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Analytical modeling of steady state relative permeability
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Abstract

Steady state relative permeability experiments are performed by co-injection of two fluids
through core plug samples. Effective relative permeabilities can be calculated from the
stabilized pressure drop using Darcy’s law and linked to the corresponding average saturation
of the core. These estimated relative permeability points will be accurate only if capillary end
effects and transient effects are negligible. This work presents general analytical solutions for
calculation of spatial saturation and pressure gradient profiles, average saturation, pressure drop
and relative permeabilities for a core at steady state when capillary end effects are significant.

We derive an intuitive and general ‘intercept’ method for correcting steady state relative
permeability measurements for capillary end effects: plotting average saturation and inverse
effective relative permeability (of each phase) against inverse total rate will give linear trends
at high total rates and result in corrected relative permeability points when extrapolated to zero
inverse total rate (infinite rate). We derive a formal proof and generalization of the method
proposed by Gupta and Maloney (2016), also extending the information obtained from the
analysis, especially allowing to calculate capillary pressure.

It is shown how the slopes of the lines are related to the saturation functions allowing to
scale all test data for all conditions to the same straight lines. Two dimensionless numbers are
obtained that directly express how much the average saturation is changed and the effective
relative permeabilities are reduced compared to values unaffected by end effects. The numbers
thus quantitatively and intuitively express the influence of end effects. A third dimensionless
number is derived providing a universal criterion for when the intercept method is valid, directly
stating that the end effect profile has reached the inlet. All the dimensionless numbers contain
a part depending only on saturation functions, injected flow fraction and viscosity ratio and a
second part containing constant known fluid, rock and system parameters such as core length,
porosity, interfacial tension, total rate etc. The former parameters determine the saturation range
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and shape of the saturation profile, while the latter number determines how much the profile is
compressed towards the outlet. End effects cause the saturation profile and average saturation
to shift towards the saturation where capillary pressure is zero and the effective relative
permeabilities to be reduced compared to the true relative permeabilities. This shift is greater
at low total rate and gives a false impression of rate-dependent relative permeabilities. The
method is demonstrated with multiple examples. Methodologies for deriving relative
permeability and capillary pressure systematically and consistently, even based on combining
data from tests with different fluid and core properties, are presented and demonstrated on two

datasets from the literature.

Keywords: Capillary end effects; Special Core Analysis (SCAL); Steady state relative

permeability; Capillary number; Intercept method; Interpretation of Experimental Data

1. Introduction

Relative permeabilities are an essential input to simulation when modeling multiphase flow
processes, including petroleum recovery, carbon storage and liquid invasion in hydraulic
fracturing (Juanes et al. 2006; Jeong et al. 2021). Relative permeabilities describe the reduction
of mobility for a flowing phase in presence of other phases and are modeled as function of
saturation, although the saturation path, wettability, hysteresis, stress and temperature and
viscous coupling can affect them (Anderson 1987; Bourbiaux & Kalaydjian 1990; Andersen et
al. 2020a). Their measurement should hence be performed under conditions close to the
expected process taking place in the reservoir (Sidiq et al. 2017).

Relative permeabilities are commonly measured experimentally using the steady state
technique, unsteady state technique or centrifuge. The steady state technique will be the focus
of this work: It consists of injecting two fluids in different flow fractions (which can include
fractions corresponding to single phase injection) and measuring the average saturation and the
pressure drop over the core at steady state, when production rates and pressure readings have
stabilized. If sufficient time has passed to reach steady state and the saturations are uniform,
Darcy’s law can be applied to calculate relative permeabilities directly (Richardson et al. 1952).
The unsteady state method considers injection of one phase to displace another where use is
made of the transient production and pressure data before steady state is reached to calculate
relative permeability (Johnson et al. 1959). With centrifuge, rotation at high speed allows
calculating relative permeability for the less mobile phase from transient production data
(Hagoort 1980). All these methods are complicated by the presence of capillary pressure. This
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will be discussed only for the steady state method. Relative permeability can also be predicted
from theoretical bundle of tubes models or digital rock models describing flow in representative
porous structures (Nguyen et al. 2006; Valavanides 2018).

In an open space there is no confinement or curvature of the fluid-fluid interface, setting
capillary pressure equal zero at the producing end face of a core or an open fracture in a reservoir
(Leverett 1949). Pressure continuity forces capillary pressure profiles to converge to zero at the
core outlet. Since there is a unique relation between capillary pressure and saturation (when
saturation is changed monotonously) the steady state saturation profile will converge to the
saturation giving zero capillary pressure. This results in nonuniform saturation profiles with
most deviation at the outlet (Richardson et al. 1952). The capillary end effects can impact the
calculation of relative permeabilities (Osaba et al. 1951). End effects cause steady state average
saturation and pressure drop across the core to differ from what their values would be without
end effects. Increasing the ratio of advective to capillary forces suppresses the end effect and
makes the saturations more uniform and in accordance with the injected flow fraction. End
effects can result in and explain apparently rate-dependent relative permeabilities and flooding
behavior, as observed experimentally (Osaba et al. 1951; Rapoport and Leas 1953; Odeh et al.
1985; Henderson et al. 1998; Alizadeh et al. 2007; Jeong et al. 2021). Chen and Wood (2001)
found rate-insensitive relative permeabilities when their in-situ measurements indicated
negligible fluid accumulation at the outlet. Zou et al. (2020) used in-situ imaging of a core plug
steady state saturation profile to calculate relative permeability, but required an independent
measurement of the capillary pressure function. This was achieved both via experimental and
pore scale imaging based techniques. Rapoport and Leas (1953) showed that by increasing the
core length, injected fluid viscosity and injection rate the end effects were less significant.
However, reaching sufficiently high rates that end effects are negligible is not always practical
due to limitations on core integrity, flow rate capacity, pressure reading, flow regime and
unrepresentative mobilization of residual droplets.

By varying the flow rate at a given flow fraction it is possible to assess the importance
of the end effects and correct the measurements to representative saturations and pressure drops.
Gupta and Maloney (2016) found that plotting pressure drop against rate was linear and gave a
constant pressure drop at zero rate associated with end effects. Removing this extra pressure
drop at each rate gave corrected consistent relative permeabilities. Further, they linked the
extent of the end effect profile (how much of the core it covered) to how large the added
pressure drop was relative to the corrected pressure drop. Plotting average saturation against
this ratio could be extrapolated linearly to when the end effect had zero extent. The saturation
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and relative permeabilities obtained from these linear extrapolations are corrected for end
effects and based on where the lines intercept. They hence called this the intercept method.
Their main assumption was that the end effect saturation profile was limited to within the core.
No relation was made to physical system properties, flow conditions or saturation functions.
Their assumptions were mainly justified by numerical and experimental examples, rather than
theory. A review of the intercept method was given by Reed and Maas (2018).

Andersen et al. (2017a) derived explicit analytical solutions for water flooding with end
effects assuming specific saturation function correlations. They derived the intercept method
theoretically, expressed using that average saturation and pressure drop divided by rate behaved
linearly with inverse rate. They found how the saturation and pressure line slopes were related
to input parameters of saturation functions. A capillary number was found determining the
linear behavior with a critical value of 1 determining when the linear behavior was valid. They
also could predict behavior when the end effects were outside the core. The model was validated
experimentally by Andersen et al. (2020b) to determine both water relative permeability and
capillary pressure. Huang and Honarpour (1998) also considered the waterflooding case, but
under different saturation function assumptions. Their solutions were implicit, but could be
used to correct end point relative permeability. Andersen and Zhou (2020) considered co-
injection tests under the constraint of linear saturation functions and derived a capillary number
incorporating all system parameters including the saturation functions. Virnovsky et al. (1995)
demonstrated how sensitivity in average saturation and phase pressure drops to injection rate
were analytically related to saturation functions. Andersen et al. (2020b) and Santos et al.
(2021) history matched relative permeability and capillary pressure from multi-rate tests. It has
also been demonstrated that saturation functions can be determined from co-current
spontaneous imbibition experiments by varying the viscosity ratio systematically (Andersen et
al. 2019; Andersen 2021).

In this work we present mathematical relations describing end effects during steady state
tests from fundamental assumptions and derive general conclusions regarding saturation
profiles, parameters that affect saturation profile shape or just compress the profile, the intercept
method, scaling and dimensionless numbers.

Calculating effective relative permeabilities with Darcy’s law from data with end effects
will be inaccurate, but combining such data from different total rates can allow accurate
prediction. We derive a more intuitive and more general intercept method compared to the work
of Gupta and Maloney (2016) based on established assumptions in core scale multiphase flow
simulation. We show, for given fluids and injected flow fraction but varied total rate, that
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plotting steady state average saturation and inverse effective relative permeability against
inverse total rate yields straight lines (at high total rates). The lines result in correct relative
permeability and saturation points for that flow fraction when extrapolated to zero inverse total
rate (infinite total rate). It is shown how the slopes of these lines are related to the saturation
functions, allowing us to scale all data universally to the same straight lines. Two dimensionless
numbers are obtained that directly express when end effects become important and how much
in terms of how much (a) the average saturation is changed and (b) the effective relative
permeabilities are reduced compared to values unaffected by end effects. A third dimensionless
number is derived with a critical value of ~1 as a universal criterion for when the linear trends
with inverse total rate (the intercept method) begin. The critical value is directly reflecting that
the end effect profile has reached the inlet end of the core. When the profile extends beyond the
inlet, the trends become nonlinear. All the dimensionless numbers are divided into a part
depending on saturation functions, injected flow fraction and viscosity ratio and a second part
containing constant known fluid and rock parameters such as core length, porosity, interfacial
tension, etc. Methodologies for deriving relative permeability and capillary pressure
consistently, even based on combining data from tests with different fluid and core properties

are presented and demonstrated on two datasets from the literature.

2. Theory

2.1. Transport equations
The mathematical description of 1D incompressible and immiscible flow of oil (o) and water
(w) in a porous homogeneous medium under negligible influence of gravity is given by mass

balance and Darcy’s law, respectively:

ds; ou;
1 g e -
@) ar - ox d=ow
_ dp; _ ki .
(2) u; = Kll Ox , Ai = o , (l = O,W)

¢ Is porosity, s; saturation of phase i = o, w, u; Darcy velocity, K absolute permeability, 4;
mobility, k,; relative permeability, p; viscosity and p; pressure. The saturations are dependent

due to volume conservation, and the pressures are related by the capillary pressure function:

(3) SwtSo =1, Do — Pw = P:(sy)
The total Darcy velocity u; is defined as:
4) op opP,
Ur = Uy + Uy = —KATa—;C”—KAOa—xC




163  Also, A7 is the total mobility, given by:
®) Ar = 2o + Ay
164 It follows from adding the transport equations in (1) that:

Jurp
6 —_— =
(6) 7 =0
165  The water phase equation can then be expressed with variables ur, s, as:
ds du
7 W _ W
() Jat 0x
dP,
(8) Uy = Urfy + KAofy a_xc
166  where f,, is the fractional flow function defined by:
Ay
©) fw = PR
167
168 2.2. Boundary and initial conditions

169  Water and oil are injected simultaneously at the inlet x = 0 with a water flow fraction F (the
170  water fraction of the total injected flux) and a total Darcy flux u; (Figure 1):

(10) F= uw(x =0) _ uw(x =0)
T u,(x=0)+u,(x=0) Ur

171  The injected water flux given u; and F is then:
(11) u,(x =0) =usF

172 The water flux (and that of oil) is composed of both an advective and capillary component, see

173 (8). Hence, F does not correspond to f,, unless the capillary pressure gradient can be ignored.
174 From (8) we write this boundary condition as:
(12)

L dP, B
uw(x - O) - quw + Kﬂ-ofw ax 0 - uTF
xX=

175  The outlet boundary condition is described by a zero capillary pressure (Leverett 1949), which

176  corresponds to a fixed outlet water saturation:

(13) P.(x=L)=0, sw(x =1L) =s.]
177 where by definition P.(s;") = 0.
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Figure 1 lllustration of the system including flow and boundary conditions, a typical end effect region and
the relevant saturation interval at steady state. s, denotes the saturation where capillary pressure is zero,

while s!, denotes the saturation where the flow function f, vequals the injection flow fraction F.

2.3. Steady State

At steady state we have no changes with time in the system, i.e.:

(14) ds; op; .
at — Y, at _01 (l—O,W)
The phases are non-uniformly distributed due to the balance between advective and capillary

forces. Given that time is not influential at steady state; in the following, water saturation and
water pressure will be taken as functions of spatial coordinate alone: s,, = s,,(x) and p,, =

pPw(x). (7) can then be written as:

du,,

o Hut ()

At steady state the fluxes are uniform, i.e. the same amount of water and oil passes through

every cross section, however the saturations and velocities can differ. Setting the water flux
uniformly equal to that at the inlet, see (12), gives:

(16) uy, =urF = urf, +K (xlofw %)
Using that % = zsi;%”, we can solve (16) with respect to the saturation gradient:
ds,, _ ur(F = f,)
(17) dx AL, %

The water saturation gradient is thus dependent on the two phase mobilities, the capillary
pressure curve, the injected water flow fraction F and the injection flux u;. We can further
introduce the interstitial total velocity, vy, and dimensionless Leverett J-function (Dullien
2012):
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(18) Ur = d)vT' Pc = O-ow\[%](sw);

which results in:

¢
(19) dSW — vT\/% (F - fw)

W G fh, gL
w

The above equation can be integrated to find the saturation distribution starting from
sw(x = L) = s.. The saturation gradient will be nonzero until a saturation s7, is reached such
that:

(20) fu(si) =F

after which the saturation remains stable at sJ,. This is the state corresponding to negligible end

effects. s/, is found by solving (20). The pressure gradients of oil and water at steady state
follow from (2) combined with (16):
dpw uTF dpo uT(1 - F)

21 Pw 21T S
1) dx Ka,’ dx K2,

The above corresponds to Darcy’s law, where the water and oil fluxes are constant equal to u,F
and u;(1 — F) and the mobilities vary along the core according to the steady state saturation
distribution found from (19).

2.4. Scaled saturation profile
2.4.1. Derivation
Assume a domain where every saturation has a unique position. Equation (19) can then be

solved by separation into a space coordinate integral and a saturation integral:

T sw [ fwho (sw) fiho 7| (S")
o | g plele. g,

Although the former integral is trivial, the latter in most cases requires numerical methods. Note
that the latter saturation integral above has been expressed using normalized saturation S which

provides the following relations:

Sy — S
(23) S:—WAS WT, As, =1—5, — Sy
w
ds sél g
24 ds, = —2=dS = As,,dS, S, =—2—"
(24) Sw =S Sw «a= " ps,
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dj _dj ds

The parameters s,,,,, s,,- denote the critical saturations of water and oil, respectively, where their
respective relative permeability is zero. As,, denotes the magnitude of the mobile saturation
interval. S, is the normalized saturation where capillary pressure is zero.

Note that the terms f,, and f,, 1, can both be written as functions of viscosity ratio, and

that the latter term is inversely proportional to the geometric mean of viscosities:

U 0.5
w ] w’to — 0.5
o + (B2 ke, Wott)®® ke, + (22) ko
From this it is convenient to introduce the notations:
()
L |zu
27) y L—x Ur \/; m os
Y === , N, = _— — .
L L 0 O-ow .um (.uoﬂw)

N, is a dimensionless capillary number (ratio of viscous to capillary forces) containing static or
single phase flow parameters. This number is fixed if the same fluids, core and total rate are
considered. N, > 0 since vy > 0 (flow in x-direction towards outlet). This leads to the solution

form of interest:

1 (S Um|fwho 7<|(S)
(28) O 1[: fdé]) '
Seq w

which is valid for all S between S,, and S,.. S, is the normalized saturation obtained at the flow

fraction F without end effects:

r

Sw — S
2 — w wr

2.4.2. Shape characteristics

Consider two saturations Sy, S, with positions given by (28). Their relative position is given by:

o o Z s
v(s) Js. Fo Lo &
Y(S)

as’

)

(30)

ds’

fsl fw (0] dS (S,)
Seq F — fw S’ )
This indicates that only the saturation functions, viscosity ratio and injected fraction determine

the shape. The parameters in N, will affect how compressed the profile is, but not its shape.
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2.4.3. Length and range of end effect region
Based on the previous notation (27) the saturation gradient can be written from (19) as:

ds F—f,
(31) av- N——g = a(S)(F — fw)
.umfw/lo ﬁ
Assume first that two phases are injected simultaneously (0 < F < 1) which means S,. ¢ {0,1}.
Further, consider saturations far from the outlet Y > 0. The coefficient a(S) = — fN")l
Hmlwhogg

0 will then obey 0 < ay < a(S) < a; for some finite limits a,, a;. As distance from outlet
increases the saturation will approach S,. according to the following Taylor approximation:

JY = 1 ds 1 dsS
(32) B a(Sr) (F - fw) (S )dfw | (Sr - S)

Y will increase when S — S,.. We have considered a saturation region sufficiently close to S,
that  and % can be considered constant as if evaluated at S,. Assume a saturation S* in that

region with a finite difference from S,. We integrate (32) and find that the spatial distance

between the two saturations is infinite:

Y(S)-Y(S) =-

S.—S
1imln< r ):

33 . — G
(33) als, )dfw |STS Sr S, —S

S, is only reached at infinite distance, in other words, it takes an infinite distance for end effects
to vanish. This was exemplified by Andersen and Zhou (2020) for the special case of linear
saturation functions, but is now proved in general.

On the other hand, assume single phase injection as given by F € {0,1}, which also

implies S, € {0,1}. The term f,, 4, % is the saturation dependent part of what is referred to as

the capillary diffusion coefficient. It has parabolic shape and equals zero (only) at the points

S = {0,1}. Assume scaled saturations S approaching S, and evaluate the saturation gradient:

ds - ) ik
-1 w/ _ -1
(34) dy ISr NO.um hr?T f d] NO Hm }E?T (f 1 ﬂ) .
w0 qs ds\Jw?ods
As both nominator and denominator in the first limit approach zero, we have applied
fw

L’Hopital’s rule. There exist parameter choices where —= could be zero or nonzero at the end

points; using Corey relative permeabilities with exponents greater than 1 or equal to 1,
respectively, will give such behavior. Andersen et al. (2017a; 2020b) showed that the use of

Corey-type functions for both relative permeability and capillary pressure resulted in a finite
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length end effect. Huang and Honarpour (1998) on the other hand used Corey-Burdine
equations and obtained an infinite length.

The above derivations and examples show that the end effect will always have infinite
length when two fluids are injected simultaneously. During single phase injection, the end effect
will have either infinite or finite length depending on the saturation function correlations. We
will however show that regardless of injection conditions and saturation function correlations
we can define a practical length which produces the same results as if there was a finite length,
and thus the intercept method can be derived. The intercept method was originally derived
based entirely on the assumption that the end effect did not exceed the length of the core (Gupta
and Maloney 2016). It was found from several numerical examples that although the position
of the saturation S,. extends to infinity, key saturation integrals converged as the integral limit
approached S,..

We have demonstrated the validity of the continuous saturation profile (28) from S, to
S, where a unique relation exists between Y and S. However, if S, is finally reached at a specific
Y(S,), as can happen for the single phase injection case, all Y > Y (S,.) will have a constant
saturation S,. which is necessary to account for as it impacts calculations of average saturation

and pressure drop.

2.5. Dimensionless numbers based on cumulative end effect profile
Consider for simplicity that the porous medium extends infinitely beyond the core length Y =
1 such that saturations between S,, and S, have specified positions Y (S). The area between the
straight line S = S,. and the graph Y (S) represents the cumulative amount of phase trapped by

end effects as measured in displaceable pore volumes, n4,,,.

AP
Sr 1 Sr S Um fw’lo_ (S)

The absolute sign on dS in the outer integral is used to produce a positive value regardless of

:Seq Seq Seq

whether S, is larger or less than S,.. As an example, if S, = 0, S,, = 1 and Y(S) = 1 (all the
saturations 0 < S < 1 are positioned at the inlet end of the core), the area is 1 meaning n,,, =

1. Whether the end effects have impact on the system will depend on how far the saturation
profile is deviated from S,. throughout the core. ng,,, unfortunately cannot distinguish whether

the accumulated phase is located within the core or not, but is a strong indicator of impact if the
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end effects are known to be within the core. The average length Y,,, of the end effect profile (in

core lengths) is:

a1 ;o
1 Sr 1 1 (S (S tm|fwhog<|(S)
(36) Y,, = J Yds = ———f  [fote dS], ds'ds.
Sr - Seq S=Seq Sr - Seq NO S F— fw(s )

If Y,, = 0 there are no end effects while if Y,,, = 1 the end effects are sufficiently strong to

=Seq Y Seq

have a profile with average distance equal the length of the core. The saturation profile is
nonuniform. Especially, the profile is locked at Y = 0 at S, so the saturations closer to S, have
distances greater than Y,,. Assume the profile Y(S) is approximated by an n’th order

polynomial ¥ of S, such that Y,,, is preserved and ¥(S,,) = 0:

37) 7(S) = Vayn + 1) (SS —a )
r eq

For n = 1 the profile is linear while larger n give the profile more curvature and results in the
end effect region to terminate at position Y,,,(n + 1):
(38) Yeee = 7(51*) =Yg (n + 1)

The parameter n can be selected to fit typical profiles or given an assumed value, but will be
assumed fixed.

Napy and Y., are dimensionless capillary numbers expressing in different forms the
ratio of capillary to viscous forces. They are derived from physical considerations and uniquely
combine any set of system parameters, including the saturation functions. Large values > 1
indicate strong end effects, low values « 1 indicate negligible end effects and values of
magnitude =~ 1 are expected to give a transition in behavior. Especially, when Y., ~ 1 the end
effect profile should exactly reach the inlet. The two numbers are related by:

n+1
|Seq_5r|

(39) Yeee = Napy > Napy

Whether the end effects are limited to within the core or not is essential to the derivation of the
intercept method (Gupta and Maloney 2016; Andersen et al. 2017a, 2020b; Andersen and Zhou

2020), suggesting Y., = 1 to be a criterion for when the method is valid.

2.6. Average saturation
2.6.1. General definition
In the following it will be assumed that the saturation profile extends to infinity, i.e. either co-

injection is considered or we have single phase injection with a proper combination of saturation
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functions. The following spatial integrals are independent of this assumption, but their
conversion to saturation integrals are not.

The core average saturation follows from integrating the saturation along the core. The
integral can be converted into a saturation integral evaluated from the scaled outlet saturation

S€4 to the scaled saturation S; at the inlet Y = 1.

dj
_ (! St dy 1 (St MmfwhoTc
(40) S:f S(Y)dY:f S—dS = — — g mwreds
Y=0 5=Seq ds No 5=Seq F— fw
In the above we have applied:
dj
(41) d_Y _ _i.umfw/loﬁ
dS~ N, F—f,

which follows from (31). The inlet saturation S; is unknown and depends on the extent of the

saturation profile. It is found by solving the equation Y(S;) = 1, equivalently:

1 (Silm [fwao Cﬁil_é] (S’) d
N_O F _fw °

As seen, §; depends on N, S, and the saturation functions. Especially, the saturation at this or

(42) 1=—

!

Seq

any other specific location will depend on both the general profile shape and how compressed

it is (the magnitude of N,).

2.6.2. Intercept method
Assume now the saturation profile is approximated by introducing a saturation S* such that:
43) §*=5.(1—¢€) + Seq¢, 0<e<l1

for some small € where:

1 (St [fudo S| (5
N_of F—fu(S))

(45) S$=5, (Y >Y(59))

(44) Y(S) = — ds', (Y <v(s»)

Seq

In other words, at a given fraction (1 — ) of the saturation interval between S, and S,., at a
saturation S sufficiently close to S,.: the (infinite) end effect saturation profile is approximated
to a finite end effect saturation profile stopping at Y (§*). At greater distances there are assumed
no end effects, S = S,.. The closer S* is to S, the better is the approximation. Further, assume
that the length of the end effect is within the core: Y(S§*) < 1. This distance will be called Y*.
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There is then a corresponding distance 1 — Y* at the inlet without end effects. The average
saturation in the core under such circumstances can be described by:
(46) S=SY"+S5.(1-Y",

47) Y* =

L (St [fudo S| (5
‘Mf F~fu(8)

S* is the average saturation in the end effect region (0 < Y < Y*) and the position Y* is known.

Seq

By considering the saturation profile between S, and S* we find the average saturation in that

interval S*:
d
* . S* Hm [fw/lo d_é] (S)
N 1" 1 (° ay SeqS F—fy ds
Vv V' Jses., dS b [fiho ] (57)
e el
Sea F— (S

As seen the average saturation S* in the end effect region is only a function of the saturation
functions, flow fraction and viscosity ratio and not the parameters in N,. The average saturation
S in the core however varies linearly with Y*, the fraction of the core covered by end effects.
Gupta and Maloney (2016) assumed this and verified it by running numerical simulations, but
did not make a formal proof.

From the definition of Y* and $* in (47) and (48) we can write (46) as:

dj

_ S* U f A —Z
(49) $=5 +— (S, — S)";W_—;dsds

showing that the average saturation is linear with the inverse capillary number where the slope

IS a saturation integral and the intercept is the saturation without end effects.

The combination of the saturation integrals in (47) and (48) to one makes the final
integral in (49) less sensitive to the choice of S* and we can in fact let S* — S,.. We then get a
more correct (and less subjective) slope since at higher capillary numbers more of the profile
will be within the core and should be accounted for.

The average (absolute) saturation can then be expressed as linear with the inverse
capillary number 1/N, with a saturation term slope C, and, by expanding the capillary number

expression, proportional with inverse velocity:

o 1
— S ow
Sw =Sy +— =5y, + Cs

Ny Ur
L\/% Hm

(50)
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Sr

(51) C. = As j
S w S=Seq F _ fW

Sw=Sy,

dj r Y
u f Ao Tc Sw Hm
(S, — §) 45 gg =] (5T, — Sw) —— L
eq

The intercept is the corrected saturation without end effects s/,.

2.7. Pressure analyses
2.7.1. Gradients

The pressure gradients of oil and water can be expressed in terms of the scaled distance from

the outlet:
dp,, Lovru,, F
(52) Pw _ _Lovru 0
dY Kk, (S())
d Lovru,(1—F
(53) Po _ Lopvrp,(1—F)
ay Kk, (S(1))

2.7.2. Pressure drop

We define the pressure drop of a phase as the pressure at the inlet minus that at the outlet. We

obtain these parameters by integration of the pressure gradients, expressed either as integrals

over the positions of the core or saturation integrals, where we make use of knowing the

saturation profiles:

1 Lpvrum, fsl 1—-fwd
54 Apy,, = —— F —ds
(54) Pw="N, K o F — f, dS
1 Lovrpm U fw d]
55 Ap, = —— 1-F ——dS

Assume for comparison that there were no end effects such that the pressure gradients (52) and

(53) are constant and evaluated at S,.:

d L F
dy ref Kkrw (Sr)
d L 1-F
(57) <ﬁ> _ v —F)
ay ref Kkro(sr)
Integrating from Y = 0 to 1, the corresponding pressure drops are:
L(pUT.uwF
(58) Ap =—=>0,
eref KkT‘W (SI‘)
_ L(va.uo(l B F)
(59) Apo,ref - Kkm (Sr) > 0.

From the definition of S, we have that f,,(S,.) = F which can be expanded to
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kTW (ST') _

60 — - - F
(%0 A 5))
and equivalently expressed for the oil phase using 1 — f,,(S,) = 1 — F, we have:
kro(Sy)
61 — " =1-F
1 koA ()

The two equations are both related to the total mobility and can therefore be combined:

pwF  po(1—F) 1
kT‘W (SI‘) B kT‘O (Sr) B /17' (Sr)

We thus see that the phase dependent terms in (56) to (59) are equal which implies that the

(62)

phases have identical pressure gradients and pressure drop over the core in absence of end

effects:
dp; d Lopv
(63) (ﬁ) _ (_P) _ _Lovr
ay ref ay ref K/lT(Sr)
. . Lpvr
(64) Api,ref - Apref - K/lT(Sr)

We then also obtain identical phase pressure gradients once considering positions adequately
far from the end effect zone. The ratios of pressure drop with end effects to pressure drop
without end effects are:

(65) Apy, _ _ikrw(sr)ﬂm fSI 1—fw ﬂds >0
Apref Ny Hw seqF_fwdS

(66) Apo 1 kno(S)Hm fs1 [ P
Apref Ny Ho SeqF_fwdS

It is seen that N, controls the impact of end effects on pressure drop for each phase, with the
exception that the geometric viscosity in N, is replaced by the phase viscosity (since Ny « ;).

Of most interest from the pressure measurements are the data corresponding to the
relative permeabilities without end effects k,;(S,). Assume that an ‘effective relative
permeability’ k,; is calculated based on the measured pressure drop and injection conditions by
direct application of Darcy’s law. On the other hand, the ‘true’ relative permeability without

end effects k,.;(S;) would be obtained if the pressure drop was Ap,..¢. This is related as follows:

(67)

ki (Sr) =

The ratio of pressure drops is then directly related to the ratio of relative permeability estimates:

(68)

LovrpF; P = LovrpF;
KApref , m KApi
Ap; _ ki (Se)
Ap?"ef ki
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This implies the effective relative permeability approaches the true relative permeability when

Ap; approaches Ap,..; at high rates (small end effects):

T Apref
(69) kyi = ki (Sy) A

If the pressure drop is higher with end effects (% < 1) this leads to underestimation of the

Pi

relative permeability (Eri < kri(Sr)), and vice versa.

2.7.3. The challenge of missing phase pressure data and its solution

Under normal circumstances we do not have access to the pressure drop of both phases, but
measure only one phase pressure drop across the core. Virnovsky et al. (1995) state that during
imbibition injection the pressures at the outlet are continuous, however only the nonwetting
phase is continuous with the surroundings at the inlet. The experimentally measured pressure
drop is therefore that of the nonwetting phase. Special inlet designs allowed pressure continuity
and measurement of both fluid pressures (Virnovsky et al. 1998), but they are not common. An
important question is then whether the available pressure drop still gives meaningful data to
calculate the other phase’s relative permeability. Assume therefore that for a given phase the
effective relative permeability is calculated using the pressure drop of the other phase. (67) is
then modified to:

Lovrp;F; ~ Lovru;F; .
70 k.i(S)) = ——, = —, #i€o,w)
( ) Tt r KApref Tl KAp] (]
such that:
k.i(S:)  Ap;
71 — = , |+ 1€ o0,w)
(71) ki Apyef G

Since Ap; approaches Ap,..r when end effects are negligible the correct relative permeability is

still obtained, although the effective estimates with end effects are different when using the

pressure drop of the other phase.

2.7.4. Intercept method
Again, assume the saturation profile is divided into a region 0 < Y < Y™ with end effects and a
region Y* <Y < 1 without end effects where S = S,., as described before, where S(Y*) = §,..
Particularly, the end effect region is within the core and there exists a region without end effects.
By integrating the pressure gradients over each interval, the pressure drops of each phase are:
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(72) Ap,, = LovruyF _ Hm fs 1- fw ﬂ 1-Y"
v K Nopy S=Seq F— fw as krw(Sr)
(73) Ap, = L(l)vTﬂo(l - F) . HUm fs fw ﬂdS + 1-Y"
? K Nouo S=Seq F— fw as kyo (Sr)

Dividing the pressure drops Ap; ., With the reference pressure drops Ap; (obtained with no end

effects) and using the definition of Y* from (47) we can express the result in the following form:

. dj
A 1 $ (1-fw e
(74) Pw = _.u_m [krw - krw(Sr)] —WdS ds
pr,ref No pyy S=Seq F—fw
(75) A 1 s d
Po__ g tEm (Mg k12 Las
Apo,ref NO Ho Seq F— fw ds

Again we note that the updated combined saturation integrals are

less sensitive to S$* and we

can let S* — S,.. For both phase pressure drops scaled by the reference pressure drop, the result

is linear trends with the inverse capillary number corrected for the phase viscosity times a

saturation integral slope termed C,, and C, for the respective phas

number shows that the relation is linear with inverse total velocity.

es. Expanding the capillary

Apy, 1 Tow 1
=1+ Co=1+C —
(76) pr,ref NO (M—W) v v ¢ Ut
Hm pwl K
77 Ap 1 o, 1
" Apofef”]v(&)c"z”c" 5 o
’ O \tm L K Ho
The saturation term slopes are defined as:
d
S 1-f) %
Cyw = f [krw — krw (Sp)] ?dS
S=Seq w
(78)
% (=) g
= — r _—
J b = o S s,
(79) d , 4
Sr fW % Sw fW dSW
Co = [kro — Kro (Sr)] F ds = [kro — Kro (Sr)] F dsy
Seq - fW sw=squ - fW

Equivalent to (68) we can use (76) and (77) to express the relations between effective and

corrected relative permeabilities:
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80 LIS N P U Sy PR S P .
(80) B G|y () | TGO
m - K w
(81)
S S U S S PO
Ero kro (Sr) N, (%) ? kro (Sr) ° L 9# Vr
m - K (o]

which shows that if we plot the inverse of effective relative permeability against inverse
capillary number or inverse velocity, we get a straight line trend with intercept at the ‘true’
relative permeability of each phase.

When calculating effective relative permeabilities for a given phase based on its own
pressure drop data, we have shown that the intercept method follows where the inverse effective
relative permeabilities plotted against inverse rate converge linearly to the correct inverse
relative permeability without end effects. Assume now therefore that for a given phase the
effective relative permeability is calculated using the pressure drop of the opposite phase. As
shown in (71) this is directly related to that phase’s normalized pressure drop and combined
with (76) and (77) we obtain:

) 11 'Apol_ L DU S
Erw Krw (St) | ADres Krw (Sr) N, (&) ©
Hm
1 1 [Ap, l 1 1
( ) kro kro (Sr) _Apref kro (Sr) NO ('u_W)
Hm

We have thus demonstrated that the intercept method still holds: the inverse relative
permeability is linear with the inverse capillary number and converges to the correct inverse
relative permeability. However, the slope of the linear data will correspond to the phase with

continuous pressure.

2.8. Single phase injection
An important special case is single phase injection (fractions F equal 0 or 1) which is used to
determine critical saturations and relative permeability end points. As before, average saturation
is determined by (50). The relative permeability of the phase not flowing cannot be determined
directly, but will by definition be zero at steady state for the corrected saturation sJ,. We now
measure the pressure of the injected phase and its relative permeability is estimated using (80)

if water is injected and (81) if oil is injected.
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3. Results and discussion

Average (normalized) saturations can be calculated for any flow conditions based on (40) where
the inlet saturation S; is determined from (42). Absolute average saturation then follows using
(23). Pressure drops are calculated from (54), (55) and reference pressure drop from (64).

For mixed or unknown wettability, at a given flow fraction, the less-wetting phase can
be identified as the phase whose saturation increases upon increased injection total rate. The
measured pressure drop at that fraction is then associated with the less wetting phase. From our
model we therefore choose to only report the non-wetting phase pressure drop.

Effective relative permeabilities are calculated based on the nonwetting phase pressure
drop. These data are valid under any flow conditions and can be compared directly with steady
state solutions from any commercial simulator. In our case the nonwetting phase is oil and we
use (67) for effective oil relative permeability k,, and (70) for effective water relative
permeability k,,. An important exception is water flooding where the capillary pressure
becomes zero or negative along the core and water will have higher pressure drop than the oil.

In addition, the analytical solutions corresponding to the intercept method are presented.
They are valid only at high rates and will expectedly differ from the general solution at low
rates. Selected effective relative permeability points are also calculated based on Sendra
v2018.2.5 for validation.

3.1. Input data
Reference case input parameters are displayed in Table 1. As indicated, the oil-water flow
parameters were based on measurements from Kleppe and Morse (1974) from a Berea
sandstone core. Correlations with sufficient parameters to match the data were selected, such
as the Andersen et al. (2017) J-correlation for scaled capillary pressure and an extended Corey
correlation (Brooks and Corey 1964) for relative permeability with Corey exponents linearly

dependent on saturation.

J1 J2
S) = —~ =+
(84) /) (A +k ™ (14 k,(1-5))" J:
(85) krw = krw(S)™,  kpy = kyo(1—S)™
(86) ny = nwls + nwz(l - S): ny, = nols + noz(l - S);

All the functions were expressed using the normalized saturation S from (23). The J-function

derivative, which is central in the solution is easily evaluated explicitly as:
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(87)

a

Jinaikq

Janzk,

as — _(1 + k S)m+1 - (1 +k,(1 _S))n2+1

The relative permeabilities and scaled and unscaled capillary pressure can be seen in Figure 2

comparing correlations with the experimental data. Fractional flow functions with three choices

of oil viscosity are shown in Figure 3.

Table 1 Reference input parameters in the simulations. The parameters are based on Kleppe and Morse

(1974). To scale the capillary pressure, interfacial tension was assumed to be 21 mN/m. The core length

was assumed to be 10 cm.

Saturation
Constant _
function
parameters
parameters
290 mD A 1.1490 krw 0.07 Swr 0.30
0.225 I 0.1549 ki, 0.75 Sor 0.39
10 cm I3 0 N1 6 sl 0.61
Oow 0.021 N/m kq 0.994 Nz 25
T 1.0cP k, 65.0 Nyy 2
Uo 2.3cP n; =n, 3 Nyy 0.5
08 @ 0.07 127
0 7\_\ kro corr f \ 120
: N O  kroexp /10.06 gl \ J corr (-)
(& krw corr \ O Jexp ()
0.6 \ Ok \ % Pcexp (kPa
o \ — | {0.05 (€2) o
'\\\ -.)." " 08¢ \® 15 i_
- 057 \ g ) g
g f_,'\\__.. 10.04 E =l })\_\ 8
@ ) a9 \ @
Q04 \C_J | T o 067 N L
3 ._ - S \ 110 &
; 10.03 g '-i_—) ,\@\ g
O 03¢ ) © o =
(\_\ = 04¢ \\\ 3
\ 10.02 N O
0.2 \;? e Is
\/ 0.2+ T~
0.1 \‘Q 10.01 ~
0b——o—a— O S8 0 : : o
0.3 0.4 05 0.6 0.3 0.4 0.5 0.6

Water saturation sw, -

Water saturation sw, -

Figure 2 Input saturation functions based on Kleppe and Morse (1974): oil and water relative permeability

(left) and scaled and absolute capillary pressure (right). The experimental points are shown together with

the correlations based on (84) to (86).
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Figure 3 Fractional flow functions f,, for different oil viscosities (the base value of 2.3 cP and increased

values 5 and 25 times higher) against water saturation in lin-lin plot (left) and semilog plot (right).

3.2. Validation

The analytical solution was validated by comparison of results with full transient numerical
simulations from the commercial software Sendra v2018.2.5. This program solves the flow
equations fully implicit. The core was discretized using 500 grid cells to capture steep saturation
gradients. At each injection condition the program was run until a visibly flat production profile
was observed, indicating steady state.

Using the base case parameters, two flow fractions are considered: F = 0.50 and F =
0.05 and injection rate is varied for both cases using 0.1, 1, 10 and 100 pore volumes per day
(PV/d). The resulting steady state saturation profiles are shown in Figure 4 comparing the
analytical and numerical solutions. For comparison, the saturation integrals in the derived

methods were calculated using 10 000 saturations in the interval between S, and S, sufficient

eq
for the integrals to converge.

For all rates and flow fractions the saturation distribution solutions from the analytical
solution (28) and the commercial software (Sendra) overlap, verifying our procedure. All the
saturation distributions approach the saturation s;,? = 0.61 at Y = 0. For a given flow fraction
the saturation distributions approach the saturation sy, such that f,,(sy,) = F. Considering
Figure 3 we see that when F = 0.5 and F = 0.05, then s, = 0.545 and s;, = 0.475,
respectively, which is consistent with the profiles in Figure 4. For high rates the distributions

stabilize at s;,, within the core a certain distance from the outlet. For low rates (such as 0.1 PV/d
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in these examples), however, the capillary forces dominate and shift the saturations towards s’

and no saturations in the core are close to sJ,. Direct application of Darcy’s law to calculate

relative permeability at steady state assumes s, (Y) = s}, which we see is only reasonable at

very high rates.

0.61 ¢
(a) F =0.50 — e 0.1 PV/d
0.6 '\ R 1PV/d
. BN 10 PV/d
0500 N\ e 100 PV/d
o T ———— 0.1 PV/d (Sendra)
c T -
__g 0.58 |- - 1 PV/d (Sendra)
® 0 e 10 PV/d (Sendra)
2 T —~—— ————100 PV/d (Sendra)
$ 0.57 |- i
5 | [ e
@© —
2 0.56 -
|
055/ e S B B
054 | | 1 1 1 1 1 1 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.6 (b) F =0.05
058
c%_ \ -H.-."-""--._,_____' o
- 0.56 | Bt S
S ' I
% | —
5054
= .
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0.5 f R e
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Figure 4 Validation of the analytical model by comparing results from the analytical solution and a

commercial software (Sendra) at high (a) and low (b) injected fraction (F = 0.5 and 0.05, respectively) at

different total injection rates, as indicated in the legend, measured in pore volumes per day.

3.3. Profile shapes

The analytical solution predicts that variation of N, only compresses or expands the saturation

profile as long as the saturation functions, viscosity ratio and flow fraction are not changed, see
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(44). This is demonstrated by varying the core length L, mean viscosity u,,, total velocity v,
and permeability K (which all are directly involved in N, see (27)) around the base case with
F = 0.05 and rate 1 PV/d to give same change in N, (an increase of N, by a factor 5). The
corresponding saturation profiles are shown in Figure 5a together with the reference case. As
expected, all the parameter variations increasing N, by the factor 5 result in the same scaled

profile which is only a compression of the base profile. For example, the saturation s,, = 0.5

has position Y = 0.9 in the base case and Y = % = 0.18 in the new cases.

In comparison, in Figure 5b we see that variations in individual viscosities (thus
changing the viscosity ratio) and flow fraction affect both magnitude and shape of the profiles
as they do not overlap upon scaling. In particular, different values of the end point s/, are

obtained in each case.
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Figure 5 Saturation profiles Y(s,,) calculated using (24) which consists of a dimensionless number N, and
a saturation integral. Variation of parameters in N, (a) that increase N, by the same factor from the base
case, but do not change the saturation integral, result in an identical new case corresponding to a
compression of the base case profile. Changing viscosity (ratio) or flow fraction (b) affect the saturation
integral and can change the saturation range and profile shape in general. Compressing these profiles

would not cause them to overlap.

3.4. Determining the n-parameter for approximate profiles
The n parameter appears in the scaling number Y,... To find a good choice for n we want to
see that the actual numerical profiles are well approximated by the polynomial function. This
was considered by varying the injected fraction F (with values 0.01, 0.05 and 0.5) and the oil
viscosity u, (with values 1, 5 and 25 times the reference value of 2.3 cP) to get distinct profile
shapes. The normalized saturation profiles S(Y) (blue curves) were plotted together with the
corresponding approximated profiles (orange curves) in Figure 6 for n = 5 which was found

to be a good choice. The profiles are plotted over the range Y = 0 to 10Y,,,. The positions Y,
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and Y., = (n + 1)Y,,, are marked with vertical dashed lines (left and right, respectively). Also
a dashed/dotted line indicating the normalized saturation S, (obtained at infinite distance) is
shown. The main observations are:
- The major part of the saturation profile is located behind Y., including 90-95% of the
saturations closest to S,.
- Saturations located at Y > Y, are very close to S,
- We can state end effects to be severe when Y., > 1 since then all saturations deviate
from S, more than 5% the magnitude of the end effect saturation interval |Sr — Seq|.
In terms of the impact the fraction and viscosities have, we see that when the fraction F is
lowered, S, decreases farther from S,,. This expands the saturation range and the extent of end
effects. We also see that increasing the oil viscosity alters the mobility ratio to reduce S, and
expands the saturation range. Although this mechanism increases the end effect, the increased
viscous forces work to compress the profile. At low F the increase in oil viscosity has more

impact on compressing the end effect profile.
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Figure 6 Normalized saturation profiles from the analytical solution (in blue) for different injected flow
fractions and oil viscosities and their corresponding approximated saturation profiles assuming
polynomial shape for n = 5. The profiles are plotted against Y over the range 0 to 10Y,, where Y,,, and

Y. = (n+ 1)Y,, are marked with dashed vertical lines left and right, respectively.

3.5. Intercept method
3.5.1. Demonstration of analytical solution / intercept method
Consider the reference case for the four combinations of flow fractions F = 0.05 and 0.01 and

oil viscosities 2.3 cP and 5 - 2.3 cP. Average saturation and inverse effective oil and water

. - 1 1 . . . 1
relative permeabilities, — and T are plotted against inverse velocity —. Flow rates are used
TO0 T

rw

in the range 5 PV/d to 1000 PV/d. The following is seen:
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For all cases, once the rates are sufficiently high, the results overlap completely with

. . . 1 f .
the linear analytical solution. As —~- 0, the solutions reach the correct saturation s,
T

1

kri(sw)

and relative permeability points without end effects, as marked on the y-axis with

large symbols.

At low rates the two solutions do not overlap. The analytical solution is only valid when
the end effect profile has not reached the outlet significantly which is less likely at low
rates.

When plotting the relative permeability data on two scales such that two points overlap,
all the points overlap, i.e. the profile shapes are identical.

Since the trends are linear, and the linear trends appear valid over a wide range of rates,
only a few rates are necessary to determine the corrected values.

The above statements were validated for average saturation and relative permeability by

simulations with the software Sendra for the case F = 0.01, u, = 2.3 cP.
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results from the commercial (COM) software Sendra are added for comparison.

3.5.2. Scaling of end effects with dimensionless numbers

Inv. water rel perm 1/kra, -

Inv. water rel perm 1/krw, - Inv. water el parm 1/krw, -
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Figure 7 Plots of average saturation vs inverse total rate vl (left) and plots of inverse relative permeabilities
T

of oil and water — vs inverse total rate vi (right) under different flow fractions and oil viscosities. The results
i T

are calculated both using the general solutions (50), (54) and (55) which are valid under all conditions, and
using the analytical solution (AnSol) in (50) and (80) to (83). For the case F = 0.01, u, = 2.3 cP simulation
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We have seen that expressing average saturation and inverse relative permeabilities as function
of inverse velocity results in linear relations. The velocity dependent terms directly express the
impact of end effects on those properties and are reasonable to apply as dimensionless numbers

for scaling the behavior.

In Figure 8a we plot 5,, — s, against the number % based on different flow fractions
0

(F = 0.9t0 0.005) and injection rates and in Figure 8c we do the same varying oil viscosities
(from 5° to 5* times the reference value) and injection rates. For a given flow fraction, C; is

constant while N, varies with rate. Oil viscosity changes both terms.

At high rates 5, — s, is identical to I\CI—S which follows directly from the analytical
0

solution, see (50), and all cases fall on this straight line. The dimensionless number ;—S thus
0

scales saturation end effects and accounts for all relevant input parameters. For low rates the
cases deviate from the straight line with different trends. The number ;—Z directly expresses the
change in average saturation due to end effects. As end effects also can reduce the average
saturation, the straight line can continue to negative values. Values of AC]—Z can be considered
‘large’ if it changes the average saturation by 0.01 or more (for comparison the mobile

saturation range in our data is 0.31) and negligible for % < 0.001.
0
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Figure 8 Comparison of the general solutions (full or dash/dotted lines) to the analytical solution (straight

dashed line) in terms of 5,, — s}, in (a) and (c) and w— 1in (b) and (d) for changes in flow fraction F in

(a) and (b) and changes in oil viscosity in (c) and (d). All solutions fall on the same straight line at low

dimensionless number (high rates) which scale the data.

We also plot %S'Vr”) — 1 against " (CZO) in Figure 8b for different flow fractions and
Tl o\,
Hm

Figure 8d for different oil viscosities. From (80) to (83) we see that the two expressions are

CZO )). At low rates the data

identical and form a straight line from zero at high rates (|OW (
No
Hm

deviate from the straight line.

On the straight line, the term Lo ) expresses how much the effective relative

No(:‘—;:1
permeability is reduced compared to the corrected relative permeability as given by k,; =

1 Co

k,i(sy,). If —3= = 0, they are identical, while if nonzero they differ. A value of
1+[ 9= ] No W)
No(;2)
ﬁ greater than 1 can be considered large since then k,; < %kn-(svrv). Since the measured
Hm

31



626

627
628
629
630

631
632
633
634
635

636

637

638
639
640
641

pressure drop is in the less wetting phase which has the highest pressure drop, will be

)

positive and the effective relative permeabilities will be lower than the corrected relative
Tl( W)

T'

permeabilities, i.e. k,; < k,;(s7,). This is seen in the graph as == — 1 > 0.
If conditions were such that water was non-wetting at a given fraction (in a mixed-wet

krils) _ 4 against ——

ri Ny (#7‘;:)

An interesting observation is that when the curves deviate from the straight line, they

or oil-wet system) then we should modify the plot to show

all fall below it, indicating that the impact is less than if the entire end effect profile was within
the core. That is reasonable since the profile that is not within the core does not contribute to
change the observations, and since at lower rates more of the profile is outside the core, the

added impact on the saturation and relative permeability becomes less.

Note also that the dimensionless number that scales saturation, % is different from the
0

one scaling relative permeability, ( m or — (Cj;o). As mentioned, the dimensionless number
0
w

Hm

which is used for scaling relative permeability is also determined by which phase is more
wetting at the given fraction (i.e. whether s7, is above or below s.? which further depends on

wettability, flow fraction and viscosity ratio).
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Figure 9 The difference between general solutions and the analytical solution in terms of (5,)4™°! — 5,

plotted against C;/Ny in (a) and (c) and ——— plotted against C,/ [No( )] in (b) and (d) for changes in flow

(k )AnSo
fraction F in (a) and (b) and changes in oil viscosity in (c) and (d). The general solution begins to deviate

from the analytical solution at a range of dimensionless numbers.

To see more systematically when the solutions deviate from the analytical solution (the linear

AnSol

<M> _ kri
( M) - k;flinSol

k

model) we plot §475°! — 5, and for the aforementioned cases in Figure

Tl

9, using the same dimensionless numbers N— and N—) respectively. When the analytical

0 O(Hm
solution is valid, these terms are 0 and 1, respectively. This is the case at low values of the

respective dimensionless numbers. The onset of deviation in saturation becomes visible for

s < 0.02 for the cases with variation in F and 0.008 < <& < 0.03 for the cases with

O 0

0.005 < =

variation in oil viscosity. The onset of deviation in relative permeability trends —<5; ~An501 from 1 is
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visible for 0.8 < < 5 in the cases with variation in F and 0.8 < < 3 for the cases

e e
with variation in oil viscosity. The onset thus occurs at values of the dimensionless numbers
varying by an order of magnitude. Further, both dimensionless numbers appear directly linearly
in their separate relations (for saturation or relative permeability). However, their magnitudes
at which we observe deviation from the linear relations are very different, spanning three orders
of magnitude. Hence, although the dimensionless numbers are excellent at scaling the end
effects, they do not accurately determine when the linear analytical solutions cease to be valid.

However, we found that Y., is a good measure of when significant changes in
saturation have occurred along the entire core and previously found an appropriate value of n =

5 to apply in this number from matching saturation profiles, see Figure 6. We now present the

above results of 547590 — 5, and = Ansgl plotted against Y., in Figure 10. For all cases and both

the saturation and relative permeability data we see that the onset of deviation startsatY,., = 1
with very little variation (a factor 1.2, i.e. 0.08 orders of magnitude). As we have reduced the

span from 1 order of magnitude for individual terms and from 3 orders of magnitude

considering both terms 54"S°! — 5, and ~An501 to 0.08 orders we can claim that Y., < 1 isa

reliable criterion for when the intercept method is valid.
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Figure 10 The difference between general solutions and the analytical solution in terms of (5,,)4™5°! — 5,, in

kri
(kn,)AnSol

(a) and (c) and

in (b) and (d) for changes in flow fraction F in (a) and (b) and changes in oil viscosity

in (c) and (d). All results are plotted against Y., and demonstrate that the analytical solution is valid for

Yeee < 1.

3.6. Appearance of rate-dependent relative permeabilities

End effects can affect both the steady state average saturation and effective relative
permeability points, which deviate from the true relative permeability functions. Effectively
this can result in an appearance of rate-dependent relative permeability functions meaning that
if they are measured at a fixed rate, the rate will affect which curves are obtained and not offer
information about their correctness.

Based on the reference case relative permeability functions and capillary pressure as
input, effective relative permeabilities were calculated and plotted against average saturation.

For a given injection total rate, 40 evenly spaced fractions were used between F = 0.005 and
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0.995, each producing a relative permeability point. This was performed for nine injection total
rates ranging from 0.1 to 1000 PV/d varied by the same factor 10%5. Since not only rate, but
the dimensionless number N, determines the impact of end effects, the effective relative
permeability curves were labeled by the corresponding value of N, and are shown in Figure
11. High rate corresponds to high N, and opposite. The input relative permeabilities, which are
the true curves of the system, are included for comparison with the effective curves.

Notably, at low N, (low total rates) the average saturations are shifted towards s, =
0.61, leading to narrower saturation ranges. Each calculated relative permeability point is
reduced by the high pressure drop in the nonwetting phase. At high N, (high total rates) the
relative permeability curves converge and become independent of injection total rate (and N,).
They then also agree with the input curves (‘true rel perms’) used to generate the data.

We do not argue that relative permeabilities physically cannot exhibit rate-dependence.
For example, micromodel observations indicate the possible existence of a flow regime

dependent of the micro-scale capillary number (\Valavanides 2018).
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Figure 11 Effective relative permeabilities and saturations calculated for fractions F between 0.005 and
0.995 for injection total rates varying from 0.1 to 1000 PV/d. The calculated number Ny is shown, where high
N, correspond to high injection rate. Each curve is based on a fixed Ny, and each saturation on a given
curve is obtained from one value of flow fraction. The reference (‘true’) input relative permeabilities and

capillary pressure curves were used and were only approximated by the effective curves at sufficiently high
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N,. End effects are important at low Ny and shift the saturations towards s¢! = 0.61 and reduce the effective

relative permeabilities.

3.7. Calculation of relative permeability and capillary pressure from experiments
We consider steady state experiment data where two phases are injected at different flow
fractions F/ and at each fraction different total velocities vX are applied. Potentially such tests
can be applied using different cores and even fluids, under the assumption that the saturation
functions remain the same. For example, different core tests can be implemented at constant
total velocity using the same schedule of injected fractions (Virnovsky et al. 1998; Henderson
et al. 1998). The cores used can have different length L, porosity ¢, permeability K. Use of
different fluids (or just measuring a different value for the same fluids in a different test) can

change viscosities u; and interfacial tension a,,,. Average saturation s‘va’k and pressure drop

Ap’* are measured at each fraction and velocity.

3.7.1. Simple procedure: Calculation of only relative permeability with constant fluid
and rock properties

1. Convert the pressure drop data to effective relative permeability measurements féf;".

ik
ri K Apj'k

(88)

. : . _i . . 1 .
2. For each fraction F/ plot average saturation 5., against inverse total rate — and inverse
T

. . . 1 - . 1 . .
effective relative permeabilities F against inverse total rate —. Determine the lines
! T

ri

through the data:
. . 1
(89) 5= s 4ml—
Ur
1 1 1
(90) —= ——tm)—
kri kTi(SW ) vr

1
kn'(s‘:/'j)

3. The pairs (svr,;j Ko (svrv'j )) for i = o, w are accurate relative permeability points. Match

Report the intercepts svrv’j , . The slopes mg, m{ are not used.

suitable relative permeability correlations (and critical saturations) to fit them.

3.7.2. Advanced procedure: Calculation of both relative permeability and capillary
pressure from tests with distinct properties
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Ik
UTL\/%ﬂm

Oow

For each fraction F/ and total velocity v¥, calculate the number N({'k =

\Jk
and the viscosity ratios (ﬁ) . The involved parameters are standard.

HUm

For each fraction F/ plot average saturation points s‘vak against Ni Determine the line
0
through the data (all or those at lowest Ni) by regression and report the slope Csj and
0

intercept s’ as

(91)

=J ] j
Sy =5, +C
SNO

For each fraction F/ determine which phase is more wetting. If average water saturation
decreases at lower Ni water is wetting at that fraction. If opposite, oil is wetting. The
0

measured pressure drop corresponds to the less wetting phase.

Convert the pressure drop data to effective relative permeability measurements l?f;k :

(92)

Rk Lpvru FiP*
ri KAp

Assume first the fluids have constant viscosities. For each fraction F/ and rate vX plot

inverse effective relative permeabilities ﬁ against Ni Determine the line through the

ri 0

points (all or those at lowest Ni) and report the slope m{ and intercept as:
0

_r
kn'(s‘:}j)

(93)

1 [1 N 1
P m]
k. kn(sr 7 ‘N

Both relative permeability lines will have the same slope m(]; = m{v = m/. Depending

on which phase is wetting at the given fraction we determine either Cj or Cvﬂ:

(94)

Cj =m/ (5") ) (if oil less wetting)
m

(95)

. , j
cl=m (Z—W) , (if water less wetting)
m

If the viscosities vary between tests, the data must be plotted against for the

1
Nojom)

fractions where water is less wetting and agalnst ) where oil is less wetting.

e
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6. The pairs (s‘:,’j , kn-(s‘:;j )) for i = o, w are accurately determined relative permeability

points.
7. Match suitable relative permeability correlations (and critical saturations) to the relative

permeability points.
8. The slopes CSj,C({, Cv’; indicate how strongly capillary forces affect saturation and

pressure drop at the relevant saturation ranges s, to svrv’j and constrain the choice of
capillary pressure functions. Their values only depend on the saturation functions and
are independent of fluid and core properties.

9. Assume a capillary pressure correlation with tuning parameters. Based on the calculated

relative permeability correlations, select tuning parameters and calculate slope constants

Csj, C({,CV{,. The tuning parameters giving least relative error between predicted and

measured values result in the capillary pressure J-function best explaining the data.

3.7.3. Interpretation of experimental data |
Virnovsky et al. (1998) conducted three oil-water steady state tests on a Berea sandstone core.
The core was initially fully water saturated and oil fractions were increased. A fixed total rate
was used in each test of 0.2, 0.5 or 5 cc/min. The absolute permeability changed between the
three tests, hence we used N, to account for the differences. From the three velocities at each

fraction we follow the ‘advanced’ procedure. Average saturations and inverse effective relative

permeabilities were plotted against Ni in Figure 12a and b-d, respectively to find the intercepts
0

(svrv'j, kri(svrv’j)) and the slope constants Cy, C,, C,, which are listed in Table 2. Linear trends in

the points were clearly visible for most cases.
For the 5 highest fractions F water saturation increased with rate, indicating capillary
forces trapped oil then, while for the lowest 3 fractions water saturation decreased with

increased rate, indicated capillary forces then trapped water. Equivalently C, the slope of
average saturation vs Nio was negative for the highest fractions and positive for the lowest
fractions. Although there was some uncertainty in the sign for some central fractions it seems
clear that s, was located in the intermediate saturation range.

As described in the theory, we can scale end effects by plotting s, — s/, against ;—Z and

C G

kri(sw)

———— — 1 against —~-~ (when oil is less wetting) and against —~< (when water is less
1 No(m) NO(E)
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wetting). This was done for all the data points and is shown in Figure 13. Average saturation,

water relative permeability and oil relative permeability fall on a straight line in their respective

plot.
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Figure 12 Interpretation of experimental data (crosses) from Virnovsky et al. (1998) where average

saturation (a) and inverse effective relative permeabilities ki in (b) and (c) and ki in (d) and (e) are plotted

against Ni Straight lines are drawn through the data for each flow fraction F to find the intercept (marked
0

with circle points) corresponding to saturations and relative permeability points corrected for end effects.

The slopes of the lines provide values of C,.C,, C,, at each fraction.

Table 2 Line analysis of data from Virnovsky et al. (1998) giving corrected saturations and relative

permeability points from the intercepts, and slope values Cq, C,, C,, to be used for derivation of capillary

pressure for each fraction F.

F Shy C;

Less wetting phase

kyw(sw)

ko (sw)

Co Cw

0.992 0.9667 | -0.003803

w

0.8820

0.006160

0.2925
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0.940 0.9065 | -0.003932 0.6275 0.03469 0.2557
0.780 0.8115 | -0.001760 0.3312 0.08090 0.1601
0.500 0.7381 | -0.002775 0.1858 0.1609 0.1663
0.220 0.6531 | -0.001553 0.08424 0.2587 0.1808
0.060 0.5599 | 0.002508 0.02758 0.3741 0.1995
0.008 0.4714 | 0.007855 0.005172 0.5555 0.3124
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Figure 13 Scaling of the data from Virnovsky et al. (1998) by plotting s,, — s}, against AC,— "’;—(Sm— 1 (b) and
0 ™
ko (sh)

i~ 1against

Co

No(iiz)

Cw

=)

(when oil is less wetting) and against (when water is less wetting).

The relative permeability points were fitted with the correlation (85) and (86), see Figure 14a.
Next, the J-function was determined, see Figure 14b, using the correlation (84) by optimizing
the match of slope parameters: The C, values were well matched, see Figure 15a, while it was

more difficult to match the C,, C,, parameters which at optimum were roughly 2-10 times lower

41




802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817

818

819
820
821

822

than those derived from the measurements, see Figure 15b. This means that the model with the
tuned curves would capture well what the average saturation and effective relative permeability
values would approach at each fraction, and that the slope of average saturation with inverse
total rate would vary as observed experimentally. However, the effective relative permeabilities
would change less in the model than observed experimentally.

Near identical J-functions resulted from different optimizations, indicating that the data
and approach gives consistent results. The optimal curve parameters and the system parameters
are found in Table 3. Comparison with a measured drainage capillary pressure curve indicated
similar magnitude and shape, however negative capillary pressures at high saturations resulted
from the model, required to explain the trends in saturation with rate. Also, a higher residual
water saturation was found which seems more consistent with the flooding data.

The model can under any conditions only be sensitive to saturations on the interval
between s, and s7,. As s was located centrally, the extreme sJ, values corresponding to the
lowest and highest fractions gave the total saturation range where we have accurate information.
As seen in Table 2 and Figure 14, this is between saturations 0.326 and 0.967 which is

practically the entire mobile saturation range.

Table 3 System parameters from Virnovsky et al. (1998); Relative permeability correlation parameters to fit
the corrected relative permeability data; J-function correlation parameters to fit the slope parameters from

the same dataset. Experiments marked A, B, C with different velocities reported different permeability.

System
parameters
L 0.2485 m Uy 0.851 cP K, 165 mD vra | 128.3 PV/d
¢ 0.2013 Uo 0.737 cP Kg 216 mD vrp | 12.83 PV/id
Oow 0.021 N/m K. 208 mD vre | 5.13 PV/d
Relative .
. J-function
permeability
parameters
parameters
Swr 0.3262 Ny1 34 1 1.35 ny 4.42
Sor 0.020 Ny 3.4 I 0.0439 n, 2.57
krw 0.95 Nyq 14 k1 1.35 syt 0.577
ko 0.8577 Nyy 2.0 k, 0.0439
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Figure 14 Relative permeabilities in (a) with points based on intercepts from the steady state measurements
from Virnovsky et al. (1998) and the correlations (full lines) using (85) and (86) that best fit the points. The
best fitting capillary pressure correlation is shown in (b) as scaled J-function and in mbar based on

matching the slope parameters from the steady state measurements. The curve is compared to a primary

drainage curve measured with centrifuge on the core used in Virnovsky et al. (1998). Our derived J-function

is more consistent with the experimental data as reflected in a higher residual water saturation and the

presence of negative capillary pressures.
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Figure 15 Optimal match of the slope coefficients Cq, C,,, C, after tuning the J-function.

3.7.4. Interpretation of experimental data Il
Henderson et al. (1998) measured relative permeability to gas and condensate at 7 flow fractions
between 0.048 and 0.29 (corresponding to condensate-gas-ratio 0.05 to 0.4) and 4 total
velocities on Berea sandstone with presence of connate water saturation. Condensate ¢ and gas

g were treated as ‘oil” and ‘water’ in the above theory. Plotting average condensate saturations

S, and inverse effective relative permeabilities ki and ki against Ni in Figure 16 indicates that
rc g 0

the points at the three highest rates (lowest Ni) aligned well on straight lines. This was used to
0

obtain the intercepts and resulting points (scr, kri(sg)) for i =c,g, as well as the slope

parameters Cs, C., C4. All these values are listed in Table 4 for their respective flow fractions.
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Figure 16 Interpretation of experimental data (crosses) from Henderson et al. (1998) where average

condensate saturation (a) and inverse effective relative permeabilities ki in (b) and ki in (c) are plotted
g rc

against Ni Straight lines are drawn through the high rate data for each flow fraction F to find the intercept
0

(marked with circle points) corresponding to saturations and relative permeability points corrected for end

effects. The slopes of the lines provide values of C,.C,, C,, at each fraction.
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For all the data, the points at the lowest rate (highest Ni) that did not fall on the line, had less
0

impact on the saturation or relative permeability than if they had been on the line (the trends
flattened). This is consistent with what was shown in Figure 8 where the end effects” added
impact lessens as more of the profile is outside the core.

Also, at each fraction, increased velocity at a fixed fraction increased the condensate

saturation, or equivalently condensate saturation decreased with higher Ni quantified by
0

negative C,. This indicated that capillary forces trapped gas under all conditions and gas wetted
the rock more than condensate for the considered fractions.

Scaling the saturation and relative permeability points is shown in Figure 17 where we
again see that all the high rate points fall well on the same straight line when plotted against the
relevant dimensionless numbers. The low rate results fall between the line and the horizontal

axis indicating that the impact is less than if they had continued on the line.

Table 4 Line analysis of data from Henderson et al. (1998) giving corrected saturations and relative

permeability points from the intercepts, and slope values C, C,, C,4 to be used for derivation of capillary
pressure for each fraction F. Condensate was less wetting than gas for all fractions, hence €, was not

reported for any fractions.

Less wetting
F. S¢ Cs krw(si) | kro(si) Gy Ce
phase
0.0476 | 0.3965 | -0.5764 c 0.02427 | 0.1483 42.60
0.0977 | 0.4225 | -0.8345 c 0.03551 | 0.1238 101.8
0.143 | 0.4475 | -0.8689 c 0.04438 | 0.1024 109.3
0.184 0.468 -0.9979 c 0.05180 | 0.08842 102.5
0.221 | 0.4815 | -0.9893 o 0.05893 | 0.07615 86.57
0.255 | 0.4905 | -0.9549 c 0.06489 | 0.06830 94.71
0.286 | 0.5065 | -0.9721 c 0.07844 | 0.06071 122.8
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Figure 17 Scaling of the data from Henderson et al. (1998) by plotting 5. — s% agamst —1 (b) and

krgse) _ 1 agamst (Mg) (when gas is less wetting) and agalnst (

krg No um)

(when condensate is less wetting).

The intercept saturation and relative permeability points were collected and matched with
correlations, as shown in Figure 18a. The slope parameters were then matched by tuning the /-
function, seen in Figure 18b. Only the saturation range where the curves are reliable is shown.
That includes the range between the lowest and highest s} (0.397 to 0.507), but also down to

1 = 0.344 since all saturation profiles end at that saturation. The optimal match between the
slope parameters from the tuned model and the values from the observations is shown in Figure
19. Both saturation and relative permeability slope parameters are well matched, with almost
all values from the tuned model being less than 30% different from the values from the
measurements. System parameters and correlation parameters from matching the data are listed
in Table 5.

Henderson et al. (1998) interpreted their data as capillary number dependent relative
permeabilities rather than being affected by capillary end effects. They suggested that the
pressure drop across the core was orders of magnitude higher than the capillary pressure that
could cause end effects. Although we cannot conclude that end effects were present or not, they
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explain the observations very consistently in that the data fall on the predicted straight lines at

high rates, fall on the expected side of the line at low rates and we can obtain saturation

functions that consistently explain all the data. Gupta and Maloney (2016) interpreted the same

dataset to find corrected relative permeabilities.
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Figure 18 Relative permeabilities in (a) with points based on intercepts from the steady state measurements
from Henderson et al. (1998) and the correlations (full lines) using (85) and (86) that best fit the points. The

best fitting capillary pressure correlation is shown in (b) as scaled J-function and in mbar based on

matching the slope parameters from the steady state measurements.
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Figure 19 Optimal match of the slope coefficients C, (a) and C, (b) after tuning the J-function. €, was not

relevant.

Table 5 System parameters from Henderson et al. (1998); Relative permeability correlation parameters to

fit the corrected relative permeability data; J-function correlation parameters to fit the slope parameters

from the same dataset.

System
parameters
L 0.61m U 1cP Swi 0.264
¢ 0.198 Iy 0.02 cP K(swi) 92 mD
Oow 0.9 mN/m
Relative .
- J-function
permeability
parameters
parameters
Ser 0 Ney 4.5 J1 21530 n, 2.29
Sgr 0.02 Ngy 45 I 58180 n, 0.580
krc 0.37 Ngy 2.2 ky 21530 51 0.344
k;g 1 Mgy 25 ks, 58180

4. Conclusions

A theory is derived from fundamental assumptions describing how capillary end effects affect

average saturation and relative permeability calculation in steady state experiments. The

method is valid for all saturations functions and wetting states.

48



911
912
913
914
915
916
917
918
919

920

921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943

We derive an intuitive and general ‘intercept’ method for correcting steady state relative
permeability measurements for capillary end effects: plotting average saturation and inverse
relative permeability against inverse rate will give linear trends at high rates and result in
corrected relative permeability points when extrapolated to zero inverse rate (infinite rate). This
is a formal proof and generalization of the method proposed by Gupta and Maloney (2016).

It is shown how the slopes of the lines are related to the saturation functions allowing to
scale all data for all conditions to the same straight lines. Two dimensionless numbers are
obtained that directly express when end effects become important in terms of (a) how much the

average saturation is changed: C;/N, and (b) how much effective relative permeabilities are

C.
reduced —.
No

A third dimensionless number Y, (expressing the scaled front position of the end effect
region) is derived directly stating that the end effect profile has reached the inlet of the core
significantly when Y,.. = 1. This number acts as a universal criterion for when the linear
(intercept method) behavior begins. The intercept method is valid when Y., < 1.

All the dimensionless numbers contain a part depending only on saturation functions,
injected flow fraction and viscosity ratio and a second part N, containing constant known fluid
and rock parameters such as core length, porosity, interfacial tension, etc. The former
parameters determine the saturation range and shape of the saturation profile, while the number
N, determines how much the profile is compressed towards the outlet.

End effects cause the average saturations to be shifted towards s, (the saturation at
which capillary pressure is zero) and the calculated relative permeabilities from pressure drop
and Darcy’s law to be reduced in magnitude compared to the true relative permeabilities. Since
the shift of the effective curves depends on the viscous vs capillary forces, using different rates
will result in different effective curves when capillary end effects are significant. This gives a
false impression of rate-dependent relative permeabilities.

Methodologies for deriving relative permeability and capillary pressure systematically
and consistently, even based on combining data from tests with different fluid and core
properties, is presented and demonstrated on two datasets from the literature.

Even with access to only one phase pressure drop of two injected phases it is shown that
the intercept method holds for both phase relative permeabilities. This is the standard regarding

what pressure data is measured.
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Nomenclature

Roman
C,, C; = Saturation and relative permeability slopes in the intercept method, -
F; = Injected phase fraction, -
fu = Water fractional flow function, -
b = Scaled capillary pressure, -
J1, )2, )3 = J-function coefficients, -
ki = Phase relative permeability, -
K = Absolute permeability, m?
ky, ks, = J-function parameters, -
L = Core length, m
n = Exponent for approximating end effect saturation profile, -
ng,n, = J-function exponents, -
n; = Phase Corey exponent, -
N, Ny = Phase Corey exponent end values, -
Ny = capillary number (viscous to capillary forces), -
p; = Phase pressure, Pa
P, = Capillary pressure, Pa
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1042
1043

1044
1045

1046

Phase saturation, -

Water saturation at which capillary pressure is zero, -

Siw = Water saturation at a given fraction corrected for end effects, -
S; = Normalized phase saturation, -
M = Normalized water saturation at inlet (Y = 1), -
Seq Normalized water saturation at which capillary pressure is zero, -
S, = Reference scaled saturation (obtained if no end effects present), -
S Normalized water saturation averaged over the core, -
u; = Darcy phase velocity, m/ s
v; = Interstitial velocity, m /' s
Y = Scaled distance from outlet, -
Greek
¢ = Porosity, -
Wi = Phase viscosity, Pa s
Oow = Interfacial tension, N/ m
A = Phase mobility, 1/ (Pa s)
Ap; = Phase pressure drop, Pa
ADirer = Pressure drop without end effects, Pa
Indices
c = Condensate
eq = Zero capillary pressure condition
g = Gas
i = Phase index
0 = Qil
r = Reference (no end effects)
T = Total
w = Water
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