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Chapter 1

Introduction

In the introductory chapter, we will explain briefly what all this work is
about. First is worthy to mention that the most included area is algebraic
geometry, which of course is a combination of algebra and linear algebra.
But at the same time all the work required some knowledge of projective
geometry as well.

In the first chapter, the main point is defining a map between projective
spaces P! and P", and afterwards showing that the defined map is actually
an isomorphism between P! and the image of it.

The second chapter will have on focus involutions from P! into P!. In this
part comes in use the map we defined in the first chapter. It will be shown
that the image of the map is a conic C' in P2, and since it is isomorphism, it
means P! and C are isomorphic. Using this fact, we will define a map from
C to C in such way that for a chosen point p € P? outside of C, and for
any point ¢ € C, we take the line through these points and find the second
intersection point ¢’ with the conic C. So the map from C' to C', will reflect
any point ¢, through p, into ¢’. Using it we will build a map from P! into P!,
and afterwards prove that it is an involution.

In the next chapter, we will move in projective space P3. we start by
building a map from P! x P! into P2, which is an isomorphism into its image.
The image is a quadric @) in P?, so P! x P! and () are isomorphic. Using this,
we will be able to build a map from P! x P! into P! x P!, for which it will
be shown is an involution. Similar as in the previous chapter, the same logic
will be used here too, to build the map. A point p € P2 but not in @ will
be chosen. For any point ¢ € @, a line through it and p will be taken, and
after, the second intersection point with the quadric () is going to be found.
Using it, the wanted map will be defined, and proved it is an involution.

Last chapter will be focused in P", more exactly in quadric hypersurfaces
(quadrics). It will start by taking a normalized quadric @ and build a map
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from @ into ). One more time, the same idea will be used. We choose a
point p € P but outside of ). And after, for any point ¢ € ), we build lines
that contain those points. The second intersection point ¢, between the line
and the quadric ), will be found. So the map from () into @), will be built
in that way that it reflects the point ¢, through the point p, into the point
¢'. At the end it will be proved this map is an involution.

The last part of the chapter shows that any quadric )’ can be normalized,
and using this fact, we will be able to build maps from any )’ into )’, which
again is an involution.

It is worthy to mention that mathematical language, which will be used, is
the same as in [3]. And the main information needed from algebraic geometry
will be taken from [3] and [4].



Chapter 2

Maps between projective spaces

As said in the introduction, the goal of this study is to give a better view of
involutions between quadrics in projective space P". To keep up with this,
first thing is going to happen is to show that a quadric in a projective space
P" is actually isomorphic to projective space P!.

For reaching that point, we start by defining a map between projective
spaces P! and P".

Definition 2.0.1. For projective spaces P! and P, let © : P! — P" be a
map between them such that:

(z:y) = (2" 2™ty y") (2.1)
for V(z : y) € P

What we really are interested to prove about this map is that actually it
is an isomorphism between P! and its image ©(P!). From now one we will
write its image with C. To prove that, it must be proved © is a bijective
map, it is a morphism and its inverse is a morphism too.

This is going to be shown in two simple lemmas. Let us start by showing
that our map is injective.

Lemma 2.0.1. The map © : P! — P" defined above is an injective map.

Proof. To show the injectivity, we will have a look on our map, locally. First
we can write our projective space as union of two subsets P! = {(u : v)} =
U UV, where U,V € P! such that:

U={(u:v)lo#0}={(u: 1)} = A*

and

V={(u:v)lus0}={(1:v)}=A°

4
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Let us choose two random points p, ¢ € P! with the condition that p # q.
If p,q € U then we have p = (2 : 1) and ¢ = (y : 1) obviously x # y. So
acting with our map in those points we will get:

O(p)=0O(x:1)=(z":2™': ... : 1)

O(q)=0:1)=":y"':..:1)

which from the way map is defined means ©(p) # O(q).
If pe U and ¢ ¢ U means that p = (2 : 1) and ¢ = (1 : 0) where second
coordinate in the point ¢ is zero otherwise we are in the same situation as

above. Again putting those points inside © will gives us:

Op)=0(z:1)=(z": 2" :...: 1)

O(¢)=06(1:0)=(1:0:...:0)

which again shows that ©(p) # O(q). Since from this is noticeable that for
any two points p,q € P! which are not equal then O(p) # O(q), it means
that our map is injective. O

From the lemma above, restricting the map © : P! — C, then O is
bijective.

Next step is trying to show that both © and its inverse are morphisms.
To prove that, it is suficient to show that our map can be written as a regular
map [Proposition 4.7, page 34 3| Lemma 7.5, page 58] locally.

Lemma 2.0.2. The map © and its inverse ©~% can be represented by reqular
functions locally.

Proof. We are going to analyse this, not only in P" but first in P? and P3
finally moving into general one.
For n = 2, the map © : ! — C C P? will be as below:

(z:y) — (2% 2y : 9?) (2.2)

Since our map will be checked locally, make sense writing our projective space
P? as union of open subsets P? = Uy U U; U U, such that U; is defined as
below:

Ui = {(UQ LUy U2)|U7, 7& O}

for i« = 0,1,2. Without losing anything from generality, let us start from
1 = 0, finding the intersection between C' and U,

Ol = {(a? oy e £ 0) = {(1: L2 L

‘a2
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Now using the fact that, between open subsets of P? and A? exists a

bijective map [3, Remark 6.3], allows us looking at it as an affine situation.
This would be a map C NUy C Uy — A? which looks:

(RN SINR S

“r a2 x 2
Restricting the inverse of © into CNUy, it will be O~ 1|y, : CNUy — P,
more precisely in affine space, such that:

which obviously is a regular map. In general we get:
A% — A (s,t) = ()

P?— Ph(1:s:t)— (1:5)

In the similar way is shown that it is given by regular maps when is
analysed for i = 1 and i = 2. This proves that our map © : P! — P? and its
inverse is given by regular maps.

Moving into projective space P3, similar with the proof above, the map
O: P — Pis:

(z:y) = (2% 2%y ay? ) (2.3)

We start by writing the projective space P® as union of open subsets
P3 = U, U U, UU, U Us such that U; is a set of the form:

Ui = {(Uo SUL U u3)\ul 7é 0}

for : = 0,1,2,3. Again we start from ¢ = 0, by first finding the intersection
between C and Uy:

3

CAU = 3.2, ...2.. 3 0_1.£.y_2.y_
MUy ={(a* ety oy syl £ 0} = {(1: L 50

)}

Using the same fact that between U; and A3 can be build a bijective map,
is allowed to move the problem in affine space, and the map CNU, C Uy — A3

has the form: s s , s
1:2. 2.9y Y Y Yy
Cxa? a8 x a2 23

Restricting the inverse map O cny, : C N Uy — P!, or in affine charts

in this situation we get:
2

w

Y
— <
) X

(=,

Y

SHESS

Hw|©
&w|@
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which is clear is a regular map. So this gives the general situation:
AP — AL (st w) > s

PP = Ph(l:s:t:w)— (1:s)

Showing this in other open subspaces Uy, Us and Us, is similar with what
we already did above. This let quite clear that © and its inverse are given
by regular maps, which is what we were trying to proof in P3.

After doing the proof for P? and P2, is time to move on and finish the
proof in projective space P". We already have defined our map in Definition
1.1. Let us start by writing the projective space P as union of open subsets
P"=UyuU, UUyU...UU,, where U; is defined as below:

Ui ={(uo:uy:...:upy)|u; # 0}
for i =0,1,2,...,n.Let us start by finding the intersection C' N U;:

CNU;={(":...:2" % ...y |2" "y # 0}

n—i

) Y
={(—:..:—=:1:=:...: ,
e Rl
Similar as in the previous case, we use the fact that between open subsets
U; and A" exist a bijective map, which allows to look at our problem in affine
space. This map U; — A" looks like:

n—i

Y

aey )
xn 2

)

T T
(=

) )

,ynfi xi T
)= (=, ..., —
xn—z) <yz y

1.7 ,g,. )
T x
The inverse map of © restricted on C NU;, such O oy, : CNU; — PL
more precisely in affine chart will look as below:

or

(o= T )

y x x x
depends on the situation, but which is a regular map for both as we were
trying to prove. The general view would be:

A" = AL (o, oo Ui 15 Wi 1, ooy U) > Uiy (Ui

pP" — Pl, (Uo St Ui—p s 1 Uiq1 = - :un) — (ui,1 : 1)((1 : ui+1))
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or again depending on the situation:
1.
A" — A ) (Uo, ey Ui 1, Ui 1y - ey un) = Uit

P — Pl(ug iy o 1 ugr o s uy) = (10 ug)
]

From Lemma above, where is proved that the map © and its inverse ©~!
are represented by regular maps locally, and from the fact that if a map is
regular map then it is a morphism, we came to the conclusion that © is a
morphism. Combining this fact and the Lemma 1.1 is clear that the theorem
bellow is true:

Theorem 2.0.3. The map © : P — C' C P" is an isomorphism. So P and
C are isomorphic.



Chapter 3

Conlics

3.1 Isomorphy between projective space P!
and conics

In the first chapter, we defined a function © : P! — P" and managed to prove
that © is an isomorphism between P! and its image ©(P') = C' making them
isomorphic.

This chapter will be mostly focused in projective space P?, starting by
showing that C' is actually a conic. After that we will analyse a function that
takes one point of this conic and reflects it into another point in that conic
too.

Before proving that our C is a conic, let us give the general equation of
a conic in an affine space A? |7, Section: Definition and basic properties]. A
conic is a curve obtained as an intersection of the surface of a cone with a
plane the general equation of it will be:

Az* + Bay +Cy* +Dx +Ey+ F =0 (3.1)
The projective closure of it in P? will be:
Az* + Bry + Cy* + Dxz + Eyz + F2* =0 (3.2)
Now recalling the map © : P! — P2, we will prove the lemma below:
Lemma 3.1.1. The image C' = O(P') C P? is a conic and its equation is:
u? — uguy = 0 (3.3)

Proof. This lemma is going to be proved by checking the projective space
locally, so let us write it as union of open subsets P? = Uy U U; U Us,, where

9
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U; = {(uo : uy : ug)|u; # 0} for i = 0,1,2 and as seen before U; = A% Now
let (z : y) be any point from P!. Acting on this point with our map © we
will get (2% : a2y : y?) € P?

Without losing anything from generality let assume that the point is
inside Uy, which means that x # 0. This gives the opportunity to rewrite it:

:y—Z):(l:z:zz)

(% zy:y?) = (1: ;

SHES

where z = £. Since U = A? exists the possibility to try proving this problem
in affine space and that is what we are going to do:

(1:2:2%) = (2,27

That we are trying to do here is to build a function g(uy,us) such that
this function will be zero for every point of the form (z,2%) € A% So:

q(ug, up) = 0 <> (ug,ug) = (2, 2%)

Referring the general formula of a conic, it is easy to see that a function
which will fit perfectly to our problem is:
q(uy, ug) = U% — U2

In affine chart let
C'={(z,2%)|z € A"}

this means that C” is the affine variety of q(uy, us) = u? — us, so:
C' =V (u3 — uy)
Finding the projective closure of the affine variety we get
C' =V (ui —ug) = C = V,(u] — upuy)

where 1 is the new coordinate that we introduce to be able to homogenise
the equation, and C'is a projective variety. The function which fits perfectly
for our problem is:

Q(uo, w1, ug) = u? — ugus

In the case when the point belongs to U, is proven in similar way as
above, So let us assume that (2% : zy : y?) € Us, which means that y # 0
and the point can be rewritten as bellow:

(x :xy:y):(?:—:l):(t it 1)
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where t = § Again we can move the problem into affain space and treat it
there.
(2 t:1) — (t%1)

Again we want to find a function g(ug,u;) which will be zero for every
point (t3,t) € A?, so:
q(ug,u1) = 0 <> (ug,uy) = (£2,1)

Based on the general formula of conic in A2, a function that fits to our
problem is:

C](Um Ul) = U% — Uo
In affine chart let
' = {(#2,1)|t € AY}

which means C’ is an affine variate of q(ug,u;) = u? — uy, giving:
C" =V, (u] — uyp)

Finding the projective closure of this affine variety, we reach the same pro-
jective variety as before

C' =V (ui —ug) = C = V,(u] — upuy)

where us is the new coordinate that we introduce to be able to homogenise
the equation. And the function of C' is:

Q(UO, Uy, U2) = U? — UpU2

If our point is (2% : xy : y?) € Uy, meaning that xy # 0 this directly will
show that  # 0 and y # 0, and we can discuss this case in totally the same
way as with one of the cases before.

So the function that represents in perfect way our projective variety C' =
Vo(ui — uoua):

Q(uo, Uy, ug) = Ui — Ul (3.4)

and for any point (ug : uy : ug) = (2 : zy : y?), we will have:
u? — uguy = 0 (3.5)

The equation above, without any doubt, is a conic, which was the purpose
of this lemma. O
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3.2 Involutions of projetive space P!

Since we already found the equation of the conic C' C P2, it can be really
interesting and at the same time helpful to analyse it more. Since the conic
is inside IP?, we will try to build a map that takes a point from it and reflects
it into another point which belongs to the conic too. The right way is to
start this is explaining the geometric idea of the function.

Let us select a point p = (ug,u1, us) € P? which does not belong to the
conic. For any point ¢ € C' is possible to build a line which passes through
the selected point p, and through the point ¢, intersecting with the conic in
another point too. The second intersection point will represent the reflection
point of the map we are trying to build.

Now let ¢ : C'— C be the map we are trying to define. We will use this
map to build a map from P! and itself, using the fact that C' = P!. To do
all of this, let us prove the theorem below:

Theorem 3.2.1. Between P and itself exists a map f : P* — P, which is
given by a matriz A, such that V(z : y) € PL:

fl(z:y) = Az :y) (3.6)

A= (“1 _“0> (3.7)
Ug —Up
and where u;, i = 0,1,2 are the coordinates of the selected point p € P>
through which, the reflection is done.

where

Proof. First of all, let (z : y) be any point that belongs to P!. It is obvious
that we are trying to build a two by two matrix which multiplies the chosen
point giving as a result another point that belongs to P! too. So we will try
to find a matrix of the form as below:

a b
= (o)
And the way our map f : P! — P! will work is:

f(z:y)) = Az - y)

() - 9 0)-(28)

such that:
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so the result we get would be:
Az y) = (az + by : cx + dy)

Now using the map ©, we reflect the point (z : y) to ¢ = (22 : 2y : ?) in
C C P2 Let us choose a point p = (ug : uy : uz) € P* which does not belong
to the conic C'. The theorem will be proven, checking the projective space
IP? locally, so let us write it as union of open subsets P? = U, U U, U U, with
Ui = {(uo : uy : ug)|u; # 0} for i =0,1,2.

First let us assume that p, ¢ € Uy, which means that the first coordinate
is different from zero, so uy # 0 and x # 0. This gives the opportunity to
change the form of them as below:

Uy Uz

p:(uozu1:u2):(1:u—0:uo)z(l:m:m)
q:(ac2:xy:y2):(1:%:i—i)z(l:z:zQ)

We are gonna move this problem from projective space into affine space and
try to prove it there. The equation of our conic C, where ¢ and ¢,(¢) belong,
is:

C : Q(wy, wy, ws) = w} — wows

and moving it to affine space we get:
C": qlwy, wy) = w? — wy
The points p and ¢ in affine space will be:
p=(1:v1:v) = (v1,v2) € A?

qg=(1:2:2%) = (2,2%) € A?
The equation of the line in A% through p and ¢ is:

Wo — V2 w; — V1

Wy — 22 wy — 2

Solving the system of equations that contains the equation of conic w} —wy =
0 and the line above will give the point that we are looking for.
From the equation of line we get:

22 — vy 2201 — 2y

wy
V1 — % v — <

Wy =
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Replacing ws with the expression above in the equation of conic will give us:

2 2
A V) Z7U1 — RU2

w? + wy + =0
v — 2 V1 — %2

One solution of this equation is already known, and it is w; = 2. Dividing
the expression above by (w; — 2), gives us the other solution. So:

22— 2201 — 2V vz — v
(w? + 2wy + 22wy — 2) = wy  ——2
v — Z V1 — % vV — %
V12 — V2
wy — z2)(wy + —=) =0
(wr = ) + 222

According to this, the second solution is:

V1ig — Vg
w = ———
V1 — %

. o . 1y o w
Moving back to projective space, by replacing z with £ an v; with w2 s
going to be:

U2 — ULY
wy = —
UL — Uy

In the other side the other coordinate wo will be:

(UQI - U1y)2

2= (urr — ugy)?

So the second intersection point ¢(q) € C' will be:

p(q) = ((mr —uoy)” : (wx — uey) (uzz — wry) + (upx — w1y)?)

Using the inverse of the map ©, we move this point back to P!, getting:
(wz—uy)? : (urr—uoy) (Uoz —u1y) : (usx —u1y)?) = (U1 —UeYy : UsZ —U1Y)

Now comparing it with the general form we get the coefficients of the matrix:
a=uy, b= —ug, c =1us and d = —u;. so the matrix we are looking for is:

A= (Ul —u0>
Ug2 —Up
Let us check the other possibility when p, ¢ € Uy, which means that the
third coordinate is different from zero, so uy # 0 and y # 0 and we have:
Up Uy

p:(uoiuliuz)z(u—2:u—2:1):(vo:v1:1)
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2

q=(z :xy:y):(?:gzl):(z cz: 1)

We are gonna move this problem from projective space into affine space and
solve it there. The equation of our conic C, where ¢ and ¢,(q) belong, is:
C : Q(wy, wy, ws) = Wi — wows
and moving it to affine space we get:
C": q(wo, wr) = wi — wo
The points p and ¢ in affine space will be:
p=(vg:vy:1) = (vg,v1) € A?
qg=(2*:2:1) = (2% 2) € A?
The equation of the line in A? through p and q is:

w, — V1 Wo — Vo

Wy — 2z wy — 22
Solving the system of equations that contains the equation of conic w? —wy =
0 and the line above will give the point that we are looking for.
From the equation of line we get:
vy — 22 Vo2 — V122

Wy = — wq
Z— 1 zZ—1

Replace wy with the expression above in the equation of conic and we get

2 2
2 Vg — = Vo2 — V12 —0
wi + wy — =
zZ— U zZ — U1

One solution of this equation is already known, and it is w; = 2. Dividing
the expression above by (w; — 2), gives us the other solution. So:

2 _ 2 _
zZ—1U Z—1 Z—U
Vo — V12
—_ _— :O
(w1 — 2) (w1 + p— )

According to this the solution is:
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Moving back to projective space, by replacing z with % an v; with Z—;’, 7 is
going to be:
UL — Uy
W = ——
U2 — ULY

and the other coordinate wy will be:

W — (u1z — upy)?
O (upr — ury)?

The second intersection point ¢(q) will be:

o(q) = (mz — upy)* : (wrz — uoy) (ugx — ury) : (usw — ury)?)

Again using the inverse map of ©, we get:

((ulx—uoy)2 s (i —upy) (ugx —ury) : (u2x—u1y)2) = (U —uoy : usT—ury)

so the coefficients of matrix are: a = uy; b = —ug; ¢ = us and d = —uy. The
matrix itself is
A= (U1 —U0>
Uy —Up

In the similar way as above, we show when the points p, ¢ € Uy, and again
we get as a result the same matrix:

()
Ua2 —Up

But this is not the whole proof of the theorem, because we have checked
only the cases when p and ¢ belong to the same subset U;. What happens if
the points do not belong to the same subset. In this case we have to analyse
(1:0:0)€Up, (0:1:0) €Uy and (0:0:1) € Us.

Let us assume that ¢ = (1:0:0) and p = (0 : u; : ug). Since they do not
belong to the same subset, is not possible to try and prove it in affine space.
The parametric equation of a line in P? will be:

(wo : wy :wy) = (2% 1 2y y?) + tlug — 2% 1 uy — Y : upg — Y°)

where t is the parameter. Replacing our points in the equation, gives us the
results below:

o(q) = (wo :wy :we) =(1:0:0)+t(=1:uy:ug) = (1—t:ut: ust)

Replacing the expressions of w; inside the equation of conic w? — wyws = 0,

gives us the expression of parameter ¢:
U2

t=
ui + uy
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from which we can find the second intersection point ¢(q):

p(q) = (uf s urup < uy)

Moving this point to P! using the inverse map ©, gives as result the point
(uy : uz). What would have happen if the matrix above is used? Well that
is something that we are about to find out. Since the first coordinate of p is
zero our matrix is like below:

(W 0
1= )

and multiplying it with (1 : 0) gives:

(e ) G6)= ()

In the similar way as above it can be shown that the same idea works for
q=(0:0:1) and p = (up : u; : 0), from which we get the matrix:

=5 )
() (- ()

and as we already know (—ug : —uy) = (ug : u1). At the end the point
(0:1:0) does not belong to our conic so is not taken into consideration.

Finally all this proves that our function f : P! — P! is just a multiplica-
tion of each point in P! with the matrix A:

A= (Z; :Z?) (3.8)

]

and the result:

The theorem above is all based in analysing the way how a line and the
conic C' interact with each other. Having this picture in mind, and finding
the intersection points between them we have three possible scenarios. If the
intersection between the line and the conic contains two points, then the line
is called secant line. If the intersection between them is only one point, then
the line is called tangent line. And the last possibility is that the line and
the conic does not have intersection points and the line is called exterior line.
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While formulating and proving the above theorem, always was mentioned
that the chosen point p belongs to P2, but not to the conic C. A question
that could be asked here: is it allowed that the point p to be in the conic C,
and why or why not? Let us start assuming that the point p € C. In this
case p = (ug : U1 : Up) = (w} : wyws : w3). The matrix A, that represents the

map f, will be:
g (m o) _ (wiw —w?
T \ue —uwy )\ wi o —wiwe

The best way to show if this actually is allowed is by finding the deter-
minant of our matrix:

2
detA = det (w“f? i ) = —wiw; + wiw; =0
wy —wW1W2

The fact that detA = 0 means that the matrix is not non-singular, which
immediately implicates that the inverse map f~!, does not exist. The answer
of our question is that p is not allowed to be inside our conic C.

The map f from the theorem above, is not just a random map from P?
into itself. It can be shown that this map is an involution [5|, which means
that for every point x € P2 f(f(z)) = AAr = x. Let us show this. Let
X = (x : y) be any point in P2. Acting on it with the map f twice we will

get:
- 2023
Uy —Uqp Y U — UY
2
V) - AAx - (W —uo) (ulx—uoy> _ ((ul —uoug)x> _ (x)
J(X)) (U2 —uy ) \ugz — uyy (uf — uguz)y y
The matrix A belong to PGL(2).

3.3 Involutions of normalised conics

Any non-singular conic C' in the projective space P?, according to Sylvester’s
law of inertia [§], can be brought into a normal form:

Q(z) = +a) £ 27 £ 23

For a normalised conic ) = Z?:o z? we will define involutions using the
secants. So we take a point p outside the conic and through it we take
lines which will have two intersection points with the conic. For the two
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intersection points, a map will be build in that way that takes the first one
and maps it into the second one. This process will be shown in the theorem
below.

Theorem 3.3.1. Let Q = V,(3.7_,22) be the normalized conic. A map

=0 "1

g:Q — Q, can be found such that for every q € Q:

9(a) = Apq (3.9)

where A, is an 3X matriz, which is:

—ud +ul+ui —2uouy AT
2 2 2
—2UOU1 Uy — U + Uy —2U1UQ
2 2 2
—2UpUs —2U71Us ug + uy — uj

The coefficients of matriz A,, are coefficients of the reflection point p € P?
but not in Q).

Proof. The process of proving this theorem will have the same idea as in the
theorem above. A point p € P? is chosen under the condition that it does
not belong to the normalised conic. For any point ¢ € @), a line through p
and ¢ will be build, and the intention is to find the other intersection point
between the line and the quadric @), since the first intersection point is q.
The second intersection point will be written by ¢'.

Using this process and the connection between ¢ and ¢/, the map g : Q —
() will be build by defining the matrix A, that represents it. The proof here
will be done in a slightly different way from what we have seen in the previous
theorem. There, while we proved similar theorem, the problem was analysed
locally moving into affine spaces. Here we will not do the same, so the whole
problem will be analysed and proved in projective space.

So, as can be noticed above for ¢ € @), ¢’ = ¢g(q) = Apq or shown as in
terms of matrices:

Ty Qoo Qo1 Qo2 T Qoo + Ap1T1 + Ap2T2
/

ri | = | a1 aur axe 1 | = | a01To + a1171 + A12T2
!

Ty Qo2 Q12 A22 T Ap2ZTo + A12T1 + A22T2

Let the point p = (ug : u; : uz) be the chosen point, and the point
q = (zo : 1 : ug) any point in (). This means the coordinates of ¢ satisfy the
equation of the conic Q).



CHAPTER 3. CONICS 20

Through those two points, a line is built and the parametric equation of this
line will be:

(g @2 ay) = (xo: a1 : @) +t(ug — To s ug — 1 : Uy — Xa)

Since the point we are trying to find belongs to the line and the conic,
the below system must be solved in terms of finding it.

g+t + a2 =0
xp=x; +t(u; —xy),1=0,1,2
t#0
By replacing the values of z in the equation of the quadric we get:

(l’o + t(uo — SCo))z + (.1'1 + t(u1 — xl))2 + (.I'Q + t(UQ — .1'2))2 =0

and from here, is possible to be found the expression for the parameter t,
which will be:

—2(upxo + U1y + Usx2)

t =
ud 4+ u? + u3 — 2(ugTo + urT1 + UsTy)

Replacing it, on the equation x, = z; + t(u; — x;), the coordinates of the
intersection point ¢’ will be:

;o (U +ud +ud) e — 2upui Ty — 2uguaTy

Th =
0
ud + u? + ud — 2(upro + U1y + Usw)
2= —2U0U,11‘0 + (Ug — U% + U%)l’l - 2U,1U2I2
=
ud 4+ u? 4+ u2 — 2(ugTo + UrTy + UsTo)
o —2uguaTy — 2urusmy + (ud + ud — u3)wy
[ =

ud 4+ u? 4+ u2 — 2(ugTo + UrTy + U o)

Since ¢’ belongs to a projective space, it means that ¢ = aq’ for any
constant a. At the same time from the equations of the coordinates, it can
be seen that the denominator is the same for all of them, so nothing will be
changed if the point is multiplied by it. As a result we will have:

2, .2 .2
xy = (—ug + uj + u3)To — 2ugui 1 — 2UgUsTs

2 2, 2
x] = —2upuixg + (ug — ui + us)r; — 2uiusey

2,.2 2
Ty = —2ugusxy — 2uusxy + (uf + uj — uy)Ts
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By comparing the general form of the point ¢’ with the results above, is
simple to define the coefficients of the matrix A,.

x (—ud +u? + ud)rg — 2upui Ty — 2UgUaTy
oy | = | —2uouizo + (ud — u? +ud)z; — 2ugugzy
x —2ugusry — 2urusmy + (Ui + ud — u3)wy

and the matrix A, will be:

—ud +ul+ui —2uouy — 20Uy
—2upty ud — u? + ul — 22Uy Uy

2, .2 .2

—2UpUs —2U1Uy ug + uy — uj

]

The map g, is not just a simple map, it is an involution, which means
that for any point x € @, g(g(z)) = A,A,x = x. This will be shown below.
Let X = (xg: 21 : 22) € @, then:

(—u2 + u? + ud)wo — 2upui T — 2ugUaTy
A, X = | —2upuimo + (ud — uf + ud)zy — 2uqusws

—2ugUugry — 2urusmy + (uf + ud — u3)wy

(ug + ui + u3)*zo g
A(AX) = (WB4+ul+ud)e; | = |z | =X
(u + uf + u3)?my T

Furthermore, the matrix not only belongs to PGL(3), but it belongs to
PO(3) (the set of all non-singular matrices which are orthogonal at the same
time).

3.4 Automorphisms of conics

In the last part of this chapter, we will focus on something a bit more differ-
ent. According to a theorem in linear algebra [2, Theorem 4.5.1, page 116],
every quadratic form can be converted into a canonic form. We are going to
use this in our conic C, and try to bring it into a canonic form. Not just that,
we will find a matrix that actually makes all this transformation possible.

Theorem 3.4.1. The conic C' with the quadratic form Q(ug,uy,us) = u? —
uguy can be transformed into a canonic form, and the result is:
1

1
Q(ug, uy,uz) = —§U(2J + 5“? + U3
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Proof. We will start proving this theorem, by first finding the symmetric
matrix B which represents our conic C'. This means that we will find a
matrix that will allow to write the function of conic as a product between
matrices (vectors), so:

Qoo Ap1 Qo2 Ug
2
Q(Uo,ul,uz)zul—uo’@:(uo Uy UQ) Qo1 G111 QA12 Uy
Qo2 A1z (22 Uz
The matrix B in our case will be:
0o 0 -1
Qoo o1 @o2 3
B = Qg1 a11 ai12 = 0 1 0
1
Qo2 @12 Q922 -5 0 0

Since we got the matrix B, in the next part we will use the spectral
theorem [6] and [2, section 2.8, pages 63, 64] from linear algebra, so these
steps will be followed :

1. Find eigenvalues of the matrix B,

2. Find eigen vectors for each of the eigenvalues above,

3. Find the matrix P, which transforms matrix B into the diagonal matrix
D, with eigenvalues as diagonal coefficients. The transformation form will
be D = P~'BP.

First of all, for the matrix B we build the matrix B — \I:

-A 0 -1
B-XM=[0 1-X 0
0 —A

1
2

and to find the eigenvalues, the characteristic equation det(B — A\I) = 0
should be solved.

det(B— M) =(1-X)(\—->)=0
The solutions of the equation above, which are the eigenvalues of B, are:

Aoz—%and/\lzéand)\gzl.
Next step is finding the eigen vectors for each eigenvalue by solving the

system of equations Bx = Az. For \g = —%, the system to be solved is
Bvy = —%0 SO:
1 —52 +1 370
BUQ + §U0 = T+ 511 =0

1 1
—51'0 + 51’2
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1
5
And as a result we get the vector vg = | 0
1
5
For \; = %, solving the system Bv; = %vl, SO:
1 —5%2 — 370
BUl — 57}1 = T — %1'1 =0
370~ by

V2
giving as a result, the vector v; = 0
1
V2
For Ay = 1, we should solve the system Bvy = v9, so:
—%% — Lo
BUQ—UQI Tr1 — X1 =0
—%Io — X2
0
which gives as a result the vector vo = | 1
0

Moving on in the third and the last step of the theorem, we will build
the matrix P, mentioned in the third step of the process, using the eigen
vectors. The characteristic of our matrix P is that its columns actually are
made from eigen vectors, so the result will be:

L L
V2 V2
P=10 0 1
1 _1
V2 V2

which obviously is a non-singular matrix with the inverse matirx, which is
just the transposed matrix:

1 1
P'=P'=|5 0 —%
0O 1 O

From D = PTBP, the diagonal matrix D that we have been looking for
will be:

-2 00
D=0 5 0
0 01
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Finally, the canonic form of our conic will be:

1 1
Q(uo, ur, ug) = —§U(2) + 51@ + ug (3.10)
which is what we have been trying to show with this theorem. O]

In the last part of this section, the intention is to build a map between
the normalized conic @ = —x3 + 2 4+ 23 and the conic C. After that to
build an automorphism on C'. To do this, we start by trying to build a map
between the normalized conic () and the conic defined in the theorem above,
which we will write with @Q".

Comparing the polynomials of those two conics:

f(a) = —zg + 21 + 23
f( "y __ 1 "2 1 "2 12

with x € Q and z” € Q", for a point of @) to be reflected into a point of Q”,
it has to be multiplied by the matrix:

1
vi 00
0O 0 1

Definition 3.4.1. There exists a map « : Q — @Q” such that for any point
r € Q, a(r) =Gz € Q" for G defined above.

We continue the process by building a map between QQ” and C. To do
that, the theorem 1.2 will be used. Since D = PTBP then B = PDPT. So
if we want to map any point of the conic " into the conic C| is is enough
to multiply it by P”. Let = € Q”, then:

f(PT2) = (PT2)"D(P"z) = 2" PDP"2 = 2" Bx

Definition 3.4.2. There exists a map v : Q" — C, such that for any point
r e Q" y(x) = PTx € C, where the matrix PT is:
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From two definitions above, it is possible to build a map that connects
the normalized conic ) and our conic C. Let us analyse the situation:

Q—Q"—=C
o ¥

such that, for any = € Q, a(z) = Gr € Q" and y(Gz) = PTGz € C.

Definition 3.4.3. There exists a map § : ¢ — C, such that for every
r € @, f(x) = Mz, where M is the matrix which we get as a product
between matrices P” and G. So:

M =Pr'G =

ey

O IR N
sk o

The inverse matrix M ! of the matrix M is:

1 1 0
_ 2
M7't=(0 0 =
1 _1 9
V2 V2
Finally, for our normalized conic Q = —z2 + x3 + x3 it is possible to

construct a map in the same way as the map ¢ : ) — @, which we will write
with g1, and which is involution too. The matrix A, that represents this map
is:

ud + u? 4 uj —2upuy —2upu

A, = 2uoug —u% —u? +ul —2uq U9
2 2 2
2UoUs —2uqUsg —Uy + uy — uj

Using it and the map 3 : Q — C, is possible to define an automorphism
[1] in C. Let p’ be a chosen point in P? and ¢’ any point in C. The reflection
of the point ¢’ through the point p’ will be happening as below:

C—Q—Q—C
Bt g1 B

Definition 3.4.4. There exists an automorphism ¢ in the conic C, such
that for any point ¢’ € C, it will be reflected through the chosen point p’ into
another point ¥ (¢’) in C, where:

V(q) = MAM ™ = MAyy M~ (3.11)

where the matrix M Ayry M~ € PGL(3).
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Let us now show that ¢ is an involution. Let ¢’ € Q) be any point.
V(g) = MAyM~'q
Acting again with the map 1, gives:
V(W(q)) = MAyy M "M Ayy Mg = M Ay Ayyy Mg = MM~ 'q' = ¢

In the same way automorphisms can be build between any conic @) of the
projective space P2.



Chapter 4

Quadric surfaces

4.1 Isomorphy between quadric surfaces and
P! x P!

This chapter will have in focus the quadrics in projective space P? [7] and
[4, Chapter 1], before everything moves into the general case P". At first,
we will be analysing a specifics quadric in P2, and how the points inside it
will interact if a line is built between them (secants). After that, the focus
will be in how two quadrics interact with each other, more specifically any
quadric with a quadric written in canonic form.

Similarly with the process explained in two first chapters, here too every-
thing will start by defining a map between the product of projective spaces
P! x P! and the projective space P3.

Definition 4.1.1. For the product of projective spaces P! x P! and the
projective space P3, there exists a map h : P! x P — P3 such that acting
with it on ((xy : 1), (2 1 y2)) € P! x P! gives as a result:

(1 :11), (22 y2)) = (z122 : T1Ys © Toy1 : Y1Y2) (4.1)
for every (zy1 : y1), (w2 : y2) € PL.

Let Q = h(P' x P!) be the image of the map h. Before moving to the
main part of the chapter, it will be really important showing the map is an
isomorphism from P! x P! to () by proving the bijectivity.

Lemma 4.1.1. [3, Proposition 7.11, page 60] The map h : P! x P! — Q,
defined above, is an isomorphism.

Proof. Let z = (zo0 : 201 : 210 : 211) € @, where at least one of the coordinates
is different from zero. Without loosing anything from generality, we assume

27
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that zpo # 0. If h(z,y) = 2 for x = (29 : 1),y = (yo : v1) € P! x P!, then
xo # 0 and yy # 0. So we can move to affine coordinate locally, or have
r1 =y = 1, which means 3((1: z1), (1 : y1)) € P' x P! such that z; = 2y
and y; = zp1. This means that A is injective so it is bijective.

From all the information above, is not only proven the bijectivity, but the
fact that A and h~! can be given by affine coordinates locally too, so h is an
isomorphism.

This isomorphism is known as Segre embedding [3, Construction 7.10,
page 60] and P! x P! is isomorphic to @, and is going to play an important
role on the rest of the chapter.

The image of the map, written with (), even that is mentioned, is not yet
defined what actually it represents. That is the intention in the part we are
going to discuss. We will prove this represents a quadric hypersurface.

First of all a quadric hypersurface or a quadric [7] is just a generalisation
of conics discussed in second chapter. The general equation of a quadric in
affine space A3, is:

A + By +C2* + Doy + Evz + Fyz+Gr+ Hy + 1z +J =0 (4.2)

Since our work takes place in projective space, the equation of the quadric
in projective space 1* will be:

Az® 4 By* + C2* 4+ Day + Exz + Fyz + Gat + Hyt + Izt + Jt* = 0 (4.3)
u

Lemma 4.1.2. [5, Ezample 7.12, page 61] The image of the map h(P' x
PY) = Q is a quadric with the equation:

U1U2 — UgU3 = 0 (44)

Proof. To find the equation of @), we will check at it locally. To do that
the projective space P? will be written as union of open subsets U; C P3,
P = Uy UU, UU, UUs, where U; = {(ug : uy : ug : uz)|lu; # 0}, for
1=0,1,2,3.

It must be checked that () is quadric hypersurface, and find the equation
that fits to our case. Let us focus on Q N U, first and see what happens there
first. after that, is possible to check the rest.

Let (z1y1 : Ty @ Toyy : @2y2) € Q NUy C P3, which means z,y; # 0 so
x1 # 0 and y; # 0. Using this fact, is possible to rewrite points:

%ﬂ% :(1;;;1:22:2122)

(T1y1 : T1Y2 © oy Tolyo) = (1 : :
Y1 T1 1Y
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where z; = f and zp = 2. Moving from projective space to affine space,
gives:

(1 121129 212’2) — (2’1,2’2, 2122) € A3
The intention is to find a function which will represents our @’ in A3, for
which the below relation is true:

Q(ulau25u3) =0+« <u07u17u2) = (Z1722721Z2)

for some 21, 2.
A function that fits to our case is:

Q(u17u27u3) = UiUg — U3

Moving back to projective space, we get:

Q(Uo,ul, Uz, U3) = U1U2 — UpU3

which is obviously a quadric in P3

In completely similar way, is possible to show it for other subsets. Let
(T1y1 @ T1yo @ a1 : Taye) € QN Uy C P3, which means 1y, # 0 so z; # 0
and y, # 0. We get:

Yioq. T2 D
y2' 'I1y2'$1

<$1y1 S TY2 CT2Yy x2y2) = ( = (21 1229 ,22)

where z; = Z—; and zo = i—f We move from projective space to affine space,
getting:
1. : 3
(21 1229 22) — (21,2122,22) €A

A function that fits to our case is:
Q(Uo,umus) = Uz — UpU3

Moving this back to projective space we get:

Q(Uo,ul, Ug, U3) = U1U2 — UpU3

Let (z1y1 @ m1y2 : Xay1 @ ay2) € Q N Uy C P3, which means xoy; # 0 so
x9 # 0 and y; # 0. We get:
T

T1Y2 Y2
(xlyl DTy Tal t TaYe) = <_ 1 )=
T2 21 W1

(21 21 Z1%9 . 22)
where 2z; = i—; and zy = Z—f We move from projective space to affine space,
getting:
) 1 3
(21 A R 22) — (21,2122,22) cA
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A function that fits to this case is:
q(uo, ur, uz) = uy — ugUs
Moving this back to projective space we get:
Q(uo, Uy, Ug, Uz) = Uty — UgU3

For (myyy @ w1y @ Tayy : xaye) € Q N Uz C P2, which means x1y, # 0 so
x1 # 0 and yo # 0. We get:

bl :ﬂ:&:1>:(2122221322:1)
TaY2 T2 Y2

(l'lyl TT1Y2 X2y 33292) = (

where z; = i—; and zo = £ We move from projective space to affine space,

y
getting: ’
(21201 211 291 1) = (2120, 21, 22) € A3

A function that fits here is:
q(uo, u1, ug) = uruy — ug
Moving this back to projective space we get:
Q(uo, u1, ug, uz) = urty — U3

As can be seen from above, after checking our () locally, we came in
conclusion that the image of the map h, is a projective variety V;:

Q = Vy(uug — uous) (4.5)

or as a function:
Q(ug, u1, us, uz) = uruz — Uous (4.6)
which obviously is a quadric in projective space P3. O

4.2 Involutions of the product P! x P!

As said in the beginning of the chapter, now, the focus will be in our quadric
(@, and the way how the points in it interact between each other. Since the
map h maps lines from P! x P! into lines that belong to @, we will try to
analyze how two points in (), are connected with a line that contains both
of them, and use that to build a map between P! x P! and itself.

What we are going to do is to use the fact that P! x P! = @ and find two
matrices A, B € PGL(2), which will define the map f : P! x P! — P! x PL.

This whole situation will be discussed in details in the next theorem.
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Theorem 4.2.1. For a map f : P! x P! — P! x P!, there exist two matrices

A, B € PGL(2), where:
A= (“1 _“0) (4.7)
us —U2

B (1 ) (18)

F(X,Y) = (AY, BX)

with X,Y € P', and u; coefficients of the reflection point p € P3,i = 0,1, 2,3,
where p is not in the quadric ().

and

such that:

Proof. Let us start proving the theorem by showing what we are trying to
find here. We are trying to build a function f between P! x P! and itself
such that for every (X,Y) € P! x P! where X = (z; : y;) and Y = (23 : y»),
we will have:

f(X,Y) = (AY, BX)

where A, B € PGL(2). At first let’s take two general two by two matrices
and see how they act in any point in P! x P!

[ bl . [ a2 b2
(o ) ) ws

Ay = (a129 + biya : 129 + dry2)

Now

Bz = (a1 + boyy : o1 + datr)
This point (Ay, Bz) can be reflected to a point in ) using the map h, giving
us:

h(Ay, Bx) = h((a122 + biys : crz2 + diya), (ax1 + boyy @ cox1 + doyr)) =

(@12 + bry2)(asxy + bayy) = (a1 + b1ya)(cazy + doyr) -
(c172 + diy2)(azw1 + boyy) « (c122 + diya)(cazy + dayn))
Lets find the coefficients of matrices.
Using the map h we have:
q=h((z1: 1), (@2 :y2)) = (172 : T1y2 - Y172 1 Y1) = q € Q C P

At the same time let p = (ug : uy : uz : uy) € P?, be any point. A line which
contains points p and ¢ will be build, and afterwards we will try to find a
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second point ¢’ which is going to be an intersection between that line and
the quadric ). As is noticed ¢’ will be the second intersection point between
them, since ¢ is already the first one.

To analyze the whole situation, the projective space P* will be written
as union of open subsets: P3 = Uy U U; U Uy U Us, where U; = {(ug : uy :
ug : ug)|u; # 0}, 1 =10,1,2,3. So the whole process will be checked locally in
U;NQ.

Let us assume that ¢ € QQ N Uy, which means that zyzs # 0 giving us:

1317&0:>X:(x1:yl):(l:ﬂ):(lzzl)

X1

:U27é0:>Y:(:E2:y2):(1:i—i)z(l:zg)

Using this inside our function h gives us:
q=h((1:21),(1:2)=(1:20:21:212) €Q C P?

Let p = (up : uy : u : uz) € P such that p € Uy, but not in @, which leads

to: uy U

p:(lzﬂ:

=(1:vy:vy:03)
Ug Ug Ug

moving those to points from the projective into affine space we get:
q=(1:2p:21:212) = (22,21, 2120) € A®

p=(1:v:vy:v3) = (v1,v9,03) € A3

What we are going to do here is to build the line through those two points
p and ¢, and afterwards try to find the intersection point between this line
and the quadric (). First step lets write the parametric equation of line.

Y(t) = (22, 21, 2122) + t(v1 — 22, V2 — 21, V3 — 2122) = (W1, Wa, W3)

where (wy,ws, w3) is the intersection point that we are trying to find.
The equation of the quadric in this case is:

Q(U)h Wa, w3) = W1 W2 — w3

and to find the point that we need, the system of equations below should be
solved:

W1W2 = W3

t£0
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From the equation of line we get:
(wl, w2, w;;) = (22 + t(’Ul — 2’2), 21 + t(Ug — Zl), 2179 + t(?}g — 2’122))

Replacing the expressions for wq, ws and ws, in the equation of quadric gives
as a result:

(22 + t(Ul — 22))(21 + t(’Uz — Zl)) = 2129 + t(Ug — 212’2)

After doing the necessary calculations we get the expression for t:

VU3 — V121 — VUgZs + 2129

= (v1 — z9)(v2 — 21)

The expression for ¢t we replace at the coordinates w; and we will find the
point we have been looking for. So:

wy =29 +t(v1 — 22) = 22+ e Wl e (v — 2z9) = %~ uz
(Ul — 22)(1}2 — Zl) Vg — 21
Wy = 2y Aty —2y) = 2y 4 BB T 2 By Vs T U2
(v1 — 29)(v2 — 21) v — 29
— V121 — Va2 +
W3 = 2129 + t(?)g — 2122) = Z1%22 + U3 U1z v2z2 1z ('Ug — 2122)

(v1 — z9)(v2 — 21)
(v3 — volzy)(v3 — Vo29)
(v1 — 29)(v2 — 21)

So we get our point (wy, ws, w3) € A3:

V3 — V121 V3 — Vg2 ('U3 — U2121)<U3 — ’UQZQ)

Vg — 21 ’ V1 — %2 ’ (Ul—ZQ)(U2—21>

)

(w1, wa, w3) = (

Using the expressions for z; and v; we have:

U3 — V121 U3T1 — UL1Y1
wl g g
Uy — 21 U1 — UoY1

U3 — U229 U3T2 — U2Y2
w2 g g
U1 — 22 U1T2 — UpY2

(1)3 — Ungl)(Ug — ’UQZQ) o (UgZEl — ulyl)(u3x2 — Ugyg)

(Ul - 22)(U2 - Zl) B (Uﬂl - onl)(ulh - U0y2)

W3 =
So the point is:

(wé, wi,w’Q, wé) = ((ugmy — woyr) (w12 — uoy2) : (U2x1 — uoy1)(UsT1 — U1Y1)
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: (urmy — uoye) (usry — usys) & (usxry — uryr)(usre — Usys)) (4.10)
Comparing the general equation of the point and the equation above, we can
find the values of coefficients in matrices A and B, so this gives:

a; = ui, by = —ug,c1 = uz, di = —us

as = Uz, by = —ug,co = uz, dy = —uy

and as a final result we are able so have the real matrices:

A— <U1 —Uo) ‘B = (U2 —Uo)
us —U2 us —u
The whole process is pretty similar in cases when the points p and ¢
belong to Uy, Us and Us, so everything will be shown with less details.
Let’s assume that ¢ € @ N Uy, which means that z,y2 # 0, and p € U,
but not in @ so u; # 0. So:

1 1 21
=h((l:z),(—:1)=(—:1:—": cQcCP?
g=h((1:2).(C )= (21 2 m)€Q

Ug Uz U3
=(—:1.:.—=:—)= c1l:vy:
p <U1 " Ul) (vo va : U3)

Moving those to points from the projective into affine space we get:

1 1 =z
q:(—:lzﬁ:zl)—)(—,—l,zl)GAg
Z9 Z9 Z9 Z9

p= (UQ vy Ug) — (Uo,’Ug,Ug) € A3
The parametric equation of line.

1 21 Z1
t = (— . — t —_— _— — —_ et
v(t) (22, 227Z1) + t(vo Lol 21) = (wo, wa, w3)

where (wp, ws, w3) is the intersection point that we are trying to find.
The system of equations below should be solved:

WoW3 = Wa

t#0
After doing the necessary calculations, the expression for t is:

1 z
Uy — VU35 — VoZ1 + I

(vo — i)(% — 21)

t =
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At the end, the coordinates of the point we have been looking for are:

V2 — VUpZ1 U1 — UpY1

Wo

U3 — 21 U3T1 — U1

(U()Zl — Ug)(’l)g,i — ?]2)

1

" (vo — g)(vs —21)

_ (ug1 — uoy1)(usws — UsYys)
(u1$2 - on2)(us$1 - U1Z/1)

(v — US%) UgTo — U2Y2
W3 = =

(vo — i) iy — ugls
So the point is:

(wp, wy, wy, ws) = (U1 — ugy2) (Uow1 — uoy1) : (W1 T2 — UeYs2) (UsTy — uryy)

D (U — uoYo ) (UsT2 — Ugys) :

. (Ugl’l — ulyl)(u;),xg — Ugyg)) (411)
Comparing the equations together, the values of coefficients in matrices
A and B are:
ar = u1, by = —ug, 1 = uz,dy = —uy
ag = Uz, by = —ug, 2 = uz,dz = —uy

and as a final result we are able so have the real matrices:

R R G
Uus —Ug Uus —U

If ¢ € QN Us,, which means that xoy; # 0, and p € Uy not in ¢, so uy # 0,
gives us:

nA0= 7= (o) = (1) = (£

1 Zl.
Y2
o #£0=>1=(13:y2) = (1:)

using this inside our function h we get:

1 1 =z
g=h((—:1),0:2)=(—:2:1:2)eQcP
<1 21 <1
—@:ﬂ:l:%):(vozvl:lzm)
Uz Uz U2

Moving those to points from the projective into affine space we get:

1 Z9 29

1
P z) = (—, 2, ;) € A3
21 21 Z1 21
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p=(vo:vy:1:v3) = (vg,v1,v3) € A3
The parametric equation of line is

1 Z9 Z9
t - \— — t _— —_ —_ —
(1) (zla 21>Z2) +t(v PR 22) = (wo, wy, w3)

where (wg, wy,ws) is the intersection point that we are trying to find. The

system of equations below should be solved:

WoWs3z = W7
t#40

After doing the necessary calculations we get the expression for t:

22

1
V1 — Vpko — U3Z + =

T (- D)(ws— =)

The expression for ¢ is replaced at the coordinates w; and we will find the
point we have been looking for:
U1 — UpR2 U1T2 — UgY2

wo g g
U3 — 22 U3T2 — U2Y2

(01 — U?’i)(vl ) _ (uzzy — uayr) (urme — ugyo)

(vg — i)(vg —2)  (uew1 — uoyr)(uzza — Usyo)

wp =

1
U1 — Uz, _u3Ty — WY

=2 =
Yo — 5, UgT1 — UoY1

W3 =
So the point is:
(wé, w'uwlza wé) = ((urm2 — uoy2) (u2m1 — uoy1) : (usr1 — wry1) (U1 — UoYa)

. (UQl'l — uoyl)(ung — u2y2) . (Ug.fL'l — 'LL1@/1)<'LL3£C2 — Ung)) (412)

Comparing equations, we can find the values of coefficients in matrices A
and B, which are:

a; = U1>b1 = —Up,C1 = U37d1 = —U2

Ay = Uz, by = —Ug, Co = Uz, dy = —Uy

and as a final result we are able so have the real matrices:

e ()
Uus —Ug Uus —U



CHAPTER 4. QUADRIC SURFACES 37

For ¢ € Q) N Us, which means that y;2 # 0, and p € Us but not in @,
which means uz # 0, we will get:

1 1 1 1 1

=h((=: D (= 1))=(—:":":1eQcP?

q ((Z1 ),(22 ) (le2 o o )eQ
p: @:ﬂ:%:l):(?jo:vl:'vQ:l)

Uz Uz usg
Moving those to points from the projective into affine space we get:
1 1 1 1 1 1

g=(—:—:—:1) = (—,—,—) c A®
2122 R1 R Z1R9 R1 <2

p=(vo:v1:vy:1) = (vg,v1,v9) € A
The parametric equation of line.

1 1 1 1 1 1
V(t) = y sy +t(?)0— 71}1__7,02__) = (w07w17w2)
Z1R2 21 <2 2122 21 Z9

where (wg, wy,ws) is the intersection point that we are trying to find. The
system of equations below should be solved:

wW1W2 = Wo
t£0

After doing the necessary calculations we get the expression for t:

The expression for ¢ we replace at the coordinates w; and we will find the
point we have been looking for:

(vo — Ul%)(vo - U2%) - (uoy2 — u172)(Uoyr — Un1)

R P R e TR

Wy =

1
W — Vo — Vi, _ UpY2 — U1

1 — 1 -
U2 — UgY2 — UpT2

1
VYo — V277 UpYr — UaTy

=L =
v — o U1Y1 — U3

Wy =
So the point is:

(wé, wi,wé, w’3) = (w12 — uoy2) (uox1 — uoy1) = (U122 — uoY2)(UsT1 — U1Y1)
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s (ugwy — woyr) (uswy — ugye) & (usxry — uryr)(ugre — Usys)) (4.13)
Comparing equations, we can find the values of coefficients in matrices A
and B:

a; =uy,by = —up,c; = uz,dy = —uy
ay = Uy, by = —ug, o = Uz, dy = —uy

and as a final result we are able so have the real matrices:

(e )
Uus —Ug U3 —U

The proof which is done till now, is not yet complete. As it can be noticed,
there have been considered only the cases where p and ¢ belong to the same
subset U;. The question is, if the theorem is true even when p and ¢ do not
belong to the same subset.

For each of U;-s, it exists only one point that does not belong to other
subsets. Those points are: (1:0:0:0), (0:1:0:0), (0:0:1:0) and
(0:0:0:1)

Let us start with ¢ = (1 : 0: 0 :0) and p = (0 : uy : uy : ug). The
parametric equation of the line through p and ¢ will be:

(wo:wy:wy:wsg)=(1:0:0:0)+¢(—1:uy:ug: us)
which after the right calculations will be:
(wo : wy twy twg) = (1 —1:ugt @ usgt = ugt)
The system of equations below should be solved:

W1We = WoWs3

t 40

Solving this system, gives us the parameter t:

f=— 2
n Uz + ULUg

Replacing the parameter ¢ inside the equation of line gives us the second
intersection point between the line and the quadric (), which is:

U1U9 uius UgUs Ug

(wozwl:wz:wg,): . : .
Uz + ULU2 U3+ ULUy U3 + UiU2 U3 + ULU2

= (uqug : U3 : Uz U3)
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Now let us show that the same point will be given if the matrices A and B
will be used. Moving the point ¢ back to P! x P!, we will get as a result the
points X = (1:0),Y = (1:0) € P'. Using the coordinates of the point p,
our matrices will be:

A:(ul O),B:(U2 O)
Uz —U2 uz —uU;

Reacting in our points X and Y, with the matrices B and A respectively,

gives the results:
AY — (51 0 1 Y 3!
- Uz —Ug 0 - Us
BX — U9 0 1 [ U2
N Uz —Uy 0 - us

Using our map h on the points AY and BX gives us the result:

h(AY, BX) = h((u1 . ’LL3), (Ug . U3)> = (U1U2 S UjUs3 T UgU3 - U%)

which is the same as the intersection point between the line and the quadric
@, we found above. This proves that the map f can be expressed by matrices
A and B.

Similar with what is done above, the theorem can be proven for the other
points, and because of that the detalis will be avoided.

Let q=(0:1:0:0) and p = (up : 0 : ug : usz). The equation of the line
will be:

(wo : wy :wy :wz) = (upt : 1 —t: ust : ust)

Solving the system of equations:

W1W2 = WoW3s
t£0

we are able to find the parameter t:
u
f—— 2
Uy + UoUs3

So the second intersection point between the line and the quadric will be:
(wo : wy : wy : w3) = (Ul : UUs : U3 : Upls)

For our point ¢, we get X = (1 :0) and Y = (0 : 1). And for the point p,
matrices A and B will be:
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So the point AY and BX are:
=) ()= ()
Uz —Ug 1 —Us
BX — U2 —Ug 1 [ U2
o us 0 0 N us

The final result will be:

h(AY, BX) = h((up : uz), (us : u3)) = (upus : uous : u% D UgUs)

which is the same point we found above.
Forg=(0:0:1:0) and p = (up : uy : 0 : ug), the equation of the line
will be:
(wo : wy : wy :wg) = (ugt = ust 1 1 —1: ugt)

Solving the system of equations

W1W2 = WoWs
t#0

the parameter t is found:
(41
f=—
Uy + UgUs

giving the second intersection point between the line and the quadric:

(wo = wy : wy :ws) = (Uouy : U3 : UUs : UU3)

For our point ¢, we get X = (0: 1) and Y = (1 : 0). For the point p, the
matrices A and B will be:

N
Us 0 Uz —uUp
So the point AY and BX are:
AY — Uy —Up 1 Y 3!
- Us 0 0 - Us
o= ) ()= ()
us —Up 1 —Uy

The final result will be:

h(AY, BX) = h((u1 . U3), (Uo . ul)) = (u0u1 . u%  UgUs U1U3)
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which is the same point we found above.
Completely similar, for ¢ = (0:0:0: 1) and p = (up : w1 : ug : 0), the
equation of line will be:

(wo:w1 3w2IU)3): (uot:ult:ugt:l—t)
By solving the system of equations

W1W2 = Wy
t#£0

the parameter ¢ will be:
U
f=—2
Uy + UL U
which gives the intersection point:
(wo = wy :wy :ws) = (Ug Uty : UgUy : UUs)

For our point ¢, we get X = (0 : 1) and Y = (0 : 1). For the point p, the
matrices A and B will be:

(U1 —Up _ (U2 —Up
A_(O —Ug)’B_(O —'Ll,1>
So the point AY and BX are:
(U1 —Up 0 [ o
= (5 ) ()= ()
. U2 —Ug 0 o —Ug
wx= (5 o) ()= ()
The final result will be:

h(AY, BX) = h((’u,o . Ug), (UO . Ul)) = (U% S UpUr - UgU2 - U1U2)

which is the same point we found above.
Finally the proof is complete, and the map f : P! x P! — P! x P! is:

F(X,Y) = (AY, BX)

A — (Ul —Uo) B = (U2 —U())
Uz —Us us —u;

where:
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After the theorem is proved, is worthy to mention that the lines, built
between points of the quadric (), are called secants, if the intersection points
are different from each other, and tangent line, if the intersection points are
equal.

There is something else that should be discussed about the theorem. The
whole time was mentioned that the point p belongs to the projective space
P3, but it is not contained in the quadric (). The question is: Is it allowed to
be chosen a point p which belongs to Q7 Well check it out. Let us assume
that p € Q. This means that the coordinates of p = (ug : uy : us : ug) satisfy
the equation of our quadric:

UUg — UgU3 = 0

So how does this effects our matrices A and B? This can be seen by calcu-
lating the determinant of them.

Uy —Uop
us —UuUg

detA = det(( )) = —UjU2 + UpU3 = 0

Uz —UuU

detB = det( (’LL2 _U/0>) = —UjU2 + UglU3z = 0

From this results is clear that matrices would be singular, which means the
inverse matrices do not exist. In that case A and B would not belong to
PGL(2). So it is not allowed to choose the point p that belongs to Q.

The beautiful part of this map is that it can be proved it is an involution.
Let X = (zg: 1) and Y = (y : y1) be two points in P!, so (X,Y) € P! x PL.
From f(f((X,Y))) = (ABX, BAY) we get:

ABX — uy —Up U2Ty — UYTq _ (U1U2 — U()Ug)l'o _ Zo X
U3 —Uy ) \UsTo — U1 T (upus — ugug)x; T
BAY — U2 —Ug UiYo — UoYr | _ (urus — uous3)yo _ (Yo _ Yy
uz —up U3Yo — U2Y1 (U1U2 - U1U3)yl Y
which means that f(f((X,Y))) = (ABX,BAY) = (X,Y).

4.3 Involutions of normalized quadric surfaces

According to Sylvester’s law of inertia [§], any non-singular quadric ¢ can
be brought into a normal form:

Qu(r) = *a2 £ 27 + 25 + a3
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For a normalised quadric Q,(z) = Z?:o r? we will define involutions
using the secants. So we take a point p outside the quadic, and through
it take lines which will have two intersection points with the quadric. For
the two intersection points, a map will be build in that way that takes the
first one and maps it into the second one. This process will be shown in the

theorem below.

Theorem 4.3.1. Let Q = V,(3°0_, x?) be the normalized quadric. A map
g: Q. — Q, can be found such that for every q € Q,:

9(a) = Apq (4.14)

where A, is an 4 X 4 matriz which is:

3
—ug + > im1 u; —2upuy —2ugus —2ugus
—2ugUy ud — ud +ul + uj — 21Uy —2uyu3
—2UoU —2uiu u? + u? + ud + u? — 22U,
02 142 0 1 2 3 , 2U3

2 2

—2uous —2uyu3 —2usug Do Ui —u3

The coefficients of matriz A,, are coefficients of a chosen point p € P*, but
not in Q.

Proof. The process of proving this theorem will have the same idea as in the
previous chapters. A point p € P? is chosen under the condition that it does
not belong to our quadric. For any point ¢ € ),,, a line through p and ¢ will
be built, and the intention is to find the other intersection point between the
line and the quadric @, since the first intersection point is q. The second
intersection point will be written by ¢'.

Using this process and the connection between ¢ and ¢’, the map g :
Qn — @, will be build by defining the matrix A, that represents it. The
proof here will be done in a slightly different way from what we have seen in
the previous theorem. There, while we proved similar theorem, the problem
was analysed locally moving into affine spaces. Here we will not do the same,
so the whole problems will be analysed and proved in projective space.

So, as can be noticed above for ¢ € @Q,, ¢ = g(q) = A,q or shown as in
terms of matrices:

Ty Qgo Qo1 Qo2 Qo3 o QpoTo + Ap1T1 + Q22 + Ap3T3
!

Tz | | @1 a1 a2 ais 1| | @010 + a1171 + a12T2 + a1373
= —

Ty Qo2 G12 Q22 (23 To Ap2To + A12T1 + A22T2 + G23T3

T3 Qp3 13 Q23 G33 T3 3T + A13T1 + A23T2 + A33T3
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Let the point p = (ug : uy : ug : us) be the chosen point, and the point
q = (o : x1 : uy : x3) any point in @,. This means the coordinates of ¢
satisfy the equation of the quadric @,,.

3
2 2 2 2 2

E Ty =r5+r]+ry+25=0

i=0

Through those two points, a line is built and the parametric equation of this
line will be:

(zg oyl al) = (xo: @y wo: w3) +t(ug —To Uy — X Uy — Tg U3 — T3)

Since the point we are trying to find belongs to the line and the quadric,
the below system must be solved in terms of finding it.

e+t +af =0
i =x; +t(u; —x;),1=0,1,2,3
t#0
By replacing the values of 2 in the equation of the quadric we get:

(zo+t(ug—x0))2 4 (w1 +t(ur —21)) 2+ (o +(ug — %)) + (2 + (1 —2,,))> = 0

and from here, is possible to be found the expression for the parameter t,
which will be:

—Q(UOZEO —|— U1 —|— U2T9 —|— U3ZL’3)
ud 4+ u? 4+ u3 + ud — 2(upzo + 1T + Uy + u3x3)

Replacing it, on the equation x, = z; + t(u; — x;), the coordinates of the
intersection point ¢’ will be:

;o (—ud +ud Ul 4 ud)m — 2ugui Ty — 2ugusTy — 2ugusTs

Th =
0
ud + ud + ud + uk — 2(ugro + U1 + Uy + u3T3)
—oy 2 _ 02 4 ud 4+ ud)ay — 2 _9
oU1To + (uo uy + Uy + U3>SL’1 U1U2To ULU3T3
.le
ud + uf + u3 + ui — 2(upxo + U1 Ty + U2 + U3T3)
—2uguay — 2uiusy + (u§ + ui — uj + u3)xs — 2ugusw
[L'/ o 0240 14247 0 1 2 3/42 2U34L3
L=
ud + uf + u3 + ui — 2(upxo + U1 Ty + U2 + U3T3)
—2uguzTy — 2uu3r — 2ugusrs + (Ui + ud + ui — ul)x
, 0U3To 1U3Tq 2U3 T2 o +ui +u; —uz)rs
€T =
3

ud + uf + u3 + ui — 2(upxo + U1 Ty + U2 + U3T3)



CHAPTER 4. QUADRIC SURFACES 45

Since ¢’ belongs to a projective space, it means that ¢ = aq¢’ for any
constant a. At the same time from the equations of the coordinates, it can
be seen that the denominator is the same for all of them, so nothing will be
changed if the point is multiplied by it. As a result we will have:

2 2 2 2
Ty = (—uo +u] +u; + u3)a:0 — 2uqu1r] — 2UgUaXy — 2UgU3 T3

/ 2 2, .2 2

T = —2uguixg + (uf — uj + us + uz)ry — 2uiusTe — 2U UT3
/ 2 2 2 2

Ty = —2ugusxy — 2uiusxy + (uf + uj — uy + uz)Tre — 2UsUsT3
/ 2, .2 2 2

xy = —2uguzxy — 2uiuzry — 2uguzrs + (ugy + uj + uy — uz)rs

By comparing the general form of the point ¢’ with the results above, is
simple to define the coefficients of the matrix A,.

;) (—u + uf + u3 + ud)zo — 2upui Ty — 2ugUaTy — 2UgUzT3
2| 2upuame 4+ (ud — ui + u + u3)w — 2ugusws — 2uruss
oy | | —2uguamy — 2ugusmy + (ud 4 ud — ud + ud)ry — 2ugusTs
Tl —2uguzTo — 2uuzTy — Uz s + (Ul + u? + us — ud)ws

and the matrix A, will be:

—up + 2?21 u; —2uguy —2ugus —2uqus
—2uguy ud —ud + ul + uj —2uyuy —2uyu3
—2UOU2 —ZU1U2 ug + U% + U% + Ug —2UQU3
—2ugus —2ujuy —2ugug Do 2uf — u3

]

Now it will be shown that this map is an involution, so for any point
X =(zo:21:22:23) € Qy, 9(9(X)) =A4,4,X =X.

(—ud + u? + ud + ul)ro — 2uoui Ty — 2ugUaTy — 2UgU3T3

A X — —2uguimo + (uf — ud + u3 4+ ud)w — 2ugUusTy — 2u Uz
P —2ugUgTy — 2uiusmy + (uf + ud — u3 + ud)wy — 2usuzms
—2uguzTy — 2uuzTy — 2usuzTs + (U + u? + us — ul)w;

(ug + uf 4+ u3 + u3)?zo o

2 2 2 2\2

us + uy +us + us)°x x
Aax) = [T |y

(uo +uj +uj + U3) T2 L9

(ug +ui + u3 + u3)’zs 3

Furthermore, the matrix not only belongs to PG L(4), but it belongs to
PO(4)
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4.4 Automorphisms of quadric surfaces

The last section is about automorphisms of quadrics, more exactly the quadric
Q = V,(uyus — ugug) will be transformed into canonic form [2, theorem 4.5.1,
page 116], and afterwards it will be normalized. Using this whole process it is
possible to build to build maps between quadric and the normalized quadric.

We will start this process by transforming the quadric () into canonic
form in the theorem below.

Theorem 4.4.1. The quadric Q with the quadric form Q(ug,uy, us, ug) =
U Uy — ugug can be transformed into a canonic form, and the result will be:
0 1 1 N 1 N
= ——uyg— —Uy + =us + -u
20 2t T2t
Proof. First we will find the symmetric matrix B, which represents our
quadric ). Writing the quadric form as product of matrices, gives:

Gpo Ap1 Qo2 Ap3 Uop
Q(U07U1>U2,U3):U1u2—U0U3:(Uo U U2 Us) ot dhz A .
Qo2 Q12 A22 A3 U2
Qo3 A13 23 A33 Uus

The matrix B will be:

0 00 —1
o 04 0
B‘o%oo

-1 00 0

Using the spectral theorem, the matrix B will be converted into a diagonal
matrix, that represents the base of the canonic form [2, Section 2.8, pages
63, 64] and [6]. So similar with the process we have used in the chapter one,
again three main steps are going to be followed :

1. Find eigenvalues of the matrix B,

2. For each eigenvalue, eigen vector will be found,

3. Build the invertible matrix P, which will transform the matrix B into a
diagonal matrix D, with the eigenvalues in the diagonal. The transformation
will be of the form D = P~1BP.

Let us find the eigen values, first by building a matrix B — \I:

-A 0 0 -1
o =x 1 0
B-M=| | 20
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and after that, by solving the characteristic equation, the eigenvalues will be
found. The characteristic equation will be:

A 0 0 -1
det(B — \I) = det(| 2 )= - =0
—1 0 0 -

The solutions of the equation, which at the same time are the eigenvalues,
are \g = —% and \; = %

Next step is finding the eigen vectors for both eigenvalues, by solving the
system of equations Bx = A\x.

For the eigenvalue \g = —%, the system of equations will be:
—323 + 570
1 1
Br+o=| 37278 [ =0
5.’13'1 + 51’2
—%SL’U + %l’g
e
7 !
From the system above, the eigen vectors are vy = 0 and v, = | V2
V2
L
/2 0
For the eigenvalue \; = %, the system of the equations will be:
—%1’3 + %93()
1 1
B + Az — %m—i-%:m —0
51’1 + 5%2
—%JIO + %.%‘3
Solving the system, gives as a result the eigen vectors that correspond to the
1
0 7
7 0
eigenvalue, and they are vy = | V2 | and v = 0
V2 1
0 RE

The eigen vectors that we found above, will be used to finish the last
part of the proof, by building the matriw P, which help the diagonalisation
process. The columns of this matrix will contain those vectors, so the matrix
is:

1
V2
0
0

©§|H§|H S
SN RS =

S o otk

1
V2
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Obviously our matrix P is invertible, and the inverse matrix is:

1 1

z Vv 05

o |T B D
P:P:()LL()
1\&\/51
z 0 0 -5

From the rule D = P7'BP = PTBP, is possible for us to find the
diagonal matrix D, which is:

-1 0 00
10 =100
D‘oo%o

0 0 0 %

Finally, it is possible to write the canonic form of the quadric, and the
final result is:

1
Q(uo, ur, ug, ug) = —§U§ - 5“? + §u§ + §u§

what was asked to be proved. O

In the final part of the chapter, our intention is to build a map between
our quadric () and the normalized quadric @),,. The process will begin by
defining a map between the normalized quadric @), and the canonic form
of our quadric that we will write with the symbol Q”. If we compare their
polynomials:

Qn(z) = —25 — 23 + 25 + 73

1 1 1 1
Q”(.T”) — _5336/2 _ 533/1/2 + 533/2/2 + Exéﬂ
for any point z € @Q,, if we multiply it with a diagonal matrix with the
coefficients to be p;, such that u; = A\;, e = 0,1,2, 3, the point we get will be

inside Q”. Let this matrix be the matrix G of the form:

1
7 (1) 0 O
G = 0 7 (1) 0
0 O 7 ?
0 0 O 7
Definition 4.4.1. There exists a map « : ), — @”, such that:
a(z) = Gx

for any x € Q),,, and the matrix G the one defined above.
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On the other side, using the theorem above, it is possible to build a map
between the quadics @ and Q”. Since D = PTBP, then B = PDPT. Based
on it, for every z” € Q”, multiplying it by the matrix P?, the point will be
reflected into Q:

f(PT:L’”) — (PTQ:”)TD(PTQ:”) — :r//TPDPTx" — x//TB;L‘H
Definition 4.4.2. There exists a map v : Q" — Q, such that for any 2" € Q"
7(1_//) — PTI”
with the matrix PT defined in the theorem 1.2

Now since the map between ), and )" and the map between )" and Q)
have been defined, it can be built the map between (),, and Q.

Qu=>Q" = Q

Definition 4.4.3. There exists a map S : @), — @, which is a composition
between maps « and ~, such that for every x € Q),,:

B(x) = Mx

where M is a 4 x 4 matrix, defined as a product between matrices G and P7.
So:

3 00
M=cpr=|" 5 2 Y
05 3 0
b6 -
For our normalized quadric Q,,(ug, 1, Uz, uz) = —ud — u? + u3 + u3, same

as in the previous section, there can be build a map ¢; : @, — @, which is
involution. The matrix A, that represents this map will be:

ug — u% + u% + u§ +2uouq —2upUs TR
QUOUI —U(Q) + Z?:l U,LQ —2U1U2 —2U1U3
QUQUQ 2161?,62 — Z?:O UZQ + U?:, —2U2U3
g3 23 — 2z —u} —ud 4 ud+ul

Using this map and the map 5, a map ¢ : Q — @ will be defined, which
will reflect any point ¢’ € @ through a chosen point p’ € P2, but not in Q,
into another point again in ). Let us analyse this situation:

QFQn?Qn?Q
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Definition 4.4.4. There Exists an automorphism v : () — @, such that for
any point ¢’ € @, it is reflected into another point v (¢’) through a chosen
point p’, where:

()= MAM™'q = MAyy M™'q (4.15)
where the matrix M Ay, M~ € PGL(4)
Let us now show that 1 is an involution. Let ¢’ € ) be any point.
v(g) = MAyM~'q
Acting again with the map 1, gives:
V(W(q)) = MAyy M "M Ayy Mg = M Ay Ayyy Mg = MM ™'q' = ¢

Is worthy to mention that for any quadric inside P2, can be build auto-
morphisms [1] in the same way as for quadric Q.



Chapter 5

Quadric hypersurfaces

5.1 Involutions of normalized quadric hyper-
surfaces

The previous chapters were focused on conics in projective space P? and
quadrics in projective space P3, showing the maps from them to themself,
and after that even between different conics respectivly between quadrics. In
this chapter, we will move in more general problems. First of all everything
that will be shown here is going to take place in the projective space P*. A
quadric in this projective space is just a generalisation of a conic (ellipse,
parabola and hyperbola), and sometimes is called quadric hypersurface too
[7].

The first part will be oriented on the normalized quadrics. According
to the Sylvester’s law of inertia [§], any non-singular quadric form in a real
projective space can be put into a normal form:

Q20,15 oy Tp) = Fap £ 23 £ .. £ 22

We will build a map, between the quadric and itself, by taking lines through
a chosen point p that belongs to the projective space P2, and finding the the
intersections between the lines and the quadric. And after that the purpose
will be to find the matrix which will represent the map.

After that, by choosing any quadric in projective space P", the process
of transforming it into the normalized form will be shown. This way we will
be able to build maps between quadrics, and not only that, at the same time
see if it is possible to generalise them into maps that takes points from P”
into itself.

Let us start the whole process by proving the theorem above.

o1
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Theorem 5.1.1. Let Q = V,(3_1,7) be the normalized quadric. A map
g:Q — Q can be found such that for every q € Q:

9(q) = Apq (5.1)

where A, is an (n + 1) x (n+ 1) matriz which is:

—u% + u% + ...+ u?L —2upuq —2upUy,
2 2 2
—2upuq ug —uy + ... +u . —2UqUs
(5.2)
2 2 2
—2uouy, —2U1Uy, e UG U+ — U

The coefficients of matriz A,, are coefficients of a chosen point p € P", but
not in Q).

Proof. The process of proving this theorem will have the same idea as in the
previous chapters. A point p € P? is chosen under the condition that it does
not belong to our quadric. For any point ¢ € @, a line through p and q will
be built, and the intention is to find the other intersection point between the
line and the quadric @), since the first intersection point is ¢q. The second
intersection point will be written by ¢'.

Using this process and the connection between ¢ and ¢’, the map g : Q —
@ will be build by defining the matrix A, that represents it. The proof here
will be done in a bit different way from what we have seen in the previous
chapters. There, while we proved similar theorems, the problem was analysed
locally moving into affine spaces. Here we will not do the same, so the whole
problems will be analysed and proved in projective space.

So, as can be noticed above for ¢ € @, ¢ = g(q) = A,q or shown as in
terms of matrices:

/
Lo Qoo Qo1 ... Qop Zo AooTo + A1 + ... + AopTn
/
Xy apy ai11 ... Qip al ap1xo + A11T1 + ... + QG1pTy
/
T, agn, Qip - Qpp T AonTo + A1pT1 + ... + ApnTn
Let the point p = (ug : uy : ... : u,) be the chosen point, and the point
q=(x¢:x1:...:x,) any point in Q. This means the coordinates of ¢ satisfy

the equation of the quadric Q).
n
fo =r5+2i+..+22=0
i=0
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Through those two points, a line is built and the parametric equation of this
line will be:

(g cixl)=(xo: @y imy) +t(ug — ot Uy — X1 ¢ on t Uy — Ty)
Since the point we are trying to find belongs to the line and the quadric,
the below system must be solved in terms of finding it.
T4+t =0
o=z +t(u; —x;),i=0,1,....n
t#0
By replacing the values of z in the equation of the quadric we get:

(w0 +t(ug — 10))* + (w1 +t(uy — 21))* + ... + (20 + t(up — 2,))* =0

and from here, is possible to be found the expression for the parameter t,
which will be:

—2(upro + U1y + ... + UpTy,)

t=
ud +ul 4 ...+ u2 — 2(ugzo + T + oo+ ULT,)

Replacing it, on the equation x, = z; + t(u; — x;), the coordinates of the
intersection point ¢’ will be:

o (—u2 +u? + ... +ud)zg — 2upu Ty — ... — 2UgU, Ty,
§ =
ud +ud + . 4 u2 — 2(upro + Wiy + oo+ URTy,)
—2uguizo + (uf — ui + ...+ ud) — ... — 2w U,
.T/ _ 0U1-L0 0 1 n) L1 1UR Ty,
=

ud +uf + 4 u2 — 2(uem + Uy + .+ UpTy,)

o —2UgUnTo — 2UgUn Ty — .. + (Ul +u? + ... — u?)xg
n ud +ut + . 4 uZ — 2(ugr + urry + o+ U Ty,)

Since ¢’ belongs to a projective space, it means that ¢ = aq’ for any
constant a. At the same time from the equations of the coordinates, it can
be seen that the denominator is the same for all of them, so nothing will be
changed if the point is multiplied by it. As a result we will have:

/ 2 2 2
xy = (—ug +uj + ... +u)xg — 2UpUr Ty — ... — 2UpUp Ty,
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/ 2 2 2
ry = —2upuxo + (uy — ui + ... Fup)rr — ... — 2uU T,

/ 2, .2 2
T, = —2ugU,To — 2uiUpTy — ... + (ug +ui + ... — u;)xo

By comparing the general form of the point ¢’ with the results above, is
simple to define the coefficients of the matrix A,.

;) (—ud +ui + ... + u?)xg — 2upur vy — ... — 2UgUn T,
/ 2 _ 2 2

) —2upur o + (uf — ui + ... +ul)T) — oo — 2UUp T,

x —2upunTy — 2u — e (W + . —ud)
n oUnTo 1URT1 Ug Uy U, )Xo

and the matrix will be:

2 2 2
—ug +uj + ... +u, —2upuy —2upuy,
2 2 2
—2uguq ug —uy + ... +un . —2U1Us
Ap =
2 2 2
—2UgUy, —2uqUy, v UG U A —

]

This map g that we just defined, is not just a simple map, it can be
proven that it is an involution [5]. This means that for any x € Q, g(g(z)) =
A,(Apz) =z, and it will be proved in the next lemma.

Lemma 5.1.2. The map g : QQ — @ is an involution.

Proof. Let x = (zg : @1 : ... : &,) be any point in . Now g(z) = A,z will
be:
(—ud +u? + ... +ud)zg — 2upur Ty — ... — 2UgUn Ty,
—2uguyzo + (Ui —u? + ...+ Uz — . — 2uunT,

Apr =

—2ugunTo — Ui U Ty — .. + (U +ud + ... — u?)xg
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Acting with the map g one more time in that point the result will be:

(ud +ud + ... +u?)?xg T
(ud +u? + ... + u2)%ry T
A, (Apz) = ' = | ==
(ud +u + ... + u?)%z, T
which proves that g(g(x)) = x. So the map ¢ is an involution. O

Furthermore, the matrix not only belongs to PGL(n + 1), but it belongs
to PO(n +1).

5.2 Automorphisms of quadric hypersurfaces

Now let us move into something bigger than just the quadric above. Let
Q)" € P" be any quadric. The general form of this quadric will be @ = V,,(f),

where f is:
fla) =) ayw,
i=0 j=0

The polynomial f can be written as product between vectors and matrices,
by taking the coefficients a;; be coefficients in the diagonal b;; and the rest
will be given by b;; = bj; = 3a;;. So in this case f will be: f(z) = #” Bz and
as it can be seen the matrix B is symmetric.

What we are going to do, is transform the matrix B into a diagonal matrix
D, and at the same time find the matrix P which makes this transformation
possible. So what we are supposed to do is use the spectral theorem [6] and
be able to figure out D = PTBP.

Before we move into the process, two lemmas will be prove first.

Lemma 5.2.1. |6, Theorem 17.2] Symmetric matrices have only real eigen-
values.

Proof. The proof will be done not only for real, but complex matrices too.
First let us define the dot product between two vectors x and y as:

(z,y) =2y = Zfzyz
i=0

On the other side when a matrix A is symmetric, it is called self-adjoint too,
and A* = AT = A. Now the properties of the dot product defined above
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are: (A*x,y) = (z, Ay), (\z,y) = M=, y) and (z,\y) = A(x,y), where X is
an eigenvalue. So:

Mz, z) = (Az,x) = (Az,x) = (A%z, x) = (2, Ax) = (x, \x) = Az, )

From above it is obvious that A = A, which is possible only if \ is real
number. O

Lemma 5.2.2. [6, Theorem 17.3] If the matrixz is symmetric, then different
ergenvectors of different eigenvalues are perpendicular.

Proof. Assume that Az = Ax and Ay = py, where \ # p. So:

Mz, y) = (A, y) = (Az,y) = (2, Ay) = (2, py) = p(z,y)

From A(z,y) = p(z,y) and since A # p there is only one possibility, that
(,y) = 0. Which means the eigenvectors are perpendicular. O

Back to the matrix B, it is obvious that is symmetric. Both of the lemmas
above apply of it. Now we follow the steps of the spectral theorem [2, Section
2.8, pages 63, 64] to find the diagonal matrix.

1. First we build the matrix B — AI. To find the eigenvalues of the
matrix, the characteristic equation should be written and afterwards it must
be solved. The characteristic equation is det(B — AI) = 0. The solutions of
the equation which will be written by Ay, A1,..., A, are the eigenvalues and
according to the lemma above they are all real numbers.

2. For the found eigenvalues of the matrix B, the eigenvectors should be
found. Te eigenvectors are found by solving the equations (B — \;I)v; = 0,
for « = 0,1,...,n. According to the lemma 1.2, the eigenvectors vy, vy,...,
vy, found by solving the equations, are perpendicular: vlv; = 0. Not only
that, we have the possibility to choose the vectors in that way such the dot
product vl'v; = 1.

3. According to the spectral theorem, using the eigenvectors v;, i =
1,1,...,n, a matrix P can be build by having the vectors as columns of the
matrix:

P:(’UO v ’Un)

Characteristic of this matrix is that it has an inverse P!, which actually is
the same as the transposed matrix P?. So PPT = PTP = 1.

After the matrix P has been defined, then the final step is to find the
diagonal matrix D, which will be D = PTBP, and not only that, but the



CHAPTER 5. QUADRIC HYPERSURFACES o7

coefficients in the diagonal are the eigenvalues ;. So the diagonal matrix is:

N 0O ... 0

0 XN ... O
D —

0O 0 ... A\,

The matrix P, will take any point in " and will map it to another point
into a new quadric @Q” which will have a canonic form. Let z € Q)" be any
point and for it is true:

f(z) = 2" Bx
Now, multiplying it with the matrix P, the result will be:
f(Pz) = (Pz)' B(Px) = " P'BPx = " Dx
Writing it as an equation we get:
f(Pz) = X2 + M2t + ...+ A\

Finally, f(Pz) =0 if and only is Y " , \;jz? = 0, which means that the new
quadric Q" =V, (31, Nix? = 0).

Next part is really interesting, and important at the same time. Our
intention is to try and build a connection between the quadrics @) and @,
and afterwards to use the connection we have between quadrics Q" and (',
so the quadrics (Q and Q' can be connected. By connection is meant a map
that will take points from @ and map them into points in @'

Let us choose any point © = (x¢ : 21 : ... : x,) € @, it means that it
satisfies the equation > 2? = 0. A matrix G that maps this point into a
point z” € Q”, should be built. If we have a look in the matrical form of our
quadrics:

flz)=a"Ix
f(.T”) — SL’//TDQZ”

is noticable that what should be done is to transform the matrix [ into the
matrix D. this is something easy to do since D = GIG and the matrix G
will be a diagonal matrix of the form:

0 0 ... pn
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where the coefficients in the diagonal are defined in that way such u? = \;.
So finally a map between () and )" can be defined.

Definition 5.2.1. Between the quadrics (Q and Q" exists amap o : Q — Q"
such that for every z € @, a(z) € Q" and:

a(r) = Gz
G the diagonal matrix defined above.
From the part where the way how @' and )" are connected is explained,
is said that D = PTBP and by multiplying any point 2’ by the matrix P, a
new point x” = Pz’ is built, which belong to QQ”. Well every process has the

inverse process so B = PDP” and if the point " € Q" then 2/ = PT2" is in
Q'. So a map between Q" and @)’ can be defined.

Definition 5.2.2. Between the quadrics Q" and @)’ exists amap v : Q" — @’
such that for every z” € Q", v(z”) € Q" and:
"}/(33//) — PTml/

From both maps defined above, it is possible to define a third map S :

() — Q" which will be a composition of two other maps.

Definition 5.2.3. Between the quadrics ) and Q) exists the map f: Q — @’
which is a composition of the « and =, such that for every z € Q, 2/ = f(z) €
Q' and:

B(x) = Mz

where M is a matrix which we get by multiplying G and PT.

A question that can be asked here is: Can this map be generalised into
a map between projective space P and itself? What should be done to give
an answer to this question is to try and prove is lines are mapped into lines.

Lemma 5.2.3. The matrix M which defines the map [, maps lines into
lines.

Proof. Let L be any line in projective space P? with the general form:
L=A{(xo:21:...:2,)|a0z0 + @121 + ... + apz,, = 0}

where a; are the coefficients, i = 0, 1, ...,n. Writing it in a matrical form, the
result will be:

To o

z1 I
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Acting with the matrix M on the line, gives:

Zo Lo
xrq Ty
ML={M]| " || (ao a ... (zn) | =0}
Tn Ty
which again will be a line:
g )
) )
L={| |l(@w a .. a)M'| |=0}
x! x"
= {(zg: 2} : ... 2))|agxy + a2y + ...+ a,xl, =0}
proving the lemma. O]

Now this gives the possibility to generalize the map 3 : P" — P".

After the whole process and all the maps that have been defined above,
in the last part of the chapter, we will construct the automorphism [1] for
any @'. The automorphism will be a matrix that belongs to PGL(n + 1).
First of all let p’ € P™ be a chosen point that does not belong to )'. By the
definition of the map /3, knowing that it has an inverse map 37!, acting with
it on the point p’ gives as result the point p = 8~ !p' = M~1p/, which again
belong to P".

At the same time for any point ¢’ € (', acting on it with the inverse map
B, will give as a result the point ¢ = f71¢' = M~1¢/, which belongs to the
quadric Q).

In the first theorem, the map g : @ — @ was defined with the matrix A,.
Using this map, for any point ¢ € @), we get a new point g(q) = A,q which
again belongs to the quadric ).

And finally, again using the map [, the points from @) will be mapped
again in the @)'. so the whole process will be as below:

Q ;ﬁ@?@?@

and for a point ¢’ € Q':
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gp(Q) = Ayq = ApM_lq/ €Q
Blgp(q)) = MAM™'q' € Q'
So it is possible do define the automorphism for the quadric @’

Definition 5.2.4. The reflection ¢ : Q' — @', of any quadric, through a
chosen point p’ € P*, which does not belong to (), is given by a matrix as

below:
V(¢) = MAM ¢ = MAy-1y M ¢

for any point ¢, and the matrix M Ay-1,M~' € PGL(n +1).

The question here is: Is the map ¢ an involution? The answer of this
question is yes and it will be proved now. Let ¢’ € Q' be any point. Acting
on it with the map 1) gives as result:

(q') = MAyy Mg
Now acting one more time with the map on the new point, we get:
¢(¢(q')) = MAMP/M71<MAMPIM71Q/) = MAMPIAMleilq/ = MMilq/ = q’

What answers to our question.
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