—a, o], hence a (tight,
exact) frame. By theorem 8.8 (ii), this is equivalent to saying that Z2—J;c is a set of SS for PW,,.

As noted before, D~ (A) = ﬁ whenever A is an arithmetic progression, so D~ (%) = 20.
This is exactly the limiting case in Beurling’s sampling theorem. Clearly, every arithmetic

progression with separation % can be written as 22—” for some ¢ € R, where we may pick

o

¢ € [0,20). Thus, in the case of uniform sampling, Beurling’s sampling theorem leads to the
following result.

Corollary 10.1. Givena o > 0, let A C R be an arithmetic progression. Then, A is a set of
SS for PW, if and only if D~ (A) > 20, i.e. if and only if §(A) < 5.

Hence, depending on how much data we want and how much we are able to get, we may
pick any set of no more separation than %

10.2 Reconstruction

We have mainly looked at what the sets of stable sampling are, without considering ways
to actually find the function. However, from theorem 8.9, any set of SS for a Paley-Wiener
spaces automatically gives us a reconstruction formula. In the case that S = [—o, 0], and the
sampling set is %, we get a classical result, known as Shannon’s sampling theorem.

Theorem 10.2 (Shannon’s sampling theorem). Given a o > 0, if f € PW,, then

f(z) = \/%Zf (%) sinc(20x — k), Vx € R. (21)

kEZ

Proof. For any k € 7Z, we have:

(653 (m> (l’) — / 6—27Fi%t627rixtdt _ / €2ﬂi($_£)tdt

—0 —0

g

t=o QWUi(I—%) . _Qng(I_%)
_ 1 [€2m'( 7%)t:| o 1 ] € 2 e 2

 2mi(x — &)

20
. 2 - i
— 205111( (@ = 57)) = 20 sinc (20 (:v — ﬁ)) = 20 sinc(20zx — k), Vx € R.

210 (z — 5=) 20

t=—0 7(r— ﬁ) 21

Since \/LQTTE (£) is an ONB for L?[—0, 0], and thus equals its own dual frame, Shannon’s
sampling theorem follows from theorem 8.9. []
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Shannon’s sampling theorem is one of the most well-known theorems in sampling theory. It
is often stated for the case that 0 = %, after which (21) becomes

=Y f(k)sinc(z — k), Vo € R, Vf € PWy.
kEZ

If we translate % to get Z2+C, then the same calculation as before gives the exact same

combination of sinc-functions, except that £ is replaced by k-+c. In the rest of this discussion,
we will just assume that ¢ = 0, remembering that cases where ¢ # 0 are easy to get around.

How about if A is a uniform sampling set of smaller separation than %? In that case,
E(A) is not an ONB, so it might not be its own dual frame. In the case that we halve
the separation, as demonstrated in example 6.17, the dual frame of E(A) is simply 3 E(A).
Hence, if we replace k by % 7 to get a separation of L > we just need to halve every term in
21):

= V2o g f (%) sinc (2am— g) , Vx e R, Vf € PW,.
o
keZ

The same argument works equally well if we scale down the separation by another natural
number m > 2. Thus, the reconstruction formula becomes:

- @Zf (L) sinc (20—x — ﬁ) , Ve e R, Vf € PW,. (22)
20m m

kEZ

So far, the density ﬁ has been a multiple of 20. This has allowed us to view E(A) as a
disjoint union of ONBs, which is what we took advantage of to compute the frame operator
in example 6.17. The situation is a bit trickier otherwise. In that case, we need another way to
find the dual frame, or another alternate dual frame, for £(A). One possibility to get around
that problern is to take advantage of the fact that PW, C P, Whenever v > > o. As long as
v < 25(/\)’ E(A) is a set of SS for PW., as well. Picking v € [ 0, 55 )] s.t. 6(1\) is a multiple
of 2r, we can use (21), with v in place of 0. Note that such a y always exists. Firstly, for A to
be a set of SS for PW,, we must have o < 5 5 A) by Beurhng s sampling theorem. Secondly,

picking v := 26%/\) yields one solution. If a v <
use (22) for the space PWQ(S(A)

( y satisfies our conditions, we may also

Example 10.3. Let 0 .= % let A .= %, and assume that f € PW, satisfies:

T, A=0

0, XeZ\{0}
fA) =49 71
() §,1 A62Z+%

Since 55y 5( N 1 > o, we know that A is a set of SS for PW,,. Thus, f is uniquely determined

from f|x, which is known, and we have a few ways of reconstructing f. If we picka~ € [%, 1],
then A is a set of SS for PW., O PW, as well. Picking v = 1 allows us to use (21) with
either m = 1 or m = 2. to get:

83



Zf ( > sinc(2x — k) = mwsinc(2x) —I—Z n)sinc(2x —n)+ f(—n)sinc(2x+n))
keZ

neN

1
= msinc(2x) + E —(sinc(2x — n) — sinc(2x +n)), Vo € R.
n
neN

Had we sampled on %, i.e. twice as frequently, we could still get f in the same way. However,
we would also have the option of using (22), with n = 2. In addition, we could use v = 2,
since the density would be doubled. In any case, the solution is:

flx) = Wsinc( ), Vo € R.

It can be checked that f coincides with | on Z, and it is well-known that
fe PW% C PW,. Note that finding f would be even easier had we known that f € PW% ,

since we could then use the values on 7, where all but one of them vanish. However, since
PW% D PW,, we did not know that to begin with.

10.3  Perturbations of =

By theorem 9.14, if A C R is a set of SS for PW,,, then every sufficiently small
perturbation of A is also a set of SS for PW,. That is, if {J; }ren is @ sequence of non-
negative real numbers not exceeding J, then I' := {\; — 0y s.t. & € N} is a set of SS for
PW,. By theorem 8.8 (ii), this is equivalent to saying that if £(A) is a frame in L*(S), so
is B(I') = {e2™M=)0)}, . But what is sufficiently small, i.e. how small does & need to
be? The lower uniform density does not change, so if D~ (A) > 20, Beurling’s sampling
theorem makes sure that we still have a set of SS. Thus, the only interesting cases are the
ones where D~ (A) = 20.
Answering that question in general is hard, and we will not consider that problem.

However, in the case that A = %, we actually have an exact answer! This is known as

Kadec’s }L-theorem, and it is known that the number % cannot be improved.
Theorem 10.4 (Kadec’s i—theorem). Let o > 0 and a u.d. set A C R be given. If there exists
ad € |0, }l) satisfying
A — k| <0, Yk € Z,
then E(X) is an RB for L*[—0, o).
Proof. See [Yo01] page 36 for the case that o = 7. Otherwise, if f € L?|—0, 0], then

g(x):=f (%x) , Vo € [—m, 7]

defines a function g € L?[—, 7]. Hence, there exists a unique sequence {cy }ren s.t.

g= Z Ck@iAk(.)

kEZ
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in the L?-norm. Hence, again in the L?-norm, setting ; := g—c’j we have:

_ E — N ZTT 2TV T
f(x) g<033> che che )

k€EZ keZ

Existence and uniqueness of this expansion shows that E(2>) is a basis for L*[—0, 5]. Also,

2 2 2
2mive(+) _ Qi _g it
Z cLe /_ Z Cre dz - /_ Z Cre dt
kez L2[~0,0] 7 |kez T kez
2
_ 7 Y et 7
keZ L2[—7 7]
where we have been using the change of variable ¢ := Zx. Since E(%) satisfies (8) in
L*[—, 7], we conclude that E(2) also satisfies (8) in L?[—0, o], where we scale A and B
by the factor Z. ]
We now know how small the perturbations need to be for every UNIFORM sampling set.
Kadec’s %—theorem solves it for the case that ﬁ = 20, while Beurling’s sampling theorem
is sufficient to answer the cases of larger density. Note that since the frame is £ (%), rather
than E(A), the upper bound for the perturbations is 20 - }L = ¢, rather than %. Kadec’s

%-theorem also tells us that the new frame is still an RB, i.e. it is exact. We will not find the

operator mapping E(=-) into the ONB E(:Z), but Kadec showed that it does exist, leading
to the theorem.
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11 Conclusion

This concludes the theory of this thesis. We have seen that the strong sampling problem in
PWyg are equivalent to identifying the exponential frames in L?(S). Beurling’s sampling
theorem solves the strong sampling theorem for B,,, and it almost solves it for PW,, as well.
For the case of uniform sampling in PW,, we have an exact answer. Small perturbations do
not change the sampling properties in any of the two spaces, and for uniform sampling in
PW,, we also know how small the perturbations need to be.
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