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ǴtǴ #2ir22M irQ 2H2K2Mib T`Q/m+2b � i?B`/- gi t gj = gkX h?2 `mH2 Kmbi #2 �bbQ+B�@
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h?2 `mH2 /2}MBM; i?2 GB2 ;`QmT Bb i?2 GB2 �H;2#`� UQ` GB2 #`�+F2iV- r?2`2 i?2 ;`QmT
;2M2`�iQ`b Kmbi Q#2v i?2 7QHHQrBM; `2H�iBQM,

h
T a , T b

i
= ifabcT c , URX9V

r?2`2 `2T2�i2/ BM/B+2b Bb bmKK2/ Qp2`- #v i?2 1BMbi2BM bmKK�iBQM +QMp2MiBQM- �M/
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T2`Kmi�iBQM Q7 Bib BM/B+2b �M/ /2T2M/b QM i?2 ;`QmT +QMbB/2`2/X 6Q` 2t�KTH2- BM
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`2T`2b2Mi�iBQM �`2 i?2 S�mHB K�i`B+2b- �a- +QMp2MiBQM�HHv MQ`K�HBx2/ iQ T a = �a
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T a , T b

⇤
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⇥
1
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a , 1
2�

b
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= i✏abc�c- �M/ r2 +�M `2�/ Qz i?2 bi`m+im`2

7�+iQ` �b i?2 G2pB@*BpBi� i2MbQ`- ✏abcX
1[XURX9V HQQFb p2`v bBKBH�` iQ � +QKKmi�iBQM `2H�iBQMX h?2 7Q`K�H /2}MBiBQM Q7 i?2
GB2 #`�+F2i /Q2b MQi `2[mB`2 i?�i
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?QH/bX >Qr2p2`- 7Q` KQbi T?vbB+�H +�b2b- r?2`2 i?2 i?2Q`v Bb /2b+`B#2/ #v � ;`QmT
alULV- i?2 ;2M2`�iQ`b �`2 2K#2//2/ BMiQ }MBi2 /BK2MbBQM�H K�i`B+2b- bQ i?2 GB2
#`�+F2i +�M #2 /2}M2/ �b � +QKKmi�iQ`X AM i2`Kb Q7 i?2 bi`m+im`2 7�+iQ`- i?2 C�+Q#B
B/2MiBiv i�F2b i?2 7Q`K,

⇥
T a,
⇥
T b, T c

⇤⇤
+
⇥
T b,
⇥
T c, T a

⇤⇤
+
⇥
T c,
⇥
T a, T b

⇤⇤
= 0

⇥
T a, if bcdT d

⇤
+
⇥
T b, if cadT d

⇤
+
⇥
T c, ifabdT d

⇤
= 0

if bcdifadeT e + if cadif bdeT e + ifabdif cdeT e = 0

f bcdfade + f cadf bde + fabdf cde = 0 .

� GB2 ;`QmT Bb b�B/ iQ #2 �#2HB�M- �7i2` i?2 LQ`r2;B�M K�i?2K�iB+B�M LB2Hb >2M`BF
�#2H- B7 fabc = 0- BX2X B7 i?2 ;2M2`�iQ`b +QKKmi2X Pi?2`rBb2- i?2 ;`QmT Bb b�B/ iQ #2
MQM@�#2HB�MX

_2T`2b2Mi�iBQMb �M/ i?2 *�bBKB`- CR

AM T�`iB+H2 T?vbB+b- i?2 irQ KQbi BKTQ`i�Mi `2T`2b2Mi�iBQMb Q7 � ;`QmT �`2 i?2 7mM/�@
K2Mi�H `2T`2b2Mi�iBQM UF V �M/ i?2 �/DQBMi `2T`2b2Mi�iBQM UA Q` adjVX h?2 7mM/�K2M@
i�H `2T`2b2Mi�iBQM Bb i?2 bK�HH2bi MQM@i`BpB�H `2T`2b2Mi�iBQM Q7 i?2 �H;2#`� (j- TX939)X
AM alUNV- i?2 7mM/�K2Mi�H `2T`2b2Mi�iBQM Bb #mBHi mT #v N ⇥N i`�+2H2bb- ?2`KBi2�M
K�i`B+2b rBi? /2i2`KBM�Mi RX AM alUkV- i?Bb r�b i?2 2⇥2 K�i`B+2b T a

F = �a/2 r?2`2
i?2 bm#b+`BTi- F - `272`b iQ i?2 7mM/�K2Mi�H `2T`2b2Mi�iBQMX lbBM; 1[XURXRV- r2 +�M
+?2+F i?�i i?2b2 +QM/BiBQMb �`2 7mH}HH2/,

h`[�1] = h`
✓
0 1
1 0

◆
= 0 ! h`�+2H2bb , URX8V

(�1)† =

✓
0 1
1 0

◆†

=

✓
0 1
1 0

◆
= �1

! >2`KBiB�M , URXeV

/2i[�1] =

����
0 1
1 0

���� = 0� (�1) = 1 , URXdV

r?B+? +�M 2�bBHv #2 b?QrM 7Q` �2 �M/ �3 �b r2HHX

d



AM alUjV- i?2 7mM/�K2Mi�H `2T`2b2Mi�iBQM Bb � 3⇥3 K�i`Bt- (T a
F )ij- r?2`2 i?2 TQbBiBQM

BM i?2 K�i`Bt- UijV- /2MQi2b i?2 +QHQm`X h?2`2 �`2 i?`22 +QHQm`b- bm+? i?�i i = `2/-
#Hm2 Q` ;`22MX
h?2 �/DQBMi `2T`2b2Mi�iBQM Bb /2}M2/ #v i?2 bi`m+im`2 7�+iQ` Q7 i?2 ;`QmT +QMbB/@
2`2/,

(T a
adj)

bc = �ifabc . URX3V

h?2 �/DQBMi `2T`2b2Mi�iBQM �+ib QM i?2 p2+iQ` bT�+2 bT�MM2/ #v i?2 ;2M2`�iQ`bX h?2`2
�`2 N2

� 1 ;2M2`�iQ`b 2K#2//2/ BMiQ K�i`B+2b 7Q` i?2 ;`QmT alUNVX aBM+2 i?2`2 �`2
N2

� 1 ;2M2`�iQ`b- i?2 �/DQBMi `2T`2b2Mi�iBQM Kmbi +QMbBbi Q7 N2
� 1 /BK2MbBQM�H

K�i`B+2bX AM alUkV- i?2 bi`m+im`2 7�+iQ` r�b i?2 G2pB@*BpBi� i2MbQ`X h?2 /BK2MbBQM Q7
i?2 �/DQBMi `2T`2b2Mi�iBQM Bb N2

�1 = 22�1 = 3- i?mb r2 Kmbi mb2 i?2 j@/BK2MbBQM�H
G2pB@*BpBi� i2MbQ` r?B+? i�F2b i?2 7Q`K,

✏abc

8
><

>:

+1 , 7Q` 2p2M T2`Kmi�iBQMb (abc) : (123), (231), (312)
�1 , 7Q` Q// T2`Kmi�iBQMb (abc) : (321), (213), (132)
0 , 7Q` �Mv `2T2�i2/ BM/2t .

URXNV

h?2 G2pB@+BpBi� i2MbQ` BM j /BK2MbBQMb Bb � 3 ⇥ 3 ⇥ 3 K�i`BtX "v �bbB;MBM; i?2 j
TQbbB#H2 p�Hm2b 7Q` QM2 Q7 i?2 BM/B+2b- r2 +�M }M/ i?2 +Q``2bTQM/BM; k@/BK2MbBQM�H
3⇥ 3 K�i`Bt Q7 2�+? ǴH�v2`Ǵ,

✏1bc =

0

@
0

0 1
�1 0

1

A , ✏2bc =

0

@
0 �1

0
1 0

1

A , ✏3bc =

0

@
0 1
�1 0

0

1

A . URXRyV

*QK#BMBM; 1[XURX3V �M/ 1[XURXNV- i?2 �/DQBMi `2T`2b2Mi�iBQM Q7 alUkV- T a
adj- Bb ;Bp2M

#v

T 1
adj =

0

@
0

0 �i
i 0

1

A , T 2
adj =

0

@
0 i

0
�i 0

1

A , T 3
adj =

0

@
0 �i
i 0

0

1

A . URXRRV

6Q` bBKTHB+Biv- QMHv T a
adj BM alUkV Bb /2`Bp2/ bBM+2- BM alUjV- i?2 �/DQBMi `2T`2b2Mi�@

iBQMb �`2 8⇥ 8 K�i`B+2bX
h?2 [m�/`�iB+ *�bBKB` Bb /2}M2/ �b,

T a
RT

a
R = CR1 , URXRkV

3



r?2`2 i?2 bm#b+`BTi R Bb /2MQiBM; i?2 `2T`2b2Mi�iBQM +QMbB/2`2/- F U7mM/�K2Mi�HV
Q` A = adj U�/DQBMiVX Ai Bb bQK2 MmK#2` T`Q/m+2/ #v bmKKBM; i?2 b[m�`2 Q7 i?2
`2T`2b2Mi�iBQM K�i`B+2b Q7 � ;`QmTX h?mb- Bi /2T2M/b QM #Qi? i?2 ;`QmT +QMbB/2`2/ �b
r2HH �b i?2 `2T`2b2Mi�iBQMX �M 2t�KTH2 Bb ;Bp2M 7Q` i?2 7mM/�K2Mi�H `2T`2b2Mi�iBQM
BM i?2 ;`QmT alUkVX _2+�HH i?�i i?2 ;2M2`�iQ`b BM i?Bb ;`QmT �`2 i?2 S�mHB K�i`B+2bX
*�bBKB` Q7 i?2 7mM/�K2Mi�H `2T`2b2Mi�iBQM- CF - BM alUkV Bb 7QmM/ mbBM; 1[XURXRkV
�M/ 1[XURXRVX q2 ;2i

T a
FT

a
F = T 1

FT
1
F + T 2

FT
2
F + T 3

FT
3
F

=
�1

2

�1

2
+
�2

2

�2

2
+
�3

2

�3

2

=
1

4

h✓0 1
1 0

◆✓
0 1
1 0

◆
+

✓
0 �i
i 0

◆✓
0 �i
i 0

◆
+

✓
1 0
0 �1

◆✓
1 0
0 �1

◆i

=
1

4

h✓1 0
0 1

◆
+

✓
1 0
0 1

◆
+

✓
1 0
0 1

◆i

=
3

4
1 . URXRjV

h?mb- CF = 3/4 7Q` alUkVX
�M 2�bB2` r�v iQ }M/ i?2 *�bBKB` 7Q` /Bz2`2Mi `2T`2b2Mi�iBQMb BM alULV Bb ;Bp2M #v
i?2 ;2M2`�H 7Q`KmH�b (R- TX 933)

CF =
N2

� 1

2N
, CA = N . URXR9V

6`QK i?Bb- i?2 /2i2`KBM�iBQM Q7 i?2 *�bBKB`b Q7 i?2 ;`QmT alUjV Bb bi`�B;?i 7Q`r�`/X
aBM+2 [m�MimK +?`QKQ/vM�KB+b Bb /2b+`B#2/ #v i?Bb ;`QmT- r2 +�M MQi2 i?�i i?2
*�bBKB`b Q7 i?2 7mM/�K2Mi�H �M/ �/DQBMi `2T`2b2Mi�iBQMb BM alUjV �`2 CF = 32�1

2·3 = 4
3

�M/ CA = 3- `2bT2+iBp2HvX

RXk h?2Q`v Q7 i?2 bi`QM; BMi2`�+iBQM
Zm�MimK +?`QKQ/vM�KB+b Bb i?2 [m�MimK i?2Q`v Q7 bi`QM; BMi2`�+iBQMbX h?2 bi`QM;
BMi2`�+iBQM Bb � b?Q`i@`�M;2/ 7Q`+2 �M/ ;Qp2`Mb i?2 Mm+H2�` BMi2`�+iBQMb BMpQHpBM;
[m�`Fb �M/ ;HmQMbX h?2b2 �`2 bQK2 Q7 i?2 2H2K2Mi�`v T�`iB+H2b Q7 i?2 ai�M/�`/
JQ/2HX Z*. Bb /2b+`B#2/ #v i?2 bvKK2i`v ;`QmT alUjV �M/ Bb � MQM@�#2HB�M ;�m;2
i?2Q`v- BX2X fabc

6= 0X h?2 ;2M2`�iQ`b Q7 i?Bb ;`QmT �`2 +QKKQMHv r`Bii2M BM i2`Kb Q7

N



MQ`K�HBx2/ :2HH@J�MM K�i`B+2b T a
F = 1

2�
a- r?2`2 i?2 :2HH@J�MM K�i`B+2b �`2 ;Bp2M

#v 1[XURXkVX
AM [m�MimK 2H2+i`Q/vM�KB+b- i?2 i?2Q`v /2b+`B#BM; +?�`;2/ T�`iB+H2b BMi2`�+iBM; rBi?
i?2 2H2+i`B+ }2H/- i?2 7Q`+2 +�``B2`b UT?QiQMbV QMHv BMi2`�+i rBi? 2H2+i`B+�HHv +?�`;2/
T�`iB+H2bX h?2 +QHQm` +?�`;2 Q7 � T�`iB+H2 Bb � T`QT2`iv `2H�i2/ iQ bi`QM; BMi2`�+iBQMb
BM Z*. U7`QK +?`QKQ, +QHQm`VX AM i?2 ai�M/�`/ KQ/2H- i?2b2 T�`iB+H2b �`2 i?2 [m�`Fb
�M/ ;HmQMbX _2+�HH 7`QK i?2 T`2pBQmb b2+iBQM i?�i i?2 TQbBiBQM BM i?2 7mM/�K2Mi�H
`2T`2b2Mi�iBQM K�i`Bt- (T a

F )ij- /2MQi2b i?2 +QHQm` Ui = 1, 2, 3 = `2/- #Hm2- ;`22MVX
1p2`v T�`iB+H2 ?�b � +Q``2bTQM/BM; �MiBT�`iB+H2 rBi? i?2 b�K2 K�bb �M/ bTBM- #mi
rBi? i?2 QTTQbBi2 2H2+i`B+ +?�`;2 �M/ �MiB+QHQm`X 1X;X i?2 �MiBT�`iB+H2 +Q``2bTQM/BM;
iQ �M mT [m�`F rBi? +QHQm` `2/- rBHH #2 i?2 mT �MiB[m�`F rBi? +QHQm` �MiB`2/X
6B;m`2 RXR b?Qrb � i�#H2 Q7 i?2 2H2K2Mi�`v T�`iB+H2b BM i?2 ai�M/�`/ JQ/2HX h?2
T�`iB+H2b BMpQHp2/ BM Z*. �`2 i?2 [m�`Fb �M/ ;HmQMb- bBM+2 i?2b2 �`2 i?2 QM2b i?�i
+�``v +QHQm` +?�`;2X h?2 [m�`Fb �`2 i?2 K�ii2` T�`iB+H2b- �M/ i?2 ;HmQMb �`2 i?2 7Q`+2
+�``B2`b Q7 i?2 bi`QM; 7Q`+2X .m2 iQ i?2 7�+i i?�i ;HmQMb �HbQ +�``v � +QHQm` +?�`;2-
i?2 7Q`+2 +�``B2`b Q7 Z*. +�M BMi2`�+i rBi? i?2Kb2Hp2b UBM +QMi`�bi iQ Z1. r?2`2
i?2 T?QiQMb +�MMQiVX h?2 ;HmQM T`QT�;�iQ` �M/ i?2 �//BiBQM�H 62vMK�M /B�;`�Kb
7Q` i?2 �HHQr2/ BMi2`�+iBQMb #2ir22M ;HmQMb BM Z*. �`2 /2`Bp2/ BM b2+iBQM kX9X

6B;m`2 RXR, ai�M/�`/ KQ/2H Q7 2H2K2Mi�`v T�`iB+H2b (9)X

Ry



*QM}M2K2Mi
:HmQM@;HmQM BMi2`�+iBQMb �`2 #2HB2p2/ iQ ;Bp2 `Bb2 iQ +QHQm` +QM}M2K2MiX �i H�`;2
b2T�`�iBQM /Bbi�M+2- i?2 TQi2MiB�H #2ir22M irQ [m�`Fb Bb i?Qm;?i iQ BM+`2�b2 HBM2�`Hv-
i?�i Bb- VZ*.(r) ⇠ kr- 7Q` bQK2 +QMbi�Mi- k (8)X �i bK�HH b2T�`�iBQM /Bbi�M+2- i?2
TQi2MiB�H #2ir22M irQ [m�`Fb rBHH #2 ;Bp2M #v i?2 *QmHQK# TQi2MiB�H- V*QmHQK#(r) =

�
4
3

g2

4⇡r = �
4
3
↵
r - r?2`2 i?2 bi`QM; +QmTHBM; +QMbi�Mi Bb /2}M2/ �b ↵ = g2/4⇡X h?Bb

TQi2MiB�H rBHH #2 /2`Bp2/ QM T�;2 kkX
6B;m`2 RXk b?Qrb i?2 Qp2`�HH Z*. TQi2MiB�H- VZ*.(r) = �

4
3
↵
r + krX 6Q` bBKTHB+Biv-

↵ ?�p2 #22M 7�+iQ`2/ Qmi- �M/ i?2 p�Hm2 Q7 k/↵ = 3 ?�p2 #22M mb2/ iQ bF2i+? i?2
TQi2MiB�HX

0.0 0.5 1.0 1.5 2.0

-10

-5

0

5

r

1
�V 1

�VQCD = - 43
1
r +

k
� r

1
�VCoulomb = - 43

1
r

6B;m`2 RXk, SQi2MiB�H �b � 7mM+iBQM Q7 /Bbi�M+2 #2ir22M [m�`FbX h?2 Qp2`�HH Z*.
TQi2MiB�H Bb VZ*.(r) = �

4
3
↵
r +krX h?2 *QmHQK# TQi2MiB�H- V*QmHQK#(r) = �

4
3
↵
r - Bb �HbQ

b?QrMX h?2 +QmTHBM; +QMbi�Mi- ↵- ?�b #22M 7�+iQ`2/ Qmi bQ i?2 QMHv ↵@/2T2M/BM;
i2`K H27i Bb i?2 HBM2�` i2`K- k↵r- Q7

1
↵VZ*.X AM i?Bb bF2i+?- i?2 p�Hm2 Q7 k/↵ = 3 ?�p2

#22M mb2/X �i H�`;2 /Bbi�M+2b- i?2 bi`2M;i? Q7 i?2 7Q`+2 #2ir22M � [m�`F@�MiB[m�`F
T�B` BM+`2�b2b HBM2�`Hv- �M/ Bb r?v r2 /Q MQi Q#b2`p2 BbQH�i2/ [m�`FbX h?Bb THQi Bb
KQiBp�i2/ #v (8)X

h?2 bi`QM; BMi2`�+iBQM 7Q`+2b i?2 [m�`Fb iQ #2 #QmM/ BMiQ +QHQm`@M2mi`�H bi�i2b- +�HH2/
?�/`QMbX h`vBM; iQ b2T�`�i2 irQ [m�`Fb #v bi`2i+?BM; i?2K 7�` �T�`i rBHH- /m2 iQ i?2
BM+`2�bBM; TQi2MiB�H- +`2�i2 � [m�`F@�MiB[m�`F T�B` BMbi2�/ Q7 b2T�`�iBM; i?2K Ub22
6B;m`2 RXj 7Q` BHHmbi`�iBQMVX h?Bb Bb r?v QM2 +�MMQi b22 BbQH�i2/ [m�`Fb BM M�im`2 �M/
Bb r?�i r2 +�HH +QM}M2K2MiX q2 +�M i?BMF Q7 i?2 bi`QM; 7Q`+2 �b � i?B+F `m##2` #�M/X
h`vBM; iQ b2T�`�i2 irQ [m�`Fb #v TmHHBM; i?2K �T�`i rBHH QMHv BM+`2�b2 i?2 bi`2M;i?

RR



Q7 i?2 7Q`+2 #2ir22M i?2KX h?2 bi`QM; 7Q`+2 �+iBM; #2ir22M irQ [m�`Fb BM+`2�b2b
rBi? i?2 /Bbi�M+2 b2T�`�iBM; i?2KX

6B;m`2 RXj, AHHmbi`�iBQM Q7 i?2 bi`QM; 7Q`+2 +�``B2/ #v ;HmQMb #2ir22M [m�`FbX

h?2`2 �`2 irQ K�BM ivT2b Q7 ?�/`QMb +�HH2/ K2bQMb �M/ #�`vQMbX J2bQMb �`2 #mBHi
mT #v � [m�`F �M/ �M �MiB[m�`F UqqV r?B+? ?�p2 i?2 b�K2 +QHQm`- 2X;X `2/ �M/
�MiB`2/- K�FBM; i?2K � +QHQm`@M2mi`�H +QK#BM�iBQMX q2 +�M �HbQ ?�p2 i?`22 [m�`Fb
Q` �MiB[m�`Fb Uqqq Q` qqqV 2�+? +�``vBM; � /Bz2`2Mi +QHQm` U`2/- #Hm2 Q` ;`22MVX h?2b2
�`2 +�HH2/ #�`vQMbX hrQ Q7 i?2 #2bi FMQrM #�`vQMb �`2 i?2 T`QiQM Umm/V �M/ i?2
M2mi`QM Um//V- r?B+? �`2 i?2 #mBH/BM; #HQ+Fb Q7 �iQKB+ Mm+H2BX �Mv +QHQm`@M2mi`�H
+QK#BM�iBQM +QMi�BMBM; � ?B;?2` MmK#2` Q7 [m�`Fb �M/ �MiB[m�`Fb- �`2 +�HH2/ 2tQiB+
?�/`QMbX 1t�KTH2b Q7 i?2b2 �`2 i?2 i2i`�[m�`F UqqqqV- K�/2 Q7 irQ K2bQMb- �M/ i?2
T2Mi�[m�`F UqqqqqV- r?B+? Bb � +QK#BM�iBQM Q7 � K2bQM �M/ � #�`vQMX RX

�bvKTiQiB+ 7`22/QK �M/ /2+QM}M2K2Mi
h?2 `mMMBM; Q7 i?2 +QmTHBM; +QMbi�Mi- ↵- `272`b iQ i?2 7�+i i?�i i?2 +QmTHBM; +QMbi�Mi
/2T2M/b QM i?2 2M2`;B2b BMpQHp2/X 6Q` HQr 2M2`;B2b UH�`;2 /Bbi�M+2bV- i?2 +QmTHBM;
+QMbi�Mi Bb p2`v H�`;2- �M/ /2+`2�b2b rBi? BM+`2�bBM; 2M2`;B2b UbK�HH /Bbi�M+2bVX h?2
T`QT2`iv i?�i i?2 BMi2`�+iBQM bi`2M;i?- Q` i?2 +QmTHBM; +QMbi�Mi- #2ir22M [m�`Fb
#2+QK2b r2�F2` rBi? /2+`2�bBM; /Bbi�M+2 Bb +�HH2/ �bvKTiQiB+ 7`22/QKX

RXj Zm�`F@:HmQM SH�bK�
AM Q`/BM�`v K�ii2`- [m�`Fb �`2 +QM}M2/ BMiQ ?�/`QMbX AM [m�`F@;HmQM TH�bK�- i?2
[m�`Fb �`2 /2+QM}M2/ /m2 iQ ?B;? i2KT2`�im`2b �M/ T`2bbm`2X AMbB/2 i?Bb ?B;? 2M2`;v@
/2MbBiv `2;BQM- [m�`Fb �`2 KQpBM; 7`22Hv rBi?Qmi #2BM; +QmTH2/ BMiQ ?�/`QMbX Z:S

R_2+2Mi /Bb+Qp2`v Q7 T`2pBQmbHv T`2/B+i2/ 2tQiB+ ?�/`QMb- r?B+? +QMbBbib Q7 � ?B;?2` MmK#2` Q7
[m�`Fb �M/ �MiB[m�`Fb- ?�p2 #22M Q#b2`p2/ �i G>* �i *1_LX 6`QK kyyj i?2`2 ?�p2 #22M T`QTQb2/
b2p2`�H +�M/B/�i2b 7Q` Q#b2`p�iBQM Q7 i?2b2 2tQiB+ ?�/`QMbX AM kyR8 G>*# `2TQ`i2/ i?2 T2Mi�[m�`F
uudcc (e) �M/ BM kyky i?2v �MMQmM+2/ i?2 /Bb+Qp2`v Q7 i?2 i2i`�[m�`F cccc (d)X

Rk



Bb � bi�i2 Q7 K�ii2` rBi? �TT`QtBK�i2Hv UHQ+�HV i?2`K�H 2[mBHB#`BmKX Ai Bb � M2�`Hv
T2`72+i ~mB/- r?B+? K2�Mb i?�i Bi +�M #2 /2b+`B#2/ r2HH mbBM; ?v/`Q/vM�KB+bX Z:S
}HH2/ i?2 2�`Hv mMBp2`b2X Ai Bb i?2`27Q`2 Q7 Km+? BMi2`2bi iQ mM/2`bi�M/ i?2 T`QT2`iB2b
Q7 i?Bb bi�i2 Q7 K�ii2`X hQ +`2�i2 Z:S QM2 M22/b 2ti`2K2 i2KT2`�im`2b �M/ T`2bbm`2
#2vQM/ r?�i +�M #2 7QmM/ M�im`�HHv QM 1�`i? iQ/�vX "v �++2H2`�iBM; ?2�pv@BQMb-
HBF2 Bb /QM2 �i i?2 _2H�iBpBbiB+ >2�pv AQM *QHHB/2` U_>A*V �i "`QQF?�p2M L�iBQM�H
G�#Q`�iQ`v �M/ �i i?2 G�`;2 >�/`QM *QHHB/2` UG>*V �i *1_L- i?2 p2HQ+Biv Q7 i?2
Mm+H2B Bb #QQbi2/ mT iQ p2HQ+BiB2b +QKT�`�#H2 rBi? i?2 bT22/ Q7 HB;?i kX *QHHB/BM; irQ
bm+? Mm+H2B rBHH T`QpB/2 i?2 ?B;? 2M2`;v M22/2/ iQ +`2�i2 Z:SX h?2 TH�bK� T`Q/m+2/
+�M i?2M #2 bim/B2/ #v Q#b2`p�iBQM Q7 i?2 }M�H bi�i2b T`Q/m+2/ BM i?2 +QHHBbBQMbX
PM2 KQiBp�iBQM 7Q` i?2 bim/v QM ?2�pv@BQM +QHHBbBQMb- Bb iQ H2�`M KQ`2 �#Qmi i?2
T?�b2 /B�;`�K Q7 Z*.X 6B;X RX9 b?Qrb i?2 +QMD2+im`2/ T?�b2 /B�;`�K 7Q` Z*. BM
i2`Kb Q7 i2KT2`�im`2- T - �M/ #�`vQM +?2KB+�H TQi2MiB�H- µBX h?2 #�`vQM +?2KB+�H
TQi2MiB�H +�M #2 i?Qm;?i Q7 �b i?2 2t+2bb Q7 K�ii2` iQ �MiBK�ii2`X h?mb- �i ?B;? µB-
i?2`2 Bb � ?B;?2` �KQmMi Q7 K�ii2` +QKT�`2/ iQ �MiBK�ii2`X 6Q` bK�HH µB �M/ HQr T -
i?2 [m�`Fb 2tBbib BM � +QM}M2/ ?�/`QM ;�bX AM+`2�bBM; i?2 i2KT2`�im`2- � +QMiBMmQmb
+`QbbQp2` BMiQ [m�`F@;HmQM TH�bK� T?�b2 Q++m`bX h?2 `2;BQM �i H�`;2 µB �M/ HQr
T Bb Q7 BKTQ`i�M+2 7Q` i?2 bim/v Q7 /Bz2`2Mi `2;BQMb BM M2mi`QM bi�`bX �`QmM/ i?Bb
`2;BQM Q7 i?2 /B�;`�K- i?2`2 Bb ?vTQi?2bBx2/ iQ #2 � }`bi Q`/2` i`�MbBiBQM #2ir22M i?2
?�/`QM ;�b �M/ i?2 Z:S (N) (Ry)- BHHmbi`�i2/ #v i?2 bQHB/ HBM2 BM 6B;m`2 RX9X S`Q#BM;
?2�pv@BQM +QHHBbBQMb �i bK�HH2` µB �M/ ?B;?2` T - r2 +�M H2�`M r?2i?2` U�M/ r?2`2V
� +`BiB+�H TQBMi 2tBbi #2ir22M i?2 +QMiBMmQmb �M/ }`bi@Q`/2` i`�MbBiBQMbX
P#b2`p�#H2b bmTTQ`iBM; i?2 +`2�iBQM Q7 Z:S BM ?2�pv@BQM +QHHBbBQMb �`2 +QHH2+iBp2
~Qr- T�`iQM 2M2`;v@HQbb �M/ bi`�M;2M2bb 2M?�M+2K2Mib- r?B+? rBHH �HH #2 /Bb+mbb2/
BM a2+iBQM jXkXRX "v +QKT�`BM; /�i� rBi? � T`QiQM@T`QiQM UTTV +QHHBbBQM- r?2`2
MQ K2/BmK Bb 7Q`K2/- r2 +H2�`Hv b22 i?�i BM ?2�pv@BQM U��V +QHHBbBQMb- bQK2i?BM;
Bb BMi2`�+iBM; rBi? i?2 T�`iB+H2b BMpQHp2/X h?Bb bm;;2bib i?2 7Q`K�iBQM Q7 Z:S BM
i?2 H�ii2` +�b2X � bim/v Q7 ?Qr T�`iB+H2b �`2 �z2+i2/ #v � K2/BmK +`2�i2/ BM ��@
+QHHBbBQMb Bb /QM2 BM *?�Ti2` 9X

k�b �M 2biBK�i2 mbBM; i?2 +QHHBbBQM 2M2`;B2b �p�BH�#H2 �i G>*- i?2 `2H�iBpBbiB+ ;�KK�@7�+iQ`b
+Q``2bTQM/b iQ R9yy (3)- T`Q/m+BM; p2HQ+BiB2b Q7 vz = 1/

p
1� �2 = 1/

p
1� 14002 = 0.9999 UmMBib

BM cVX

Rj



6B;m`2 RX9, h?Bb };m`2 b?Qrb i?2 +QMD2+im`2/ T?�b2 /B�;`�K 7Q` Z*.X h?2`2 Bb �
+QMiBMmQmb +`QbbQp2` 7`QK i?2 ?�/`QM ;�b T?�b2 iQ i?2 [m�`F@;HmQM T?�b2 �i HQr
µB �M/ T X A7 i?2`2 Bb � Rbi Q`/2` T?�b2 i`�MbBiBQM Q++m``BM; �`QmM/ T ⇠ 170 J2o
�M/ µB < 900 J2o Bb QMHv bm;;2bi2/X "v T`Q#BM; ?2�pv@BQM +QHHBbBQMb- QM2 KB;?i
/2i2`KBM2 r?2i?2` i?2`2 Bb � +`BiB+�H p�Hm2 7Q` r?B+? i?2 +QMiBMmQmb +`QbbQp2` im`Mb
BMiQ � Rbi Q`/2` T?�b2 i`�MbBiBQM Q++m`bX 6B;m`2 7`QK (RR)X

RX9 S2`72+i ~mB/
a?2�` pBb+QbBiv- ⌘- Bb � K2�bm`2 Q7 i?2 BMi2`M�H 7`B+iBQM BM � ~mB/X h?2 /BK2MbBQMH2bb
`�iBQ- ⌘/s UpBb+QbBivf2Mi`QTvV- Bb mb2/ iQ /2i2`KBM2 ?Qr ǳT2`72+iǴ � ~mB/ BbX h?2
HQr2` #QmM/ +QMD2+im`2/ iQ i?Bb `�iBQ Bb ⌘/s � 1/4⇡ ⇡ 0.08 (Rk)X J2�MBM; i?�i B7 r2
?�p2 � ~mB/ rBi? ⌘/s = 1/4⇡- r2 ?�p2 � T2`72+i ~mB/ r?B+? +�M i?2M #2 /2b+`B#2/
�TT`QtBK�i2Hv #v ?v/`Q/vM�KB+bX 6B;m`2 RX8 b?Qrb +QMbi�Mi T`2bbm`2 +m`p2b 7Q`
⌘/s pbX i2KT2`�im`2 7Q` /Bz2`2Mi ~mB/bX �i i?2 +`BiB+�H i2KT2`�im`2- T0- � T?�b2
i`�MbBiBQM 7`QK � ;�b2Qmb T?�b2 UH27i ?�M/ bB/2 Q7 T0V iQ � HB[mB/ T?�b2 U`B;?i ?�M/
bB/2 Q7 T0V Q++m`bX 6Q` ;�b2b- i?2 `�iBQ /2+`2�b2 rBi? i2KT2`�im`2- �M/ 7Q` HB[mB/b Bi
BM+`2�b2bX q2 b22 i?�i 7Q` Z:S- i?Bb `�iBQ Bb �HKQbi �i i?2 #QmM/�`v +QMD2+im`2/-
⌘/s = 1/4⇡- BKTHvBM; i?�i i?Bb Bb � M2�`Hv T2`72+i ~mB/X
>Qr2p2`- i?Bb HQr2` #QmM/ ?�p2 bBM+2 #22M �`;m2/ iQ #2 ⌘/s � 16/251/4⇡ ⇡ 0.05 (R9)

R9



6B;m`2 RX8, *QMbi�Mi T`2bbm`2 +m`p2b 7Q` /Bz2`2Mi ~mB/bf;�b2bX T0 Bb i?2 +`BiB+�H
i2KT2`�im`2 7Q` i?2 T?�b2 i`�MbBiBQMX :�b2Qmb T?�b2b iQ i?2 H27i �M/ HB[mB/ T?�b2b iQ
i?2 `B;?i bB/2 Q7 i?2 THQiX h?2 `�iBQ �TT`Q�+?2b i?2 p�Hm2 Q7 ⌘/s ⇡ 1/4⇡- +QMD2+im`2/
#v (Rk) 6B;m`2 7`QK (Rj)X

�M/ �HbQ- 7`QK � [m�MimK }2H/ i?2Q`v TQBMi Q7 pB2r- i?�i i?2 `�iBQ b?QmH/ �TT`Q�+?
y (R8)X q?2M �TTHvBM; i?2 KQbi +QKTH2i2 "�v2bB�M }ib MQr�/�vb- i?2 `�iBQ }ii2/
iQ i?2 /�i� 7`QK G>* 2tT2`BK2Mib �HbQ b?Qr � HQr2` p�Hm2 i?�M ⌘/s < 1/4⇡ (Re)X
1p2M i?Qm;? i?2 HQr2bi TQbbB#H2 p�Hm2 Q7 ⌘/s Bb v2i iQ #2 /2i2`KBM2/- Z:S Bb biBHH
i?2 KQbi T2`72+i ~mB/ /Bb+Qp2`2/ bQ 7�`X

R8



*?�Ti2` k

Z*., .2`Bp�iBQMb

AM i?Bb +?�Ti2`- bQK2 `2bmHib Q7 Z*. �`2 /2`Bp2/X h?2b2 �`2 #�b2/ QM i?2 i?2Q`v
;Bp2M BM (j- +?Xk8Yke) �M/ (Rd- +?XR8YRe)X AM a2+iBQM kXR- i?2 �+iBQM BM i?2 H�iiB+2 Bb
+QMM2+i2/ iQ i?�i Q7 i?2 u�M;@JBHHb i?2Q`v mbBM; � TH�[m2ii2- r?B+? Bb i?2 bK�HH2bi
HQQT QM2 +�M K�F2 QM i?2 H�iiB+2X AM a2+iBQM kXk- i?2 ;HmQM T`QT�;�iQ` Bb /2`Bp2/X
� b?Q`i bim/v Q7 i?2 BMi2`�+iBQM #2ir22M [m�`Fb Bb ;Bp2M BM a2+iBQM kXjX G�biHv- i?2
/2`Bp�iBQM Q7 i?2 62vMK�MM /B�;`�Kb 7Q` i?2 i?`22@ �M/ 7Qm`@TQBMi ;HmQM p2`iB+2b �`2
T`2b2Mi2/ BM a2+iBQM kX9X

kXR �+iBQM QM i?2 H�iiB+2
h?Bb /2`Bp�iBQM +HQb2Hv 7QHHQrb (j- TX8y9@8y8)X q2 r�Mi iQ +QKT�`2 }2H/ p�Hm2b �i
/Bz2`2Mi TQBMi BM Qm` H�iiB+2 BM � ;�m;2 BMp�`B�Mi r�vX h?2 }2H/ p�Hm2b i`�Mb7Q`Kb
�b

�(n) ! ei↵
a(n)Ta

�(n) = U(n)�(n) UkXRV
�+(n) ! �+(n)U+(n) , UkXkV

r?2`2 ↵a(n) �`2 `2�H 7mM+iBQMb Q7 bT�+2@iBK2 �M/ T a �`2 i?2 ;`QmT ;2M2`�iQ`b Q7 i?2
7mM/�K2Mi�H `2T`2b2Mi�iBQM BM alUjVX
aBM+2 i?2 +QMp2MiBQM mb2/ �i � TQBMi xµ b?QmH/ #2 BM/2T2M/2Mi Q7 i?2 +QMp2MiBQM
mb2/ �i � /Bz2`2Mi TQBMi- yµ- i?2 /Bz2`2M+2 #2ir22M i?2K rQmH/ #2 T?�b2@/2T2M/2MiX
hQ #2 �#H2 iQ +QKT�`2 i?2 }2H/ p�Hm2b BM/2T2M/2Mi Q7 i?2 T?�b2 mb2/- r2 +`2�i2 �
M2r }2H/- Wµ- i?�i �+ib �b � HBMF #2ir22M irQ bBi2bX A7 i?2 bBi2b �`2 b2T�`�i2/ #v �

Re



/Bbi�M+2 a- µ̂ ?�b i?2 mMBi H2M;i? a BM µ@/B`2+iBQM �M/ UMYµ̂V �M/ UMV �`2 M2B;?#Qm`BM;
bBi2b Ub22 6B;m`2 kXRVX h?2 M2r }2H/ i`�Mb7Q`Kb �b

Wµ(n) ! U(n)Wµ(n)U
+(n+ µ̂) . UkXjV

h?2 }2H/b- Wµ(ni)- �`2 +�HH2/ HBMF }2H/bX q2 /2}M2 W�µ(n) = W †
µ(n� µ̂) �b i?2 HBMF

BM i?2 QTTQbBi2 /B`2+iBQMX AM i?2 +QMiBMmmK +�b2, Wµ(n) = eiaA
a
µ(n)T

a
= eiaAµ X h?2

bBKTH2bi HQQT QM2 +�M K�F2 i?�i Bb MQM@i`BpB�H Bb � bK�HH #Qt +�HH2/ � TH�[m2ii2,

Wµ⌫(n) = W�⌫(n+ ⌫̂)W�µ(n+ µ̂+ ⌫̂)W⌫(n+ µ̂)Wµ(n)

= W+
⌫ (n+ ⌫̂ � ⌫̂)W+

µ (n+ µ̂+ ⌫̂ � µ̂)W⌫(n+ µ̂)Wµ(n)

= W+
⌫ (n)W+

µ (n+ ⌫̂)W⌫(n+ µ̂)Wµ(n) . UkX9V

� TH�[m2ii2 Bb i?2 KmHiBTHB+�iBQM Q7 HBMF@}2H/b �`QmM/ � +HQb2/ HQQT- �M/ Bb � ;�m;2
BMp�`B�Mi Q#D2+iX

U�V U#V

6B;m`2 kXR, U�V L2B;?#Qm`BM; bBi2b QM � H�iiB+2X 1�+? bBi2 Bb b2T�`�i2/ #v � /Bbi�M+2-
a- BM 2Bi?2` µ̂@/B`2+iBQM Q` ⌫̂@/B`2+iBQM- r?2`2 |µ̂| = |⌫̂| = aX U#V h?2 bK�HH2bi- MQM@
i`BpB�H HQQT QM2 +�M K�F2 QM i?2 H�iiB+2 Bb +�HH2/ � TH�[m2ii2X h?2 HBMF }2H/b- Wµ(n)-
+QKT�`2 i?2 }2H/ p�Hm2b Q7 irQ M2B;?#Qm`BM; bBi2bX h?2 irQ ;`�v �``Qrb /2MQi2b
i?2 +Q``2bTQM/BM; HBMF }2H/b BM i?2 QTTQbBi2 /B`2+iBQM- �b mb2/ BM 1[XUkX9VX 6B;m`2
BMbTB`2/ #v (j- TX 8y9)X

lbBM; i?2 *�KT#2HH@"�F2`@>�mb/Q`z 7Q`KmH�- 2tTU�V2tTU"V = 2tT
�
�Y"Y1

2 (�-")
�
-

r?2`2 [A,B] Bb i?2 +QKKmi�iBQM `2H�iBQM #2ir22M � �M/ "- QM2 +�M r`Bi2 Wµ⌫ mT

Rd



iQ Q`/2` a2

Wµ⌫(n) = 2tT
n
ia
�
�A⌫(n)�Aµ(n+ ⌫̂) +A⌫(n+ µ̂) +Aµ(n)

�

+
1

2
(�ia)2

⇥
A⌫(n) , Aµ(n+ ⌫̂)

⇤
+

1

2
(ia)2

⇥
A⌫(n+ µ̂) , Aµ(n)

⇤

+
1

2
(�ia)(ia)

⇥
A⌫(n) +Aµ(n+ ⌫̂) , A⌫(n+ µ̂) +Aµ(n)

⇤o
. UkX8V

q2 h�vHQ`@2tT�M/ iQ +QMM2+i iQ i?2 +QMiBMmmK HBKBi, A⌫(n+⌫̂) =A⌫(n) Y �@µA⌫(n)
Y O(a2) X

Wµ⌫ = 2tT
n
ia
⇣
�A⌫(n)�Aµ(n)� a@⌫Aµ(n) +A⌫(n) + a@µA⌫(n) +Aµ(n)

⌘

�
a2

2

⇥
A⌫(n) , Aµ(n) + a@⌫Aµ(n)

⇤
�

a2

2

⇥
A⌫(n) + a@µA⌫(n) , Aµ(n)

⇤

+
a2

2

⇥
A⌫(n) +Aµ(n) + a@⌫Aµ(n) , A⌫(n) +Aµ(n) + a@µA⌫(n)

⇤o
.

UkXeV

lT iQ Q`/2` a2- i?2 H�bi i2`K p�MBb?2bX q2 mb2 i?�i [A⌫ -Aµ] = @[Aµ-A⌫ ] �M/ ;2i

Wµ⌫ = 2tT
n
ia2
⇣
@µA⌫(n)� @⌫Aµ(n)

⌘
+ a2

⇥
Aµ(n) , A⌫(n)

⇤
+O(a3)

o

= 2tT
n
ia2Fµ⌫(n) +O(a3)

o
, UkXdV

r?2`2 i?2 }2H/@bi`2M;i? i2MbQ` Bb /2}M2/ �b Fµ⌫ ⌘
�
@µA⌫�@⌫Aµ

�
�i
⇥
Aµ , A⌫

⇤
X

q2 r�Mi iQ `2H�i2 i?2 �+iBQM QM i?2 H�iiB+2 mbBM; i?2 TH�[m2ii2 iQ i?�i Q7 i?2 u�M;@
JBHHb �+iBQM 2tT`2bb2/ BM i2`Kb Q7 i?2 }2H/@bi`2M;i? i2MbQ`X q2 +�M /Bb+`2iBx2 i?2
+QMiBMmQmK Q7 SuJ #v `2b+�HBM; Aµ !

1
gAµ �M/ mb2 i?�i i?2 BM/2t Q7 i?2 �/DQBMi

`2T`2b2Mi�iBQM BM � MQM@�#2HB�M ;�m;2 i?2Q`v Bb T (adj) = CA = N ,

SuJ[Fµ⌫ ] = i

Z
d4x
h
�

1

4g2
(F a

µ⌫)
2
i
= �

ia4

4g2N
⌃n,µ⌫tr

�
Fµ⌫

2
�
. UkX3V

q2 i?2M /2}M2 i?2 u�M;@JBHHb �+iBQM QM i?2 H�iiB+2 iQ #2

SH�iiB+2[Wµ⌫ ] = �
i

2g2N
⌃n,µ⌫_2

h
i`
�
1�Wµ⌫(N)

�i
, UkXNV

R3



bQ i?�i r?2M r2 2tT�M/ Wµ⌫ �i bK�HH �- r2 ;2i

SH�iiB+2[Wµ⌫ ] = �
i

2g2N
⌃n,µ⌫_2

h
i`
�
1� (1 + ia2Fµ⌫(N)�

a4

2
Fµ⌫

2(N) +O(a5)
�i

= �
ia4

4g2N
⌃n,µ⌫tr

�
Fµ⌫

2(N)
�
, UkXRyV

r?B+? Bb i?2 b�K2 �b i?2 /Bb+`2i2 p2`bBQM Q7 i?2 u�M;@JBHHb �+iBQM- 1[XUkX3VX

kXk h?2 :HmQM T`QT�;�iQ`
q2 +�M }M/ i?2 ;HmQM T`QT�;�iQ` mbBM; i?2 ;2M2`�iBM; 7mM+iBQM�H (j- TXkek)

h⌦|T{Aµ(x1)A⌫(x2)}|⌦i = (�i)2
1

Z[0]

@2Z[J ]

@J1@J2

���
J=0

= ⇧µ⌫(x1 � x2) . UkXRRV

AM Qm` +�b2- i?2 7mM+iBQM�H Z[J ] =
R
DAeiS[A]+i

R
d4xJ(x)A(x)- rBi?Qmi i?2 T`2b2M+2 Q7

� bQm`+2 rBHH #2

Z[0] =

Z
DAeiS[A] =

Z
DAei

R
d4x
⇥
� 1

4 (F
a
µ⌫)

2
⇤
=

Z
DAe

i
R
d4x

h
� 1

2A
a
µ(@

2gµ⌫�@µ@⌫)�abAb
⌫

i

.

UkXRkV
:Bp2M � p2+iQ` ~p rBi? n /BK2MbBQMb- � :�mbbB�M BMi2;`�H Bb `2H�i2/ iQ i?2 K�i`Bt Q7
i?2 [m�/`�iB+ T�`i pB� i?2 `2H�iBQM (j- TXk88)

Z 1

�1
d~p e�

1
2 ~p

†J~p+ ~J~p =

r
(2⇡)n

/2iJe
1
2
~J†J�1 ~J . UkXRjV

AM KQK2MimK bT�+2- i?2 K�i`Bt r2 �`2 BMi2`2bi2/ BM 7`QK 1[XUkXRkV- M�K2Hv (@2gµ⌫�
@µ@⌫)- rBHH `2�/, (�k2gµ⌫ + kµk⌫)X 6Q` 2B;2Mp�Hm2b T`QTQ`iBQM�H iQ kµ Q` k⌫ - r2 rBHH
?�p2 /2i(�k2gµ⌫+kµk⌫) = 0- r?B+? K2�Mb i?�i i?Bb K�i`Bt Bb MQi BMp2`iB#H2X q2 rBHH
i?2`27Q`2 7QHHQr i?2 HQ;B+ #2?BM/ i?2 i?2 7QHHQrBM; B/2�, amTTQb2 r2 ?�p2 �M BMi2;`�H
Q7 i?2 7Q`K

R
dx dy e�x2 X h?Bb rBHH MQi +?�M;2 B7 r2 b?B7i y #v bQK2 p�`B�#H2- b�v

y0X q2 +�M i?2`27Q`2 BMb2`i i?2 /2Hi�@7mM+iBQM
R
dy0 �(y � y0) = 1 BMiQ i?2 T`2pBQmb

BMi2;`�H- rBi?Qmi +?�M;BM; i?2 iQi�H 2tT`2bbBQMX q2 +QmH/ �HbQ �// � :�mbbB�M r?B+?
/2T2M/b QM y0- �M/ /BpB/2 #v bQK2 MQ`K�HBx�iBQM +QMbi�Mi UN V BM 7`QMi iQ K�F2 i?Bb
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h?2 /2`Bp�iBp2 QMHv �+ib QM i?2 x@/2T2M/2M+2 r?B+? Q++m`b BM i?2 2tTQM2MiB�H- F22T@
BM; BM KBM/ i?�i i?2 /Qi@T`Q/m+i +QMi�BMb BM/B+2b- pµ · xµ- i?Bb ;Bp2b � 7�+iQ` Q7 ipµX

k8



_2�``�M;BM; i?2 i2`Kb r2 ;2i

iS = gfabc

Z
d4p

(2⇡)4

Z
d4k

(2⇡)4

Z
d4q

(2⇡)4

Z
d4xeix(p+k+q)pµA

a
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫

= gfabc

Z
d4p

(2⇡)4

Z
d4k

(2⇡)4

Z
d4q

(2⇡)4
(2⇡)4�(4)(p+ k + q)pµA

a
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫

= gfabc

Z

pkq

pµA
a
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫ , UkX9yV

r?2`2 r2 ?�p2 /2}M2/
R
pkq iQ #2 �HH i?2 BMi2;`�H i2`Kb �M/ i?2 /2Hi�@7mM+iBQM i2`K

+QK2b 7`QK i?2 BMi2;`�H Qp2` xX h?Bb /B�;`�K Bb MQi bvKK2i`B+- bQ r2 +QMiBMm2 #v
K�FBM; Bi bvKK2i`B+ �`QmM/ irQ Q7 i?2 �t2b #v /BpB/BM; i?2 2[m�iBQM BMiQ irQ 2[m�H
T�`ib- �M/ `2H�#2H i?2 /mKKv@BM/B+2b Q7 QM2 Q7 i?2K, Ua- ⌫- pV ! Uc- ⇢- qVX

iS = g
h1
2

Z

pkq

fabcpµA
a
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫ +
1

2

Z

pkq

fabcpµA
a
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫
i

=
g

2

h Z

pkq

fabcpµA
a
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫ +

Z

qkp

f cbaqµA
c
⇢(q)A

b
µ(k)A

a
⌫(p)g

⌫⇢
i

=
g

2

Z

pkq

fabcAa
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫(pµ � qµ) , UkX9RV

r?2`2 r2 ?�p2 mb2/ i?2 �MiBbvKK2i`v Q7 fabc BM i?2 H�bi bi2TX q2 /Q i?Bb QM2 KQ`2
iBK2- K�FBM; i?2 /B�;`�K bvKK2i`B+ �`QmM/ �HH i?2 �tBb #v /BpB/BM; BMiQ j T�`ib
UiQ;2i?2` rBi? i?2 Rfk 7`QK �#Qp2 r2 ;2i �M Qp2`�HH 7�+iQ` Q7 Rfj5VX q2 T2`Kmi2 i?2
BM/B+2b U⌫- a- pV ! Uµ- b- kV ! U⇢- c- qV BM QM2 Q7 i?2 T�`ib �M/ i?2M i?2 Qi?2` r�v
�`QmM/ 7Q` i?2 H�bi QM2X q2 ;2i

iS =
g

3!

h Z

pkq

fabcAa
⌫(p)A

b
µ(k)A

c
⇢(q)g

⇢⌫(pµ � qµ)

+

Z

kqp

f bcaAb
µ(k)A

c
⇢(q)A

a
⌫(p)g

⌫µ(k⇢ � p⇢)

+

Z

qpk

f cabAc
⇢(q)A

a
⌫(p)A

b
µ(k)g

µ⇢(q⌫ � k⌫)
i

=
g

3!
fabc

Z

pkq

Aa
⌫(p)A

b
µ(k)A

c
⇢(q)

⇥
g⇢⌫(pµ � qµ) + g⌫µ(k⇢ � p⇢) + gµ⇢(q⌫ � k⌫)

⇤
.

UkX9kV

�;�BM- i?2 �MiBbvKK2i`v Q7 fabc Bb mb2/ �b r2HH �b r2 +�M r`Bi2 i?2 BMi2;`�Hb BM/2@
T2M/2Mi Q7 i?2 Q`/2` Q7 p- k �M/ q UBX2X

R
pkq =

R
kqp =

R
pkqVX q2 ?�p2 i?2M Q#i�BM2/

i?2 62vMK�M `mH2 7Q` i?2 i`BTH2@;HmQM p2`i2t,

ke



= gfabc
⇥
g⇢⌫(pµ � qµ) + g⌫µ(k⇢ � p⇢) + gµ⇢(q⌫ � k⌫)

⇤
. UkX9jV

kX9Xk 6Qm`@;HmQM p2`i2t
h?2 +Q``2bTQM/BM; 62vMK�M `mH2 7Q` i?2 7Qm`@TQBMi ;HmQM p2`i2t Bb 7QmM/ mbBM; i?2
b2+QM/ i2`K Q7 1[XUkXjeV- �1

4g
2f eabAa

µA
b
⌫f

ecdAc
µA

d
⌫ X AM i?2 b�K2 7�b?BQM �b i?2 T`2pB@

Qmb b2+iBQM- r2 rBHH mb2 i?2 b?Q`i@?�M/ MQi�iBQM 7Q` i?2 BMi2;`�Hb r?B+? +QK2b 7`QK
i?2 6Qm`B2`@i`�Mb7Q`K �M/ i?2 /2Hi�@7mM+iBQM �b

R
µ⌫⇢�X AM i?2 +�b2 Q7 i?2 7Qm`@TQBMi

p2`i2t- r2 /Q MQi ?�p2 �Mv /2`Bp�iBp2- bQ r2 rBHH MQi ;2i �M 2ti`� 7�+iQ` Q7 KQK2M@
imKX q2 rBHH r`Bi2 Ac

µ = Ac
⇢gµ⇢ �M/ Ad

⌫ = Ad
�g⌫� iQ b2T�`�i2 i?2K 7`QK 2�+? Qi?2`X

h�FBM; �HH i?2 A�b BM 7`QMi- r2 +�M 7Q+mb QM i?2 bi`m+im`2@7�+iQ`b- f eab �M/ f ecd- �M/
i?2 g�bX h?2 �+iBQM 7Q` i?2 9@TQBMi BMi2`�+iBQM +�M i?2M #2 r`Bii2M �b

iS9@TQBMi BMi2`�+iBQM = �
ig2

4

Z

µ⌫⇢�

Aa
µA

b
⌫A

c
⇢A

d
�f

eabf ecdgµ⇢g⌫� . UkX99V

h?2`2 �`2 4! r�vb Q7 T2`KmiBM; i?2 µ, ⌫, ⇢, �@BM/B+2b- ;BpBM; mb � bvKK2i`v@7�+iQ`
Q7 1

4! X 6Q` bBKTHB+Biv- r2 `2M�K2 i?2 b2i Q7 BM/B+2b HBF2 i?Bb, (a, µ) = 1- (b, ⌫) = 2-
(c, ⇢) = 3 �M/ (d,�) = 4X h?2 TQbbB#H2 r�vb r2 +�M T2`Kmi2 i?2 i?`22 H�bi BM/B+2b
;BpBM; i?�i i?2 }`bi BM/2t bi�vb i?2 b�K2 Bb, Rkj9- Rk9j- Rjk9- Rj9k- R9kj- R9jkX
PMHv HQQFBM; �i i?2 bi`m+im`2@7�+iQ`b �M/ i?2 g�b Ur?B+? �`2 i?2 QM2b i?�i rBHH #2
+?�M;BM;V rBi? i?2b2 T2`Kmi�iBQMb ;Bp2b mb i?2b2 bBt i2`Kb BM i?2 BMi2;`�H,

f e12f e34g13g24 + f e12f e43g14g23
+ f e13f e24g12g34 + f e13f e42g14g32
+ f e14f e23g12g43 + f e14f e32g13g42 . UkX98V

lbBM; i?2 �MiBbvKK2i`v Q7 i?2 bi`m+im`2@7�+iQ`- f e12 = �f e21- r2 +�M r`Bi2 i?Bb BM �
KQ`2 +QKT�+i 7Q`K,

f e12f e34(g13g24 � g14g23)

+ f e13f e24(g12g34 � g14g32)

+ f e14f e23(g12g43 � g13g42) . UkX9eV
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h?2 M2ti T2`Kmi�iBQMb rBHH �HbQ ;Bp2 mb bBt i2`Kb �M/ �`2 Q#i�BM2/ #v br�TTBM; irQ
Q7 i?2 BM/B+2b bm+? i?�i (1234) ! (2134) BM i?2 T`2pBQmb 2tT`2bbBQMX � +v+HB+ b?B7i iQ
i?2 `B;?i- URkj9V!U9RkjV- rBHH �HbQ ;Bp2 mb bBt i2`KbX h?2b2 e + e i2`Kb �`2 b?QrM
#2HQr,

f e21f e34(g23g14 � g24g13) f e41f e23(g42g13 � g43g12)

+ f e23f e14(g21g34 � g24g31) +f e42f e13(g41g23 � g43g12)

+ f e24f e13(g21g43 � g23g41) , +f e43f e12(g41g32 � g42g31) . UkX9dV

�7i2` mbBM; i?2 �MiBbvKK2i`v Q7 i?2 bi`m+im`2@7�+iQ` �M/ i?2 bvKK2i`v Q7 g Ug12 =
g21V- i?2b2 i2`Kb im`Mb Qmi iQ #2 i?2 b�K2 �b i?Qb2 Q7 1[XUkX9eVX h?2 H�bi r�v Q7
T2`KmiBM; Bb #v br�TTBM; i?2 irQ H�bi BM/B+2b �M/ i?2M /Q � +v+HB+ b?B7i iQ i?2 `B;?i-
BX2X URkj9V!URk9jV!UjRk9VX "v mbBM; r?�i r2 7QmM/ Qmi 7`QK i?2 T`2pBQmb bi2T-
M�K2Hv i?�i B7 r2 br�T irQ BM/B+2b i?2 i2`Kb rBHH #2+QK2 i?�i Q7 1[XUkX9eV �M/
bBKBH�`Hv B7 r2 +v+HB+�HHv T2`Kmi2 QM2 bi2T iQ i?2 `B;?i- r2 FMQr i?�i i?2b2 H�bi bBt
i2`Kb rBHH �HbQ HQQF 2t�+iHv HBF2 1[XUkX9eVX h?2M r2 �`2 H27i rBi? 9 · 1[XUkX9eV- r?B+?
+�M+2Hb i?2 1

4 BM i?2 7`QMi Q7 1[XUkX99V- i?Qm;? r2 biBHH ?�p2 � 7�+iQ` Q7 1
4! 7`QK i?2

bvKK2i`v K2MiBQM2/ �#Qp2X *QMp2`iBM; i?2 BM/B+2b #�+F 7`QK MmK#2`b iQ H2ii2`b-
1[XUkX99V MQr HQQFb HBF2

iS4point = �
ig2

4!

Z

µ⌫⇢�

Aa
µA

b
⌫A

c
⇢A

d
�

h
f eabf ecd(gµ⇢g⌫� � gµ�g⌫⇢)

+ f eacf ebd(gµ⌫g⇢� � gµ�g⇢⌫)

+ f eadf ebc(gµ⌫g�⇢ � gµ⇢g�⌫)
i
, UkX93V

�M/ r2 +�M `2�/ Qz i?2 62vMK�M `mH2 7Q` i?2 7Qm`@;HmQM p2`i2t �b,

= �ig2
h
f eabf ecd(gµ⇢g⌫� � gµ�g⌫⇢)

+ f eacf ebd(gµ⌫g⇢� � gµ�g⇢⌫)

+ f eadf ebc(gµ⌫g�⇢ � gµ⇢g�⌫)
i
. UkX9NV
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*?�Ti2` j

>2�pv@BQM +QHHBbBQMb

AM ?2�pv@BQM U��V +QHHBbBQMb- Mm+H2B �`2 �++2H2`�i2/ iQ `2H�iBpBbiB+ p2HQ+BiB2bX h?2
Mm+H2mb +QMbBbib Q7 T`QiQMb �M/ M2mi`QMb- r?B+? BM im`M �`2 #mBH/ mT #v [m�`Fb �M/
;HmQMb- +QHH2+iBp2Hv +�HH2/ T�`iQMbX h?2 K�bb MmK#2`- A- Bb i?2 bmK Q7 T`QiQMb �M/
M2mi`QMb BM i?2 Mm+H2mbX A7 i?2 `�/Bmb Q7 i?2 Mm+H2mb Bb _� U2X;X _S# ⇠ 15 7KV- i?2
`2H�iBpBbiB+ i?B+FM2bb Bb ;Bp2M #v _� /�- r?2`2 � = 1/

p
1� v2z �M/ vz Bb i?2 p2HQ+Biv

Q7 i?2 Mm+H2mb BM i?2 /B`2+iBQM Q7 i?2 #2�K BM mMBib Q7 bT22/ Q7 HB;?iX 6Q` S#S#
+QHHBbBQMb �i G>*- i?2 Mm+H2B �`2 +QHHB/2/ rBi? � iQi�H +QHHBbBQM 2M2`;v p

s = 2.76
h2o- ;BpBM; mb � ;�KK�@7�+iQ` Q7 �#Qmi � = 1400X h?Bb K2�Mb i?�i i?2 Mm+H2B ;2ib
?B;?Hv GQ`2Mix +QMi`�+i2/X AMbi2�/ Q7 i?BMFBM; �#Qmi irQ bT?2`2b +QHHB/BM;- r2 +�M
BK�;BM2 i?BM T�M+�F2@HBF2 Q#D2+ibX h?2 BKT�+i T�`�K2i2`- b- Bb i?2 /Bbi�M+2 #2ir22M
i?2 +2Mi2` Q7 i?2 irQ Mm+H2BX P#b2`p�iBQM Q7 i?2 +2Mi`�HBiv Q7 � +QHHBbBQM i`B2b iQ i2HH
mb �#Qmi i?2 BKT�+i T�`�K2i2`X AM � +2Mi`�H +QHHBbBQM- i?2v +QHHB/2 ?2�/@QM �M/ i?mb
b = 0X AM � T2`BT?2`�H +QHHBbBQM- b 6= 0- i?2 +QHHBbBQM rBHH ?�TT2M BM i?2 Qp2`H�T `2;BQM
Ub22 6B;X jXRVX h?2 T�`iB+H2b +QMi`B#miBM; BM i?2 +QHHBbBQM T`Q+2bb #v +QHHB/BM; BMiQ
Qi?2` Mm+H2QMb �`2 +�HH2/ T�`iB+BT�MibX h?Qb2 MQi +QMi`B#miBM; �`2 +�HH2/ bT2+i�iQ`b
�M/ rBHH bBKTHv +QMiBMm2 i?2B` T�i?b �HQM; i?2 #2�K �tBbX

jXR 1pQHmiBQM Q7 i?2 +QHHBbBQM
h?2 T?vbB+�H TB+im`2 Q7 ?Qr i?2 +QHHBbBQMb �`2 KQ/2HH2/ Bb /2b+`B#2/ BM i?2 7QHHQrBM;
�M/ BHHmbi`�i2/ BM 6B;m`2 jXkX �7i2` �#Qmi R 7Kfc �7i2` i?2 +QHHBbBQM Q7 i?2 irQ
GQ`2Mix +QMi`�+i2/ Mm+H2B- i?2 [m�`Fb �M/ ;HmQMb �`2 /2+QM}M2/ BMiQ [m�`F@;HmQM
TH�bK�X h?Bb bi�i2 Q7 K�ii2` Bb Q7i2M /2b+`B#2/ mbBM; `2H�iBpBbiB+ ?v/`Q/vM�KB+b

kN



6B;m`2 jXR, h?2 T�`iB+BT�Mi Mm+H2QMb BM � +QHHBbBQM Q7 irQ GQ`2Mix +QMi`�+i2/ /BbFb
�`2 i?2 QM2b BMbB/2 i?2 Qp2`H�T `2;BQM �M/ +QHHB/2b rBi? �i H2�bi QM2 Qi?2` Mm+H2QMX
h?2 Mm+H2QMb QmibB/2 i?2 Qp2`H�T `2;BQM �`2 +�HH2/ i?2 bT2+i�iQ`bX h?2b2 rBHH bBKTHv
+QMiBMm2 i?2B` T�i?b �HQM; i?2 #2�K �tBbX h?2 BKT�+i T�`�K2i2`- b- i2HHb ?Qr 7�` i?2
+2Mi2` Q7 2�+? Mm+H2mb Bb 7`QK 2�+? Qi?2`X AM � +2Mi`�H U?2�/@QMV +QHHBbBQM- b = 0X

bBM+2 Bi Bb 2bi�#HBb?2/ �b � bi`QM;Hv BMi2`�+iBM; ~mB/ (R3)X
�7i2` 2tT�M/BM; �M/ +QMb2[m2MiHv +QQHBM; 7Q` `Qm;?Hv Ry 7Kfc- [m�`Fb �M/ ;HmQMb
#2+QK2b +QM}M2/ BMiQ ?�/`QMb �M/ `2bQM�M+2bX h?Bb T`Q+2bb Bb +�HH2/ ?�/`QMBx�@
iBQMX h?2 ?�/`QMb +QMiBMm2 iQ +QHHB/2 #Qi? BM2H�biB+�HHv- +?�M;BM; i?2 bT2+B2b Q7 i?2
?�/`QMb- �M/ 2H�biB+�HHv- r?B+? �Hi2`b i?2B` 2M2`;v@KQK2Mi�X *?2KB+�H 7`22x2@Qmi
Q++m`b r?2M i?2 BM2H�biB+ b+�ii2`BM; #2ir22M ?�/`QMb biQTX q?2M i?2 T`QT2` iBK2
#2ir22M +QHHBbBQMb �`2 Q7 i?2 b+�H2b Q7 i?2 K2�M@7`22@T�i? #2ir22M i?2 ?�/`QMb- BX2X
⌧coll ⇠ �mfp- FBM2iB+ 7`22x2@Qmi Q++m`b �M/ i?2 2H�biB+ b+�ii2`BM; biQTbX �7i2` ⇠ Ry@R8
7Kfc i?2 ?�/`QMb �`2 7`22 bi`2�KBM; iQ i?2 /2i2+iQ`bX
AM � T`QiQM@T`QiQM UTTV +QHHBbBQM- i?2 T�`iB+BT�Mib rBHH +QHHB/2 QM+2 �M/ T`Q/m+2
`Qm;?Hv Ry +?�`;2/ T�`iB+H2bX AM �M ��@+QHHBbBQM- i?2 MmK#2` Q7 T�`iB+BT�iBM; Mm@
+H2QMb rBHH #2 Km+? ?B;?2` �M/ i?2b2 rBHH +QHHB/2 K�Mv iBK2b +`2�iBM; i?Qmb�M/b Q7
+?�`;2/ T�`iB+H2bX 1X;X- �m�m@+QHHBbBQMb i�FBM; TH�+2 �i _>A* ?�TT2Mb rBi? � iQi�H
+QHHBbBQM 2M2`;vp

s = 200 :2oX �#Qmi 8yyy +?�`;2/ T�`iB+H2b ;2i +`2�i2/ BM i?2b2 +QH@
HBbBQMb (RN)- r?B+? Bb Qp2` Ry iBK2b i?2 BMBiB�H MmK#2` Q7 T�`iB+H2bX AM S#S#@+QHHBbBQMb
�i G>*- i?2 iQi�H +QHHBbBQM 2M2`;v Bb bB;MB}+�MiHv ?B;?2`- ps = 2.76 h2o- bQ 2p2M
KQ`2 +?�`;2/ T�`iB+H2b +�M #2 T`Q/m+2/X AM i?2b2 H�`;2 bvbi2Kb- Z:S Bb 7Q`K2/ /m2

jy



iQ i?2 KmHiBTH2 b+�ii2`BM;b- ?B;? i2KT2`�im`2b �M/ 2MQ`KQmb 2M2`;B2b BMpQHp2/X

6B;m`2 jXk, �M BHHmbi`�iBQM Q7 i?2 +m``2Mi mM/2`bi�M/BM; Q7 ?Qr ?2�pv@BQM +QHHBbBQMb
2pQHp2X 6B;m`2 7`QK (ky)X

jXk P#b2`p�#H2b
h?2`2 �`2 i?`22 BKTQ`i�Mi T?vbB+�H Q#D2+ib bmTTQ`iBM; i?2 B/2� Q7 i?2 +`2�iBQM Q7 Z:S
BM ?2�pv@BQM +QHHBbBQMb, +QHH2+iBp2 ~Qr- T�`iQM 2M2`;v@HQbb �M/ bi`�M;2M2bb 2M?�M+2@
K2MiX h?2 }`bi Bb Q#b2`p2/ #v i?2 2HHBTiB+ ~Qr /2i2`KBM2/ 7`QK �MBbQi`QTB2b BM i?2
}M�H bi�i2b Q#b2`p�#H2bX h?2 Mm+H2�` KQ/B}+�iBQM 7�+iQ`- RAA- �M/ D2i@bmTT`2bbBQM
�`2 irQ Q#b2`p�iBQMb 7Q` T�`iQM 2M2`;v@HQbbX ai`�M;M2bb 2M+?�M+2K2Mi BM ?2�pv@BQM
+QHHBbBQMb b?Qrb � MmK#2` Q7 T`Q/m+2/ bi`�M;2 [m�`Fb +QKT�`�#H2 iQ T`2/B+iBQMb 7`QK
i?2`K�H 2[mBHB#BmK- BM +QMi`�bi iQ r?�i Bb Q#b2`p2/ BM TT@+QHHBbBQMbX AM i?Bb b2+iBQM
r2 rBHH HQQF +HQb2` �i i?2b2 7Qm` Q#b2`p�#H2bX

jXkXR 1HHBTiB+ ~Qr
h?2 BMBiB�H KQK2MimK Q7 i?2 T�`iB+BT�Mib Ui?2 T�`iB+H2b BMpQHp2/ BM i?2 +QHHBbBQMV rBHH
KQbiHv #2 BM i?2 #2�K /B`2+iBQM UHQM;Bim/BM�H KQK2MimK- pLVX A7 �Mv- i?2v +�M �HbQ
?�p2 bQK2 i`�Mbp2`b2 KQK2MimK- pT - r?B+? rQmH/ #2 BbQi`QTB+�HHv /Bbi`B#mi2/X A7 i?2
T�`iB+H2b /Q MQi BMi2`�+i rBi? 2�+? Qi?2` �7i2` i?2 +QHHBbBQM- i?2M i?2 }M�H i`�Mbp2`b2
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KQK2MimK /Bbi`B#miBQM rBHH �HbQ #2 BbQi`QTB+X A7 i?2v BMbi2�/ BMi2`�+i rBi? i?2B` bm`@
`QmM/BM; T�`iB+H2b rBi? 2MQm;? bi`2M;i? �M/ 7`2[m2M+v- i?2 [m�`Fb +�M #2 /2+QM}M2/
rBi?BM i?Bb bK�HH `2;BQM- �M/ �+?B2p2 �TT`QtBK�i2Hv UHQ+�HV 2[mBHB#`BmKX
h?2 BMBiB�H ;2QK2i`v Q7 i?2 Qp2`H�T `2;BQM +�M ?�p2 �M 2z2+i QM i?2 }M�H KQK2MimK
/Bbi`B#miBQMX AM � +2Mi`�H +QHHBbBQM- i?2 irQ Mm+H2B +QHHB/2 ?2�/@QM �M/ i?2 BMBiB�H
;2QK2i`v Bb U�HKQbiV +B`+mH�` Ub22 6B;m`2 jXj�VX h?2 T`2bbm`2 Q7 i?2 bvbi2K rBHH #2
/Bbi`B#mi2/ 2[m�HHv �HQM; i?2 Qp2`H�T `2;BQM �M/ Bi rBHH 2tT�M/ BbQi`QTB+�HHv BM i?2
`�/B�H /B`2+iBQMX h?mb- i?2 }M�H bi�i2b Q#b2`p2/ rBHH #2 2[m�HHv /Bbi`B#mi2/X AM �
T2`BT?2`�H +QHHBbBQM Q7 irQ GQ`2Mix +QMi`�+i2/ /Bb+b- i?2 Qp2`H�T `2;BQM rBHH ?�p2 2X;X
�M �HKQM/@HBF2 b?�T2 Ub22 6B;m`2 jXj#VX .m2 iQ i?2 bT�iB�H �MBbQi`QTv BM i?2 K2/BmK-
Bi rBHH 2tT�M/ mM2p2MHv /m2 iQ i?2 /Bz2`2M+2 BM T`2bbm`2X h?Bb rBHH H2�/ iQ �MBbQi`QTv
BM i?2 }M�H KQK2MimK /Bbi`B#miBQMX

U�V h?2 Qp2`H�T `2;BQM BM � +2Mi`�H +QHHBbBQM
Bb M2�`Hv +B`+mH�` �M/ Bb 2tT�M/BM; 2[m�HHv
BM i?2 `�/B�H /B`2+iBQMX

U#V AM � T2`BT?2`�H +QHHBbBQM- i?2 Qp2`H�T
`2;BQM ?�b �M �HKQM/@HBF2 b?�T2 �M/ rBHH
i?2`27Q`2 ?�p2 �M �MBbQi`QTB+ ~Qr BM i?2 `�@
/B�H /B`2+iBQMX

6B;m`2 jXj, h?2 ;2QK2i`v Q7 i?2 Qp2`H�T `2;BQM Q7 +QHHBbBQMb rBi? /Bz2`2Mi +2Mi`�HBiv
Bb BHHmbi`�i2/X h?2 pB2r Bb �HQM; i?2 #2�K �tBb- BX2X- 2Bi?2` BM Q` Qmi Q7 i?2 T�T2`X

6B;X jX9 b?Qrb }M�H 2M2`;v /Bbi`B#miBQMb 7`QK 7Qm` /Bz2`2Mi +QHHBbBQMbX AM i?2 mTT2`
H27i �M/ #QiiQK `B;?i +Q`M2`b- �M �HKQbi +B`+mH�` /Bbi`B#miBQM Q7 i?2 }M�H bi�i2b
KQK2MimK Bb Q#b2`p2/X h?mb- i?2b2 +QHHBbBQMb �`2 KQbi HBF2Hv +2Mi`�H +QHHBbBQMbX AM
i?2 mTT2` `B;?i �M/ HQr2` H27i +Q`M2`b Q7 i?2 };m`2- i?2 }M�H /Bbi`B#miBQMb b?Qrb �
+H2�` �MBbQi`QTv BM i?2 }M�H 2M2`;B2bX h?Bb Bb �M 2t�KTH2 Q7 ?Qr i?2 BMBiB�H �HKQM/@
HBF2 b?�T2 7`QK 6B;m`2 jXj# ?�p2 BM~m2M+2/ i?2 }M�H bi�i2b /Bbi`B#miBQMX

jk



6B;m`2 jX9, �xBKmi?�H /Bbi`B#miBQM K2�bm`2K2Mib /QM2 #v *JaX h?2 +?�`;2/ T�`iB+H2
i`�+Fb �`2 b?QrM BM ;`22MX h?2 `2/ Bb i?2 2M2`;v BM i?2 2H2+i`QK�;M2iB+ +�HQ`BK2i2`-
r?B+? Bb /2bB;M2/ iQ K2�bm`2 i?2 2M2`;B2b Q7 T�`iB+H2b BMi2`�+iBM; pB� i?2 2H2+i`QK�;@
M2iB+ 7Q`+2 U2H2+i`QMb- TQbBi`QMb- T?QiQMbV (kR)X h?2 T�`iB+H2b r?B+? BMi2`�+ib pB� i?2
bi`QM; 7Q`+2- BX2X- +QHQm` +?�`;2/ T�`iB+H2b- �`2 K2�bm`2/ mbBM; � ?�/`QMB+ +�HQ`BK2@
i2`X "v i?2 iBK2 i?2b2 T�`iB+H2b ?Bi i?2 /2i2+iQ`- i?2v �`2 +QM}M2/ BMiQ ?�/`QMbX
h?mb- i?2 Q#b2`p2/ 2M2`;B2b �`2 7`QK M2mi`�H ?�/`QMb �M/ Bb b?QrM BM #Hm2X � +H2�`
�MBbQi`QTv BM i?2 }M�H bi�i2b �`2 Q#b2`p2/ 7Q` i?2 mTT2` `B;?i �M/ HQr2` H27i +Q`M2`bX
6B;m`2 7`QK (3)X

jXkXk Lm+H2�` KQ/B}+�iBQM 7�+iQ`- RAA

h?2 Mm+H2�` KQ/B}+�iBQM 7�+iQ` (kk)-

R��(pT ) =
1⌦

Ncoll

↵ /N
AA//pT

/Npp//pT
, UjXRV

Bb � `�iBQ #2ir22M i?2 MmK#2` Q7 T�`iB+H2b T`Q/m+2/ BM � ��@+QHHBbBQM iQ i?2 MmK#2`
T`Q/m+2/ BM � bBKBH�` TT@+QHHBbBQMX h?2 MmK#2` Q7 T�`iQM +QHHBbBQMb BM �M ��@+QHHBbBQM
Bb /2MQi2/ #v

⌦
Ncoll

↵
X � 7�+iQ` Q7 i?Bb Bb BM+Hm/2/ iQ MQ`K�HBx2 i?2 ��@+QHHBbBQM iQ

i?�i Q7 � TT@+QHHBbBQMX

jj



h?2 MmK#2` Q7 T�`iB+H2b rBi? KQK2MimK- pT - T`Q/m+2/ BM �M ��@+QHHBbBQM Bb ;Bp2M
#v /NAA//pT X aBKBH�`Hv- i?2 MQi�iBQM /Npp//pT - `2T`2b2Mib i?2 2[mBp�H2Mi vB2H/ BM
� TT@+QHHBbBQMX A7 MQ K2/BmK r2`2 T`Q/m+2/ BM i?2 ��@+QHHBbBQM- r2 rQmH/ 2tT2+i
i?�i RAA ⇡ 1- BX2X- i?�i i?2 MmK#2` Q7 T�`iB+H2b rBi? KQK2MimK- pT - T`Q/m+2/
r?2`2 `Qm;?Hv i?2 b�K2X >Qr2p2`- B7 i?2`2 Bb � K2/BmK T`2b2Mi BM i?2 +QHHBbBQM- i?2
KQK2MimK Q7 i?2 T`Q/m+2/ T�`iB+H2b K�v #2 �z2+i2/ /m2 iQ BMi2`�+iBQMb rBi? i?2
K2/BmKX h?mb- r2 rBHH 2tT2+i i?�i RAA < 1X

U�V U#V

6B;m`2 jX8, Lm+H2�` KQ/B}+�iBQM 7�+iQ`- RAA- 7Q` S#S# �b � 7mM+iBQM Q7 i`�Mbp2`b2
KQK2MimK- pT - 7Q` i?2 irQ +2Mi`�HBiv +H�bb2b U�V y@8% �M/ U#V dy@Ny%X h?2 THQib
b?Qr `2bmHib 7`QK irQ /Bz2`2Mi +QHHBbBQMb 2M2`;B2b- ps = 2.76 h2o �M/ 5.02 h2o 7`QK
*JaX �//BiBQM�H `2bmHib 7`QK �GA*1 �M/ �hG�a �`2 b?QrM 7Q` i?2 KQbi +2Mi`�H
+�b2X h?2 bi�iBbiB+�H mM+2`i�BMiB2b U2``Q` #�`bV �M/ bvbi2K�iB+�H mM+2`i�BMiB2b U#Qt2bV
�`2 �HbQ b?QrMX a22 i2ti 7Q` 7m`i?2` /Bb+mbbBQM �#Qmi i?2 THQibX 6B;m`2 7`QK (kk)X

6B;m`2 jX8 b?Qrb i?2 Mm+H2�` KQ/B}+�iBQM 7�+iQ` 7Q` S#S# +QHHBbBQMb �b � 7mM+iBQM Q7
i`�Mbp2`b2 KQK2MimK- pT X 6B;m`2 jX8� b?Qrb RAA 7Q` i?2 +2Mi`�HBiv +H�bb 0 � 5%-
r?B+? Bb �M �p2`�;2 Qp2` i?2 KQbi +2Mi`�H +QHHBbBQMbX �M Q#b2`p2/ bmTT`2bbBQM BM i?2
HQr@pT `2;BK2 +�M bm;;2bi � T�`iQM 2M2`;v@HQbb /m2 iQ K2/BmK BMi2`�+iBQMbX 1p2M
i?Qm;? RAA i�F2b BMiQ �++QmMi i?2 MmK#2` Q7 +QHHBbBQMb- Bi /Q2b MQi i�F2 K2/BmK
BMi2`�+iBQMb BMiQ +QMbB/2`�iBQMX aBM+2 i?Bb Bb � +2Mi`�H +QHHBbBQM- i?2 MmK#2` Q7 T�`@
iB+BT�Mib Bb p2`v ?B;?X h?mb- � H�`;2 /`QTH2i Q7 K2/BmK +�M #2 +`2�i2/X aQ7i T�`iQMb-
BX2X- T�`iB+H2b rBi? HQr KQK2MimK- HQb2b 2M2`;v /m2 iQ K2/BmK BMi2`�+iBQMbX >�`/
T�`iB+H2b- ?Qr2p2`- ?�p2 Km+? KQ`2 2M2`;v �M/ Bb MQi �b �z2+i2/ #v i?2 K2/BmKX
h?mb- �b r2 +�M Q#b2`p2 7`QK i?2 THQi- RAA Bb Km+? +HQb2` iQ R 7Q` ?B;?@pT X h?2
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/Bz2`2Mi +QHHBbBQMb 2M2`;B2b +QMbB/2`2/ Ups = 2.76 h2o �M/ p
s = 5.02 h2oV /Q2b

MQi b22K iQ �z2+i i?2 p�Hm2 Q7 RAA 7Q` i?2 KQbi +2Mi`�H +�b2bX 6B;m`2 jX8# b?Qrb
i?2 RAA Q7 p2`v T2`BT?2`�H +QHHBbBQMb BM i?2 +2Mi`�HBiv +H�bb 70� 90%X *QKT�`2/ iQ
i?2 KQbi +2Mi`�H +QHHBbBQMb- RAA b22Kb iQ #2 Km+? +HQb2` iQ R BM i?2 HQr@pT `2;BK2X
.m2 iQ 72r2` T�`iB+BT�Mib BM p2`v T2`BT?2`�H +QHHBbBQMb- i?2 K2/BmK 7Q`K2/ K�v MQi
#2 �b H�`;2 �b BM i?2 +2Mi`�H +QHHBbBQMbX h?mb- i?2 T`Q#�#BHBiv Q7 BMi2`�+iBQMb rBi?
i?2 K2/BmK K�v #2 HQr2` bBM+2 i?2`2 Bb � bK�HH2` �`2� i?�i +�M �z2+i i?2 T�`iQM
2M2`;vX h?2 p�Hm2b �i H�`;2` pT +QK2b rBi? p2`v ?B;? mM+2`i�BMiB2b- #mi bBKBH�` iQ
i?2 +2Mi`�H +�b2- i?2b2 �`2 �HbQ +HQb2 iQ RX h?2 Mm+H2�` KQ/B}+�iBQM 7�+iQ` b22Kb iQ
#2 � HBiiH2 #Bi bK�HH2` 7Q` i?2 +QHHBbBQMb �i HQr2` 2M2`;v- ps = 2.76 h2o- 2p2M r?2M
i�F2M i?2 bvbi2K�iB+�H mM+2`i�BMiB2b BMiQ +QMbB/2`�iBQMX h?Bb KB;?i #2 #2+�mb2 �i
HQr2` +QHHBbBQM 2M2`;B2b- i?2 HQr@pT vB2H/b �`2 H�`;2`X aBM+2 i?2b2 �`2 i?2 QM2 i?�i
;2ib KQbi �z2+i2/ #v K2/BmK BMi2`�+iBQMb- i?2 `2bmHiBM; RAA Bb i?mb HQr2` 7Q` HQr2`
+QHHBbBQM 2M2`;v +QKT�`2/ iQ ?B;?2` +QHHBbBQM 2M2`;vX

jXkXj C2i@bmTT`2bbBQM
Ai +�M ?�TT2M i?�i irQ ?�`/ T�`iB+H2b UT�`iB+H2b rBi? ?B;? KQK2MimKV +QHHB/2 rBi?
2�+? Qi?2` /m`BM; i?2 +QHHBbBQM T`Q+2bb- +`2�iBM; � #�+F@iQ@#�+F D2i rBi? ?B;?@pT X
"2+�mb2 Q7 2M2`;v +QMb2`p�iBQM- r2 rQmH/ 2tT2+i iQ Q#b2`p2 irQ U�HKQbiV 2[m�HHv
2M2`;2iB+ D2ib QM QTTQbBi2 bB/2b BM i?2 /2i2+iQ`X 6B;m`2 jXe Bb �M 2t�KTH2 Q7 D2i@
bmTT`2bbBQM Q#b2`p2/ 7`QK i?2 *Ja /2i2+iQ`X h?2 };m`2 b?Qrb i`�Mbp2`b2 2M2`;v Q7
}M�H bi�i2b �b � 7mM+iBQM Q7 `�TB/Biv �M/ �xBKmi?�H �M;H2X h?2 D2i Bb +QHQm`2/ `2/
�M/ Bb 7QmM/ #v mbBM; � D2i@}M/BM; �H;Q`Bi?KX q2 Q#b2`p2 QM2 D2i rBi? ?B;? 2M2`;v
UH2�/BM; D2iV- �M/ QM2 bB;MB}+�MiHv bK�HH2`- bmTT`2bb2/ D2i Ubm#H2�/BM; D2iVX PM2 K�v
i?BMF Q7 i?2 THQi �b � +vHBM/2` r`�TT2/ �`QmM/ i?2 �@�tBb- r?2`2 � Bb i?2 �xBKmi?�H
�M;H2 Q7 i?2 #2�K �tBb Ub22 6B;m`2 jXd� 7Q` BHHmbi`�iBQMVX h?2 Tb2m/Q`�TB/Biv Bb /2}M2/
�b ⌘ = �HM[i�M(✓/2)]- r?2`2 ✓ Bb i?2 TQH�` �M;H2 `2H�iBp2 iQ i?2 #2�K �tBb (kj)X h?2
+QHHBbBQM i�F2 TH�+2 �i � = ⌘ = 0X
h?2 TQH�` �M;H2b iQ i?2 D2ib BM 6B;m`2 jXe +�M #2 7QmM/ #v `2r`BiBM; i?2 2tT`2bbBQM
7Q` ⌘- BX2X- ✓ = 2i�M�1

⇥
e�⌘
⇤
X 6Q` bBKTHB+Biv- r2 +�M �TT`QtBK�i2 i?2 p�Hm2b Q7 ⌘ iQ #2

⌘ = �1 UH2�/BM; D2iV �M/ ⌘ = 1 Ubm#H2�/BM; D2iV- H2�/BM; iQ i?2 TQH�` �M;H2b,

✓H2�/BM; = 2i�M�1
⇥
e1
⇤180
⇡

⇡ 140� , UjXkV

✓bm#H2�/BM; = 2i�M�1
⇥
e�1
⇤180
⇡

⇡ 40� , UjXjV

r?2`2 180/⇡ Bb mb2/ iQ +QMp2`i 7`QK `�/B�Mb iQ /2;`22bX "Qi? i?2 �xBKmi?�H �M;H2-
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6B;m`2 jXe, �M 2t�KTH2 Q7 Q#b2`p2/ D2i@bmTT`2bbBQMX h?2 i`�Mbp2`b2 2M2`;v /Bbi`B@
#miBQM BM S#S# +QHHBbBQM �i ps = 2.76 h2o T2`7Q`K2/ �i i?2 *Ja /2i2+iQ` �i G>*-
*1_LX h?2 +QHHBbBQM ?�TT2Mb �i � = ⌘ = 0- r?2`2 � Bb i?2 �xBKmi?�H �M;H2 �M/
⌘ = �HM[i�M✓/2] Bb i?2 Tb2m/Q`�TB/Biv +QMM2+i2/ iQ i?2 TQH�` �M;H2- ✓X h?2 Q#b2`p2/
D2i@bmTT`2bbBQM Q7 i?2 #�+F@iQ@#�+F D2i BM/B+�i2b K2/BmK +`2�iBQM BM i?2 +QHHBbBQMX
h?2 bm#H2�/BM; D2i rQmH/ ?�p2 #22M �z2+i2/ #v K2/BmK BMi2`�+iBQMb- +�mbBM; Bi iQ
HQb2 2M2`;vX 6B;m`2 7`QK (kj)X

�- �M/ i?2 Tb2m/Q`�TB/Biv- ⌘- 7Q` i?2 H2�/BM; D2i �`2 M2;�iBp2 Ub22M BM 6B;m`2 jXeV-
bQ i?2 TQH�` �M;H2 7QmM/ Kmbi #2 M2;�iBp2X h?mb- ✓leading ⇡ �140� UQ` ⇡ 220�VX
h?2 �M;H2 #2ir22M i?2b2 irQ D2ib Bb i?2`27Q`2 180�- r?B+? r2 rQmH/ 2tT2+i /m2 iQ
2M2`;v@KQK2MimK +QMb2`p�iBQMX 6B;m`2 jXd# Bb �M BHHmbi`�iBQM Q7 ?Qr i?2 irQ D2ib
7`QK 6B;m`2 jXe HQQF HBF2 BM j /BK2MbBQMbX
AK�;BM2 Tmb?BM; i?2 ⌘@�tBb 7`QK 6B;m`2 jXe iQ;2i?2` �M/ r`�T Bi �`QmM/ i?2 �@�tBb
UQ`- bBKBH�`Hv- Tmb? i?2 +vHBM/2` 7`QK 6B;m`2 jXd� iQ;2i?2` �HQM; i?2 #2�K@�tBbVX
h?2M- r2 rQmH/ ;2i i?2 2M2`;v /Bbi`B#miBQM �b � 7mM+iBQM Q7 �xBKmi?�H �M;H2- r?B+?
Bb r?�i 6B;m`2 jX9 /BbTH�v2/X
C2i@bmTT`2bbBQM K�v BM/B+�i2 i?2 T`Q/m+iBQM Q7 bQK2 K2/BmK /m`BM; i?2 2pQHmiBQM Q7
i?2 +QHHBbBQMX h?2 bmTT`2bbBQM Q7 QM2 Q7 i?2 D2ib +�M ?�TT2M B7 i?2 +QHHBbBQM Q7 i?2 ?�`/
T�`iB+H2b Bb Q`B2Mi2/ Dmbi i?2 `B;?i r�v- b�v +HQb2 iQ i?2 bm`7�+2 Q7 i?2 K2/BmKX h?2M-

je



U�V h?2 /2i2+iQ` Bb b?�T2/ HBF2 � +vHBM/2`- r?2M mMr`�TT2/ ;Bp2b i?2 THQi BM 6B;m`2 jXeX
h?2 #2�K /B`2+iBQM Bb b?QrM iQ;2i?2` rBi? i?2 �xBKmi?�H �M;H2 �b r2HH �b i?2 TQH�` �M;H2-
r?B+? Bb +QMM2+i2/ iQ i?2 Tb2m/Q`�TB/Biv BM ?2�pv@BQM +QHHBbBQMbX

U#V AHHmbi`�iBQM Q7 i?2 /B`2+iBQM Q7 i?2 #�+F@iQ@#�+F D2i 7`QK 6B;m`2 jXe Bb ;Bp2M
#v i?2 `2/ �``QrX A mb2/ i?2 �TT`QtBK�i2 p�Hm2b Q7 ⌘ = �1 $ ✓leading ⇡ �140�

�M/ ⌘ = 1 $ ✓subleading ⇡ 40�X h?2 `2/- /Qii2/ HBM2 Bb i?2 T`QD2+iBQM Q7 i?2
bm#H2�/BM; D2i QMiQ i?2 xz@TH�M2 �M/ b?Qrb i?2 �xBKmi?�H �M;H2- �X h?2 /Bz2`2M+2
BM i`�Mbp2`b2 2M2`;v Bb MQi i�F2M BMiQ �++QmMiX

6B;m`2 jXd, aBKTHB}2/ BHHmbi`�iBQM Q7 i?2 #�+F@iQ@#�+F D2i +`2�i2/ BM i?2 +QHHBbBQM
+2Mi`2X

jd



QM2 Q7 i?2 D2ib rBHH ;Q bi`�B;?i Qmi iQ i?2 /2i2+iQ` #2BM; ?B;?Hv 2M2`;2iB+ UH2�/BM;
D2iV- r?BH2 i?2 Qi?2` rBHH i`�p2H bQK2 /Bbi�M+2 i?`Qm;? i?2 K2/BmK #27Q`2 `2�+?BM;
i?2 /2i2+iQ` QM i?2 Qi?2` bB/2 Ubm#H2�/BM; D2iVX h?2 bm#H2�/BM; D2i rBHH 2M+QmMi2`
2M2`;v@HQbb /m2 iQ BMi2`�+iBQMb rBi? i?2 K2/BmK #27Q`2 `2�+?BM; i?2 /2i2+iQ`X AM
*?�Ti2` 9- r2 rBHH HQQF �i � bBKTH2 KQ/2H 7Q` T�`iQM 2M2`;v@HQbb /m2 iQ K2/BmK
BMi2`�+iBQMbX

jXkX9 ai`�M;2M2bb 2M?�M+2K2Mi
h?2 H�bi Q#b2`p�#H2 Bb i?2 bi`�M;2M2bb 2M?�M+2K2Mi BM ��@+QHHBbBQMb +QKT�`2/ iQ
TT@+QHHBbBQMbX �Hi?Qm;? A rBHH MQi ;Q BMiQ Km+? /2i�BHb QM i?Bb bm#D2+i- A biBHH i?BMF
Bi Bb rQ`i? K2MiBQMBM;- bQ A rBHH 2tTH�BM Bi b?Q`iHv i?`Qm;? i?2 `2bmHib T`QpB/2/ BM
6B;m`2 jX3X
ai`�M;2M2bb 2M?�M+2K2Mi K2�Mb � ?B;?2` T`Q/m+iBQM Q7 bi`�M;2 T�`iB+H2b- r?B+? �`2
T�`iB+H2b #mBH/ mT #v �i H2�bi QM2 bi`�M;2 [m�`F- sX 6B;m`2 jX3 b?Qrb `2bmHib 7`QK
�GA*1 7Q` TT@- TS#@ �M/ S#S#@+QHHBbBQMb Q7 vB2H/ `�iBQb iQ TBQMb �b � 7mM+iBQM Q7
}M�H bi�i2 T�`iB+H2 /2MbBiv-

⌦
/Nch//⌘

↵
X PM i?2 H27i ?�M/ bB/2 r2 b22 i?2 vB2H/ 7`QK

TT@+QHHBbBQM Bb BM+`2�bBM; rBi? T�`iB+H2 /2MbBiv- �M/ �TT`Q�+?2b i?2 `2bmHib 7`QK i?2
bK�HH TS#@+QHHBbBQMbX PM i?2 `B;?i ?�M/ bB/2 r2 Q#b2`p2 i?2 vB2H/b Q7 S#S#@+QHHBbBQMb
rBi? i?2 +QHHBbBQM 2M2`;v- ps = 2.76 h2oX h?2 vB2H/b �`2 �HKQbi +QMbi�Mi �M/ Bb
�TT`Q�+?BM; i?2 T`2/B+i2/ p�Hm2b 7Q` i?2`K�H vB2H/b (k8)X h?Bb K�v BM/B+�i2 i?�i i?2
bi`�M;2 T�`iB+H2b T`Q/m+2/ BM i?2 ?2�pv@BQM +QHHBbBQMb Kmbi Q`B;BM�i2 7`QK � i?2`K�H
bQm`+2- BX2X 7`QK Z:S i?�i ;2ib +`2�i2/ BM i?2b2 +QHHBbBQMbX h?2 7�+i i?�i i?2 vB2H/
7`QK TT@+QHHBbBQMb Bb HQr2` bmTTQ`ib i?Bb B/2�- �b r2 FMQr i?�i MQ K2/BmK Bb 7Q`K2/
BM i?2b2 bK�HH +QHHBbBQMbX

j3



6B;m`2 jX3, ai`�M;2 T�`iB+H2 T`Q/m+iBQM 7Q` TT@- TS#@ �M/ S#S#@+QHHBbBQMb rBi? bi�@
iBbiB+�H mM+2`i�BMiv U2``Q` #�`bV �M/ iQi�H bvbi2K�iB+ mM+2`i�BMiv U2KTiv #Qt2bV �`2
b?QrMX 6B;m`2 7`QK (k9)X

jN



*?�Ti2` 9

1M2`;v@HQbb Q7 � T�`iB+H2 i`�p2HHBM;
i?`Qm;? � K2/BmK

AM i?Bb +?�Ti2`- � T�`iQM 2M2`;v@HQbb KQ/2H #v �`MQH/ (R) Bb bim/B2/X h?Bb Bb � bBKTH2
KQ/2H- /2`Bp2/ 7`QK i?2 ".JSa@w 7Q`K�HBbK- i?�i T`QpB/2b i?2 2M2`;v bT2+i`mK
Q7 2KBii2/ ;HmQMb Q7 � ?�`/ T�`iB+H2 /m2 iQ bQ7i BMi2`�+iBQMb rBi? � K2/BmKX h?2
`�/B�iBQM Q7 ;HmQMb Bb i?2 b�K2 �b ?Qr Km+? 2M2`;v i?2 T�`iB+H2 HQb2bX h?2 Q#b2`p�#H2b
/Bb+mbb2/ BM i?2 T`2pBQmb +?�Ti2` �`2 #�b2/ QM }M�H bi�i2b Q7 i?2 +QHHBbBQMbX h?Bb
+?�Ti2` +QMbB/2`b irQ KQ/2Hb Q7 ?Qr i?2 K2/BmK 2pQHp2b �M/ bim/B2b ?Qr i?2 ?�`/
T�`iB+H2 `�/B�i2 2M2`;v UHQb2b 2M2`;vV H2�/BM; iQ i?2 }M�H bi�i2b Q#b2`p2/X

9XR J2/BmK@BM/m+2/ ;HmQM `�/B�iBQM
h?2 #�bB+ TB+im`2 Bb BHHmbi`�i2/ BM 6B;m`2 9XRX � ?�`/ T�`iB+H2 rBi? 2M2`;v- E- BMi2`�+ib
rBi? i?2 K2/BmK r?B+? �Hi2`b Bib i`�Mbp2`b2 KQK2MimK rBi? bK�HH +?�M;2b- �pT X
Pp2` i?2 iQi�H H2M;i? i`�p2HH2/ BM i?2 K2/BmK- L- i?2 T�`iB+H2 TB+Fb mT � iQi�H +?�M;2
BM Bib i`�Mbp2`b2 KQK2MimK- +�HH2/ i?2 i`�Mbp2`b2 KQK2MimK #`Q�/2MBM; +Q2{+B2Mi-
q̂ =

⌦
�p2T

↵
X 1�+? �pT +QK2b 7`QK b2p2`�H bK�HH BMi2`�+iBQMb �HQM; i?2 K2/BmKX h?2

K2/BmK Bb �bbmK2/ iQ #2 }MBi2- bQ �7i2` � H2M;i?- L- i?2 T�`iB+H2 2K2`;2b BMiQ p�+mmKX

h?2 ;2M2`�H `2bmHi 7Q` i?2 K2/BmK@BM/m+2/ 2M2`;v@HQbb bT2+i`mK Bb ;Bp2M #v (R)

!
d(I � Ivac)

d!
=
↵

⇡
xPs!g(x)HM|c(0)| , U9XRV

9y



6B;m`2 9XR, AM+QKBM; ?�`/ T�`iB+H2 rBi? 2M2`;v E BMi2`�+i rBi? i?2 K2/BmK BMbB/2
i?2 #`B+F rBi? � iQi�H KQK2MimK q̂ �M/ 2KBib ;HmQMb rBi? 2M2`;v ! = xEX q2
�bbmK2 bK�HH x- r?B+? K2�Mb � bK�HH 7`�+iBQM Q7 i?2 BMBiB�H 2M2`;vX h?2 H2M;i? Q7 i?2
K2/BmKfH2M;i? i`�p2HH2/ BM i?2 K2/BmK- L- Bb �bbmK2/ iQ #2 }MBi2X

r?2`2 I Bb i?2 T`Q#�#BHBiv Q7 2KBbbBQM 7`QK i?2 ?�`/ T�`iB+H2 �M/ Ivac Bb i?2 T`Q#�#BHBiv
i?�i i?2 2KBii2/ ;HmQM Bb T`Q/m+2/ BM p�+mmKX h?2`2 Bb biBHH Km+? iQ #2 mM/2`biQQ/
�#Qmi IvacX >Qr2p2`- bBM+2 i?Bb Bb � bBKTH2 KQ/2H- MQ 7m`i?2` /Bb+mbbBQM �#Qmi i?Bb
Bb BM+Hm/2/X AM i?2 7QHHQrBM;- A rBHH mb2 i?2 b?Q`i@?�M/ MQi�iBQM- I- `2T`2b2MiBM; i?2
/Bz2`2M+2- I � IvacX
h?2 +QmTHBM; +QMbi�Mi Bb /2MQi2/ #v ↵ �M/ ! = xE Bb i?2 2M2`;v Q7 i?2 2KBii2/
;HmQMX AM i?2 7QHHQrBM;- i?2 �bbmKTiBQM Q7 bK�HH x Bb K�/2X h?Bb K2�Mb i?�i r2
�bbmK2 i?�i i?2 2M2`;v Q7 i?2 2KBii2/ ;HmQM Bb p2`v bK�HH +QKT�`2/ iQ i?2 BMBiB�H
2M2`;v Q7 i?2 T�`iB+H2X h?2 bTHBiiBM; 7mM+iBQM- Ps!g- Bb i?2 T`Q#�#BHBiv Q7 � T�`iB+H2
Q7 bT2+B2b b U[m�`F Q` ;HmQMV iQ bTHBi BMiQ � ;HmQMX
6Q` bBKTHB+Biv- i?2 +?QB+2 Q7 ;HmQM iQ ;HmQM b+�ii2`BM; BMbB/2 i?2 K2/BmK Bb mb2/X
lbBM; � bK�HH x �TT`QtBK�iBQM- i?2 bTHBiiBM; 7mM+iBQM +�M #2 r`Bii2M �b

Pg!g(x) = CA
1 + x4 + (1 + x)4

x(1� x)
⇡

smallx

2

x
CA , U9XkV

r?2`2 CA Bb i?2 *�bBKB` Q7 i?2 �/DQBMi `2T`2b2Mi�iBQM �M/ Bb mb2/ #2+�mb2 r2 �`2
+QMbB/2`BM; g ! g b+�ii2`BM;X �i i?2 2M/ Q7 a2+iBQM RXR- CA 7Q` i?2 ;`QmT alUjV r�b
b?QrM iQ ?�p2 i?2 p�Hm2 CA = N = 3X *?QQbBM; � q ! g b+�ii2`BM; rBHH QMHv �Hi2`
i?2 bTHBiiBM; 7�+iQ` #v bQK2 +QMbi�Mi `2H�i2/ iQ CF - bBM+2 [m�`Fb �`2 /2b+`B#2/ #v
i?2 7mM/�K2Mi�H `2T`2b2Mi�iBQMX
hQ �pQB/ +?QbBM; � p�Hm2 7Q` i?2 +QmTHBM; +QMbi�Mi- ↵ Bb 7�+iQ`2/ Qmi iQ i?2 Qi?2` bB/2

9R



Q7 1[XU9XRVX AM i?2 bK�HH x �TT`QtBK�iBQM- 1[XU9XRV +�M i?2M #2 2tT`2bb2/ �b

1

↵
!
dI

d!
=

2CA

⇡
HM|c(0)| . U9XjV

h?2 7mM+iBQM c(t) Kmbi b�iBb7v i?2 /Bz2`2MiB�H 2[m�iBQM

d2c

dt2
= �!2

0(t) c(t) , U9X9V

r?2`2 !0(t) Bb � +QKTH2t MmK#2`X 1[X U9X9V ?�b i?2 7QHHQrBM; #QmM/�`v +QM/BiBQMb,
c(t) ! 1 �b t ! 1 �M/ ċ(t) = /c//t = 0 �i t ! 1X h?2 +QKTH2t MmK#2`- !0(t)- Bb
`2H�i2/ iQ i?2 i`�Mbp2`b2 KQK2MimK #`Q�/2MBM; +Q2{+B2Mi- q̂- #v

!2
0(t) = �i

[(1� x)CR + x2CR]q̂(t)

2x(1� x)E
⇡

smallx
�i

CR q̂(t)

2xE
= �i

q̂(t)

2!
, U9X8V

r?2`2 r2 /2}M2 CR q̂ = q̂ �M/ CR Bb i?2 *�bBKB` Q7 i?2 `2T`2b2Mi�iBQM- RX h?2
i`�Mbp2`b2 KQK2MimK #`Q�/2MBM; +Q2{+B2Mi- q̂- Bb i?2 �p2`�;2 b[m�`2/ i`�Mbp2`b2
KQK2MimK i`�Mb72`-

⌦
�p2T

↵
- i?2 ?B;? 2M2`;v T�`iB+H2 TB+Fb mT 7`QK K2/BmK BMi2`�+@

iBQMbX 1�+? i`�Mbp2`b2 KQK2MimK TB+F2/ mT �HQM; i?2 K2/BmK BMi2`�+iBQMb 7QHHQr
"`QrMB�M KQiBQMX h?mb- q̂ rBHH BM+`2�b2 rBi? H�`;2` /Bbi�M+2 i`�p2HH2/ BM i?2 K2/BmKX
Ai +�M #2 rQ`i? MQiBM; i?2 `2H�iBQM

|!0(t)| =

r
q̂(t)

2!
, U9XeV

7QHHQrBM; 7`QK 1[XU9X8V- �b Bi rBHH #2 mb2/ BM i?2 7QHHQrBM; /2`Bp�iBQMbX
aBM+2 i?2 KQ/2H mb2/ �bbmK2 � }MBi2 K2/BmK- r2 Kmbi ?�p2 i?�i !2

0(t) ! 0 �b
t ! 1X h?Bb +Q``2bTQM/b iQ i?2 i?2 T�`iB+H2 H2�pBM; i?2 K2/BmK �M/ ;Q2b BMiQ
p�+mmK �i bQK2 TQBMiX

9Xk h?2 Ǵ#`B+FǴ UmMB7Q`K- iBK2@BM/2T2M/2Mi K2/BmKV
AM i?Bb b2+iBQM- i?2 bBKTH2bi KQ/2H Q7 � K2/BmK Bb +QMbB/2`2/ 7Q` bBKTHB+BivX �7i2` r2
mM/2`bi�M/ r?�i ?�TT2Mb BM i?2 +�b2 Q7 � }MBi2- mMB7Q`K- iBK2@BM/2T2M/2Mi K2/BmK-
r2 +�M bi�`i bim/vBM; KQ`2 +QKTHB+�i2/ K2/BmK T`Q}H2b- �b rBHH #2 /QM2 BM a2+iBQM
9X9X

9k



q2 bi�`i #v HQQFBM; �i i?2 `�/B�iBQM bT2+i`mK /m2 iQ BMi2`�+iBQMb BMbB/2 � }MBi2
K2/BmK Q7 H2M;i? L r?B+? Bb mMB7Q`K �M/ iBK2@BM/2T2M/2MiX am+? � K2/BmK Bb Q7i2M
`272``2/ iQ �b � Ǵ#`B+FǴ Ub22 6B;m`2 9XRVX h?2b2 +QM/BiBQMb BKTHv i?�i i?2 bi`2M;i?
Q7 i?2 K2/BmK BMi2`�+iBQM Bb BM/2T2M/2Mi Q7 iBK2X h?mb- q̂(t) = q̂ r?B+? �HbQ K2�Mb
i?�i !0(t) = !0X
h?2 T�`iB+H2 rBHH 2M/ mT BM p�+mmK �7i2` Bi ?�b i`�p2HH2/ i?`Qm;? i?2 K2/BmK Q7
H2M;i? L- bQ r2 ?�p2

!2
0(t) =

(
!2
0 = �i q̂

2! - i < G ;

0 - i > G .
U9XdV

q2 r�Mi c(t) iQ #2 +QMiBMmQmb �M/ bKQQi?X "v �TTHvBM; i?2 #QmM/�`v +QM/BiBQMb,
c(L) = 1 �M/ ċ(L) = 0- i?2 �M�HviB+�H bQHmiBQM i�F2b i?2 7Q`K

c(t) =

(
+Qb(!0(L� t)) - i < G ;

1 - i > G .
U9X3V

h?2 +QKTH2t MmK#2`- !0- +�M #2 `2r`Bii2M BM i2`Kb Q7 `2�H p�Hm2b QMHv #v `2TH�+BM;
p
�i BM i2`Kb Q7 � T?�b2 e�i⇡/4X h?mb- HM|c(0)| i�F2b i?2 7Q`K

HM|c(0)| = HM|+Qb(!0L)|

= HM|+Qb(e�i⇡/4
|!0|L)|

=
1

2
HM
h1
2
+Qb?(

p
2|!0|L) +

1

2
+Qb(

p
2|!0|L)

i
, U9XNV

r?2`2 r2 ?�p2 mb2/ i?2 B/2MiBiv 7`QK (R- 1[X 9Xj) BM i?2 H�bi bi2T �M/ |!0| Bb � `2�H
MmK#2` /2}M2/ #v 1[XU9XeVX h?mb- i?2 bT2+i`mK Q7 i?2 K2/BmK@BM/m+2/ `�/B�iBQM
7`QK � T�`iB+H2 i`�p2HHBM; i?`Qm;? � #`B+F Bb ;Bp2M #v

1

↵
!
dI

d!
=

2CA

⇡

1

2
HM
h1
2
+Qb?(

p
2|!0|L) +

1

2
+Qb(

p
2|!0|L)

i
. U9XRyV

9XkXR �bvKTiQiB+ bQHmiBQMb
AM i?Bb b2+iBQM- i?2 �bvKTiQiB+ #2?�pBQm` Q7 1[XU9XRyV rBHH #2 bim/B2/X 6B`bi- i?2
bK�HH �M/ H�`;2 L 2tT�MbBQMb Q7 1[XU9XNV Bb 7QmM/X h?2M- i?2b2 �`2 +QKT�`2/ iQ i?2
�bvKTiQiB+ #2?�pBQm` Q7 i?2 ! 2tT�MbBQMbX aBM+2 i?2 bT2+i`mK Bb QMHv � 7mM+iBQM Q7
i?2 `�iBQ #2ir22M i?2 i?`22 T�`�K2i2` BMpQHp2/ Uq̂- ! �M/ LV- r2 +�M r`Bi2 |!0|L =
q̂L2

2! /
L2

L2
cr

/
!cr
! - r?2`2 Lcr �M/ !cr �`2 i?2 +`BiB+�H p�Hm2b Q7 i?2 H2M;i? �M/ i?2

2KBii2/ 2M2`;v- r?B+? rBHH #2 /Bb+mbb2/ KQ`2 H�i2`X h?mb- i?2 +`BiB+�H p�Hm2b ;Q2b
HBF2 Lcr /

p
!/q̂ �M/ !cr / q̂L2X

9j



aK�HH L
6Q` bK�HH L- Q` KQ`2 T`2+Bb2Hv |!0|L ⌧ 1- r2 }`bi h�vHQ` 2tT�M/ i?2 i2`Kb BMbB/2
i?2 HQ;�`Bi?K Q7 1[XU9XNV- �M/ i?2M h�vHQ` 2tT�M/ i?2 `2K�BMBM; i2`KX h?mb- 7Q` �
bK�HH K2/BmKfH2M;i? i`�p2HH2/ i?`Qm;? i?2 K2/BmK- r2 Q#i�BM

HM|c(0)| ⇡ 1

2
HM
h1
2

⇣
1 +

(
p
2|!0|L)2

2!
+

(
p
2|!0|L)4

4!
+ 1�

(
p
2|!0|L)2

2!
+

(
p
2|!0|L)4

4!

⌘i

=
1

2
HM
h
1 +

(
p
2|!0|L)4

4!

i

⇡
(|!0|L)4

12
=

q̂2L4

48!2
. U9XRRV

G�`;2 L

aBKBH�`Hv- #v HQQFBM; �i i?2 H�`;2 L #2?�pBQm` U|!0|L � 1V- 1[XU9XNV ;Q2b HBF2

HM|c(0)| ⇡ 1

2
HM
h1
2

⇣e
p
2|!0|L

2

⌘
+

1

2
+Qb(

p
2|!0|L)

i

⇡
1

2
HM
h1
4
e
p
2|!0|L

i

=

p
2|!0|L

2
� HM(2)

⇡
|!0|L
p
2

=

r
q̂L2

4!
, U9XRkV

M2;H2+iBM; i?2 HMUkV i2`K bBM+2 |!0|L � 1X
h?mb- i?2 HBKBiBM; +�b2b 7Q` i?2 K2/BmK@BM/m+2/ ;HmQM `�/B�iBQM- 1[XU9XRyV- ;Q2b
HBF2

1

↵
!
dI

d!
=

2CA

⇡
HM|c(0)| ⇡ 2CA

⇡

(
q̂2L4

48!2 - 7Q` |!0|L ⌧ 1 ;q
q̂L2

4! - 7Q` |!0|L � 1 .
U9XRjV

h?2 +`BiB+�H p�Hm2- Lcr- +�M #2 /2}M2/ #v i?2 BMi2`b2+iBQM TQBMi Q7 i?2 irQ �bvKTiQiB+
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bQHmiBQMbX h?mb- #v 2[m�iBM; 1[XU9XRRV �M/ 1[XU9XRkV- r2 Q#i�BM

q̂2L4

48!2
=

r
q̂L2

4!
q̂4L8

482!4
=

q̂L2

4!

L6 =
482

4

!3

q̂

Lcr = 2 3
p
3

r
!

q̂
.

 
/

1

|!0|

!
U9XR9V

"v �bbB;MBM; /Bz2`2Mi p�Hm2b iQ |!0|- i?2 +?�M;2 Q7 i?2 `�/B�iBQM bT2+i`mK +�M #2
bim/B2/X AM 6B;m`2 9Xk- i?2 bT2+i`mK 7Q` i?`22 /Bz2`2Mi p�Hm2b Q7 |!0| Bb b?QrMX aBM+2
i?2 bT2+i`mK QMHv /2T2M/b QM i?2 +QK#BM�iBQM |!0|L- i?2 �bbB;M2/ p�Hm2b �`2 BM
�`#Bi`�`v mMBib- 7Q` bBKTHB+BivX h?2 };m`2 +H2�`Hv b?Qr i?�i #v BM+`2�bBM; |!0|- Lcr

/2+`2�b2b- r?B+? Bb +QMbBbi2Mi rBi? r?�i r�b b?QrM BM 1[XU9XR9VX
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6B;m`2 9Xk, _�/B�iBQM bT2+i`mK �b � 7mM+iBQM Q7 K2/BmK bBx2fH2M;i? i`�p2HH2/ #v i?2
T�`iB+H2- LX h?2 /Qii2/ U/�b?2/V HBM2 +Q``2bTQM/b iQ i?2 bK�HH UH�`;2V L bQHmiBQMb
7QmM/ BM 1[XU9XRjVX h?2 +`BiB+�H p�Hm2- Lcr- Bb b?QrM �b p2`iB+�H HBM2b +`QbbBM; i?2B`
BMi2`b2+iBQM TQBMiX Ai rBHH /2+`2�b2 rBi? BM+`2�bBM; p�Hm2 Q7 i?2 K2/BmK BMi2`�+iBQM
bi`2M;i?- |!0|- �b b?QrM BM 1[XU9XR9VX h?2 bT2+i`mK Bb /BK2MbBQMH2bb �M/ bBM+2 Bi
QMHv /2T2M/b QM i?2 `�iBQ |!0|L- i?2 mMBib mb2/ Bb �`#Bi`�`v- 7Q` bBKTHB+BivX
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aK�HH !
h?2 bK�HH ! #2?�pBQm` Q7 i?2 bT2+i`mK rBHH MQr #2 /Bb+mbb2/ �M/ +QMM2+i2/ iQ i?�i
Q7 i?2 K2/BmK bBx2- LX _2+�HH 1[XU9XeV- r?2`2 |!0| =

p
q̂/2!X lbBM; i?Bb `2H�iBQM BM

i?2 H�`;2 L 2tT�MbBQM- 7Q` r?B+? |!0|L � 1- QM2 +�M 2[m�HHv r`Bi2

|!0|L =

r
q̂L2

2!
� 1 !

q̂L2

2
� ! . U9XR8V

h?mb 7Q` H�`;2 L- ! Kmbi #2 bK�HHX h?2 �bvKTiQiB+ bQHmiBQM 7Q` H�`;2 L i?2`27Q`2
+Q``2bTQM/b iQ i?2 �bvKTiQiB+ bQHmiBQM 7Q` bK�HH !X h?2 bT2+i`mK BM i?2 HQr@!
`2;BK2 +�M i?2`27Q`2 #2 2tT`2bb2/ �b

1

↵
!
dI

d!
⇡

2CA

⇡

r
q̂L2

4!
- 7Q` ! ⌧ 1 . U9XReV

G�`;2 !

6QHHQrBM; i?2 b�K2 bi2Tb �b �#Qp2- i?2 H�`;2 ! 2tT�MbBQM 7Q` i?2 bT2+i`mK Bb 7QmM/X
aBM+2 QM2 +�M r`Bi2 |!0|L =

p
q̂L2/2! ⌧ 1 U7Q` i?2 H�`;2 L 2tT�MbBQMV- QM2 }M/b

q̂L2/2 ⌧ !X h?mb- r?2M L Bb bK�HH- ! Kmbi #2 H�`;2X *QMb2[m2MiHv- i?2 H�`;2 !
2tT�MbBQM 7Q` i?2 bT2+i`mK ;Q2b HBF2 i?2 bK�HH L 2tT�MbBQMX L�K2Hv- BM i?2 H�`;2 !
`2;BK2- i?2 bT2+i`mK ;Q2b HBF2

1

↵
!
dI

d!
⇡

2CA

⇡

q̂2L4

48!2
- 7Q` ! � 1 . U9XRdV

h?2 +`BiB+�H p�Hm2- !cr- +�M #2 /2}M2/ BM i?2 b�K2 7�b?BQM �b LcrX 1[m�iBM; 1[XU9XReV
�M/ 1[XU9XRdV- r2 Q#i�BM

r
q̂L2

4!
=

q̂2L4

48!2

q̂L2

4!
=

q̂4L8

482!4

!3 =
4

482
q̂3L6

!cr =
q̂L2

4⇥ 32/3
. U9XR3V
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*QK#BMBM; 1[XU9XReV �M/ 1[XU9XRdV BMiQ QM2 �M/ `2r`BiBM; BM i2`Kb Q7 i?2 +`BiB+�H
2M2`;v- !cr- i?2 bT2+i`mK 7Q` BM/m+2/ ;HmQM 2KBbbBQM i�F2b i?2 7Q`K

1

↵
!
dI

d!
⇡

2CA

⇡

(q
q̂L2

4! /
p

!cr
! ,! ⌧ !cr ;

q̂2L4

48!2 /
�
!cr
!

�2
,!cr ⌧ ! .

U9XRNV

6B;m`2 9Xj b?Qrb i?2 bT2+i`mK �b � 7mM+iBQM Q7 2KBii2/ 2M2`;v- !- 7Q` /Bz2`2Mi p�Hm2b
Q7 L- BX2X- 7Q` /Bz2`2Mi H2M;i?b i`�p2HH2/ i?`Qm;? i?2 K2/BmKX 6Q` bBKTHB+Biv- i?2
mMBib mb2/ �`2 �`#Bi`�`vX AM i?Bb };m`2- A r�Mi iQ b?Qr ?Qr !cr BM 7�+i /Q2b BM+`2�b2
rBi? K2/BmK bBx2- �b 2tT2+i2/ 7`QK 1[XU9XR3VX h?mb- 7Q` HQM;2` iBK2 BM i?2 K2/BmK-
i?2 T`Q#�#BHBiv Q7 2KBiiBM; � ;HmQM Q7 ?B;?2` 2M2`;v �HbQ BM+`2�b2bX

0.1 0.5 1 5 10 50 100

0.001
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� 1
�

6B;m`2 9Xj, J2/BmK@BM/m+2/ ;HmQM `�/B�iBQM bT2+i`mK- 1[XU9XRV- �b � 7mM+iBQM Q7
2KBii2/ 2M2`;v- !X �bvKTiQiB+ bQHmiBQMb 7Q` bK�HH UH�`;2V ! �`2 b?QrM �b /Qii2/
U/�b?2/V HBM2bX h?2 ;`�v p2`iB+�H HBM2b +Q``2bTQM/b iQ i?2 +`BiB+�H p�Hm2- !cr- 7QmM/ �i
i?2B` BMi2`b2+iBQM TQBMiX AM �;`22K2Mi rBi? 1[XU9XR3V- !cr BM+`2�b2b rBi? BM+`2�bBM;
K2/BmK bBx2fH2M;i? i`�p2HH2/ BMbB/2 i?2 K2/BmKX aBM+2 /I//! Bb i?2 T`Q#�#BHBiv Q7
2KBiiBM; � ;HmQM Q7 2M2`;v !- ! /I//! Bb � K2�bm`2 Q7 ?Qr K�Mv ;HmQMb �`2 2KBii2/
�i i?�i 2M2`;vX LQi2 i?�i �i !cr- i?2 bT2+i`mK Bb �TT`QtBK�i2Hv RX h?Bb rBHH #2
/Bb+mbb2/ 7m`i?2` BM i?2 M2ti b2+iBQMX
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9Xj 6`QK K2/BmK@BM/m+2/ `�/B�iBQM bT2+i`mK iQ
i?2 2M2`;v@HQbb Q7 � T�`iB+H2

h?2 bT2+i`mK Q7 2KBii2/ ;HmQMb- 1[XU9XRV- Bb � K2�bm`2 Q7 ?Qr Km+? `�/B�iBQM +QK2b
7`QK /Bz2`2Mi 2KBii2/ 2M2`;B2b- !X "v BMi2;`�iBM; Qp2` �HH !- r2 Q#i�BM i?2 iQi�H
2M2`;v@HQbb Q7 i?2 ?�`/ T�`iB+H2X h?2 QMHv +QK#BM�iBQM Q7 i?2 p�`B�#H2b �i ?�M/ Bb
q̂L2

! X � [mB+F /BK2MbBQM�H �M�HvbBb b?Qrb i?�i, (:2o)2

7K
7K2

:2o = :2o 7K ⇡ 5 RX h?Bb i2HHb
i?�i i?2 2M2`;v@HQbb QMHv /2T2M/b QM i?2 /BK2MbBQMH2bb `�iBQ Q7 i?2 i?`22 T�`�K2i2`b
BMpQHp2/X lbBM; 1[XU9XRNV- r2 }M/ i?�i i?2 2M2`;v@HQbb b+�H2b HBF2,

E =

Z
d! !

dI

d!

⇡
2↵CA

⇡

hr q̂L2

4

Z !cr

0

d!
1
p
!
+

q̂2L4

48

Z 1

!cr

d!
1

!2

i
U9XkyV

=
2↵CA

⇡

hr q̂L2

4
2
p
!cr +

q̂2L4

48

1

!cr

i

=
2↵CA

⇡

h
2 3
p
3
p
!cr

p
!cr +

3
p
3!2

cr

1

!cr

i
U9XkRV

=
6 3
p
3↵CA

⇡
!cr . U9XkkV

AM 1[XU9XkyV- �M 2biBK�i2 Q7 i?2 iQi�H 2M2`;v@HQbb r�b /QM2 #v BMb2`iBM; i?2 irQ
�bvKTiQiB+ bQHmiBQMb- 7QmM/ BM i?2 T`2pBQmb b2+iBQM- bBM+2 i?2 BMi2;`�Hb rBHH #2 /QK@
BM�i2/ #v i?2 mTT2` �M/ HQr2` HBKBibX h?2 /2}MBiBQM Q7 i?2 +`BiB+�H 2KBbbBQM 2M2`;v-
!cr =

q̂L2

4⇥32/3
- r�b �TTHB2/ BM 1[XU9XkRVX 6`QK 1[XU9XkkV- QM2 +�M b22 i?�i i?2 2M2`;v@

HQbb b+�H2b HBF2 !cr- K2�MBM; i?�i i?2 �p2`�;2 2M2`;v Q7 i?2 2KBii2/ ;HmQM rBHH ?�p2
Bib p�Hm2 �`QmM/ !crX �b b?QrM BM 6B;X 9Xj- !cr rBHH BM+`2�b2 rBi? K2/BmK bBx2X h?mb-
i?2 2M2`;v@HQbb Q7 � T�`iB+H2 rBHH BM+`2�b2 rBi? BM+`2�bBM; /Bbi�M+2 i`�p2HH2/ i?`Qm;?
� K2/BmKX

S`Q#�#BHBiv Q7 `�/B�iBQM �M/ MmK#2` Q7 2KBii2/ ;HmQMb
h?2 T`Q#�#BHBiv Q7 2KBiiBM; � ;HmQM Q7 2M2`;v ! Bb ;Bp2M #v /I//!X h?mb- KmHiBTHvBM;
i?2 T`Q#�#BHBiv #v ! T`QpB/2b i?2 MmK#2` Q7 T`Q/m+2/ T�`iB+H2b Q7 i?Bb 2M2`;vX PM2

RAM M�im`�H mMBib- c = ~ = 1- bQ i?2 +QMp2`bBQM +QMbi�Mi ~c = 197.3 J2o 7K- i�F2M 7`QK
*P.�h� (ke)- ;Bp2b R7K = 1

0.1973:2o�1 = 5.0684:2o�1X h?mb- :2o 7K = 5.0684 ⇡ 5X
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+�M Q#b2`p2 7`QK 6B;X 9Xj- i?�i KQbi Q7 i?2 2KBii2/ ;HmQMb ?�p2 p2`v HQr 2M2`;B2b
U! ⌧ !crV �M/ i?2 T�`iB+H2 rBHH 2KBi p2`v 72r ?B;?@2M2`;v ;HmQMb U! � !crVX A7 QM2
i�F2b i?2 �p2`�;2- i?2`2 rBHH 2KBii2/ QM2 T�`iB+H2 Q7 2M2`;v !cr- �M/ Bb r?v i?2 iQi�H
2M2`;v@HQbb b+�H2b HBF2 i?Bb p�Hm2X
A7 i?2 ?�`/ T�`iB+H2 bTHBib BMiQ irQ- BX2X- B7 QMHv QM2 ;HmQM Bb 2KBii2/ BM i?2 T`Q+2bb- i?2
2M2`;v Q7 i?2 2KBii2/ ;HmQM- !split- +�M #2 7QmM/ mbBM; ! /I//! /

p
!cr/!split = 1-

#2+�mb2 r2 QMHv +QMbB/2` i?2 ?�`/ T�`iB+H2 iQ 2KBi QM2 ;HmQMX _2r`Bi2 BM i2`Kb Q7
i?2 bTHBiiBM; 2M2`;v QM2 ;2ib- !split = !cr / q̂L2X h?mb- i?2 2M2`;v@HQbb Q7 i?2 ?�`/
T�`iB+H2 BM i?Bb T`Q+2bb rBHH #2 E / q̂L2X h?2 H2M;i? i?2 ?�`/ T�`iB+H2 ?�b iQ i`�p2H
#27Q`2 2KBiiBM; � ;HmQM Q7 i?Bb 2M2`;v Bb 7QmM/ #v `2r`BiBM; i?2 T`2pBQmb 2tT`2bbBQM,
L /

q
E
q̂ X

1t�KTH2
AK�;BM2 i?�i i?2 ?�`/ T�`iB+H2 i`�p2Hb i?`Qm;? �M BM}MBi2Hv HQM; K2/BmKX q2 rBHH
MQr i`v iQ mM/2`bi�M/ r?�i rBHH ?�TT2M iQ i?�i T�`iB+H2X h?2 7Q`K�iBQM iBK2- t7Q`K-
Bb i?2 iBK2 Bi i�F2b � ;HmQM 2KBbbBQM iQ Ǵb2T�`�i2Ǵ 7`QK � T�`iB+H2 Ub22 6B;m`2 9X9�
7Q` BHHmbi`�iBQMVX .m`BM; i?2 bTHBiiBM; iBK2- tbTHBi- i?2 ?�`/ T�`iB+H2 +�M #2 �z2+i2/ #v
b2p2`�H bQ7i ;HmQM 2KBbbBQMb rBi? � T`Q#�#BHBiv- ↵- /m2 iQ K2/BmK BMi2`�+iBQMbX h?2
iQi�H bTHBiiBM; iBK2b Bb i?2M +QMM2+i2/ iQ i?2 7Q`K�iBQM iBK2 #v tbTHBi = ↵ t7Q`KX
AM i?2 T`2pBQmb b2+iBQM- i?2 +QMM2+iBQM- E / q̂L2- #2ir22M i?2 2M2`;v@HQbb �M/ i?2
H2M;i? i`�p2HH2/ BM i?2 K2/BmK r�b K�/2X h?Bb +�M �HbQ #2 2tT`2bb2/ BM i2`Kb Q7
i?2 bTHBiiBM; iBK2- tbTHBi = L =/

q
E
q̂ X h?mb- i?2 iBK2 Bi i�F2b iQ bTHBi � T�`iB+H2 rBi?

2M2`;v E iQ ?�H7 Bib 2M2`;v Bb tbTHBi /
p
E/q̂X h?2 iBK2 Bi i�F2b iQ bTHBi i?2 T�`iB+H2

rBi? 2M2`;v E/2 BM ?�H7 rBHH i?2M #2 tbTHBi /
p
E/2q̂- �M/ bQ QM Ub22 6B;m`2 9X8 Q7 i?2

bBKTHB}2/ B/2�VX
A7 QM2 +QMbB/2`b i?2 K2/BmK iQ #2 BM}MBi2Hv HQM;- i?2 T�`iB+H2 +�M +QMiBMm2 iQ bTHBi
HBF2 i?Bb mbBM; i?2 iBK2

t = tbTHBi

 
1 +

1
p
2
+

1
p
4
+

1
p
8
+ . . .

!
, U9XkjV

r?B+? Bb � ;2QK2i`B+ b2`B2b i?�i +�M #2 2tT`2bb2/ �b UmbBM; x =
p
2V,

1X

n=0

1
p
2
n =

p
2

p
2� 1

= 2 +
p
2 . U9Xk9V
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U�V

U#V

6B;m`2 9X9, AHHmbi`�iBQM Q7 i?2 7Q`K�iBQM iBK2- t7Q`K- �M/ ?Qr i?Bb Bb `2H�i2/ iQ i?2
bTHBiiBM; iBK2- tbTHBi- #2ir22M 2�+? b+�ii2`BM; i?�i +QK2b rBi? T`Q#�#BHBiv Q7 ↵X U�V
h?2 7Q`K�iBQM iBK2 Bb i?2 iBK2 Bi i�F2b i?2 irQ T�`iB+H2b iQ #2 b2T�`�i2/ BMiQ /BbiBM+i
T�`iB+H2b- BX2X- r?2M i?2B` ;HmQM }2H/b /Q MQi Qp2`H�T �MvKQ`2X U#V 1�+? `�/B�iBQM
+QK2b rBi? � 7�+iQ` Q7 ↵X h?2 bTHBiiBM; iBK2 Bb `2H�i2/ iQ i?2 7Q`K�iBQM iBK2 #v
t7Q`K = 1

↵tbTHBiX

�7i2` � iBK2 t = tbTHBi(2 +
p
2)- i?2 ?�`/ T�`iB+H2 ?�p2 #22M /BpB/2/ BM ?�H7 bQ K�Mv

iBK2b i?�i Bi Bb MQr BM/BbiBM;mBb?�#H2 7`QK i?2 K2/BmK �M/ r2 +�MMQi b22 �Mv `�/B�@
iBQM 7`QK i?2 2KBii2/ ;HmQMbX A7 i?2 bTHBiiBM; Q7 i?2 T�`iB+H2 Bb Q`B2Mi2/ bm+? i?�i QM2
Q7 i?2 T�`iB+H2b Bb /B`2+i2/ bi`�B;?i Qmi Q7 i?2 K2/BmK- �M/ Bib +QmMi2`T�`i i`�p2Hb �
HQM; iBK2 i?`Qm;? i?2 K2/BmK- i?Bb +�M #2 �M 2tTH�M�iBQM iQ r?v r2 /Q MQi Q#b2`p2
`�/B�iBQM QM i?2 Qi?2` bB/2X A7 i?2v �`2 MQi /B`2+i2/ �b bm+?- r2 K�v Q#b2`p2 bBKBH�`
bi`2M;i?b Q7 i?2 `�/B�iBQM QM #Qi? bB/2bX
AM i?Bb 2t�KTH2- i?2 +QMbB/2`�iBQM Q7 �M BM}MBi2Hv HQM; K2/BmK r�b /QM2X A7 QM2
BMbi2�/ HQQF �i � }MBi2 K2/BmK- r?B+? Bb KQ`2 `2�HBbiB+- i?2 ?�`/ T�`iB+H2 K�v MQi
?�p2 i?2 iBK2 iQ Ǵ/Bb�TT2�`Ǵ +QKTH2i2HvX >Qr2p2`- QM2 Q7 i?2 2KBii2/ `�vb K�v
HQQb2 � bB;MB}+�MiHv �KQmMi Q7 2M2`;v /m2 iQ K2/BmK BMi2`�+iBQMb- �M/ +�M #2 QM2

8y



6B;m`2 9X8, aTHBiiBM; Q7 � ?�`/ T�`iB+H2 rBi? 2M2`;v E BMiQ irQ /m`BM; � bTHBiiBM;
iBK2- tsplitX

2tTH�M�iBQM Q7 i?2 Q#b2`p2/ D2i@bmTT`2bbBQM 7`QK 6B;X jXe- /Bb+mbb2/ BM i?2 T`2pBQmb
+?�Ti2`X

9X9 SQr2`@H�r UiBK2@/2T2M/2Mi K2/BmKV
aBM+2 i?2 K2/BmK 7Q`K2/ BM ?2�pv@BQM +QHHBbBQMb Bb � 7�bi 2tT�M/BM; [m�`F@;HmQM
TH�bK�- B/2�HHv r2 r�Mi iQ ?�p2 � KQ/2H Q7 i?2 K2/BmK 2pQHmiBQM �b bBKBH�` iQ
i?�i �b TQbbB#H2X >Qr2p2`- bm+? � KQ/2H +�M #2 p2`v +QKTH2t- +QMi�BMBM; bTQib Q7
/Bz2`2Mi 2M2`;v@/2MbBiv �b r2HH �b Bi Bb 2tT�M/BM; BM iBK2X � ;QQ/ r�v iQ bi�`i
mM/2`bi�M/BM; ?Qr T�`iB+H2b HQb2b 2M2`;v BM Z:S- Bb #v +QMbB/2`BM; � mMB7Q`K- iBK2@
/2T2M/2Mi K2/BmKX 6`QK i?Bb TQBMi Q7 pB2r- Bi K�v #2 2�bB2` iQ mM/2`bi�M/ � KQ`2
+QKTHB+�i2/ T`Q}H2- r?B+? Bb H27i 7Q` 7mim`2 bim/vX
AM i?Bb b2+iBQM- � mMB7Q`K- iBK2@/2T2M/2Mi K2/BmK rBHH #2 +QMbB/2`2/X h?Bb BKTHB2b
i?�i q̂ = q̂(t) �M/ w2

0 = w2
0(t)X h?2 K2/BmK@BM/m+2/ 2z2+ib rBHH /`QT rBi? bQK2

TQr2`- a- Q7 iBK2X h?2 i`�Mbp2`b2 #`Q�/2MBM; +Q2{+B2Mi Bb q̂(t) = q̂0 (t0/t)a- r?2`2
q̂0 Bb i?2 BMBiB�H p�Hm2 Q7 i?2 K2/BmK BMi2`�+iBQMX h?2 T�`iB+H2 2K2`;2b BMiQ p�+mmK
�7i2` H2M;i? LX h?2 K2/BmK@BM/m+2/ `�/B�iBQM rBHH #2 7QmM/ 7Q` /Bz2`2Mi p�Hm2b Q7
a �M/ +QKT�`2/ iQ i?2 �bvKTiQiB+ bQHmiBQMb- r?B+? BM i?Bb b2+iBQM B7 7QmM/ mbBM; �
;2M2`�H 7Q`KmH� 7`QK (R)X �i i?2 2M/ Q7 i?Bb b2+iBQM- � +QKT�`BbQM Bb �HbQ /`�rM iQ
i?2 iBK2@BM/2T2M/2Mi K2/BmK- i?2 #`B+FX
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q2 ?�p2,

!2
0(t) =

(
�i q̂(t)2! = �i q̂02!

⇣
t0
t

⌘a
- t0 < t < t0 + L ;

0 - t0 + L < t ;
U9Xk8V

r?2`2 t0 Bb i?2 BMBiB�H iBK2 Q7 i?2 2KBii2/ T�`iB+H2 U7Q` i?2 #`B+F r2 mb2/ i?�i t0 = 0V
�M/ q̂0 Bb � `2�H MmK#2`X lbBM; i?2 b�K2 #QmM/�`v +QM/BiBQMb �b #27Q`2- c(t) = 1
�M/ ċ(t) = 0 7Q` t > t0 + L- BX2X i?2 T�`iB+H2 2K2`;2b BMiQ p�+mmK �7i2` t0 + L BM i?2
K2/BmK- r2 #Q``Qr i?2 bQHmiBQM iQ i?2 /Bz2`2MiB�H 2[m�iBQM- 1[XU9X9V- 7`QK �`MQH/
(R- 1[X9XRk),

c(t) =

(
⇡zL
2

⇣
z
zL

⌘⌫
[J⌫(z)Y⌫�1(zL)� Y⌫(z)J⌫�1(zL)] - t0 < t < t0 + L ;

1 - t0 + L < t ,
U9XkeV

r?2`2

⌫ ⌘
1

2� a
,

z = z(t) ⌘ 2 ⌫ !0 t0
⇣ t

t0

⌘1/2⌫
,

z0 ⌘ z(t0) ,

zL ⌘ z(t0 + L) .

�bvKTiQiB+ bQHmiBQMb
:2M2`�H bQHmiBQMb 7Q` i?2 HBKBiBM; +�b2b 7Q` bK�HH �M/ H�`;2 L #2?�pBQm` Bb i�F2M 7`QK
(R)X h?2 `272`2M+2 mb2b i?2 p�Hm2 t0 = 0X >Qr2p2`- bBM+2 A �K mbBM; � TQr2`@H�r-
r?B+? ;Q2b HBF2 ⇠ 1/t- A ?�p2 `2r`Bii2M i?2 2[m�iBQMb BM i2`Kb Q7 � ;2M2`�H BMBiB�H iBK2-
t0X h?2M- 1[XU9XkdV �M/ 1[XU9XkNV �`2 irQ ;2M2`�H bQHmiBQMb 7Q` i?2 K2/BmK@BM/m+2/
bT2+i`mKX h?2 7QHHQrBM; /2`Bp�iBQM Bb K�/2 7Q` i?2 p�Hm2 a = 1X

8k



aK�HH L
AKTH2K2MiBM; 1[XU9XeV BM i?2 ;2M2`�H bQHmiBQM 7Q` bK�HH H2M;i?b i`�p2HH2/ i`Qm;? i?2
K2/BmK- i?2 bT2+i`mK Q7 i?2 2KBii2/ T�`iB+H2 rBHH ;Q HBF2

HM|c(t0)| '
1

2

"Z 1

t0

dt(t� t0)|!
2
0(t)|

#2

�

Z 1

t0

dt(t� t0)|!
2
0(t)|

Z 1

t

dt0(t0 � t)|!2
0(t

0)| U9XkdV

=
1

2

"Z t0+L

t0

dt(t� t0)
q̂0
2!

t0
t

#2

�

Z t0+L

t0

dt(t� t0)
q̂0
2!

t0
t

Z t0+L

t

dt0(t0 � t)
q̂0
2!

t0
t0

=
1

2

⇣ q̂0
2!

t0
⌘2
"Z t0+L

t0

dt
⇣
1�

t0
t

⌘#2

�

⇣ q̂0
2!

t0
⌘2 Z t0+L

t0

dt
⇣
1�

t0
t

⌘Z t0+L

t

dt0
⇣
1�

t

t0

⌘

=
⇣ q̂0
2!

t0
⌘21

4

"
L(L� 6t0) + 2 t20

⇣
� 3HM(t0) + HM

⇣ t0
t0 + L

⌘2
+ 3HM(L+ t0)

⌘#

⇠
q̂20L

4

!2
, U9Xk3V

r?2`2 i?2 mTT2` HBKBi t0 + L ?�b #22M mb2/ bBM+2 |!0| = 0 7Q` t > t0 + LX
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G�`;2 L

L2ti- r2 HQQF �i i?2 H�`;2 L #2?�pBQm` Q7 1[XU9XeVX h?2 K2/BmK@BM/m+2/ bT2+i`mK
;Q2b HBF2

HM|c(t0)| '
1
p
2

Z 1

t0

dt|!0(t)| U9XkNV

=
1
p
2

Z t0+L

t0

dt

r
q̂0
2!

t0
t

=

r
q̂0t0
4!

h
2(
p

t0 + L�
p
t0)
i

⇠

r
q̂0L2

!
. U9XjyV

h?mb- i?2 K2/BmK@BM/m+2/ `�/B�iBQM bT2+i`mK �i bK�HH �M/ H�`;2 L UQ` bBKBH�`Hv
|!0|LV rBHH ;Q HBF2

1

↵
!
dI

d!
/

(
q̂2L4

!2 , |!0|L ⌧ 1 ;q
q̂L2

! , |!0|L � 1 .
U9XjRV

aK�HH �M/ H�`;2 ! #2?�pBQm` Q7 i?2 bT2+i`mK
AM i?2 b�K2 7�b?BQM �b i?2 bK�HH �M/ H�`;2 ! #2?�pBQm` Q7 i?2 bT2+i`mK 7Q` i?2
#`B+F@T`Q}H2 r?2`2 /2/m+2/ UQM T�;2 9eV- i?2 b�K2 +�M #2 /QM2 BM i?Bb +�b2X lbBM;
i?2 `2H�iBQM |!0| =

p
q̂/(2!)- i?2 �bvKTiQiB+ #2?�pBQm` 7Q` i?2 bT2+i`mK +�M #2

7QmM/X 6Q` � bK�HH bvbi2K- 7Q` r?B+? |!0|L /
p
q̂L2/! ⌧ 1- QM2 +�M `2r`Bi2 �M/

}M/ q̂L2
⌧ !X h?mb- 7Q` bK�HH L- ! Kmbi #2 H�`;2X h?Bb K2�Mb i?�i i?2 bK�HH L

#2?�pBQm` Bb i?2 b�K2 �b i?2 H�`;2 ! #2?�pBQm` Q7 i?2 bT2+i`mKX
h?2 b�K2 +�M #2 b?QrM 7Q` i?2 Qi?2` HBKBiBM; +�b2- M�K2Hv i?�i i?2 H�`;2 L #2?�pBQm`
Bb i?2 b�K2 �b i?2 bK�HH ! #2?�pBQm`X A rBHH `2r`Bi2 i?2 �bvKTiQiB+ bQHmiBQMb mbBM; !cr

bBM+2 i?Bb Bb T`QTQ`iBQM�H iQ q̂L2X h?mb- i?2 K2/BmK@BM/m+2/ bT2+i`mK �b 7mM+iBQM
Q7 2KBii2/ 2M2`;v- !- rBHH ;Q HBF2

1

↵
!
dI

d!
/

(p
!cr
! ,! ⌧ !cr ;�

!
!

�2
,! � !cr .

U9XjkV

A ?�p2 bQHp2/ i?2 K2/BmK@BM/m+2/ `�/B�iBQM 7Q` bQK2 ;Bp2M p�Hm2b Q7 t0- L �M/ q̂
UBM �`#Bi`�`v mMBibVX h?2 `2bmHib �`2 b?QrM BM 6B;m`2 9XeX h?2 bT2+i`mK }ib p2`v
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r2HH rBi? i?2 HBKBiBM; bQHmiBQMb 7QmM/ BM 1[XU9XjkVX AM i?2 BMi2`b2+iBQM@TQBMi Q7 i?2
bK�HH �M/ H�`;2 !- Bb i?2 TQBMi !criticalX h?Bb Bb i?2 �p2`�;2 2M2`;v Q7 i?2 2KBii2/
T�`iB+H2bX �b i?2 p�Hm2 Q7 a BM+`2�b2b- !cr /2+`2�b2bX h?Bb Bb #2+�mb2 i?2 K2/BmK
2z2+ib /`QTb 7�bi2`- `2+�HH i?�i q̂0(t) / 1/ta- bQ r2 +�M i?BMF Q7 i?2 T�`iB+H2 i`�p2HHBM;
� b?Q`i2` /Bbi�M+2 BM i?2 K2/BmKX h?mb- BM+`2�bBM; a rBHH #2 �b B7 i?2 K2/BmK bBx2-
L- /2+`2�b2/X h?Bb +�M �HbQ #2 b22M #v +QKT�`BM; 6B;m`2 9Xe �M/ 6B;m`2 9XkX

0.01 0.05 0.10 0.50 1 5 10
10-5
10-4
0.001

0.010

0.100

1

10

� / �cr, brick

1
��

d�
d�

� = 0 (brick)
� = 1
� = 2

� 1
�2

� 1
�

6B;m`2 9Xe, aT2+i`mK 7`QK K2/BmK@BM/m+2/ `�/B�iBQM- !dI/d! U/BpB/2/ #v ↵V- �b �
7mM+iBQM Q7 2KBii2/ 2M2`;v 7Q` /Bz2`2Mi p�Hm2b Q7 aX h?2 x@�tBb Bb !/!cr,#`B+F- r?2`2
!cr,#`B+F Bb i?2 +`BiB+�H p�Hm2 /2`Bp2/ 7Q` i?2 #`B+F UBX2X 7Q` i?2 +�b2 r?2`2 a = 0VX h?2
/Qii2/ HBM2b +Q``2bTQM/b iQ i?2 �bvKTiQiB+ #2?�pBQm` 7Q` bK�HH ! #2?�pBQm` Q7 i?2
bT2+i`mK �M/ ;Q2b HBF2 1/!2- �b 7QmM/ BM 1[XU9XjyVX h?2 �bvKTiQiB+ #2?�pBQm` 7Q`
H�`;2 ! ;Q2b HBF2 1/

p
!- �b 7QmM/ BM 1[XU9Xk3V- �M/ �`2 b?QrM �b /�b?2/ HBM2bX h?2

;`�v- p2`iB+�H HBM2b �`2 i?2 +Q``2bTQM/BM; +`BiB+�H 2M2`;B2b 7Q` i?2 /Bz2`2Mi p�Hm2b Q7
aX h?Bb p�Hm2 /2+`2�b2b 7Q` BM+`2�bBM; p�Hm2 Q7 a- #2+�mb2 i?2 K2/BmK 2z2+ib /`QTb
7�bi2`- K�FBM; i?2 K2/BmK b22K bK�HH2`fb?Q`i2`X h?Bb +�M �HbQ #2 b22M #v +QKT�`BM;
i?Bb };m`2 iQ i?2 bBKBH�` #2?�pBQm` Q7 i?2 +`BiB+�H TQBMib Q#b2`p2/ BM 6B;X 9XkX

�MQi?2` i?BM; i?�i Bb BMi2`2biBM; r?2M HQQFBM; +HQb2Hv �i i?2 p2`v bK�HH ! `2;BK2 Q7
6B;X 9Xe- Bb ?Qr i?2 �bvKTiQiB+ bQHmiBQM bi�`ib iQ /2pB�i2 KQ`2 �M/ KQ`2 7`QK i?2
bT2+i`mK �b i?2 p�Hm2 Q7 a BM+`2�b2bX _2+�HH i?�i bK�HH ! #2?�pBQm` r�b i?2 b�K2
�b i?2 H�`;2 L #2?�pBQm` Q7 i?2 bT2+i`mKX h?mb- #v BM+`2�bBM; i?2 p�Hm2 Q7 a- i?2
bT2+i`mK bi�`ib iQ /2pB�i2 7`QK i?2 H�`;2 L bQHmiBQMX AM i?2 M2ti b2+iBQM- i?Bb i`2M/
rBHH #2 HQQF2/ �i r?2M i?2 /2i2`KBM�iBQM Q7 � +`BiB+�H p�Hm2 Q7 a Bb 7QmM/X
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9X8 *QKT�`BM; /Bz2`2Mi K2/BmKb, "`B+F pbX SQr2`@
H�r

AM i?Bb b2+iBQM- i?2 bT2+i`mK 7Q` i?2 TQr2`@H�r rBHH #2 +QKT�`2/ iQ i?�i Q7 i?2 #`B+FX
A rBHH �HbQ /2i2`KBM2 i?2 �TT`QtBK�i2 p�Hm2 Q7 a 7Q` r?B+? i?2 �bvKTiQiB+ bQHmiBQM
7Q` bK�HH ! /2pB�i2b 7`QK i?2 bT2+i`mKX
h?2 #`B+F r�b /2}M2/ i?`Qm;? i?2 iBK2@BM/2T2M/2Mi i`�Mbp2`b2 KQK2MimK #`Q�/2M@
BM; +Q2{+B2Mi- q̂2zX PM2 +�M �HbQ ;2i iQ i?2 #`B+F i?`Qm;? i?2 TQr2`@H�r #v +?QQbBM;
a = 0- i?2M- q̂(t) = q̂0(t0/t)a=0 = q̂2zX
A7 QM2 r2`2 iQ �TTHv i?2 ;2M2`�H bQHmiBQMb- 1[XU9XkdV �M/ 1[XU9XkNV- iQ i?2 #`B+F@
T`Q}H2- QM2 Q#i�BM i?2 b�K2 `2bmHib r?B+? r?2`2 7QmM/ mbBM; bK�HH �M/ H�`;2 2tT�M@
bBQMbX h?Bb rBHH #2 /QM2 QM T�;2 ey �M/ ekX h?mb- i?2 ;2M2`�H bQHmiBQMb T`QpB/2/ #v
(R)- b22K iQ rQ`F p2`v r2HH- �i H2�bi BM i?2 +�b2 7Q` bK�HH p�Hm2b Q7 aX
AM i?2 7QHHQrBM;- A rBHH i`v iQ }M/ i?2 +`BiB+�H p�Hm2 Q7 a 7Q` r?B+? i?2 �bvKTiQiB+
#2?�pBQm` Q7 i?2 bK�HH !@`2;BK2 /2pB�i2b 7`QK i?2 bT2+i`mKX h?Bb i`2M/ r�b b22M
7Q` BM+`2�bBM; p�Hm2b Q7 a �i p2`v bK�HH ! BM 6B;X 9Xe �M/ +�M #2 b22M iQ � ;`2�i2`
2ti2Mi BM 6B;m`2 9XdX

0.05 0.10 0.50 1 5 10 50

10-5

0.001

0.100

10

�

1
��

d�
d�

� =0 (brick)
� =1
� =5
� =5, small � solution
� =5, large � solution

6B;m`2 9Xd, J2/BmK@BM/m+2/ `�/B�iBQM bT2+i`mK �b � 7mM+iBQM Q7 L 7Q` /Bz2`2Mi p�Hm2b
Q7 aX h?2 HBKBiBM; bQHmiBQMb 7Q` a = 5 Bb 7QmM/ mbBM; 1[bXU9XkdV �M/ U9XkNV �M/ �`2
b?Qr2/ �b /Qii2/f/�b?2/ HBM2bX _2+�HH i?�i HQQFBM; �i i?2 H�`;2 L #2?�pBQm` Bb i?2
b�K2 �b bim/vBM; i?2 bK�HH !@#2?�pBQm`X 6Q` a = 1- i?2 bT2+i`mK HQQFb p2`v bBKBH�`
iQ i?�i Q7 i?2 #`B+F Ua = 0VX 6Q` a = 5- i?2 7mM+iBQM ;Q2b HBF2 i?2 HBKBiBM; bQHmiBQM 7Q`
bK�HH LX h?Bb Bb #2+�mb2 i?2 K2/BmK 2z2+ib /`QTb bQ [mB+FHv- i?�i QM2 +�M i?BMF Q7
i?2 T�`iB+H2 ;QBM; i?`Qm;? � b?Q`i2` K2/BmKX h?mb- Bi K�F2b b2Mb2 i?�i i?2 bT2+i`mK
7Q` H�`;2 a ;Q2b HBF2 � bK�HH K2/BmKX
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h?Bb Bb #2+�mb2 q̂(t) /`QTb p2`v `�TB/Hv- K2�MBM; i?�i i?2 BMi2`�+iBQM 7`QK i?2 K2/BmK
rBHH `�TB/Hv /2+`2�b2 �M/ i?mb #�`2Hv �z2+i i?2 T�`iB+H2 �7i2` � b?Q`i iBK2 UH2M;i?VX
�7i2` � b?Q`i iBK2- Bi rBHH #2 HBF2 i?2 K2/BmK Bb MQi i?2`2 �i �HH- bQ Bi K�F2b b2Mb2
i?�i Bi HQQFb HBF2 i?2 bK�HH L �TT`QtBK�iBQMX AM+`2�bBM; i?2 H2M;i? rBHH MQi ;Bp2
� H�`;2` 2M2`;v@HQbbX h?Bb +�M �HbQ #2 b22M BM 6B;m`2 9X3- r?2`2 HM|c(t0)| ;Q2b iQ �
+QMbi�Mi r?2M L ! 1X

0 10 20 30 40 50
0.00

0.05

0.10

0.15

0.20

0.25

�

1
��

d�
d�

� = 0 (brick)
� = 0.5
� = 1
� = 1.5
� = 2
� = 2.5
� = 3

U�V

1 2 5 10 20 50

10-4

0.001

0.010

0.100

1

10

�

1
��

d�
d�

� = 0 (brick)
� = 0.5
� = 1
� = 1.5
� = 2
� = 2.5
� = 3

U#V

6B;m`2 9X3, U�V J2/BmK@BM/m+2/ `�/B�iBQM bT2+i`mK �b � 7mM+iBQM Q7 ! 7Q` /Bz2`2Mi
p�Hm2b Q7 aX U#V GQ;GQ;SHQi Q7 U�VX h?2 bi`�B;?i HBM2b BM i?2 GQ;GQ;SHQi K2�Mb i?�i
i?2 7mM+iBQM Bb MQi +?�M;BM;X 1X;X 7Q` i?2 a = 0 U#`B+FV- i?2 bT2+i`mK +?�M;2b 7`QK
i?2 �bvKTiQiB+ bQHmiBQMb ⇠ 1/

p
! iQ ⇠ 1/!2 r?B+? Bb b?QrM BM i?2 GQ;GQ;SHQi �b

i?2 #2M/ Q7 i?2 bT2+i`� U�`QmM/ !crVX h?2 7�+i i?�i 7Q` a � 2- i?2 THQib �`2 p2`v
+HQb2 iQ HBM2�`- K2�Mb i?�i i?2b2 �`2 i?2 p�Hm2b 7Q` r?B+? i?2 �bvKTiQiB+ bQHmiBQM
/2pB�i2 7`QK i?2 bT2+i`mKX

8d



"v /BK2MbBQM�H �M�HvbBb- i?2 p�Hm2 Q7 a 7Q` r?B+? i?2 bK�HH L �TT`QtBK�iBQM 2[m�Hb
i?2 H�`;2 L �TT`QtBK�iBQM Bb 7QmM/X lbBM; 1[XU9XkdV �M/ 1[XU9XkNV- i?2 irQ �bvKT@
iQiB+ bQHmiBQMb ;Q2b HBF2,

HM|c(t0)| L⌧1
⇠

"Z t0+L

t0

dt (t� t0) |!
2
0|
ta0
ta

#2
⇠

"
L(L� 1)

1

La

#2
⇠ L4�2a , U9XjjV

�M/
HM|c(t0)| L�1

⇠

Z t0+L

t0

dt |!0|

r
ta0
ta

⇠ L
1

La/2
⇠ L1�a/2 . U9Xj9V

1[m�iBM; i?2 TQr2`b- r2 ;2i i?�i

4� 2a = 1� a/2 ! a = 2 . U9Xj8V

h?mb- 7Q` a � 2- i?2 K2/BmK@BM/m+2/ 2z2+ib rBHH /`QT 7�bi 2MQm;? i?�i BM+`2�bBM;
i?2 H2M;i? i`�p2HH2/ i?`Qm;? i?2 K2/BmK rBHH MQi +QMi`B#mi2 Km+? iQ i?2 bT2+i`mKX
6B;m`2 9X3� b?Qrb i?2 bT2+i`� �b � 7mM+iBQM Q7 2KBii2/ 2M2`;v- !- 7Q` /Bz2`2Mi p�Hm2b
Q7 aX q2 b22 i?�i +HQb2 iQ i?2 p�Hm2 a = 2- i?2 bT2+i`mK Bb `�TB/Hv /2+`2�bBM;X 6B;m`2
9X3# Bb � HQ;HQ;THQi Q7 i?2 b�K2 7mM+iBQMbX Ai Bb 2�bB2` iQ b22 r?2`2 i?2 bT2+i`mK Bb
;QBM; 7`QK � +m`p2/ HBM2 iQ �M U�HKQbiV bi`�B;?i HBM2- BM/B+�iBM; i?�i i?2 7mM+iBQM
Bib2H7 ;Q2b iQ � +QMbi�MiX

9Xe a+�HBM; H�rb
AM i?Bb b2+iBQM- /Bz2`2Mi b+�HBM; H�rb rBHH #2 bim/B2/X h?2 b+�HBM; H�r T`QpB/2/ #v
a�H;�/Q �M/ qB2/2K�MM (k) Bb QM2 r�v Q7 }M/BM; i?2 bT2+i`mK 7Q` � iBK2@/2T2M/2Mi
K2/BmK mbBM; i?2 bBKTH2 �M�HviB+�H bQHmiBQM 7Q` i?2 #`B+F- 1[XU9X3VX h?2 �++m`�+v
Q7 i?Bb b+�HBM; H�r rBHH MQr #2 +?2+F2/ �;�BMbi i?2 bQHmiBQM 7Q` � iBK2@/2T2M/2Mi
K2/BmK ;Bp2M #v �`MQH/ (R)- 1[XU9XkeVX AM �//BiBQM- A rBHH /2`Bp2 irQ M2r b+�HBM;
H�rb- HQQF �i i?2B` �++m`�+v �M/ +QKT�`2 i?2K iQ i?2 7Q`KmH� T`QpB/2/ #v (k)X
h?2 B/2� #2?BM/ i?2 b+�HBM; H�r Bb �b 7QHHQrb, PM2 +�M }M/ i?2 `�/B�iBQM bT2+i`mK
iQ � T�`iB+H2 i`�p2HHBM; i?Qm;? � iBK2@/2T2M/2Mi K2/BmK 7QHHQrBM; � TQr2`@H�r- #v
/2}MBM; �M BMBiB�H p�Hm2 q̂0 �M/ aX h?2 �M�HviB+�H bQHmiBQM iQ i?2 7mM+iBQM c(t0) Bb
;Bp2M #v 1[XU9XkeV- r?B+? Bb mb2/ BM i?2 }M�H 2[m�iBQM /2i2`KBMBM; i?2 bT2+i`mKX
h?2 b+�HBM; H�r Bb �M 2[m�iBQM `2H�iBM; i?2 q̂0 �M/ a mb2/ BM i?2 +QKTHB+�i2/ bQHmiBQM-
iQ i?2 2z2+iBp2 #`Q�/2MBM; q̂2z mb2/ BM i?2 Km+? bBKTH2` �M�HviB+�H bQHmiBQM ;Bp2M #v
1[XU9X3V, c(0) = +Qb(

p
q̂2z/2!)LX h?Bb K2�Mb i?�i � `�/B�iBQM bT2+i`mK BM i?2 #`B+F
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UmbBM; � q̂2zV +�M 2[mBp�H2MiHv #2 7QmM/ mbBM; i?2 TQr2`@H�r bQHmiBQM #v (R)- 1[XU9XkeV
UmbBM; q̂0VX h?2 bT2+i`mK mbBM; i?2 b+�HBM; H�rb �`2 +QKT�`2/ iQ i?2 bQHmiBQM 7QmM/
#v (R)- �M/ +QKT�`2/ 7Q` i?2 i?`22 /Bz2`2Mi p�Hm2b Q7 aX h?2 �++m`�+v Q7 i?2 /Bz2`2Mi
b+�HBM; H�rb p�`B2b �HQM; /Bz2`2Mi `2;BK2b Q7 i?2 `�/B�iBQM bT2+i`mKX

9XeXR a�H;�/Q �M/ qB2/2K�MM
h?2 b+�HBM; H�r T`QpB/2/ #v a�H;�/Q �M/ qB2/2K�MM (k) Bb `2r`Bii2M iQ K�i+? i?2
MQi�iBQM mb2/ BM i?Bb T�T2`X Ai Bb ;Bp2M #v

q̂2z =
2 q̂0
L2

Z t0+L

t0

dt (t� t0)
⇣t0
t

⌘a
. U9XjeV

a�H;�/Q �M/ qB2/2K�MM /B/ MQi ?�p2 i?2 �M�HviB+�H bQHmiBQM iQ i?2 TQr2`@H�r- r?B+?
r2 #Q``Qr2/ 7`QK (R) BM 1[XU9XkeVX aQ i?2 B/2� Bb i?�i i?2 bT2+i`mK QM2 rQmH/ ;2i #v
+QMbB/2`BM; � K2/BmK r?B+? /`QTb HBF2 i?2 TQr2`@H�r 7Q` � ;Bp2M a �M/ bQK2 p�Hm2 Q7
q̂0- rQmH/ ;Bp2 i?2 b�K2 bT2+i`mK �b B7 QM2 mb2/ i?2 �M�HviB+�H bQHmiBQM 7Q` i?2 #`B+F-
1[XU9X3V rBi? � q̂2z /2i2`KBM2/ #v i?2 b+�HBM; H�r- 1[XU9XjeVX q?2M +QKTmiBM; i?2
/Bz2`2Mi bT2+i`�- A �bbB;M2/ � p�Hm2 iQ i?2 2z2+iBp2 q̂2z iQ i?2 #`B+F bQHmiBQMX h?2M-
q̂0 r�b /2i2`KBM2/ 7Q` /Bz2`2Mi p�Hm2b Q7 a #v 1[XU9XjeVX h?Bb r�b /QM2 bQ i?�i �HH
bT2+i`� rQmH/ K�i+? i?2 b�K2 b+�H2/ #`B+F@bT2+i`mKX q?2i?2` QM2 }M/b q̂2z 7Q` i?2
#`B+F #v /2}MBM; q̂0 Q` /2}M2 q̂2z �M/ i?2M }M/ i?2 +Q``2bTQM/BM; q̂0 7Q` /Bz2`2Mi a
rBHH ;Bp2 i?2 b�K2 `2bmHibX q?2M }M/BM; i?2 /Bz2`2Mi bT2+i`� 7`QK i?Bb b+�HBM; H�r-
A mb2/ i?2 p�Hm2 q̂2z = 3.2 BM �`#Bi`�`v mMBib 7Q` i?2 #`B+F bT2+i`mKX h?2 `2bmHiBM; q̂0
�M/ i?2 +Q``2bTQM/BM; bT2+i`� 7Q` /Bz2`2Mi p�Hm2b Q7 a �`2 b?QrM BM 6B;m`2 9XNX
h?2 x@�tBb Q7 6B;X 9XN Bb BM !/!cr,#`B+F- r?2`2 !cr,#`B+F Bb i?2 +`BiB+�H p�Hm2 /2`Bp2/
7Q` i?2 #`B+FX h?2 �++m`�+v Q7 i?2 b+�HBM; H�r T`QpB/2/ #v a�H;�/Q �M/ qB2/2K�MM
b22Kb iQ #2 Qp2`�HH p2`v ;QQ/X h?2 bT2+i`� 7Q` i?2 b+�H2/ #`B+F �`2 p2`v +HQb2 iQ
i?2 QM2b 7QmM/ 7Q` /Bz2`2Mi p�Hm2b Q7 aX 6Q` p2`v bK�HH ! �M/ ! > !cr- i?2 b+�H2/
bT2+i`mK b?Qrb KQ`2 /2pB�iBQMb- bQ i?2`2 Bb biBHH `QQK 7Q` BKT`Qp2K2MibX

9XeXk aK�HH ! b+�HBM;
AM i?Bb b2+iBQM- A rBHH /2`Bp2 � M2r b+�HBM; H�r #v mbBM; i?2 bK�HH ! 2tT�MbBQM Q7 i?2
K2/BmK@BM/m+2/ bT2+i`mK- 1[XU9XkNVX aBM+2 i?2 `�iBQ Q7 i?2 bT2+i`� rBHH #2 mb2/- i?2
7�+iQ` Q7 2↵CA/⇡ rBHH +�M+2HX h?mb- QM2 QMHv M22/ iQ }M/ i?2 2tT�MbBQMb 7Q` HM|c(t0)|X

8N
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Salgado and Wiedemanns scaling law

� = 0, qeff = 3.2
� = 1, q0 = 12.4
� = 2, q0 = 41.7
� = 3, q0 = 115.2

6B;m`2 9XN, h?Bb };m`2 b?Qrb ?Qr �++m`�i2 i?2 b+�HBM; H�r #v a�H;�/Q �M/ qB2/2@
K�MM BbX h?2 /Qii2/ HBM2b �`2 7QmM/ mbBM; i?2 bQHmiBQM iQ i?2 TQr2`@H�r- ;Bp2M #v
(R)- rBi? i?2 ;Bp2M p�Hm2b Q7 q̂0 �M/ aX h?2 TBMF HBM2 Ua = 0V Bb i?2 +Q``2bTQM/BM;
bT2+i`mK mbBM; q̂2z /2}M2/ #v 1[XU9XjeVX hQ ?�p2 �HH i?2 bT2+i`� +QKT�`2 iQ i?2
b�K2 #`B+F@bT2+i`�- A mb2/ 1[XU9XjeV Ǵi?2 Qi?2` r�v �`QmM/ǴX ai�`iBM; rBi? � ;Bp2M
p�Hm2 7Q` i?2 2z2+iBp2 #`Q�/2MBM;- q̂2z = 3.2 BM �`#Bi`�`v mMBib- �M/ i?2M 7QmM/ i?2
+Q``2bTQM/BM; q̂0 UB7 A ?�/ mb2/ i?2 b�K2 q̂0 7Q` i?2 /Bz2`2Mi a- A rQmH/ ?�p2 ;Qii2M
i?`22 /Bz2`2Mi #`B+F@bQHmiBQMbVX h?2 �bvKTiQiB+ bQHmiBQMb �`2 b?QrM 7Q` a = 0 U#`B+FV
�M/ i?2 BMi2`b2+iBQM TQBMi Q7 i?2b2- r?B+? Q++m`b �i R- Bb Qm` /2}MBiBQM Q7 !cr,#`B+FX
h?2 x@�tBb Bb b+�H2/ #v !/!cr,#`B+FX h?2 ;`�v p2`iB+�H HBM2b +Q``2bTQM/b iQ !cr/!cr,#`B+F
7Q` 2�+? p�Hm2 Q7 aX Ai /2+`2�b2 rBi? BM+`2�bBM; aX "v MQiB+BM; ?Qr +HQb2 i?2b2 p�Hm2b
�`2 iQ R- QM2 +�M b22 i?�i i?Bb b+�HBM; ;Bp2b � ;QQ/ �TT`QtBK�iBQMX >Qr2p2`- �b i?2
+`BiB+�H p�Hm2b Bb b?B7i2/ 7`QK R- bQ Bb i?2 bT2+i`�- K�FBM; Bi � HBiiH2 #Bi rQ`b2 �i i?2
irQ 2M/b Q7 i?2 };m`2X

aQHpBM; i?2 BMi2;`�H- i?2 bK�HH ! 2tT�MbBQM 7Q` i?2 #`B+F i�F2b i?2 7Q`K,

HM|c(t0)|U#`B+FV =
1
p
2

Z t0+L

t0

dt|!0(t)|

=
1
p
2

Z t0+L

t0

dt

r
q̂2z
2!

=

r
q̂2z
4!

⇥
t0 + L2z � t0

⇤

=

r
q̂2zL2

2z
4!

. U9XjdV

ey



h?2 bK�HH ! 2tT�MbBQM 7Q` i?2 TQr2`@H�r Bb,

HM|c(t0)| =
1
p
2

Z t0+L

t0

dt

r
q̂(t)

2!
=

r
q̂0
4!

Z t0+L

t0

dt

r⇣t0
t

⌘a
. U9Xj3V

1[m�i2 i?2 irQ �bvKTiQiB+ bQHmiBQMb �M/ i�F2 i?2 b[m�`2 iQ }M/ �M 2tT`2bbBQM 7Q`
q̂2z BM i2`Kb Q7 q̂0 �M/ aX h?mb- i?2 M2r b+�HBM; H�r Bb,

q̂2zL2
2z

4!
=

"r
q̂0
4!

Z t0+L

t0

dt

r⇣t0
t

⌘a
#2

,

q̂2zL
2
2z = q̂0

"Z t0+L

t0

dt

r⇣t0
t

⌘a
#2

. U9XjNV

h?2 �++m`�+v Q7 i?Bb b+�HBM; H�r Bb b?QrM BM 6B;m`2 9XRyX AM i?2 b�K2 7�b?BQM �b 7Q`
i?2 T`2pBQmb b+�HBM; H�r- A ?�p2 +?Qb2M � p�Hm2 Q7 q̂2z = 3.2 BM �`#Bi`�`v mMBib- �M/
7QmM/ i?2 +Q``2bTQM/BM; q̂0 �M/ a mbBM; 1[XU9XjNVX AM i?2 p2`v HQr !@`2;BK2- i?Bb
b+�HBM; H�r rQ`Fb iQ � ;QQ/ �++m`�+vX >Qr2p2`- i?Bb �TT`QtBK�iBQM ;2ib p2`v #�/ BM
i?2 H�`;2 !@`2;BK2X h?Bb +�M �HbQ #22M mM/2`biQQ/ #v Q#b2`pBM; i?2 #B;;2` /Bz2`2M+2
Q7 !cr- +QKT�`2/ iQ i?2 QM2b 7QmM/ #v i?2 T`2pBQmb b+�HBM; Ub22 6B;m`2 9XNVX A7 i?2
+`BiB+�H p�Hm2b r?2`2 R- i?2 bT2+i`� rQmH/ ?�p2 #22M T2`72+iHv Qp2`H�TT2/X h?2 #B;;2`
i?2 /Bz2`2M+2- i?2 rQ`b2 �++m`�+v QM2 ;2ibX

9XeXj G�`;2 ! b+�HBM;
AM i?2 b�K2 7�b?BQM �b i?2 T`2pBQmb b+�HBM; H�r r�b /2`Bp2/- i?2 b�K2 rBHH #2 /QM2
mbBM; i?2 H�`;2 ! 2tT�MbBQM- 1[XU9XkdVX aQHpBM; i?2 BMi2;`�H 7Q` i?2 #`B+F- r2 }M/

eR
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Small � scaling

� = 0, qeff = 3.2
� = 1, q0 = 9.5
� = 2, q0 = 24.9
� = 3, q0 = 57.1

6B;m`2 9XRy, h?2 K2/BmK@BM/m+2/ bT2+i`mK 7Q` i?`22 /Bz2`2Mi p�Hm2b Q7 a +QKT�`2/
iQ i?2 +Q``2bTQM/BM; #`B+F bT2+i`mK 7QmM/ mbBM; 1[XU9XjNVX h?2 x@�tBb Bb ;Bp2M BM
!/!cr,#`B+FX h?2 �bvKTiQiB+ bQHmiBQMb �`2 b?QrM 7Q` a = 0 U#`B+FV �M/ i?2 BMi2`b2+iBQM
TQBMi Q7 i?2b2- r?B+? Q++m`b �i R- Bb Qm` /2}MBiBQM Q7 !criticalXh?2 �bvKTiQiB+ bQHmiBQMb
�`2 b?QrM 7Q` a = 0 U#`B+FV �M/ i?2 BMi2`b2+iBQM TQBMi Q7 i?2b2- r?B+? Q++m`b �i R-
Bb Qm` /2}MBiBQM Q7 !crX h?2 /Qii2/ HBM2b �`2 i?2 bT2+i`� 7QmM/ mbBM; i?2 �M�HviB+
bQHmiBQM 7Q` � TQr2`@H�r mbBM; i?2 +Q``2bTQM/BM; p�Hm2b Q7 q̂0 �M/ aX h?2 bQHB/ HBM2
Bb i?2 +Q``2bTQM/BM; b+�H2/ bT2+i`� mbBM; q̂2z 7QmM/ #v 1[XU9XjNVX 6Q` p2`v bK�HH
2M2`;B2b- i?Bb b+�HBM; b?Qrb ;QQ/ �++m`�+vX h?2 QTTQbBi2 2M/ Q7 i?2 bT2+i`� ;2ib p2`v
#�/- r?B+? +�M #2 mM/2`biQQ/ #v ?Qr Km+? i?2 +`BiB+�H p�Hm2b /Bz2` 7`QK RX A7 i?2v
r?2`2 2t�+iHv R- i?2 bT2+i`� rQmH/ Qp2`H�T T2`72+iHvX

i?2 H�`;2 ! 2tT�MbBQM iQ #2,

HM|c(t0)|U#`B+FV =
1

2

"Z t0+L

t0

dt(t� t0)|!
2
0(t)|

#2

�

Z t0+L

t0

dt(t� t0)|!
2
0(t)|

Z t0+L

t

dt0(t0 � t)|!2
0(t

0)|

=
1

2

"Z t0+L

t0

dt(t� t0)
q̂2z
2!

#2

�

Z t0+L

t0

dt(t� t0)
q̂2z
2!

Z t0+L

t

dt0(t0 � t)
q̂2z
2!

=
⇣ q̂2z
2!

⌘2
 
1

2

L4
2z
4

�
L4

2z
24

!
=

q̂22zL
4
2z

48!2
. U9X9yV
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h?2 H�`;2 ! 2tT�MbBQM 7Q` i?2 TQr2`@H�r ;Bp2b,

HM|c(t0)| =
1

2

h 1

2!

Z t0+L

t0

dt(t� t0)q̂(t)
i2

�
1

4!2

Z t0+L

t0

dt(t� t0)q̂(t)

Z t0+L

t

dt0(t0 � t)q̂(t0)

=
1

4!2

"
1

2

h Z t0+L

t0

dt(t� t0)q̂(t)
i2

�

Z t0+L

t0

dt(t� t0)q̂(t)

Z t0+L

t

dt0(t0 � t)q̂(t0)

#
. U9X9RV

h?2 TQr2`@H�r +QMbB/2`2/- 7Q` r?B+? q̂(t) = q̂0(t0/t)a- +�M #2 bBKTHB}2/ 7m`i?2` #v
TH�+BM; q̂20 BM 7`QMi- �M/ F22T i?2 iBK2@/2T2M/2Mi i2`K- (t0/t)a- BM i?2 BMi2;`�HbX hQ
F22T i?Bb �b ;2M2`�H �b TQbbB#H2- i?Bb bBKTHB}+�iBQM rBHH #2 /QM2 BM i?2 H�bi bi2T Q7
i?2 7QHHQrBM; 2[m�iBQMX 1[m�iBM; i?2 irQ 2tT�MbBQMb- QM2 ;2ib i?2 7QHHQrBM; `2H�iBQM
#2ir22M q̂2z �M/ q̂0,

q̂22zL
4
2z

12
=

1

2

h Z t0+L

t0

dt(t� t0)q̂(t)
i2

�

Z t0+L

t0

dt(t� t0)q̂(t)

Z t0+L

t

dt0(t0 � t)q̂(t0) ,

U9X9kV

q̂22zL
4
2z

6
= q̂20

" Z t0+L

t0

dt(t� t0)
⇣t0
t

⌘a
!2

� 2

Z t0+L

t0

dt(t� t0)
⇣t0
t

⌘a Z t0+L

t

dt0(t0 � t)
⇣t0
t0

⌘a
#
, U9X9jV

r?2`2 1[XU9X9kV Bb � ;2M2`�H 2tT`2bbBQM QMHv BMpQHpBM; bQK2 iBK2@/2T2M/2Mi i`�Mb@
p2`b2 KQK2MimK #`Q�/2MBM; +Q2{+B2Mi- q̂(t)- v2i iQ #2 /2}M2/X h?2 b+�HBM; H�r
7Q` i?2 TQr2`@H�r +QMbB/2`2/ BM i?Bb +?�Ti2`- 7Q` r?B+? q̂(t) = q̂0(t0/t)a- Bb ;Bp2M #v
1[XU9X9jVX
h?2 `2bmHib �`2 T`QpB/2/ BM 6B;m`2 9XRRX :Bp2M i?�i i?Bb b+�HBM; H�r Bb /2`Bp2/ mbBM;
i?2 H�`;2 ! 2tT�MbBQM- Bi Bb MQi bm`T`BbBM; i?�i Bib �++m`�+v BM i?2 H�`;2 ! `2;BK2 Bb
p2`v ?B;?X A7 i?2 /Bz2`2Mi +QK#BM�iBQMb Q7 q̂0 �M/ a rQmH/ ;Bp2 i?2 b�K2 !cr- i?2v
rQmH/ ?�p2 ;Bp2M i?2 b�K2 bT2+i`mKX h?mb- #v Q#b2`pBM; Q7 ?Qr +HQb2 i?2b2 p�Hm2b
�`2 Ub22M �b ;`�v- p2`iB+�H HBM2b BM i?2 };m`2V- +�M #2 b22M �b � r�v Q7 K2�bm`BM; i?2
�++m`�+v Q7 i?2 b+�HBM; H�rX

ej
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Large � scaling

� = 0, qeff = 3.2
� = 1, q0 = 13.2
� = 2, q0 = 47.5
� = 3, q0 = 138.8

6B;m`2 9XRR, h?2 K2/BmK@BM/m+2/ bT2+i`mK 7Q` i?`22 /Bz2`2Mi p�Hm2b Q7 a +QKT�`2/
iQ i?2 +Q``2bTQM/BM; #`B+F bT2+i`mK 7QmM/ mbBM; 1[XU9X9jVX h?2 x@�tBb Bb ;Bp2M BM
!/!cr,#`B+FX h?2 �bvKTiQiB+ bQHmiBQMb �`2 b?QrM 7Q` a = 0 U#`B+FV �M/ i?2 BMi2`b2+iBQM
TQBMi Q7 i?2b2- r?B+? Q++m`b �i R- Bb Qm` /2}MBiBQM Q7 !crX h?2 bT2+i`� mbBM; i?Bb b+�H@
BM; H�r Bb � p2`v ;QQ/ �TT`QtBK�iBQM r?2M +QMbB/2`BM; i?2 `2;BK2 �`QmM/ i?2 +`BiB+�H
p�Hm2- !cr �M/ ?B;?2` 2M2`;vX PM2 +�M �HbQ MQi2 i?�i i?2 /Bz2`2Mi !cr +Q``2bTQM/BM;
iQ /Bz2`2Mi a �`2 +HQb2` i?�M i?Qb2 7QmM/ #v mbBM; a�H;�/Q �M/ qB2/2K�MM �b r2HH
�b i?2 QM2 7QmM/ mbBM; bK�HH ! 2tT�MbBQMX

9XeX9 *QKT�`BM; /Bz2`2Mi b+�HBM; H�rb
h?2 �++m`�+v Q7 i?2 i?`22 b+�HBM; H�rb K2MiBQM2/ BM i?2 T`2pBQmb b2+iBQM rBHH MQr #2
/Bb+mbb2/ 7m`i?2` �M/ +QKT�`2/X 6B;X 9XRk b?Qrb i?2 /2pB�iBQM 7`QK i?2 TQr2`@H�rb
mbBM; i?2 i?`22 /Bz2`2Mi b+�HBM; H�rbX h?2 /2pB�iBQM Bb 7QmM/ #v i?2 �#bQHmi2 p�Hm2 Q7
i?2 /Bz2`2M+2 #2ir22M i?2 +Q``2bTQM/BM; bT2+i`�X �i }`bi ;H�M+2- QM2 +�M /BpB/2 i?2
bT2+i`mK Q7 6B;X 9XRk BMiQ i?`22 K�BM `2;BK2b, U! < 0.065!crV- U0.065!cr < 0.65!crV
�M/ U! > 0.65!crVX LQi2 i?�i i?2b2 p�Hm2b �`2 QMHv �TT`QtBK�i2X h?2b2 p�Hm2b �`2
K�`F2/ rBi? ;`�v- p2`iB+�H HBM2b iQ;2i?2` rBi? � HBM2 �i R +Q``2bTQM/BM; iQ i?2 +`BiB+�H
2M2`;vX AM i?2 HQr ! `2;BK2- i?2 b+�HBM; H�r /2`Bp2/ mbBM; i?2 bK�HH ! 2tT�MbBQM ;Bp2b
i?2 KBMBKmK /Bz2`2M+2X h?mb- BM i?Bb `2;BK2- i?Bb b+�HBM; H�r rBHH T`QpB/2b i?2 KQbi
�++m`�i2 �TT`QtBK�iBQM Q7 i?2 bT2+i`�X AM i?2 `2;BQM 0.065!cr < 0.65!cr- i?2 b+�HBM;
H�r T`QpB/2/ #v a�H;�/Q �M/ qB2/2K�MM ?�b i?2 #2bi �++m`�+v �M/ Bb b?QrM BM ;`�vX
h?2 /BT BM i?Bb HBM2 Bb #2+�mb2 i?2b2 bT2+i`� Qp2`H�T �`QmM/ i?2 p�Hm2 ! = 0.4!cr

e9



Ub22 6B;X 9XNVX 6Q` ?B;?2` 2M2`;B2b i?�M ! > 0.65!cr- i?2 #2bi �TT`QtBK�iBQM Bb
;Bp2M #v i?2 b+�HBM; H�r /2`Bp2/ mbBM; i?2 H�`;2 ! 2tT�MbBQMX h?2 /Bz2`2M+2 #2ir22M
i?2 bT2+i`� /`QTb `�TB/Hv iQr�`/b x2`Q �7i2` i?2 +`BiB+�H p�Hm2- r?B+? K2�Mb i?�i i?2
�TT`QtBK�iBQM #�bB+�HHv Qp2`H�Tb i?2 bT2+i`mK �i ?B;? 2M2`;B2bX
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Small � scaling

Salgado and Wiedemanns scaling

Large � scaling

6B;m`2 9XRk, *QKT�`BbQM Q7 i?2 /Bz2`2Mi b+�HBM; H�rb b?QrM BM � GQ;GQ;SHQiX h?2
THQi b?Qrb /2pB�iBQM 7`QK i?2 #`B+F@T`Q}H2 mbBM; i?2 /Bz2`2Mi b+�HBM; H�rb 7`QK a2+@
iBQM 9XeX h?2 /BT BM i?2 ;`�v HBM2 Bb r?2`2 i?2 b+�H2/ 7mM+iBQM Bb Qp2`H�TTBM;f2[m�Hb
i?�i Q7 i?2 #`B+F Ub22 6B;m`2 9XNVX h?2 x@�tBb Bb ;Bp2M BM i?2 `�iBQ !/!criticalX h?2
p2`iB+�H HBM2b �i yXye8 �M/ yXe8 K�`F i?2 i?`22 �TT`QtBK�i2 T�`ib Q7 i?2 bT2+i`mK
r?2`2 /Bz2`2Mi b+�HBM; H�rb T`QpB/2 i?2 ?B;?2bi �++m`�+vX "v Qm` /2}MBiBQM- i?2 HBM2
�i R Bb r?2`2 ! = !cr,#`B+FX

�MQi?2` r�v Q7 /2i2`KBMBM; i?2 �++m`�+v Q7 i?2 /Bz2`2Mi b+�HBM; H�rb Bb iQ HQQF �i
i?2 +`BiB+�H 2M2`;v- !cr 7Q` i?2 /Bz2`2Mi p�Hm2b Q7 aX h?Bb +�M #2 b22M #v +QKT�`BM;
i?2 b2T�`�iBQM Q7 i?2 p2`iB+�H ;`�v HBM2b BM 6B;m`2b 9XN- 9XRy �M/ 9XRRX h?2 b+�HBM;
mbBM; i?2 bK�HH ! 2tT�MbBQM Bb +H2�`Hv i?2 rQ`biX h?2 +`BiB+�H p�Hm2b �`2 p2`v 7�`
�T�`i- �M/ i?Bb Bb �HbQ `2~2+i2/ #v ?Qr #�/ i?2 �TT`QtBK�iBQMb ;2ib �i ?B;? 2M2`;vX
h?2 irQ Qi?2` b+�HBM; H�rb- QM i?2 Qi?2` ?�M/- T`QpB/2b Km+? #2ii2` p�Hm2b 7Q` !crX
AM 7�+i- i?2 p�Hm2b /2`Bp2/ 7`QK H�`;2 ! 2tT�MbBQM b22Kb iQ #2 � HBiiH2 #Bi +HQb2`
iQ !cr,#`B+FX 1p2M i?Qm;? i?Bb �TT`QtBK�iBQM ;2ib bHB;?iHv rQ`b2 �i HQr 2M2`;B2b- �i
?B;?2` 2M2`;B2b i?Bb b+�HBM; H�r T`QpB/2b KQ`2 �++m`�i2 bT2+i`� +QKT�`2/ iQ i?Qb2
7`QK a�H;�/Q �M/ qB2/2K�MMX

e8



amKK�`v �M/ PmiHQQF

AM i?Bb i?2bBb- BKTQ`i�Mi 72�im`2b Q7 [m�MimK +?`QKQ/vM�KB+b ?�p2 #22M BMi`Q/m+2/
�M/ /2`Bp2/X h?2 �HHQr2/ b2H7@BMi2`�+iBQM #2ir22M i?2 7Q`+2 +�``B2`b- /m2 iQ i?2 +QHQm`
+?�`;2- H2/ iQ �//BiBQM�H 62vMK�M /B�;`�KbX h?2b2 2tTH�BMb i?2 �HHQr2/ BMi2`�+iBQMb
#2ir22M ;HmQMb BM i?2 i?2Q`v Q7 bi`QM; BMi2`�+iBQMbX :HmQM@;HmQM BMi2`�+iBQMb �HbQ
;Bp2 `Bb2 iQ +QM}M2K2Mi �KQM; [m�`FbX A7 QM2 i`B2b iQ b2T�`�i2 [m�`Fb #v BM+`2�bBM;
i?2 H2M;i? #2ir22M i?2K- i?2 7Q`+2 #2ir22M i?2K ;2ib bi`QM;2`X h?mb- MQ BbQH�i2/
[m�`Fb +�M #2 7QmM/ BM M�im`2X PM i?2 Qi?2` ?�M/- #v Tmb?BM; i?2K +HQb2Hv iQ;2i?2`-
[m�`Fb +�M �+i �b B7 i?2v �`2 7`22 rBi?BM � +2`i�BM `2;BQMX h?Bb Bb +�HH2/ �bvKTiQiB+
7`22/QKX
"v �++2H2`�iBM; Mm+H2B iQ `2H�iBpBbiB+ 2M2`;B2b �M/ +QHHB/BM; i?2K- [m�`Fb �M/ ;HmQMb
+�M 2tBbi BM � M2r bi�i2 Q7 K�ii2` +�HH2/ [m�`F@;HmQM TH�bK�X � KQiBpB�iBQM 7Q`
bim/v ?2�pv@BQBM +QHHBbBQMb Bb iQ FMQr KQ`2 �#Qmi i?2 T`QT2`iB2b Q7 i?Bb T?�b2 �M/ iQ
FMQr KQ`2 �#Qmi i?2 T?�b2 /B�;`�K Q7 Z*.X 6`QK ?2�pv@BQM +QHHBbBQMb- QM2 �+[mB`2
Q#b2`p�#H2b bm;;2biBM; i?2 +`2�iBQM Q7 Z:S BM ?2�pv@BQM +QHHBbBQMb- r?B+? Bb MQi i?2`2
BM bK�HH2` bvbi2Kb bm+? �b TT@+QHHBbBQMbX h?2 Q#b2`p�#H2b �`2 /�i� 7`QK }M�H bi�i2b
+`2�i2/ BM i?2 +QHHBbBQMbX "v #�+Fi`�+FBM;- QM2 +�M H2�`M KQ`2 �#Qmi i?2 K2/BmK
i?�i Bb 7Q`K2/ /m`BM; i?2b2 ?2�pv@BQM +QHHBbBQMbX
AM *?�Ti2` 9- � bBKTH2 7Q`KmH� 7Q` /2i2`KBMBM; i?2 2M2`;v@HQbb Q7 � T�`iB+H2 i`�p2HHBM;
i?`Qm;? � K2/BmK r2`2 bim/B2/ 7Q` irQ bBKTH2 K2/BmK@T`Q}H2bX h?2 bBKTH2 7Q`KmH�
#v (R) r�b mb2/ iQ }M/ i?2 K2/BmK@BM/m+2/ `�/B�iBQM bT2+i`mKX "v HQQFBM; �i
?Qr i?2 ?�`/ T�`iB+H2 `�/B�i2b ;HmQMb /m2 iQ BMi2`�+iBQMb rBi? i?2 K2/BmK- QM2
+�M }M/ ?Qr Km+? 2M2`;v Bi HQb2bX h?2 iQi�H 2M2`;v@HQbb r�b 7QmM/ #v BMi2;`�iBM;
Qp2` �HH 2KBii2/ 2M2`;B2bX h?2 2M2`;v@HQbb Q7 � T�`iB+H2 i`�p2HHBM; i?`Qm;? � K2/BmK
r�b bim/B2/ 7Q` irQ /Bz2`2Mi K2/BmK@T`Q}H2b, i?2 iBK2@BM/2T2M/2Mi #`B+F �M/ i?2
iBK2@/2T2M/2Mi K2/BmK /2b+`B#2/ #v � TQr2`@H�rX h?2 K2/BmK@BM/m+2/ `�/B�iBQM
bT2+i`mK b?Qr2/ i?�i KQbi Q7 i?2 `�/B�iBQM +QK2b 7`QK � H�`;2 MmK#2` Q7 ;HmQMb
rBi? HQr 2M2`;vX � 72r ?�`/ ;HmQMb +�M �HbQ #2 2KBii2/X h?2 iQi�H 2M2`;v@HQbb

ee



Q7 � T�`iB+H2 i`�p2HHBM; i?Qm;? bQK2 K2/BmK rBHH /2T2M/ QM i?2 +`BiB+�H p�Hm2- !cr-
/2}M2/ #v i?2 i`�Mbp2`b2 KQK2MimK #`Q�/2MBM; +Q2{+B2Mi �b r2HH �b i?2 K2/BmK
bBx2X LQi bm`T`BbBM;- QM2 }M/b i?�i i`�p2HHBM; i?Qm;? � i?B+F2` K2/BmK rBHH ;Bp2 �
?B;?2` 2M2`;v@HQbbX
6Q` p�Hm2b Q7 a < 2 BM i?2 iBK2@/2T2M/2Mi K2/BmK- i?2 bT2+i`� HQQFb HBF2 i?2 QM2
Q#i�BM #v i?2 #`B+FX h?2 bT2+i`� �HbQ 7QHHQrb +HQb2Hv i?2 HBKBiBM; bQHmiBQMb T`QpB/2/
#v (R)X � /BK2MbBQM�H �M�HvbBb bm;;2bib i?�i �`QmM/ a � 2- i?2 bT2+i`mK rBHH HQQF
KQ`2 HBF2 i?2 �bvKTiQiB+ bQHmiBQM 7Q` bK�HH LX h?Bb Bb #2+�mb2 i?2 Ǵbi`2M;i?Ǵ Q7 i?2
K2/BmK BMi2`�+iBQMb /`QTb bQ 7�bi- i?�i �7i2` bQK2 iBK2 Bi rBHH #2 �b B7 i?2`2 r2`2 MQ
K2/BmK T`2b2MiX h?mb- #v BM+`2�bBM; i?2 p�Hm2 Q7 a rBHH #2 i?2 b�K2 �b B7 QM2 HQQF2/
�i � bK�HH2` K2/BmKX
�i i?2 2M/ Q7 *?�Ti2` 9- /Bz2`2Mi b+�HBM; H�rb r2`2 bim/B2/X h?2 /2pB�iBQM 7`QK i?2
TQr2`@H�rb mbBM; i?2 #`B+F@bQHmiBQM rBi? � b+�H2/- 2z2+iBp2 #`Q�/2MBM; +Q2{+B2Mi-
q̂2z �`2 b?QrM BM 6B;m`2 9XRkX h?2 b+�HBM; H�r /2`Bp2/ #v a�H;�/Q �M/ qB2/2K�MM
Bb 2�bv iQ mb2 �M/ ;Bp2b � ;QQ/ �++m`�+v Qp2` �HKQbi i?2 r?QH2 bT2+i`mKX >Qr2p2`-
r2 b�r i?�i i?2 2M2`;v@HQbb Q7 � T�`iB+H2 /2T2M/b QM i?2 +`BiB+�H p�Hm2 Q7 i?2 2KBii2/
2M2`;v- !crX AM i?Bb T�`i Q7 i?2 2KBii2/ 2M2`;B2b- i?2 M2r b+�HBM; H�r /2`Bp2/ BM i?Bb
T�T2`- mbBM; i?2 H�`;2 ! 2tT�MbBQM- ;�p2 i?2 #2bi }iX h?2 b+�HBM; H�r Bib2H7 KB;?i
#2 � #Bi KQ`2 +QKTHB+�i2/ +QKT�`2/ iQ a�H;�/Q �M/ qB2/2K�MMbX >Qr2p2`- i?Bb
`2bmHi2/ BM 2p2M #2ii2` p�Hm2b U+HQb2` iQ i?2 /2bB`2/ p�Hm2 Q7 R- B7 Bi Bb iQ Qp2`H�T
i?2 iBK2@/2T2M/2Mi bT2+i`�V 7Q` i?2 +Q``2bTQM/BM; +`BiB+�H p�Hm2bX AM i?2 2M/- r?B+?
b+�HBM; H�r Bb #2ii2` iQ mb2 `2�HHv /2T2M/b QM r?B+? T�`i Q7 i?2 bT2+i`mK QM2 Bb
BMi2`2bi2/ BM- �M/ iQ r?�i /2;`22 Q7 �++m`�+v Bb M22/2/X
h?2 TQr2`@H�r mb2/ BM i?Bb T�T2` �bbmK2/ mMB7Q`K /Bbi`B#miBQM �M/ BMi2`�+iBQM �HQM;
i?2 K2/BmKX A7 r2 r�Mi iQ �TTHv i?Bb b+�HBM; H�r iQ i?2 bim/v Q7 Z:S i?�i ;2ib
+`2�i2/ BM ?2�pv@BQM +QHHBbBQMb- Bi M22/b iQ rQ`F 7Q` Km+? KQ`2 +QKTHB+�i2/ T`Q}H2bX
Z*. Bb MQi � mMB7Q`K K2/BmK- #mi q̂(t) +�M ?�p2 p2`v /Bz2`2Mi p�Hm2b /2T2M/BM; QM
#Qi? iBK2 �M/ bT�+2X h?mb- Bi b?QmH/ �+im�HHv #2 r`Bii2M �b q̂(x, t)X 6Q` 7mim`2 rQ`F-
Bi +�M #2 BMi2`2biBM; iQ bim/v ?Qr +QKTHB+�i2/ i?2 iBK2@/2T2M/2Mi K2/BmK ?�b iQ
#2 #27Q`2 i?2 b+�HBM; H�r #`2�Fb /QrMX aBM+2 i?2 irQ M2r b+�HBM; H�rb /2`Bp2/ BM i?2
T`2pBQmb +?�Ti2` rQ`F2/ p2`v r2HH 7Q` bK�HH �M/ H�`;2 2M2`;B2b- T2`?�Tb QM2 +QmH/
+QK#BM2 i?2K BM QM2 r�v iQ +`2�i2 �M 2p2M KQ`2 �++m`�i2 b+�HBM; H�rX

ed



�+FMQrH2/;2K2Mib

A rQmH/ HBF2 iQ i?�MF Kv bmT2`pBbQ` �H2FbB Em`F2H�- �bbQ+B�i2 S`Q72bbQ` BM S?vbB+b
�i i?2 lMBp2`bBiv Q7 ai�p�M;2` UlBaV- 7Q` BMi2`2biBM; /Bb+mbbBQMb �M/ ;`2�i ;mB/�M+2
i?`Qm;?Qmi i?2b2 irQ H�bi b2K2bi2`bX A r�b �Hr�vb r2H+QK2 iQ �bF 7Q` ?2HT- �M/ A �K
;`�i27mH 7Q` �HH i?2 iBK2 ?2 ?�b bT2Mi ?2HTBM; K2 /m`BM; i?2 rQ`F i?�i HB2b #2?BM/
i?Bb i?2bBbX Ai ?�b #22M p2`v BMi2`2biBM; iQ H2�`M bQ Km+? �#Qmi � M2r }2H/ Q7 bim/v
7`QK � T2`bQM Q7 ?Bb FMQrH2/;2X
A rQmH/ HBF2 iQ 2tT`2bb Kv ;`�iBim/2 iQ �H2t�M/2` E�`H _Qi?FQT7- �bbQ+B�i2 S`Q72bbQ`
BM S?vbB+b �i i?2 lMBp2`bBiv Q7 ai�p�M;2` UlBaV- 7Q` i2�+?BM; K2 �M/ b?�`BM; ?Bb
FMQrH2/;2 Q7 [m�MimK }2H/ i?2Q`vX >Bb T�bbBQM �`QmM/ ?2HTBM; �M/ r�MiBM; ?Bb
bim/2Mib iQ bm++22/ Bb BMbTB`BM;X
A �HbQ rBb? iQ i?�MF S`Q7X Em`F2H� �M/ S`Q7X _Qi?FQT7 iQ;2i?2` rBi? S?. bim@
/2Mib .�MB2H �Hp2bi�/- :�m`�M; S�`F�` �M/ :2`?�`/ lM;2`b#�̈+F 7Q` � mb27mH �M/
2/m+�iBQM�H /Bb+mbbBQM ;`QmT �#Qmi [m�MimK }2H/ i?2Q`vX
G�bi- #mi MQi H2�bi- A i?�MF aiB�M S2M2p _�KbM2b 7Q` i�F2M i?2 iBK2 iQ ?2HT K2 rBi?
i2+?MB+�H Bbbm2bX

e3



"B#HBQ;`�T?v

(R) SX "X �`MQH/- ǳaBKTH2 6Q`KmH� 7Q` >B;?@1M2`;v :HmQM "`2Kbbi`�?HmM; BM �
6BMBi2- 1tT�M/BM; J2/BmK-Ǵ S?vbX _2pX .- pQHX dN- TX ye8 yk8- kyyNX /QB,
RyXRRyjfS?vb_2p.XdNXye8yk8X �`sBp, y3y3Xkded (?2T@T?)X

(k) *X �X a�H;�/Q �M/ lX �X qB2/2K�MM- ǳ� .vM�KB+�H b+�HBM; H�r 7Q` D2i iQKQ;@
`�T?v-Ǵ S?vbX _2pX G2iiX- pQHX 3N- TX yNk jyj- kyykX /QB, RyXRRyjfS?vb_2pG2iiX
3NXyNkjyjX �`sBp, ?2T@T?fyky9kkRX

(j) JX .X a+?r�`ix- Zm�MimK 6B2H/ h?2Q`v �M/ i?2 ai�M/�`/ JQ/2HX *�K#`B/;2
lMBp2`bBiv S`2bb- J�`X kyR9- +?X k8Yke- Bb#M, Nd3@R@Ryd@yj9dj@yX

(9) qBFBK2/B� *QKKQM- (PMHBM2)X �p�BH�#H2, ?iiTb,ff+QKKQMbXrBFBK2/B�XQ`;f
rBFBf6BH2,ai�M/�`/nJQ/2HnQ7n1H2K2Mi�`vnS�`iB+H2bXbp;X

(8) >X CX _Qi?2- G�iiB+2 ;�m;2 i?2Q`B2b, �M AMi`Q/m+iBQMX RNNk- pQHX 9jX
(e) _X ��BD 2i �HX- ǳP#b2`p�iBQM Q7 J/ p _2bQM�M+2b *QMbBbi2Mi rBi? S2Mi�[m�`F

ai�i2b BM ⇤0
b ! J/ K�p .2+�vb-Ǵ S?vbX _2pX G2iiX- pQHX RR8- TX ydk yyR- kyR8X

/QB, RyXRRyjfS?vb_2pG2iiXRR8XydkyyRX �`sBp, R8ydXyj9R9 (?2T@2t)X
(d) ěě- ǳP#b2`p�iBQM Q7 bi`m+im`2 BM i?2 J/ @T�B` K�bb bT2+i`mK-Ǵ a+BX "mHHX-

pQHX e8- MQX kj- TTX RN3jĜRNNj- kykyX /QB, RyXRyRefDXb+B#XkykyXy3XyjkX
�`sBp, kyyeXReN8d (?2T@2t)X

(3) qX "mbx�- EX _�D�;QT�H- �M/ qX p�M /2` a+?22- ǳ>2�pv AQM *QHHBbBQMb, h?2 "B;
SB+im`2- �M/ i?2 "B; Zm2biBQMb-Ǵ �MMX _2pX Lm+HX S�`iX a+BX- pQHX e3- TTX jjNĜ
jde- kyR3X /QB, RyXRR9ef�MMm`2p@Mm+H@RyRNRd@yky38kX �`sBp, R3ykXy93yR
(?2T@T?)X

(N) .X >X _Bb+?F2- ǳh?2 Zm�`F ;HmQM TH�bK� BM 2[mBHB#`BmK-Ǵ S`Q;X S�`iX Lm+HX
S?vbX- pQHX 8k- TTX RNdĜkNe- kyy9X /QB, RyXRyRefDXTTMTXkyyjXyNXyykX �`sBp,
Mm+H@i?fyjy8yjyX

(Ry) *X a+?KB/i �M/ aX a?�`K�- ǳh?2 T?�b2 bi`m+im`2 Q7 Z*.-Ǵ CX S?vbX :- pQHX 99-
MQX Ry- TX Ry9 yyk- kyRdX /QB, RyXRy33fRjeR@e9dRf��3k9�X �`sBp, RdyRXy9dyd
(?2T@H�i)X
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(RR) uX EBK �M/ .X uB- ǳ>QHQ;`�T?v �i rQ`F 7Q` Mm+H2�` �M/ ?�/`QM T?vbB+b-Ǵ �/pX
>B;? 1M2`;v S?vbX- pQHX kyRR- TX k8N yk8- kyRRX /QB, RyXRR88fkyRRfk8Nyk8X
�`sBp, RRydXyR88 (?2T@T?)X

(Rk) :X SQHB+�bi`Q- .X hX aQM- �M/ �X PX ai�`BM2ib- ǳh?2 a?2�` pBb+QbBiv Q7 bi`QM;Hv
+QmTH2/ L49 bmT2`bvKK2i`B+ u�M;@JBHHb TH�bK�-Ǵ S?vbX _2pX G2iiX- pQHX 3d-
TX y3R eyR- kyyRX /QB, RyXRRyjfS?vb_2pG2iiX3dXy3ReyRX �`sBp, ?2T@i?f
yRy9yeeX

(Rj) _X aX "?�H2`�Q- ǳ_2H�iBpBbiB+ ?2�pv@BQM +QHHBbBQMb-Ǵ BM Rbi �bB�@1m`QT2@S�+B}+
a+?QQH Q7 >B;?@1M2`;v S?vbB+b- J�`X kyR9X /QB, RyX8Rdyf*1_L@kyR9@yyRXkRNX
�`sBp, R9y9XjkN9 (Mm+H@i?)X

(R9) JX "`B;�Mi2- >X GBm- _X *X Jv2`b- aX a?2MF2`- �M/ aX u�B/�- ǳh?2 oBb+QbBiv
"QmM/ �M/ *�mb�HBiv oBQH�iBQM-Ǵ S?vbX _2pX G2iiX- pQHX Ryy- TX RNR eyR- kyy3X
/QB, RyXRRyjfS?vb_2pG2iiXRyyXRNReyRX �`sBp, y3ykXjjR3 (?2T@i?)X

(R8) hX .X *Q?2M- ǳAb i?2`2 � ǶKQbi T2`72+i ~mB/Ƕ +QMbBbi2Mi rBi? [m�MimK }2H/ i?2@
Q`v\Ǵ S?vbX _2pX G2iiX- pQHX NN- TX ykR eyk- kyydX /QB, RyXRRyjfS?vb_2pG2iiX
NNXykReykX �`sBp, ?2T@i?fydykRjeX

(Re) :X LBDb- qX p�M /2` a+?22- lX :Ƀ`bQv- �M/ _X aM2HHBM;b- ǳ"�v2bB�M �M�HvbBb Q7
?2�pv BQM +QHHBbBQMb rBi? i?2 ?2�pv BQM +QKTmi�iBQM�H 7`�K2rQ`F h`�D2+imK-Ǵ
S?vbX _2pX *- pQHX Ryj- MQX 8- TX y89 NyN- kykRX /QB, RyXRRyjfS?vb_2p*XRyjX
y89NyNX �`sBp, kyRyXR8Rj9 (Mm+H@i?)X

(Rd) JX 1X S2bFBM �M/ .X oX a+?`Q2/2`- �M AMi`Q/m+iBQM iQ [m�MimK }2H/ i?2Q`vX
_2�/BM;- la�, �//BbQM@q2bH2v- RNN8- +?X R8YRe- Bb#M, Nd3@y@kyR@8yjNd@8X

(R3) CX LX :m2Mi?2`- ǳPp2`pB2r Q7 i?2 Z*. T?�b2 /B�;`�K, _2+2Mi T`Q;`2bb 7`QK
i?2 H�iiB+2-Ǵ 1m`X S?vbX CX �- pQHX 8d- MQX 9- TX Rje- kykRX /QB, RyXRR9yf2TD�f
bRyy8y@ykR@yyj89@eX �`sBp, kyRyXR88yj (?2T@H�i)X

(RN) "X "X "�+F- ǳaim/B2b Q7 KmHiBTHB+Biv BM `2H�iBpBbiB+ ?2�pv@BQM +QHHBbBQMb-Ǵ CX S?vbX
*QM7X a2`X- pQHX 8- _X �X 6BMB- "X :?B/BMB- oX G2MiB- �M/ hX oB`;BHB- 1/bX- TTX RĜ
Re- kyy8X /QB, RyXRy33fRd9k@e8Nef8fRfyyRX �`sBp, Mm+H@2tfy9RRyRkX

(ky) aX 6HQ2`+?BM;2`X UVX ǳ>2�pv BQM T?vbB+b R �M/ k-Ǵ (PMHBM2)X �p�BH�#H2, ?iiTb,
ffBM/B+QX+2`MX+?f2p2Mifj3Rk3Nf+QMi`B#miBQMbfR3ydNNdf�ii�+?K2Mibf
RR8yejNfRe8dj8kf6HQ2`+?BM;2`n>2�pvAQMbnGRGkpkXT/7X UG2+im`2 MQi2b-
y3XyNXkyR8VX

(kR) aX J�b+BQ++?B- ǳ1H2+i`QK�;M2iB+ �M/ ?�/`QMB+ +�HQ`BK2i2`b-Ǵ kyRdX (PMHBM2)X
�p�BH�#H2, ?iiTb , f f rrr X T?vbB X mMB @ ?2B/2H#2`; X /2 f �bK� f i2�+?BM; f
:`�/m�i2.�vbkyRdfbK�n.2i2+iQ`bn9n*�HQ`BK2i2`bXT/7X

(kk) oX E?�+?�i`v�M 2i �HX- ǳ*?�`;2/@T�`iB+H2 Mm+H2�` KQ/B}+�iBQM 7�+iQ`b BM S#S#
�M/ TS# +QHHBbBQMb �i p

sN N = 5.02 h2o-Ǵ C>1S- pQHX y9- TX yjN- kyRdX /QB,
RyXRyydfC>1Sy9UkyRdVyjNX �`sBp, ReRRXyRee9 (Mm+H@2t)X
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(kj) aX *?�i`+?v�M 2i �HX- ǳP#b2`p�iBQM �M/ bim/B2b Q7 D2i [m2M+?BM; BM S#S# +QH@
HBbBQMb �i Mm+H2QM@Mm+H2QM +2Mi2`@Q7@K�bb 2M2`;v 4 kXde h2o-Ǵ S?vbX _2pX *-
pQHX 39- TX yk9 Nye- kyRRX /QB, RyXRRyjfS?vb_2p*X39Xyk9NyeX �`sBp, RRykX
RN8d (Mm+H@2t)X

(k9) CX �/�K 2i �HX- ǳ1M?�M+2/ T`Q/m+iBQM Q7 KmHiB@bi`�M;2 ?�/`QMb BM ?B;?@KmHiBTHB+Biv
T`QiQM@T`QiQM +QHHBbBQMb-Ǵ L�im`2 S?vbX- pQHX Rj- TTX 8j8Ĝ8jN- kyRdX /QB, RyX
Ryj3fMT?vb9RRRX �`sBp, ReyeXyd9k9 (Mm+H@2t)X

(k8) CX *H2vK�Mb- AX E`�mb- >X P2b+?H2`- EX _2/HB+?- �M/ aX q?2�iQM- ǳai�iBbiB+�H
KQ/2H T`2/B+iBQMb 7Q` T�`iB+H2 `�iBQb �i bULLV  URfkV 4 8X8@h2o-Ǵ S?vbX _2pX
*- pQHX d9- TX yj9 Nyj- kyyeX /QB, Ry X RRyj f S?vb_2p* X d9 X yj9NyjX �`sBp,
?2T@T?fyey9kjdX

(ke) SX CX JQ?`- "X LX h�vHQ`- �M/ .X "X L2r2HH- ǳ*P.�h� _2+QKK2M/2/ o�H@
m2b Q7 i?2 6mM/�K2Mi�H S?vbB+�H *QMbi�Mib, kyye-Ǵ _2pX JQ/X S?vbX- pQHX 3y-
TTX ejjĜdjy- kyy3X /QB, RyXRRyjf_2pJQ/S?vbX3yXejjX �`sBp, y3yRXyyk3
(T?vbB+bX�iQK@T?)X
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