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Abstract We explore how far one can go in constructing d-
dimensional static black holes coupled to p-form and scalar
fields before actually specifying the gravity and electrody-
namics theory one wants to solve. At the same time, we
study to what extent one can enlarge the space of black
hole solutions by allowing for horizon geometries more
general than spaces of constant curvature. We prove that
a generalized Schwarzschild-like ansatz with an arbitrary
isotropy-irreducible homogeneous base space (IHS) provides
an answer to both questions, up to naturally adapting the
gauge fields to the spacetime geometry. In particular, an IHS–
Kähler base space enables one to construct magnetic and
dyonic 2-form solutions in a large class of theories, including
non-minimally couplings. We exemplify our results by con-
structing simple solutions to particular theories such as R2,
Gauss–Bonnet and (a sector of) Einstein–Horndeski gravity
coupled to certain p-form and conformally invariant electro-
dynamics.

1 Introduction

There has been a growing interest over the past two decades
in black holes in more than four dimensions [1]. Moreover,
effective descriptions of quantum corrections [2] and low-
energy limits of string theory [3] typically result in higher
order terms to be added to the Einstein–Hilbert action, so
that various gravity theories beyond general relativity have
also been the subject of increasing attention.

In particular, when searching for static, spherically sym-
metric black holes in d = n + 2 dimensions, one can start
from a Schwarzschild-like ansatz of the form [4,5]

ds2 = −A2(r)dt2 + B2(r)dr2 + r2hi j (x)dx
idx j , (1)
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i.e., a warped product M = M2 × Mn , where the n-
dimensional space Mn carries a Riemannian metric h =
hi j (x)dxidx j (here i, j, . . . = 1, 2, . . . , n, and x denotes col-
lectively the set of coordinates (x1, . . . , xn) of Mn). Spher-
ical symmetry requires (Mn, h) to be a round sphere [4,5],
however, metrics (1) with a different base space are also of
interest (e.g., topological black holes).

In higher-dimensional Einstein gravity, the spherically
symmetric Schwarzschild–Tangherlini solution [4] has been
generalized such that h can in fact be any n-dimensional
Einstein space [6,7], which for d > 5 gives rise to a much
richer family of static “Einstein” black holes (at the price of
giving up asymptotic flatness or (A)dS-ness). The property
of h being Einstein is not only sufficient but also necessary
in order to satisfy Einstein’s equations (together with fixing
the precise form of B−2 = A2 = K −μr3−d − λr2), so that
the extensions obtained in [6,7] in fact exhaust the space of
black hole solution of the form (1) in general relativity. The
particular choice of h may affect the stability of the solution
[8].

Similarly, it would be desirable to characterize the full
space of solutions (1) also for more general theories of grav-
ity – ideally for any diffeomorphism invariant, metric theory.
However, simply adding a Gauss–Bonnet [9] or Lovelock
[10–12] term to the Einstein–Hilbert action places a strin-
gent tensorial constraint on the geometry of h. This rules
out various known “exotic” Einstein black holes and shows
that, generically, h cannot be an arbitrary Einstein space in a
gravity theory different from Einstein’s.

Nevertheless, we have recently proved [13] (see also [14]
for a short summary) that there does exist a special family of
Einstein metrics h – the isotropy-irreducible homogeneous
spaces (IHS) [15–19] (see Sect. 2 for a definition) – which is
virtually immune to all possible tensorial constraints placed
by any vacuum theory of gravity for which the Lagrangian is
a scalar invariant constructed from the Riemann tensor R and
its covariant derivatives of arbitrary order. Namely, we have
shown that in any such theory, for any IHS h the ansatz (1)
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ensures that the corresponding field equations automatically
reduce to just two ODEs for the two unknown metric func-
tions A(r) and B(r). This dramatically enlarges the space of
vacuum black hole solutions and permitted horizon geome-
tries for generalized theories of gravity, well beyond the usual
case of horizons of constant curvature. We dubbed these
spacetime universal black holes [13] to stress the theory-
independence of this result.1

Black holes with non-trivial gauge fields play an impor-
tant role in supergravity and string theories (see, e.g., [1] and
references therein). Along with higher-order gravity correc-
tions, there are thus compelling reasons to consider theories
containing also modifications of the Maxwell term in the
action, together with a scalar field and possibly non-minimal
couplings [3,20,21]. In general, these will be comprised in
an action of the type

S =
∫

dd x
√−gL(R,∇R, . . . , F,∇F, . . . , ϕ,∇ϕ, . . .),

(2)

where F = dA is a p-form and ϕ a scalar field, and the
Lagrangian density L is a scalar invariant. Even without
introducing higher-order corrections, already in the Einstein–
Maxwell theory the permitted horizon geometries for black
holes (1) turn out to be constrained (in addition to being Ein-
stein) already by the coupling to magnetic 2-form [22] or
to electric and magnetic p-form fields [23] (see also [24]).2

More generally, a question arises as to whether a theory-
independent characterization of the space of black hole solu-
tions (1) in any theory of the form (2) can be given (which
would be a natural starting point for obtaining more refined
horizon characterizations for specific theories). In this paper
we present new results in this direction. In particular, we will
show that the metric ansatz studied in [13] – i.e., (1) with h
being an IHS – can also be consistently employed to con-
struct d-dimensional static vacuum black hole solutions in
any theory (2), provided the gauge fields are suitably adapted
to the geometry.3 Apart from recovering in a unified way
results previously obtained on a case-by-case basis for par-

1 The details (including the precise form of A(r) and B(r)) and phys-
ical properties of the solutions will naturally depend on the specific
theory one is interested in – see [13] and references therein for various
examples.
2 The dual cases p = 1 and p = d−1 are special and lead to static black
holes with non-Einstein (and thus non-IHS) horizons [24]. These are
not relevant to the discussion of the present paper, hence we hereafter
assume 2 ≤ p ≤ n (recall d = n + 2).
3 A word of caution is in order here. Namely, properties of characteristic
surfaces, and thus of light propagation and causality (in particular, event
horizons) generally depend on the particular theory of electromagnetism
one wants to consider – see [25,26] for early results in the context of
non-linear electrodynamics. Nevertheless, some universality properties
of black hole event horizons have been pointed out in [27,28], at least
for certain theories.

ticular theories (such as Gauss–Bonnet and Lovelock grav-
ity), this can thus be used, for example, to extend the well-
known electrically charged higher-dimensional Reissner–
Nordström-(A)dS spacetimes of general relativity [4,6] and
their magnetic counterparts [22] to any theory (2), as we will
discuss.

The plan of the paper is as follows. In Sect. 2 we first
provide a definition of IHSs and summarize their basic prop-
erties (these are known facts but may be useful for readers
not familiar with the topic). Then we discuss the form of the
field equations for a theory of the type (2) with an ansatz (1)
(where h is an IHS), and the main geometric properties of
such spacetimes, to be employed in the following. In Sect. 3
we show that this geometry can support a magnetic n-form
living on the base space, in which case the corresponding
field equations reduce to two ODEs for the metric functions
A(r) and B(r) (or three if a scalar field is also present). A
similar discussion is presented in Sect. 4 for a Coloumb-like
radial electric 2-form – one difference here being the pres-
ence of an additional ODE for the electric field. In Sect. 5 we
show that one can further extend the previous construction
to magnetic and dyonic 2-forms if h is additionally assumed
to be Kähler, as well as to certain forms of higher rank in
even dimensions. For the sake of definiteness, in Sect. 6 we
construct a few explicit solutions of gravity theories such
as R2, Gauss–Bonnet and a particular sector of Einstein–
Horndeski gravity coupled to certain linear and non-linear
electrodynamics. We conclude with a short summary and
some additional comments in the last Sect. 7.

2 The metric ansatz

Here we will discuss the form of the the field equations for
a theory of the type (2) for the metric ansatz (1), where h is
assumed to be an IHS.4 Before proceeding, it may be useful
to recall that an IHS is defined as a homogeneous connected
Riemannian space (Mn, h) such that, for every point x ∈ Mn ,
the isotropy group at x (i.e., the isometries of (Mn, h) leav-
ing x fixed) acts irreducibly on the tangent space of Mn at x .
More precisely, the space is strongly IHS if also the identity
component of the isotropy group acts irreducibly, andweakly
IHS otherwise (the latter also include products of identical
irreducible IHS). These have been classified, respectively,
in [15–18] and in [19] (see also [32]). All IHS are Ein-

4 Note that generically one has to retain two independent functions A(r)
and B(r) in the metric (1). The special condition A(r)B(r) =const pos-
sesses an invariant characterization in terms of null alignment properties
of the spacetime curvature [13,29,30] and is thus non-generic. How-
ever, it is known to be satisfied in particular cases such as Einstein and
(generic) Gauss–Bonnet and Lovelock gravities coupled to Maxwell
fields. A class of four dimensional non-minimally coupled theories also
admitting such kind of solutions has been recently proposed in [31].

123



Eur. Phys. J. C          (2020) 80:1020 Page 3 of 10  1020 

stein [17]. Let us further mention that irreducible symmetric
spaces (classified by Cartan, see, e.g., [32,33]) are neces-
sarily strongly IHS [15–18]. Note also that (Mn, h), being
homogeneous, can only possess constant scalar invariants,
and is necessarily compact if K > 0 and necessarily non-
compact if K < 0 [32], and locally flat iff K = 0. In addition,
a non-compact IHS must be symmetric (with K < 0) or flat
[32]. The simplest examples are the well-known spaces of
constant curvature, or direct products of identical copies of
those. The minimal dimension necessary for an IHS to be not
of constant curvature is n = 4, in which case an IHS must,
however, be symmetric and therefore locally one of the fol-
lowing: S4, S2 × S2, H4, H2 × H2, CP2, H2

C
, or flat space

(cf. [32] and references therein).
Let us now consider a generic theory of the type (2).

Extremizing the action w.r.t. g, A and ϕ, one obtains equa-
tions of motion of the form [34–38]

E ≡ 1√−g

δ
(√−gL)

δg
= 0, (3)

divH ≡ δL
δA

= 0, (4)

ψ ≡ δL
δϕ

= 0, (5)

where E, H and ψ are, respectively, a symmetric 2-tensor,
a p-form (with 2 ≤ p ≤ n) and a scalar field locally con-
structed in terms of (contractions of) R, F, ϕ and their covari-
ant derivatives of arbitrary order. When (4) and (5) are satis-
fied, E is conserved, i.e., ∇νEμν = 0 [34–38].5

Not surprisingly, the above equations simplify consider-
ably for the ansatz (1). Let us follow an approach similar
to the one of [39,40] (where h was assumed to be a round
sphere). If one defines the two covectors

u = dt, k = dr, (6)

5 The explicit form of the field equations (3)–(5), which is determined
after specifying the Lagrangian density L in (2), is not needed for the
purposes of the present paper. However, for the sake of definiteness,
one simple example is provided by the d = 4 (second-order) the-
ory with a non-minimal coupling proposed by Horndeski [36], i.e.,
L = √−g

[ 1
κ
(R − 2�) − βFμνFμν − γ FμνFαβ∗R∗μν

αβ

]
, for which

Eμν = 1
κ

(
Rμν − 1

2 Rgμν + �gμν

)−2β
(
FμρF

ρ
ν − 1

4 gμνFαβFαβ
)
−

2γ
(
FαρFβ

ρ
∗R∗

μανβ + ∗Fμα;β∗F β;α
ν

)
and Hμν ;ν = 4βFμν ;ν +

4γ Fβγ ;α∗R∗μαβγ (here an asterisk denotes Hodge duality and κ , β and
γ are coupling constants). When γ = 0, this reduces to the standard
Einstein–Maxwell theory. Another explicit example will be provided in
Sect. 6.2.

the Riemann tensor R of the spacetime (1) can be written as
[40]

Rμνρσ =
(
AA′′ − AA′B ′

B

)
4u[μkν]u[ρkσ ]

−4r AA′

B2 u[μhν][ρuσ ] − 4r B ′

B
k[μhν][ρkσ ]

−2r2

B2 hμ[ρhσ ]ν + r2 R̃μνρσ , (7)

where, from now on, quantities with a tilde will refer to the
transverse space geometry of h, and a prime denotes differ-
entiation w.r.t. r .

Clearly h has been promoted to a full spacetime tensor
defined by

hμν = r−2
(
gμν + A2uμuν − B2kμkν

)
, (8)

which implies hμνuν = 0 = hμνkν (indices are raised with
gμν , therefore uμuμ = −A−2, kμkμ = B−2, uμkμ = 0).
The covariant derivatives of u, k and h then read

∇νuμ = − A′

A
2u(μkν),

∇νkμ = − 1

B2 (BB ′kμkν + AA′uμuν − rhμν), (9)

∇ρhμν = −1

r
hμνkρ.

Since these covariant derivatives can be fully expressed
in terms of u, k and h, the same will be true for covariant
derivatives of any order. It is thus clear that any tensor con-
structed from R (Eq. (7)) and its covariant derivatives can be
expressed in terms of u, k and h and covariant derivatives
∇̃(k) R̃ intrinsic to h. In particular, thanks to the time-reversal
invariance of g, any such tensor can contain only an even
number of u (more generally, it must share the symmetries
of h).

So far we have not used the fact that h is IHS. The latter
property further ensures that one cannot construct a non-zero
vector out of ∇̃(k) R̃ and that the only possible symmetric 2-
tensor that one can construct is h itself (up to a constant
factor) [17]. This property will be crucial in what follows.
Throughout the paper, we will also assume that the scalar field
ϕ = ϕ(r) depends only on the radial coordinate. Therefore,

∇τ ϕ = ϕ′kτ , (10)

and (recalling also (10)) all higher-order covariant derivatives
∇(k)ϕ can thus be expressed only in terms of k, h and an even
number of u.
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3 Magnetic fields of rank p = n

Let us consider here the case when the rank of F in (2) is
p = n and assume that F is purely magnetic and of the form

F = qε̃, (11)

where q is a constant and ε̃ is the volume element associated
with h.6 By construction uμFμν... = 0 = kμFμν....

In this case the covariant derivative of F reads

∇τ Fμν... = −n

r
(kτ Fμν... + Fτ [ν...kμ]). (12)

Recalling also (10), one can argue that, similarly as in the case
of the Riemann tensor, all higher-order covariant derivatives
∇(k)F can be expressed only in terms of F, u, k and h, and
can contain only an even number of u.

Using also the fact that (Mn, h) is IHS (see the com-
ments in Sect. 2 and [13] for a related discussion), it follows
that any symmetric 2-tensor E constructed from tensor prod-
ucts, sums and contractions from ∇(k)R, ∇(l)F and ∇(m)ϕ

(k, l,m ≥ 0) must be of the form

E = F(r)uu + G(r)kk + L(r)h. (13)

Similarly, one can argue that the only n-form H that one
can construct (automatically invariant under the isometries
of h) can be written as

H = N (r)F. (14)

Since F is divergencefree by construction (11), thus is also
H , and the generalized Maxwell equation (4) is automatically
satisfied.

One thus only needs to solve the scalar equation (5) and
the tensorial field equation (3). In view of (13), the latter
reduces to three “scalar” equations F(r) = 0, G(r) = 0 and
L(r) = 0. However, similarly as in [13], it is easy to see that
the identity ∇νEμν = 0 implies that L(r) = 0 holds auto-
matically once F(r) = 0 = G(r) and (5) are satisfied. We are
thus left with just three ODEs for the two metric functions
A(r) and B(r) and for the scalar field ϕ(r). Their precise
form will depend on the particular theory (2) one wants to
study, and is of no interest for the general considerations of
this paper. In the special case when h is a round sphere, a
similar result was obtained in [39,40].

Solutions of this type include, for instance, the magnetic
duals [23,24] of electrically charged black holes of [4,6]
in the Einstein–Maxwell theory, and of similar solutions in
Gauss–Bonnet–Maxwell gravity [41–44] – cf. also Sect. 4.

6 A more general ansatz with q = q(r) is ruled out by F = dA.

4 Electric fields of rank p = 2

Here we consider the following purely electric 2-from

F = M(r)u ∧ k, (15)

such that uμFμν = −A−2Mkν and kμFμν = −B−2Muν .
One finds

∇τ Fμν =
[
M ′

M
− (AB)′

AB

]
Fμνkτ + rM

B2 2u[μhν]τ , (16)

and all ∇(k)F thus contain an odd number of u.
From now on, when an electric field is present, we restrict

ourselves to theories whose Lagrangian contains only even
powers of F and its covariant derivatives.7 One can then
argue that the 2-form H (defined by (4) extremizing (2) w.r.t.
A) must be purely electric (and invariant under the isometries
of h) and thus of the form

H = N (r)F. (17)

The r -component of (4) is therefore automatically satisfied,
while the t-components implies

M(r)N (r) = −eAB

rn
, (18)

where e is a constant. This is one of the field equations that
has to be solved (the function N contains in general g, A and
ϕ and their derivatives, and its precise form depends on the
particular theory one is considering).

The remaining field equations come from the generalized
Einstein equation (3). The same argument used in Sect. 3
enables one to arrive again at (13) (this would not be true
if the Lagrangian contained also odd powers of F, which
may result in E containing an additonal term proportional
to uk + ku, cf. also [39] for related comments). Thanks to
∇νEμν = 0, we are finally left with four ODEs for the two
metric functions A(r) and B(r), for the scalar field ϕ(r) and
for the vector potential A (i.e., F(r) = 0 = G(r) and Eqs. (5)
and (18)).

Note that when N ′ = 0 and AB = 1 (as in the Einstein–
Maxwell theory), the field (15) with (18) describes the stan-
dard Coulomb solution [4,6]. Extensions are known in a num-
ber of generalized gravity theories – for example, electric
black holes in Gauss–Bonnet gravity in arbitrary dimensions
with a spherical base space were obtained in [41] (extended
to zero and negative constant curvature in [44]), and with a
more general base space in [42] (see also [43] in six dimen-
sions).

7 Apart from the standard Maxwell theory and its p-form extensions,
this includes, for example, the power-like non-linear electrodynamics
considered in [42,44,45] and models often employed in string theory
such as the Born-Infeld action (cf., e.g., [46] and references therein).
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5 IHS–Kähler base spaces: dyonic 2-form fields and
forms of higher rank

Let us consider the case when n is even and the base space is
both IHS and Kähler. Let us further assume that the Kähler
2-form J is invariant under the isometries of h.8 Examples
include the direct product of identical 2-spaces of constant
curvature S2×S2×· · · and H2×H2×· · · (which are clearly
reducible), or the complex projective space CP

n
2 (compact)

and the complex hyperbolic space H
n
2
C

(non-compact) with
the Fubini-Study metric [49] (which are irreducible), and
direct products of identical copies of those. These examples
also happen to be symmetric spaces [32,33] (see in particular
[33] for a discussion of irreducible Kähler symmetric spaces),
while non-symmetric strongly IHS cannot occur here [17].

5.1 Magnetic p = 2 solutions

One can naturally define a magnetic 2-form field as a constant
multiple of the Kähler form J , i.e.,

F = q J, (19)

which is invariant under isometries by assumption. Thanks
to the well-known properties (in (Mn, h)) J2 = −1 and
∇̃ J = 0, one gets easily

F ρ
μ Fνρ = q2r−2hμν, ∇τ Fμν = −2

r
(kτ Fμν + Fτ [νkμ]).

(20)

Similarly as in Sect. 3, all higher-order covariant derivatives
∇(k)F can thus be expressed only in terms of F, u, k and h,
and can contain only an even number of u.

Therefore, any tensor constructed from ∇(k)R, ∇(l)F and
∇(m)ϕ can be expressed in terms of ∇̃(s) R̃, F, k, h, and
an even number of u, and is automatically invariant under
isometries. Using a result of [17] it thus follows again that
any such symmetric 2-tensor can be written as in (13). It
also follows that, in Mn , d̃ivH = 0, otherwise this would
define a preferred spatial vector in Mn , contradicting the
IHS assumption. This suffices to show that the generalized
Maxwell equation (4) is identically satisfied (since H lives
in Mn). Summarizing, one is left with three ODEs for A(r),
B(r) and ϕ(r) (i.e., F(r) = 0 = G(r) and Eq. (5)).

For example, magnetic black hole solutions of this type
were constructed in Einstein gravity in [22], in Gauss–Bonnet
gravity in [42] (including F4 corrections) and in [43], and in
Lovelock gravity in [12].

8 In a compact (and orientable) space Mn , any harmonic form (thus the
Kähler one in particular) is invariant under motions [47], therefore our
assumption only possibly restricts the case when Mn is non-compact
(see [48] for an example violating this assumption).

5.2 Dyonic p = 2 solutions

Similarly as in the Einstein–Maxwell case [22], one can
superimpose the above magnetic field to the electric one of
Sect. 4 to construct dyonic solutions of the type

F = M(r)u ∧ k + q J . (21)

Here the most general 2-form H that one can construct is
of the form

H = N (r)M(r)u ∧ k + N̂ (r)S, (22)

where S is a 2-form in Mn invariant under the isometries of h.
The field equations are the same as for the purely magnetic
case (19) plus the additional ODE (18). Recall, however,
that when electric fields are present our results apply only to
theories containing only even powers of F (see Sect. 4). See
again [12,22,42,43] for examples in Einstein, Gauss–Bonnet
and Lovelock gravity.

5.3 Solutions with higher rank forms

Similarly as discussed in [23] for the Einstein–Maxwell case,
the above construction can be extended by considering the
exterior product of J with itself m times (with 2 ≤ 2m ≤ n),
giving rise to a magnetic 2m-form

F = q J ∧ · · · ∧ J . (23)

The same argument used in Sect. 5.1 implies again that
any symmetric 2-tensor that one can construct can be written
as in (13). To deal with the generalized Maxwell equation (4),
let us further assume here that (Mn, h) is also symmetric (see
[33] for comments on irreducible Kähler symmetric spaces).
Since any H , by construction, will have only components
in Mn and will be invariant under the isometries of h, it
follows [50] that ∇̃H = 0. This suffices to conclude that (4)
is identically satisfied.

We observe that other magnetic Ansätze for F are also
possible. For example, one can use �-duality in (Mn, h) to
construct a (d−4)-form �-dual to (19), or a (d−2−2m)-form
�-dual to (23). The corresponding H will automatically be
purely magnetic and invariant under the isometries of h, and
therefore again ∇̃H = 0, so that the argument used above
for (23) also applies here.

6 Examples

In this section we provide a few explicit examples of the gen-
eral constructions described in the previous sections for some
particular theories of gravity and electrodynamics (it is not
our purpose here to discuss in detail the physical properties
of such solutions – related discussions for similar solutions
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of the same theories can be found in the references given in
the following).

In all examples the metric will be given by (1), where h
is IHS and normalized such that

R̃i j = (n − 1)Khi j , (24)

which gives R̃ = n(n−1)K . Recall that d = n+2. Coupling
constants of the various considered theories will be denoted
byκ ,α,β,γ andη, and the cosmological constant by�, while
μ will denote an integration constant (in general related to
the mass).

6.1 Einstein-R2 gravity with conformally invariant form
fields

Actions quadratic in the curvature have been studied for a
long time [34,51–54]. The simplest quadratic gravity theory
comprises only the R2 term, for which the field equations are
of the fourth order but still relatively simple [53,54].

6.1.1 Magnetic 2m-form solution

Let us consider Einstein gravity with an R2 correction cou-
pled to a 2m-form in dimension d = 4m, defined by the
Lagrangian density

L = √−g

[
1

κ
(R − 2�) + αR2 − βFμ1...μ2m F

μ1...μ2m

]
.

(25)

It is not difficult to construct a magnetic solution with
A2 = B−2, h taken to be IHS–Kähler (Einstein–Kähler actu-
ally suffices here), and F given by (23). The metric is then
specified by

A2 = B−2 = K − λr2 − μ

rd−3

+ 1

rd−2

κβ

1 + 2d(d − 1)ακλ

q̂2

d − 2
, (26)

where for simplicity we have defined a rescaled parameter q̂
such that Fμν...Fμν... = q̂2r−d . The effective cosmological
constant λ is determined in terms of the coupling constants
�, κ and α by

2� = (d − 1)λ [d − 2 + d(d − 1)(d − 4)ακλ] , (27)

thus generically giving rise to two branches of solutions.9 The
simplicity of this solution is due to the fact that the energy-
momentum of F is traceless, which allows for spacetimes
with constant Ricci scalar R = d(d−1)λ – the field equations
then become effectively equivalent to those of the standard

9 As seen from (26), one has to exclude the fine-tuned case 1 + 2d(d −
1)ακλ = 0, which gives 1 + 8κα� = 0, for which the theory (25)
admits special vacuum solutions (cf. [13,55] and references therein).

Einstein–Maxwell p-form theory [23,24] (up to a simple
rescaling of κ and �). It is thus easy to extend the above
solution to dyonic fields of the form F = M(r)u ∧ k ∧
J ∧ · · · ∧ J︸ ︷︷ ︸

m−1

+q J ∧ · · · ∧ J︸ ︷︷ ︸
m

, similarly as in [23]. An explicit

example for the base space metric is given by a product of
(2m−1) identical 2-spheres of radiusa, which can be written,

e.g., as h = ∑2m−1
i=1

[(
1 − ρi

a2

)−1
dρ2

i +
(

1 − ρi
a2

)
dψ2

i

]
, so

that J = ∑2m−1
i=1 dρi ∧ dψi .

6.1.2 Magnetic 2-form solution

Similar ideas can be used to construct magnetic solutions
of Einstein-R2 gravity coupled to the conformally invariant
non-linear electrodynamics of [45] , i.e.,

L = √−g

[
1

κ
(R − 2�) + αR2 − β(FμνF

μν)d/4
]

. (28)

For this theory, the generalized Maxwell equations are
given by (4) with H = dβ(FμνFμν)d/4−1F. Assuming d to
be even and h Einstein–Kähler, F is given by (19) and

A2 = B−2 = K − λr2 − μ

rd−3

+ 1

rd−2

κβ

1 + 2d(d − 1)ακλ

q̂d/2

d − 2
, (29)

again with (27), where we have normalized FμνFμν =
q̂2r−4. An electric solution can also be easily written down
using the one given for Einstein gravity in [45] (in the purely
electric case h can be any Einstein space, not necessarily
Kähler).

Both the above examples (26) and (29) can be straight-
forwardly extended to more general f (R) gravities, owing
to R being constant (see [56] for electric solutions of the
theory L = √−g

[
f (R) − β(FμνFμν)d/4

]
in the special

case of spherical symmetry). Pure R2-gravity solutions can
be obtained easily taking the limit κ → ∞ in (26) or (29)
(and suitably rescaling � in (27)).

6.2 Gauss–Bonnet gravity with a conformally invariant
2-form field

Apart from R2 gravity, another interesting sector of quadratic
gravity is given by Gauss–Bonnet gravity, which possesses
field equations of the second order and is of particular inter-
est in the low-energy limit of string theory [57]. When it is
coupled to the standard Maxwell theory, electrically charged
and dyonic black holes have been studied in [41–44]. Let us
consider instead a coupling to the non-linear electrodynamics
of [45], i.e., the theory

L = √−g

[
1

κ
(R − 2�) + γ IGB − β(FμνF

μν)d/4
]

, (30)
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where IGB = Rμνρσ Rμνρσ − 4RμνRμν + R2. The field
equations (3) are determined by

Eμν = 1

κ

(
Rμν − 1

2
Rgμν + �gμν

)

+2γ
(
RRμν − 2Rμρνσ R

ρσ + Rμρστ R
ρστ

ν − 2RμρR
ρ

ν

−1

4
IGBgμν

)

−2β

(
d

4
FμρF

ρ
ν (FαβF

αβ)d/4−1 − 1

4
gμν(FαβF

αβ)d/4
)

,

(31)

while in (4) one should substitute H = dβ(FμνFμν)d/4−1F.
Using the metric (1) with the dyonic ansatz (21), Eq. (4)

reduces to (18). Using (7), the Et
t − Er

r component of (31)
gives simply (for a generic coupling constant γ )

(AB)′ = 0, (32)

which without losing generality allows one to take B = A−1

(as in the vacuum case [9]). Using this, the Et
t component

of (31) reduces to

−(d − 3)(d − 2)r2V − 2�r4

+γ (d − 5)(d − 4)(d − 3)(d − 2)κV 2

+γ κC̃i jkl C̃
i jkl

+(d − 2)rV ′ [2γ (d − 4)(d − 3)κV − r2
]

= βκ
[
(d − 2)e2 + q̂2

] (
q̂2 − 2e2

r4

) d−4
4

, (33)

where V = A2 − K . A solution to (18) and (33) is given by
(21) with

M = − e

r2 ,

A2 = B−2 = K + r2

2κγ̂⎡
⎣1 ±

√√√√1 + 4κγ̂

[
λ + μ

rd−1 − κγ̂ Ĩ 2
W

r4 − κβ(q̂2 − 2e2)(d−4)/4

rd

(
q̂2

d − 2
+ e2

)]⎤
⎦ , (34)

where γ̂ = (d − 3)(d − 4)γ , (d − 1)(d − 2)λ = 2� and
(d − 2)(d − 3)(d − 4)(d − 5) Ĩ 2

W = C̃i jkl C̃ i jkl (the constant
e differs by the same symbol in (18) by a numerical factor).
The base space h is even-dimensional and IHS–Kähler (it can
be any IHS if q̂ = 0). If q̂2 − 2e2 < 0, d must be a multiple
of four, while for q̂2 − 2e2 = 0 (i.e., FμνFμν = 0) the
electromagnetic field is stealth.10 The branch with the minus

10 It is well-known that non-trivial stealth electromagnetic p-form
fields are not possible in the standard Maxwell theory in any d-
dimensional Lorentzian space (simply because Tμνuμuν > 0 for any
timelike u, unless F = 0 [58]). See [59] for a discussion of stealth
fields in non-linear electrodynamics in four dimensions.

sign in A2 admits an Einstein gravity limit γ̂ → 0, which
gives rise to a dyonic solution generalizing the electric black
hole of [45]. In the special case q̂ = 0 = Ĩ 2

W one recovers
a solution of [60]. Magnetic solutions for other power-like
electrodynamics have been obtained in [42].

6.3 Einstein–Horndeski theory

Horndeski theory [61] is the most general scalar-tensor the-
ory possessing field equations of the second order in four
dimensions, and has received increasing attention in recent
years. Particular sectors of it have been studied also in higher
dimensions. A particularly simple one (see [62] and refer-
ences therein), coupled to Einstein–Maxwell gravity, enables
us to present explicit solutions in the presence of a 2-form
and a non-minimally coupled scalar field, namely

L = √−g

[
1

κ
(R − 2�) + ηGμν∇μϕ∇νϕ − βFμνF

μν

]
,

(35)

where Gμν is the Einstein tensor.
Similarly as above, in even dimensions we take h to be

IHS–Kähler (Einstein–Kähler suffices) and such that R̃ = 0,
and F as in (19) (with FμνFμν = q̂2r−4). Then the metric
and the scalar field are determined by

A2 = (d2 − 1)R̃2 − 2(d + 1)(d − 3)�R̃r2

+(d − 1)(d − 3)�2r4 − μ

rd−3

+(d2 − 1)q̂2βκ

[
� − d − 3

d − 5

R̃

r2 + d − 3

4(d − 7)

βκ q̂2

r4

]
,

B2 = (d − 2)
r(A2)′ + (d − 3)A2

R̃ A2
,

ϕ′2 = −2�r4 + βκ q̂2

ηκ R̃

B2

r2 . (36)

123
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In four dimensions this reduces (up to electromagnetic dual-
ity) to a solution of [63]. Electric solutions in higher dimen-
sions with � = 0 have been obtained in [64], which by
duality can be transformed into magnetic fields of the form
(11).

A different behaviour is found if one considers again the
non-linear electrodynamics [45] mentioned above. Namely,
for the theory

L = √−g

[
1

κ
(R − 2�) + ηGμν∇μϕ∇νϕ − β(FμνF

μν)d/4
]

,

(37)

one finds

A2 = (d2 − 1)R̃2 − 2(d + 1)(d − 3)�R̃r2

+(d − 1)(d − 3)�2r4 − μ

rd−3

+(d + 1)(d − 3)
q̂d/2βκ

rd−4 [(d − 1)�

+(d − 1)
R̃

r2 − βκ

4

q̂d/2

rd

]
,

B2 = (d − 2)
r(A2)′ + (d − 3)A2

R̃ A2
,

ϕ′2 = −2�rd + βκ q̂d/2

ηκ R̃

B2

rd−2 (d = 4m). (38)

Electric solutions in higher dimensions have been obtained
in [65] (also for more general powers of FμνFμν in (37)).

7 Discussion

We have shown that one can go quite far in constructing
d-dimensional static black holes coupled to p-form and
scalar fields even before specifying the gravity and electro-
dynamics theory one wants to solve. Namely, a generalized
Schwarzschild-like ansatz can be consistently employed to
find d-dimensional static black hole solutions in any metric
theory of gravity (2) coupled to a p-form and a scalar field,
up to adapting the matter fields to the spacetime geometry.
This means that, irrespective of the theory one considers, the
field equations reduce to four ODEs for two metric function,
the scalar field and the electric part of the gauge field. Addi-
tionally, we have shown that this allows one to replace the
standard spherical base space metric by an arbitrary isotropy-
irreducible homogeneous space, giving rise to large families
of static solutions and dramatically enlarging the space of
permitted horizon geometries. Since we arrived at our con-
clusions without the need of specifying the explicit form of
the underlying equations of motion, our results apply to gen-
eral higher-derivative theories, for which constraints on the
horizon geometry may generically contain an arbitrary num-
ber of covariant derivatives of the Riemann tensor. An exten-

sion to the case of multiple gauge and scalar fields can be
worked out similarly.

By extending our previous results for the vacuum case
[13], the present paper presents new results in the direction
of providing a theory-independent characterization of per-
mitted horizon geometries of static black holes. Given a spe-
cific theory, these results can be used as a starting point for
obtaining a full horizon characterization thereof (this may
differ from our conclusions, since certain horizon geome-
tries may be permitted in some theories but not in others,
thus not being universal).

We have constructed examples of our results in a few the-
ories of considerable interest, but the same methods can also
be applied in other contexts. Just as an example, there is a
growing interest also in (higher derivative) modifications of
Lovelock’s gravity such as quasi-topological gravities [66–
71], to which our results also apply.

To conclude, it should be emphasized that physical prop-
erties of the black holes one can construct as described above,
such as their thermodynamics and stability, will in general
depend on the considered theory. Furthermore, while one has
quite some freedom in choosing a IHS metric for the base
space, this may affect the stability of the corresponding solu-
tion (see for example [8] in Einstein gravity).
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44. M. Cvetič, S. Nojiri, S.D. Odintsov, Black hole thermodynamics
and negative entropy in de Sitter and anti-de Sitter Einstein–Gauss–
Bonnet gravity. Nucl. Phys. B 628, 295–330 (2002)

45. M. Hassaïne, C. Martínez, Higher-dimensional black holes with a
conformally invariant Maxwell source. Phys. Rev. D 75, 027502
(2007)

46. A.A. Tseytlin, Born–Infeld action, supersymmetry and string the-
ory, in The Many Faces of the Superworld ed. by M. Shifman
(World Scientific Publishing, Singapore 2000), p. 417–452. http://
xxx.lanl.gov/abs/hep-th/9908105. arXiv:hep-th/9908105

47. K. Yano,TheTheory of LieDerivatives and its Applications (North-
Holland, Amsterdam, 1955)

48. A. Moroianu,Lectures onKählerGeometry (Cambridge University
Press, Cambridge, 2007)

49. S. Kobayashi, K. Nomizu, Foundations of Differential Geometry,
vol. 2 (Interscience, New York, 1969)

50. S. Kobayashi, K. Nomizu, Foundations of Differential Geometry,
vol. 1 (Interscience, New York, 1963)

51. H. Weyl, Gravitation and Elektrizität, Sitzungsber. Preuss. Akad.
Wiss. (1918), p. 465–480

52. C. Lanczos, A remarkable property of the Riemann–Christoffel
tensor in four dimensions. Ann. Math. 39, 842–850 (1938)

53. C. Gregory, Non-linear invariants and the problem of motion. Phys.
Rev. 72, 72–75 (1947)

54. H.A. Buchdahl, The Hamiltonian derivatives of a class of funda-
mental invariants. Quart. J. Math. Oxf. 19, 150–159 (1948)

55. E. Ayón-Beato, A. Garbarz, G. Giribet, M. Hassaïne, Analytic Lif-
shitz black holes in higher dimensions. JHEP 04, 030 (2010)

56. A. Sheykhi, Higher-dimensional charged f (R) black holes. Phys.
Rev. D 86, 024013 (2012)

57. B. Zwiebach, Curvature squared terms and string theories. Phys.
Lett. B 156, 315–317 (1985)

58. J.M.M. Senovilla, Super-energy tensors. Class. Quantum Gravity
17, 2799–2841 (2000)
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