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Abstract: The automation towards drilling fluid properties’
measurement has been pursued in the recent years in or-
der to increase drilling efficiency with less human inter-
vention. Adequatelymonitoring and adjusting density and
rheology of drilling fluids are fundamental responsibilities
of mud engineers. In this study, experimental tests that
automatically characterize fluids were conducted. The ba-
sic objective is to measure the differential pressures along
two sections of the pipes: one horizontal section and one
vertical section.Using suchmeasuringdata,mathematical
algorithms are then proposed to estimate fluids’ density
and subsequently viscosity with respect to flow regimes,
laminar and turbulence. The results were compared and
validated with the values measured on rotational rheome-
ters. With the help of models and numerical schemes,
the work presented in the paper reveals a good opportu-
nity to improve the accuracy and precision of continuous-
measuring and monitoring fluids’ properties.

Keywords: Automation, density and viscosity, Non-
Newtonian fluids, experimental work

1 Introduction
Drilling fluids fulfil different functions during drilling and
well construction processes. Two of the most important
ones are: providing the energy required to control well-
bore pressures, and carrying drilling cuttings out of wells.
These two crucial functions’ performances are mainly de-
pendent on two of fundamental fluids’ properties, density
andviscosity. Themostwidely techniquesused tomeasure
them are mud balances and rotational rheometers respec-
tively. However, they both are subject to measurement er-
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rors and assessments done by a person who takes mud
samples and operates the equipment. Such role has typi-
cally been assigned tomud engineers and derrickman in a
drilling rig to takemeasurementmanually. The accuracy of
fluids’ properties measurements has been increased over
time with the introduction of pressurized mud balances
and digital rheometers. Many research works have been
published to improve the measurement accuracy using
rheometers. For instance, Dakhil and Wierschem [1] modi-
fied a commercial rheometer so that samples can be stud-
ied at gap widths well below the absolute error of commer-
cial rheometers. Duffy et al. [2] proposed a novel empiri-
cal method for determining strain/strain rate and stress
constants for non-standard measuring systems on rota-
tional rheometers.Marchesini et al. [3] performedanexper-
imental and numerical investigation of different rheomet-
ric flows of yield stress materials to analyse the flow pat-
tern and apparent wall slip in rheological measurements
of yield-stress materials in rotational rheometers.

During real time operations, rheometer measure-
ments are only available when an operator runs a check,
which at best occurs every roughly 15mins for densitymea-
surement and a few times per day for rheology measure-
ment. Although one has to agree that routine viscosity
check shall be done along with density measurement, the
results of this quick analysis are most likely for reference
purposes and provide little insight of the full rheological
profile of fluids. Furthermore, when these tests are run,
since only a limited volume of samples are collected from
active mud pits for viscosity and density check, the as-
sumption that it is representative of the considerably large
volume of fluids pumped into the well may lead to gross
errors.

In practice, we have limited information of fluids’
properties in boreholes. As drilling wells becomes more
challenging, there is an increased demand for having
good knowledge andmodels to describe drilling fluids’ be-
haviours. In the light of such demand, many research ac-
tivities including modelling and experimental work have
been performed. Takeh and Shanbhag [4] proposed and
implemented a computer program in an open-source plat-
form to infer the continuous and discrete relaxation spec-

https://doi.org/10.1515/arh-2020-0101


40 | D. Sui and J. C. Martinez Vidaur

tra from small amplitude oscillatory shear experiments.
Borg and Paakkonen [5] derived viscoelastic constitutive
equations from control theory and developed formulas for
the relaxation modulus, shear viscosity and dynamic vis-
cosity. Saasen andHodne [6] described how drilling fluids’
viscous properties alter when being exposed to vibrations.
Hernandez et al. [7] showed that wall slip leads to the un-
derestimation of the magnetic field-induced yield stress
when measuring geometries with smooth surfaces. Car-
mona et al. [8] explored the rheology of an advanced per-
formance xanthan gum, which is able to endure the shear
and turbulent flows. Saasen and Ytrehus [9] presented a
viscosity model of the Herschel-Bulkley type where the
shear rate is made dimensionless by selecting a charac-
teristic shear rate for the flow. Skadsem and Saasen [10]
focused on typical oil field viscometers and discussed ef-
fects of yield stress and shear thinning on fluid yielding at
low viscometer rotational speeds and errors caused by the
Newtonian shear rate assumption.

Moreover, the demand towards automated character-
ing and controlling fluids’ properties in a more system-
atic and consistent way becomes increasing. This is where
drilling automation comes into play. A more thorough
monitoring and control of drilling fluids’ properties re-
duces risks of drilling problems associated with inade-
quate wellbore pressures, which ultimately becomes safer
and less expensive drilling operations. Such concept has
been proposed recently. For example, Saasen et al. [11]
demonstrated a yard trial for automatic measurement of
drilling fluids’ properties, like particle size distribution,
concentration and morphology, viscosity and produced
cuttings volume. Vajargah et al. [12] presented experimen-
tal tests for automated calculations of drilling fluids’ prop-
erties with the use of a pipe viscometer. Skadsem et al.
[13] reported a detailed rheological characterization of a
water-baseddrilling fluid and an invert emulsion oil-based
drilling fluid and analysed the shear rate step changemea-
surements using a structural kinetics thixotropy model.
In terms of successful industrial examples, Stock et al.
[14] provided a good overview and introduction of indus-
trial control systems and devices used for drilling flu-
ids’ proptertymeasurements andmonitoring. For instance,
coriolis fluid density unit and automated rheometer have
been used for continuous density and viscosity measure-
ments.

From 2013, we have beenworking on fluids’ properties
automatic evaluation and published many related works,
see [15–17]. The aim of our work is to have good proof
of concept tests for automated fluids’ properties measure-
ments in a laboratory scale system, that could potentially
be the basis for a real-time monitoring arrangement. In

our study, different friction factor models have been com-
pared in terms of the viscosity calculations in order to im-
prove the accuracy and precision of proposed approach.
The data acquisition system and proposed numerical al-
gorithms show a high accuracy of the viscosity and den-
sity calculations of non-Newtonian solids-free fluids in dif-
ferent flow regimes. Such automated measurement is a
promising concept for downhole fluids properties’ moni-
toring and control.

2 Experimental setup
The idea behind this proposed standpipe concept is to use
differential pressure sensors installed in surface connec-
tions of the circulating system in a drilling rig, in order
to measure differential pressures continuously that would
then be used to calculate density and viscosity of fluids be-
ingpumped into thewell. Such concept has beenproposed
and demonstrated in [15, 16]. Based on such idea, one ex-
perimental system was setup at University of Stavanger,
Norway in 2016 for testing and evaluation. Figure 1 illus-
trates a simplified schematic of this instrumented stand-
pipe concept. In the experimental system, there are two
differential pressure sensors installed, one in a horizontal
section, and one in a vertical section. In the schematic, the
horizontal differential pressure between pressure sensors
1 and 2 is given by dPhor ; whereas the vertical differential
pressure between pressure sensors 3 and 4 is denoted as
dPver.

The working principle is to measure the pressure,
dPhor, and since there is no gravitational effect on the hor-
izontal section of the pipe, all pressure losses in this seg-
ment are presumed to be caused by viscous friction. The
differential pressure in the vertical section, dPver, is the re-
sult of both frictional pressure losses and hydrostatic pres-
sure. In this experimental setup, the size, the length, and
the roughness of the pipe are assumed to be the same in
both sections. Thus the frictional pressure losses are equal
in both pipe segments. Consequently, the difference be-
tween dPver and dPhor is equivalent to the hydrostatic pres-
sure, which is then used to back calculate the fluid density.
Once thefluiddensity is determined, thefluid viscosity can
be calculated from the frictionmodels. In the following sec-
tions, we will introduce detailed calculation steps.
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Figure 1: Simplified schematic of the instrumented standpipe concept.

3 Density calculations
Given that the pipe characteristics, flow properties, and
distance between sensors are the same in both the vertical
and the horizontal sections, we state the following correla-
tion:

∆PHydrostatic = dPver − dPhor. (1)

The hydrostatic pressure between two pressure sensors P3
and P4 is

∆PHydrostatic = ρg∆h, (2)

where ρ is the fluid density, g is the acceleration of gravity
and ∆h is the vertical distance between sensors P3 and P4.
Combining Equations (1) and (2), we obtain

ρ = dPver − dPhor
g∆h . (3)

The parameters involved in Equation (3) are known, i.e.
dPver and dPhor aremeasured through the differential pres-
sure sensors. Thus the fluid property, density (ρ), can be
determined by Equation (3).

4 Friction factor calculation
The concept of frictional pressure losses derives from the
resistance experienced by fluids flowing through pipes
caused by the friction against pipe walls. The frictional
pressure loss is determined from theDarcy-Weisbach equa-
tion given below:

∆PFrictional =
fLρv2
2D , (4)

where f is the friction factor, L is the pipe length, v is the
average fluid velocity and D is the pipe inner diameter. The
average fluid velocity can be calculated by the pump rate
and cross-sectional area of pipe:

v = Q/A, (5)

where Q is the pump rate and A is the pipe cross-sectional
inner area. In our experimental study, it is assumed that
the horizontal differential pressure is caused solely by fric-
tional pressure losses. Therefore, we have

dPhor = ∆PFrictional. (6)

Then, Equation (4) is rearranged to obtain the following
correlation:

f = 2DdPhor
Lρv2 . (7)
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Now, from the basic definition given in Equation (5), and
in terms of the known parameters (D, L, ρ, Q), the friction
factor can be determined through:

f = π
2D5dPhor
8Lρv2 . (8)

All parameters in Equation (8) are given or directly mea-
sured, thus, the friction factor can then be calculated and
subsequently used to determine the adequate Reynolds
number and flow regime.

5 Viscosity calculations

5.1 Laminar flow

We start the calculations for the laminar flow. In the follow-
ing equation, τw is the shear stress at the wall. Following
[18–21], it is easy to get the correlation between pressure
losses and the shear stress:

τw4L = ∆PFrictionalD. (9)

Once the horizontal pressure losses dPhor is obtained from
the experimental runs, the shear stress can be calculated
with Equation (9) which is reformulated as follows,

τw = DdPhor4L . (10)

From the derivations given in Appendix A1, we have

𝛾w = 8v
D

3na + 1
4na

, (11)

where 𝛾w is the shear rate at the wall, na is the generalized
flow index defined as

na =
∂ ln τw
∂ ln ( 8vD )

. (12)

Once the shear stress and shear rate are obtained, the vis-
cosity can be calculated as

µa =
τw
𝛾w

. (13)

For the above equations, only unknown parameter is the
general flow index na. From its definition given in (12), it
is difficult to find an analytical mathematical expression
of na. Therefore we propose a numerical scheme (Algo-
rithm 1) to estimate na by operating a series of experiment
runs with decreasing flow rates. For each horizontal differ-
ential pressure value, we introduce two additional param-
eters, a and b:

a(i) = ln τw(i) (14)

and
b(i) = ln 8v(i)

D (15)

where i refers to i-th experimental run. Thus, we can ap-
proximate na by the following expression:

na(i) =
a(i) − a(i − 1)
b(i) − b(i − 1) . (16)

In summary, the numerical algorithm running to calculate
the viscosity in laminar flowwith different flow rate Q(i) is
presented below:

Algorithm 1 (Laminar flow)

Step 1: set i = 1,
Step 2: set the pump rate atQ(i), whereQ(1) is set asmax-

imum,
Step 3: measure the horizontal pressure loss dPhor(i)

with such flow rate Q(i),
Step 4: calculate τw(i) from Equation (10),
Step 5: calculate a(i) and b(i),
Step 6: calculate na(i) from Equation (16) when i > 1,
Step 7: calculate 𝛾w(i) from Equation (11) when i > 1,
Step 8: calculate the viscosity from Equation (13) when

i > 1,
Step 9: set i = i + 1, and decrease the flow rate by Q(i) =

Q(i − 1) − ∆Q, where ∆Q is the defined increment
for adjusting the flow rate,

Step 10: go to Step 2 until Q(i) is less than some pre-
determined threshold,

Step 11: stop the experimental runs.

Above methodology is valid solely for laminar flow.
The details of the analysis for transition and turbulent flow
are described in the next subsection.

5.2 Turbulent flow

Given that Equation (11) was developed exclusively for
fully developed laminar flow, it is no longer applicable
to model the fluid characteristics in the turbulent region.
From Appendix A2, the viscosity can be calculated for
Herschel-Bulkley models as

µa = τ0(
3na + 1
4na

8v
D )−1 + K(3na + 14na

8v
D )n−1 (17)

where τ0 is the yield point, K is the consistency index and
n is the flow index. To obtain µa, it is necessary to deter-
mine the generalized flow index na. However, to the best
knowledge of authors, there is no good approach to calcu-
late na for turbulent flow. The solution proposed here is to
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use a numerical shooting method [22] to find an adequate
friction factor that models more accurately the horizontal
pressure losses recorded with the experimental setup.

To specify it, we start to define two initial guesses
of na1 and na2, then based on such values, we calculate
two viscosities µa1, and µa2, accordingly following Equa-
tion (17). The corresponding pressure losses ∆P1 and ∆P2
can be easily calculated, see the calculation procedure in
AppendixA2. Such calculated values ∆P1 and ∆P2 thenare
compared with the measurement dPhor. If the differences
between ∆P1, dPhor or ∆P2, dPhor are greater than a spec-
ified tolerance (as a terminal condition), we adjust initial
guesses na1 and na2, and the process is repeated until the
difference between them is less than such threshold.

The shooting method for determining the generalized
flow index na, in turn, µa, based on themeasured pressure
loss is summarized below:

Algorithm 2 (Shooting method for calculating µa)

Step 1: set thepump rate atQ andmeasure thehorizontal
pressure loss dPhor,

Step 2: select two initial guesses for the generalized flow
index na1 and na2 (na1 < na2),

Step 3: calculate the viscosity µa1 and µa2 from na1 and
na2 respectively using Equation (17),

Step 4: calculate the pressure loss ∆P1 and ∆P2 from µa1
and µa2 respectively using Equation (A17) (in Ap-
pendix A2) and one selected friction factor model
listed in Table A1 (in Appendix A2),

Step 5: check the sign of e1 and e2, where

e1 = ∆P1 − dPhor, e2 = ∆P2 − dPhor,

Step 6: if e1e2 > 0, choose new initial guesses of na1 and
na2, and go to Step 3; else go to Step 7,

Step 7: cut the interval [na1, na2] into two halves and set
na3 = (na1 + na2)/2,

Step 8: calculate the viscosity µa3 and the corresponding
∆P3, and set e3 = ∆P3 − dPhor,

Step 9: if e3 < η (η is the defined tolerance), go to Step 11,
Step 10: if e1e3 < 0, set na2 = na3, else set na1 = na3, go

to Step 7,
Step 11: set µa = µa3.

The solution was to include a weight function in the
MATLAB scripts, and by trial and error, find the most ade-
quate combination of values that would yield the best ap-
proximation of the fluid viscosity. In Algorithm 2, if the
error(e3) is greater than a certain tolerance value(η), the

process is restarted from Step 7. The iteration is repeating
the calculations until the tolerance value is met. For such
numerical scheme, the selection of the initial guesses (na1
and na2) is ad hoc. From Equation (A14), the range na is
between 0 and 1. Thereby, one way to select the initial
guesses is to let na1 be close to 0 and na2 be close to 1 in or-
der to meet the condition (e1e2 < 0). Once the generalized
flow index na is determined, the viscosity is easily calcu-
lated by Equation (17) from Step 11. For friction factor cal-
culations, there are different friction factor models listed
in Table A1. In our study, we also take advantage of our ap-
proach to evaluate different friction models by comparing
with the calculated viscosities and the ones measured by
rotational viscometer. More discussions will be provided
in Section 6.

6 Experimental study
The formulation presented in Table 1 includes two addi-
tional additives, MAGOX and NULLFOAM to improve the
performance of the slurry, namely, a pH buffer and a de-
foamer. MAGOX is added to effectively buffer alkalinity to
amaximumpHof 10.0 in order to allow the XanthamGum
Polymer (XCD) to fully yield, and NULLFOAM is added to
prevent foaming in water-based drilling fluids. All materi-
als were supplied by Schlumberger M-I SWACO.

In order to verify the applicability of the mathemat-
ical models for different fluids’ viscosities, five different
formulations were selected to be tested. The only variable
component is the concentration of viscosifier (XCD), thus
the higher the XCD concentration, the more viscous the
fluid is. The concentrations were obtained from the recom-
mended values endorsed by the supplier (SchlumbergerM-
I SWACO). The following table encompasses the fluid for-
mulations analysed in this work.

Table 1: Fluid formulations

Additive F1 F2 F3 F4 F5
MAGOX(10−3mg/l) 0.25 0.25 0.25 0.25 0.25

XCD(g/l) 2 3 4 5 6
NULLFOAM(%vol) 0.5 0.5 0.5 0.5 0.5
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6.1 Density calculation

The density of each of the formulations was measured us-
ing a previously calibrated pressurized mud balance. The
recorded values were close to 1000kg/m3 at room temper-
ature (approximately15degree).Wehave arbitrarily set an
acceptable tolerance of ±0.015 SG for the density results,
which is portrayed by the black curves in Figure 2.

The estimated density of Formulation 1 using the
flowloop setup, as illustrated in Figure 2, has a maximum
error of 0.006 SG, which is within an acceptable tolerance
for the purpose of this investigation. The estimated density
of other formulations shows the similar results as the one
shown in Figure 2.

6.2 Viscosity calculation

6.2.1 From viscometer data

For validations and comparisons, the rheological readings
for eachfluid formulationobtainedwith the FannModel 35
Viscometer are listed in Table 2. It is important to point out
that the readings presented below were collected at room
temperature (approximately 15 degree), and they were ver-
ified by double-checking one sample with multiple vis-
cometers. The samples of each formulation were collected
from the flowloop tank after circulating the system for 20
minutes; the stability of the rheology was verified after 72
hours in the tank. The viscometer readings are shown in
Figure 3.

Figure 2: Estimated density of Formulation 1

Figure 3: Comparison of Fann Model 35 Viscometer readings



Automated Characterization of Non-Newtonian Fluids Using Laboratory Setup | 45

Figure 4: Composite of calculated viscosity using the Herschel-Bulkley model

The formulations perform Herschel-Bulkley rheologi-
cal fluids. Using the Herschel-Bulkley models for each for-
mulation, it is easy to calculate the viscosities with respect
to different shear rates. Figure 4 shows the data in a log-log
scale where the dimensions are shear rate (s−1) and viscos-
ity (cP). The plotswere generated for each of the five formu-
lations based on the data set presented in Table 2.

Table 2: Viscometer readings of each of the fluid formulations

Speed F1 F2 F3 F4 F5
600 10 16.5 20 27.5 31.5
300 7.5 12.5 16.5 23 26
200 6.5 11 14.5 20 23
100 5 9 12 16.5 19.5
6 2 4.5 6 9.5 12
3 1.5 4 5 8.5 11

6.2.2 From flowloop data

As what we have discussed in Section 5, there are lots of
friction factor models existed for friction factor calcula-
tions. Since most of models are empirical based on exper-
imental data, there is no standard criteria to evaluate and
verify them. In order to have an accurate viscosity calcula-
tion, we compared the viscosity calculationswith different

friction factormodels listed in Table A1. Figure 5 shows the
comparisons using the flowloop data of Formulation 5.

In Figure 5, the blue curve depicts the Herschel-
Bulkley fluid viscosities obtained from the Fann Model 35
Viscometer readings as a reference line, the other curves
show the viscosities calculated from Algorithm 1 and Algo-
rithm 2 with respect to different flow regimes using differ-
ent friction factor models listed in Table A1. For the lam-
inar flow, the viscosity is unique with respect to the flow
rate. However, for the turbulence flow, the calculated vis-
cosity varies seriously due to the choice of different friction
factormodels. FromFigure 5, it is easy to see that themodel
by Thomas (see Table A1) provides the best approximation.
Such observation is also obtained from other 4 formula-
tions. Therefore, the plots to be presented below were gen-
erated based on the calculations using Thomas’s model.

From Figure 6 to Figure 10, the blue curve depicts
the fluid viscosities obtained from the Viscometer read-
ings (marked as Modeled Viscosity HB); the red points
are the viscosity values calculated using Algorithm 1 with
ignoring the flow regime (always assume it is the lami-
nar flow), marked as Flowloop Rabinowitsch; and the pur-
ple markers represent the fluid viscosities generated with
the Thomas’s correlation using Algorithm 2, marked as
Flowloop Thomas. From Figures 6-10, we can draw some
conclusions regarding the accuracy of the fluid viscosity
estimations. It is observed that the calculated viscosities
match the Herschel-Bulkley values until certain point at
which the mismatch becomes evident. We decided to in-
vestigate the effect of the flow regime in this behaviour;
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Figure 5: Estimated viscosity of Formulation 5 from flowloop data using different friction factor models given in Table A1

Figure 6: Estimated viscosity of Formulation 1
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Figure 7: Estimated viscosity of Formulation 2

Figure 8: Estimated viscosity of Formulation 3
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Figure 9: Estimated viscosity of Formulation 4

Figure 10: Estimated viscosity of Formulation 5
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Figure 11: Formulation 1 - Flowloop Viscosity vs Herschel-Bulkley Viscosity

Figure 12: Formulation 2 - Flowloop Viscosity vs Herschel-Bulkley Viscosity

Figure 13: Formulation 3 - Flowloop Viscosity vs Herschel-Bulkley Viscosity
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Figure 14: Formulation 4 - Flowloop Viscosity vs Herschel-Bulkley Viscosity

Figure 15: Formulation 5 - Flowloop Viscosity vs Herschel-Bulkley Viscosity

thus, when plotting the boundaries of laminar and turbu-
lent flow regimes, a trend becomes evident. This hypothe-
sis is illustrated in Figures 11-15 presented below.

The difference shown in Figure 11 and Figure 15 is ob-
vious. The Rabinowitsch-Mooney Equation in Appendix
A1 is not applicable to turbulent flow regime since Equa-
tion (10), used to determine the shear stress at the pipe
wall τw, was developed for the geometry corresponding
to a fully developed laminar flow. This explains why the
mismatch is more severe in thinner fluids that develop tur-
bulent flow at lower shear rates. Therefore, it is clear that
an additional approach (like proposed Algorithm 2) is re-
quired to determine an adequate friction factor for turbu-
lent flow, which would be subsequently used to calculate
the fluid viscosity.

For the laminar and transitional regions, Algorithm 1
provides good estimation of fluids’ viscosity, which
matches the calculation based on the Herschel-Bulkley
model very well. However, when the flow becomes turbu-
lent, the viscosity estimation using Algorithm 1 is not accu-

rate, especially for thinner fluids (Formulations 1-3). With
the use of Algorithm 2, the inclusion of the Thomas’s cor-
relation improved the modelling of fluid viscosity in the
turbulent flow region. Nevertheless, there are still some
discrepancies between measured one from the viscometer
and calculated one using Algorithm 2, which possibly due
to some uncertainties, for instance, the friction factormod-
els’ accuracy, numerical errors, measurement errors and
data quality issues. A wary Fluids Engineer would argue
that the rheological readings of Formulation 5 are more in
accordance to the rheological profile of a typical drilling
mud. Thus, it could be possible to validate the applica-
bility of the estimation of fluid viscosity using the instru-
mented standpipe concept, by carrying out a statistical
analysis of the geometry of the pipes in the surface con-
nections of different drilling rigs, compared to the typical
pumping rates used for drilling, in order to define whether
the fluid is in most cases in laminar or transitional flow
regimes when it travels through the standpipe.
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7 Conclusions and future work
With respect to the estimation of Xanthan gum fluid prop-
erties, we have experimentally verified the applicability of
the Rabinowitsch-Mooney equation for the laminar and
transitional regions. Therefore, the major significance of
thiswork is touse simple instrumented setup inmeasuring
fluid pressure losses to estimate the viscosity, especially
for transitional and laminar flows. The system proved very
effective in monitoring pressure and properties changes
in real time. In addition, the setup allows us to evaluate
friction factor models for pressure loss calculations. Such
setup is also linked to automated drilling with realtime
monitoring the fluid properties and adjusting them prop-
erly. We have to admit the limitations of our work. The flu-
ids we used are Xanthan gum fluids that have a molecular
weight, do not represent real drilling fluids. Water based
drilling fluids and oil based drilling fluids will be planned
to test in the future. A future continuity of thiswork is to de-
vise a way to combine both the equations for laminar and
transitional flow regimes, and the Thomas’s correlation for
turbulent flow.
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Appendix A1
The Rabinowitsch-Mooney Equation permits to calculate
viscosity of a Non-Newtonian Herschel-Bulkley fluid in
laminar flowby converting flow rate to shear rate. The flow
rate through the pipe can be shown as

Q =
R∫︁

0

2πrv(r)dr (A1)

where Q is flow rate, R is pipe radius and v is velocity. It
becomes

Q = v(r)πr2|R0 −
R∫︁

0

πr2
(︂
dv
dr

)︂
dr.

Since no slip at the wall, so v = 0when r = R, the first term
of the above equation is zero. We have

Q = −
R∫︁

0

πr2
(︂
dv
dr

)︂
dr.

Since
𝛾 = −dvdr , dr =

R
τw
dτ.

The above two relationships are inserted into Q =
−
∫︀ R
0 πr

2( dvdr )dr. It becomes

Q = πR
3

τ3w

τw∫︁
0

τ2𝛾dτ. (A2)

For flow in a pipe, the shear rate 𝛾 is negative so the in-
tegral in Equation (A2) becomes positive. For a given rela-
tionship between shear stress τ and shear rate 𝛾, the value
of the integral depends only on the value of shear stress in
the pipe wall τw. The flow rate, Q can be expressed as

Q = πR2v. (A3)

Combine it with the equation (A2), we have

8v
D = 4

τ3w

τw∫︁
0

τ2𝛾dτ. (A4)

It is convenient first to multiply Equation (A4) by τ3w
throughout,

8v
D = 4

τw∫︁
0

τ2𝛾dτ. (A5)

Then differentiating with respect to τw to obtain [19]:

3τ2w(
8v
D ) + τ3w

∂(8vD )
∂τw

= 4τ2w𝛾w . (A6)

Solving Equation (A6) with respect to the wall shear rate
𝛾w,

𝛾w = (8vD )[34 + 1
4
τw
(8vD )

∂(8vD )
∂τw

] (A7)

Now, based on the relation given below

∂(ln x)
∂x = 1

x → ∂(ln x) = ∂xx . (A8)

Combining Equations (A7) and (A8), the Rabinowitsch-
Mooney Equation is given as follows:

𝛾w = 8v
D [34 + 1

4
∂ln(8vD )
∂(ln τw)

] (A9)

It can be reformulated as:

𝛾w = 8v
D

3na + 1
4na

(A10)

where na is a generalized flow index given by:

na =
∂(ln τw)
∂ ln(8vD )

. (A11)

Appendix A2
The model presented by Metzner and Reed [23] by formu-
lating a generalized Reynolds number valids for Herschel-
Bulkley fluids. The equations are given as follows [23]:

Reg =
ρvDe�
µa

, (A12)

whereDe� is the effective inner diameter of the pipe,which
is given as

De� = 4na
3na + 1

D. (A13)

The generalized flow index is given by

na =
nK(8vD )

n

τ0 + nK(8vD )n
, (A14)

where τ0 is yield point, K is consistency coefficient, n is the
flow index. The apparent viscosity can be expressed by

µa = τ0(
8v
De�

)−1 + K( 8vDe�
)n−1. (A15)

Once the appropriate expression to determine the
Reynolds number for Herschel-Bulkley fluids has been
defined, we can finally describe the flow regime in the
pipe based on the guidelines given for Newtonian fluids.
For laminar flow

f = 64
Reg

. (A16)
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Table A1: Friction factor correlations for Non-Newtonian fluids in turbulent flow [20]

Author Year Models
Dodge and Metzner 1959 1/

√︀
f = 4

n0.75a
log(Reg f 1−na/2) − 0.4

n1.2a
Shaver and Merill 1959 f = 0.079

n5aRe
2.63

10.5na
g

Thomas 1960 1/
√︀
f = 4

na log(Reg f
1−na/2) − 0.4na

Clapp 1961 1/
√︀
f = 4.53

na log(Reg f 1−na/2) − 2.69
na + 0.68(5na − 8

na )
Trinh 1969 1/

√︀
f = 4.06

na log(Reg f 1−na/2) − 2.78
na + 2.16

Hanks and Ricks 1973 f = 0.0682n−0.5a

Re
1

1.87+2.39na
g

Shenoy and Saini 1986 1/
√︀
f = 3.57 log( Ren

−0.615
a
g

6.5−(1+0.75na ) )
El-Eman et al 2003 f = 1

4
na

(3.072−0.1433na)Rena /(0.282−4.211na )g −0.00065

For turbulent flow, friction factor model is required to de-
termine an adequate friction factor, whichwould be subse-
quently used to calculate the fluid viscosity. Several mod-
els available in the literature were analysed, they are pre-
sented in Table A1 [20] shown below. The concept of fric-
tional pressure losses derives from the resistance experi-

enced by fluids flowing through pipes caused by friction
against the pipe wall. The frictional pressure loss is deter-
mined from the Darcy-Weisbach equation given below.

∆PFrictional =
fLρv2
2D . (A17)
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