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Abstract

This Thesis is based on five papers, four of which are published and
one has been submitted for publication. For convenience of the reader,
we also include one chapter that contains a brief overview of the results,
some relevant background material, and comments on methods used in
the proofs.

The Thesis studies several problems from modern Harmonic analysis.
More precisely, we focus on studying various properties of Paley-Wiener
spaces: sampling sets, extreme and exposed points of the unit ball, and
contraction operators.
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Introduction

1 Introduction

1.1 Paley-Wiener spaces

The spaces of bandlimited functions will play the central role in this
Thesis. Given a compact set Q,Q C RY, the Bernstein space Bg
consists of all continuous bounded functions in R?, which are the
inverse Fourier transform! of tempered distributions supported by Q.
Equipped with uniform norm ||-||, Bg is a Banach space. We introduce
the Paley—Wiener space PWg, 1 <p < oo, by

PW?! = Bqn LP (RY)

and endow it with L”-norm || - |[,. In case p = 2 the space PWSZ2 is a
Hilbert one.

The Paley—Wiener spaces turned out to be very useful in mathematical
analysis and applications, particularly, in signal theory and theory of
entire functions, see e.g. [25], [19], [16]. For example, the classical
Whittaker—Kotelnikov—Shannon theorem states that every function f

belonging to the PW[Z_MT] admits a unique representation

B sin(z(x — n))
flx) = éf(n) RO

We can interpret this result as follows. Every function from the space
PW?
=mnd : : :
points. It is very natural to generalize this result and ask when it
is possible to recover every function from PWg or Bg (or some other

space) from certain samples (measurements)?

can be reconstructed from its values measured at integer

1.2 Sampling problems

The classical sampling problem deals with the stable reconstruction of
bandlimited functions from uniformly discrete samples. Let Q be a

I'We warn the reader that the normalization of Fourier transform varies in Papers I-V.
The author apologizes for this inconvenience.
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compact subset of R and 1 < p < co. Assume that the signal f
belongs to the Paley—Wiener space PWS or Bernstein space Bg. It is
well known that to ensure the stable recovery of the signal f from the
samples { f(1)}1ea it suffices to provide the inequalities

AllFlG < Y IFIP < BIfIG, 1< p<oo; (1.1)
AeN
Iflle < Ksup (D), p = oo, (12)
AeN

with constants A, B, K independent of f.

In the one-dimensional setting and Q = [—o, 0], the sampling problem
was completely solved by Beurling [5] for the Bernstein space and
by Ortega-Cerda and Seip [20] for the Paley-Wiener ones. Beurling’s
theorem relates the certain density of the set of measurements with the
size (the length) of the spectrum Q.

In the multi-dimensional setting, a full description of the sampling sets
is unknown. There is a gap between the necessary condition given by
Landau in [14] (see also [18]) and the sufficient condition established
by Beurling in [4]. The main obstacle in higher dimensions is that the
zero sets of analytic functions are not discrete.

In applications, different sampling methods appear. Below, we will
focus on mobile and dynamical (space-time) sampling.

1.3 Mobile sampling (Paper I)

The mobile sampling problem deals with the recovery of the signal
from the measurements taken along some trajectories, i.e. we know the
values of the function on a union of continuous paths. In this setting,
the inequalities (1.1) and (1.2) are replaced by the estimates

AllFIE < /P|f(u)|P ds < B||fll5,  for every f € PW), (1.3)

| fllo < Ksup|f(x)|, forevery f € Bq, (1.4)
xeP

2



Introduction

where P is a union of locally rectifiable curves and we integrate with
respect to arc length. Of course, as usual, the constants A, B, K do not
depend on the function f. We will say that if for the trajectory P the
conditions (1.3) and (1.4) are satisfied for some space PWQ or B then
P is a mobile sampling set for the corresponding space.

In what follows, we will focus on the dimension 2 and consider the
planar trajectories. The mobile sampling problem was previously in-
vestigated in a number of papers, see [3], [12], [26], [27] and references
therein. We also note that mobile sampling theory has nice applica-
tions, in particular, in magnetic resonance imaging, where the anatomy
of a person is captured by moving sensors, see e.g. [13] and [12].

We mention some relevant results obtained in the papers [3] and [13].
Benedetto and Wu studied the mobile sampling problems on the spiral
curves. In particular, by applying Beurling covering theorem, they have
established a sufficient condition for the Archimedean spiral

AT = {(nf cos(270),nfsin(270)) : 6 > 0}

to form a set of stable mobile sampling for PWZ2 space, i.e. the con-
ditions (1.3) are satisfied. In the recent paper [13], Jaming, Negreira,
and Romero introduced a generalization of Archimedean spiral trajec-
tories and called them spiraling curves. For this large collection of
trajectories, they provided necessary and sufficient conditions to form
a set of mobile sampling. Among other requirements, the assumption
of asymptotic equispacing was imposed.

In this Thesis, we contribute to the development of the mobile sampling
theory for Paley-Wiener spaces. In Paper I, which is a joint work with
A. Rashkovskii and A. Ulanovskii, we studied three types of possible
trajectories:

* parallel lines;
¢ dilations of a convex curve;

e translation of a unit circle.
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We mention two main features of our results. First, we do not require
the trajectories to be uniformly distributed, i.e. we managed to get rid
of the equispacing requirement from [13]. Second, we carefully studied
the interaction between the spectrum set  and the set of trajectories
P.

Before passing to the main results, we note that we formulate them for
the Bernstein space Bg. The transition to the Paley-Wiener space is
provided by Theorem 5 (Paper I), which states that solving the mobile
sampling problem in these two spaces is almost equivalent (up to an
infinitesimally small deformation of the spectra set €2).

To formulate the main results we need some auxiliary definitions.

Definition 1 Given any u.d. set H = {a;} C R we denote by D~ (H) its
lower uniform density defined by

BH O (x -
D~(H) = lim inf x=-rx+r)
o Yok 2

(%

For the collection of parallel lines, we described the mobile sampling
properties in terms of the density of the set of distances between them.

4
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Let € R? be a straight line through the origin, and let v; be a unit
vector orthogonal to /. Assume that H = {a;} is a set of real numbers.
Let P be the collection of translates of / by the values a; in the given
direction vy, i.e.

P=1+Hv, = U(l +akvl).
JEZ

The necessary and sufficient for the trajectory P to be a set of mobile
sampling is given by the following

Theorem 1 Set
r=Q-Q={x-ylxeQ yeQ}.
The set P is a mobile sampling set for Bq if and only if

D™ (H)v; ¢ Q- Q.

Combining this result and the classical Beurling technique, we managed
to solve the mobile sampling problem for the dilations of a convex
curve.

Let D c R? be a closed convex set of finite positive measure such that
0 € Int (D). Denote by 0D the boundary of D, by Ext(D) the closed
set of extreme points of D and by

D°:={xeR?:(x,y) < 1l,ye D}

the polar set of D.

Given a u.d. set Q = {gx} C (0, o), consider the set

P=00D := O U {gew}. (1.5)

k=1 weodD

Theorem 2 The set P in (1.5) is a mobile sampling set for Bg if and only

if
D (QU(-Q))v¢Q—-Q, foreveryv € Ext(D°). (1.6)

5
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O
O
o ©

Finally, for the translates of a circle we provide the solution to mobile
sampling in terms of (two-dimensional lower uniform) density of the
sets of translates.

Take any circle T := {x € R* : |x| = r},r > 0. Let V = {v}32, c R?
be a u.d. set. Set

P=V+T:= U(vk+T). (1.7)
k=1

Theorem 3 The set P in (1.7) is a mobile sampling set for Bg if and only
if

#V N B,
D™ (V) = lim inf —(x) > 0.

roooxer? | By (x)]

1.4 Space-time sampling (Paper Il)

Another way of acquisition of samples is to measure the signal in space
and in time simultaneously, i.e. instead of the measurements { /' (1)} ea
taken on some uniformly discrete set A we consider the samples {f =
©u ()} reAuer, where I is some interval, {¢,} is a collection of kernels
that satisfy some additional properties, and f * ¢, is the convolution
between the function f and kernel ¢,,.

More precisely, the following problem was formulated by A. Aldroubi,
K. Grochenig, and etc. in the paper [1]:

6
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Main problem (space-time sampling) Assume / C R;,. Let A be a
uniformly discrete subset of R and let ¢, (x) be a collection of functions
parametrized by u € I. What assumptions should be imposed on
the spatial set A, the index set I, and functions ¢, to enable the
recovery of every band-limited signal f from its space-time samples

{f * 0u(D)}aen,aer?

For the Paley-Wiener space PW/ with 1 < p < oo, the stable recovery
is possible if the inequalities

Al < Y, [ 1o du < BIFIG.  for every £ € PWE (1)

AeA Vi

are true with some constants A and B independent of f.

We would like to provide an example of application from the paper
[1] that motivates solving the main problem. Consider the initial value
problem for the heat equation:

0 9’

Ew(x, u) = kzﬁw(x, u) xeR u>0 (1.9)

with initial condition
w(x,0) = f(x). (1.10)

It is well-known that the solution is given by w(x,u) = f * ¢,(x),

where
1

Varnuk

Note that Main Problem applied to this initial value problem provides
the reconstruction of the initial function f from the states {w (A, u) } seA uer-
Here, I may be taken as I = [a,b],0 < a < b < co.

X
e 4uk

90”()6) =

We would like to mention some results obtained in [1].

* Unlike the classical sampling setting, the assumptions that should
be imposed on the set A to solve the Main Problem cannot be
expressed in terms of some density of A (see Example 4.1. in the
mentioned paper). More precisely, one may construct a set with

7
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of arbitrarily small density that provides the stable reconstruction
of the initial signal.

* For the solution of Main Problem we have to require A to be
relatively dense, i.e. A can’t have arbitrarily large gaps: there
exists R > 0 such that for every a € R we have

[a—R,a+R]|NA + 2.

Estimates of this value R were obtained in terms of constants
A, B from the space-time sampling inequality (1.8).

In Paper II, which is a joint work with A. Ulanovskii, we propose a
solution to the Main problem. To formulate the main result we need to
make two remarks. First, we have to specify the assumptions that we
impose on the kernels {¢, }. However, they are quite bulky. For brevity
of exposition, we omit the full list of requirements. But the following
facts are worth mentioning.

* Among others, we require that ¢, decrease at the infinity, be
real and even, and collection {¢,},c; should satisfy a certain
completeness property;

* One can easily verify that the Gaussian kernel ¢,(x) = e’

satisfy all the assumptions and is the main example.

Second, we refer the reader to the definition of the set W(A) of weak
limits of all possible translates A—z,, of the set A to the book [19].

It turns out that, unlike the classical sampling problem, the set A must
be in some sense irregularly distributed, see condition (c) in the theorem
below. Our Main Result is as follows:

Theorem 4 Given a u.d. set A C R and a kernel {p,,u € 1} that satisfy
some certain assumptions (see conditions () — (6) in Paper Il). The
Jollowing conditions are equivalent:

8
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(a) The inequalities

Al < Y [ 17 v e da < BISIR for every £ < PW

AEA Vi

are true for every o > 0 and some A = A(o") and B = B(0);

(b) For every o > O there is a constant K = K (o) such that

|fllow <K sup [(f*¢@,)(D], VfE€By; (1.11)
AeAuel

(c) W(A) does not contain the empty set, and no element A* € W(A) lies
in an arithmetic progression.

We conclude this section with the following examples.

e Set A = {ﬁ +n, n € Z}. Then Z € W(A), since x; — A weakly
converges to Z for x; = k. Therefore, the space-time sampling is
not possible, i.e. condition (1.8) is not satisfied.

* Set A =n®. Then 0 € W(A), since in A there are arbitrarily large
gaps. Therefore, the space-time sampling is not possible.

e Set A = Z U V2Z solves the space-time sampling problem since
no weak limit of translates of A lies in an arithmetic progression.

1.5 On geometry of the unit ball of Paley—Wiener spaces with
a spectral gap (Paper Ill)

In Paper III, written together with A. Ulanovskii, we study the properties
of Paley-Wiener spaces from a slightly different point of view that is
closer to the Functional Analysis. The main focus is on the geometry of
these spaces, more precisely, we study the extreme and exposed points
of the unit ball of the Paley-Wiener spaces with one spectral gap.

Given a Banach space X, let B C X be the closed unit ball of X. Recall
that an element f from B is called extreme, if f is not a proper convex

9
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combination of two distinct points of B, i.e. there are no such f_, f;
belonging to B and «a € (0, 1) that

f=af-+(1-a)fs.

We note that due to some trivial reasons it is only interesting to study
the geometry of the unit ball of the subspaces L' or L™ equipped, of
course, with || - ||; and || - || norm respectively.

The geometry of the unit ball was studied for various function spaces.
We mention the celebrated work by K. de-Leeuw and W. Rudin [15]
in which the description of the extreme points of the unit ball was
presented for the classical Hardy spaces. The exposed points of the unit
ball of Hardy spaces emerged in various problems of Harmonic analysis.
In particular, we mention the relations to Toeplitz operators, completely
nondeterministic Gaussian processes, and theory of de Brange-Rovnyak
spaces, see details in [21], [24], and [7].

The problems of a description of the set of exposed and extreme points
for polynomials on the unit circle and classical Paley-Wiener spaces
PW[l_UJ], o > 0, were investigated by K. Dyakonov in [10]. To formu-
late his characterization of extreme points for the Paley-Wiener space

Pw!

[ , we need to define certain subsets of the complex plane:
—o,0]

Definition 2 For the function f, f € PW[I_ we introduce A(f) and

Q(f) as follows.

o,0]’

(i) Denote by A(f) c C\ R the (possibly empty) set of all points
A=a+ib,a,b € R,b # 0, such that f(1) = f(1) = 0, where
A=a-ib.

(ii) Denote by Q(f) C R the (possibly empty) multi-set of all points
x € R such that f(x) = f'(x) = ... = f@O-D(x) = 0, where
n(x) > 1 denotes the integer such that f has zero of multiplicity
2n(x) or 2n(x) + 1 at x. Every point x € Q(f) is counted with
multiplicity 2n(x).

10
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For the functions with spectra supported on the single interval, Dyakonov
presented the following characterization of extreme and exposed points.

Theorem S The set of extreme points of the unit ball of PW[I_U o100 > 0,
consists precisely of the functions f satisfying the three conditions:

If1h =1, (1.12)
at least one of the points {xo} € Sp(f), (1.13)

and
A(f) =0. (1.14)

The set of exposed points of the unit ball PW[I_U o T > 0, consists pre-

cisely of the functions f that are extreme points and satisfy the conditions:

Q(f)=0; (1.15)

/ | f(x)|w(x)dx = 00, ¥Vw € Hol(C), Type(w) = 0,w|r = 0, w # const.
R

(1.16)
Here the conditions w € Hol(C), Type(w) = 0, mean that w is an entire
function of zero exponential type, i.e. for every € > (O there is a constant
C. such that
lw(z)| < CeeFl, zec.

In his recent paper [11], Dyakonov put forward the following

Problem Assume S is a compact subset of R. Describe the extreme
and exposed points of the unit ball of PWSI.

We study this problem in the case of one spectral gap. More precisely,
in Paper III, we consider the spectrum set S = [-0,—p] U [p,0] =
[-o,0] \ (—p, p). It turns out that the description of the extreme and
exposed points strongly depends on the relative size of the gap, i.e. the
ratio o /p.

In Paper III, we completely describe the extreme and exposed points
for the Paley-Wiener spaces with one large spectral gap o/p > 1/2. To
present our main result we fix some notation first.

11
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Let S = [-0,0] \ (-p,p), 0 < p < 0. Observe that every function
fe PWE admits a unique representation

f(2)=f(2) + fr(2), Sp(f-) C [-o,—p], Sp(fs) C [p,o]. (1.17)

Theorem 6 Assume that S = [-0,0] \ (—=p, p), where /2 < p < o.
Then the following statements are true.

1. The set extreme points of PWS1 consists precisely of the functions f
satisfying || f|l1 = 1 and the conditions

at least one of the points {0}, {xp} belongs to Sp(f); (1.18)
A(f2) NA(f) = 0. (1.19)

2. The set of exposed points consists precisely of the functions f that
are extreme points and in addition satisfying (1.16) and

Q(f-) NQ(fy) = 0. (1.20)

When the gap is small, i.e. 0 < p < ¢/2, the situation is more compli-
cated. We show that the description obtained for the large gaps is not
relevant anymore: there is a function that satisfies all the assumptions
of the previous theorem, however, it is not extreme.

What is more surprising is that the extreme points can’t be described
in terms of symmetric (with respect to R) zeroes.

Theorem 7 Assume that S = [—o, 0]\ (—p,p) and 0 < p < o /4. Then
there exist functions fi and f> from PWL, | filli = Al = 1, satisfying
(1.18) and (1.19) such that

A(f) = A(f2), fi € Ext(PW)), f> ¢ Ext(PW)).

In addition, for the case of a large gap, we also show that the set of
extreme points is dense on the unit sphere. Moreover, every function
f from the unit sphere of Paley-Wiener space can be represented as

12
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f = (fi+ f2)/2, where f; and f, are extreme points. We note that a
similar result for the Hardy spaces was obtained in [15].

Our proof is based on two remarkable (and very complicated) results
in Harmonic analysis. First, we use the Beurling-Malliavin theorem
on the completeness radius of the exponential family, see [6]. Second,
in our argument, we apply the recent result due to A. Poltoratski and
M. Mitkovski [17] on the sign changes of real measures with a spectral
gap at the origin.

1.6 Contractive projections (Paper IV)

In Paper IV, which is a joint work with A. Kulikov, we continue to
study the Paley-Wiener spaces from the point of view of Functional
analysis. More precisely, we consider the following

Main problem.

Let X, Y be spaces of functions. Assume that Y is a subspace of X and
P : X — Y is a projection. What assumptions should be imposed on
X,Y, and P to ensure that P is a contraction?

This problem was already studied for various function spaces X and
Y. For example, the following statement can be deduced from [2] and
[23], see also Theorem 1.1 in [8].

Theorem 8 Ler X = LP(T%), Y = {f € LP(T%) | f(1) =0, ¢ A}, and
the projection P being an idempotent Fourier multiplier. Then projection
P is a contraction if and only if either p =2 or A € Z% is a coset.

Recently, O.F. Brevig, J. Ortega-Cerda, and K. Seip [8] studied the
contractivity of the similar idempotent Fourier multipliers in the case
when X is a Hardy space, that is

X =HP(TY = {f € L’(T9) | f(n1,na,...,ng) =0 if n; < 0for somek}.

They showed that if p ¢ 2N then the only contractions are the same
as in the Theorem 8, while for p = 2k, k € N, there exist non-trivial

13
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examples if d > 3. For the complete statement of their results, see [8],
Theorem 1.2.

It is natural to consider the analog of this problem in the setting of
Paley-Wiener spaces.

Assume that S; and S, are disjoint compact sets in R?. The canonical
projection P acting from PW{ o to PW{ is defined by
P(f)(x) == FF(f) - xs)] (%),

where ¥ stands for the Fourier transform.

For a set S ¢ RY and k € Ny we define kS inductively as 0S = {0},
(k+1)S = kS + S, where + denotes the Minkowski sum.

The main result of Paper IV is the description of canonical contractive

projections P acting from PW¢ o to PW¢ .

Theorem 9 Let S| and S, be disjoint finite unions of parallelepipeds
in RY. Let P be a canonical projection from PWflus2 to PW;, where
1 < p < co. We have

1. If p € 2N then P is a contraction if and only if

mes((%Sl + (% - 1) (—Sl)) ﬂSz) - 0. (1.21)

2. If p ¢ 2N then P is a contraction if and only if mes(Sy) = 0 or
mes(S,) = 0.

1.7 Completeness of certain exponential families (Paper V)

In Paper V, which is a joint work with A. Kulikov and A. Ulanovskii,
we return to studying Paley-Wiener spaces in the context of sampling
theory. It is well known (e.g., see [19] and [9]) that the problems of
reconstruction of the signal with spectrum supported on the bounded
set S in a unique and stable way from the samples measured at the set

14
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A are intimately connected to the problems of the completeness and
frame properties of exponential families

E(A) = {e"}ie

in the space L?(S). Together with the samples {f(1)}.ca one can
measure the derivatives of the function f at the same points, i.e.
{f (k) (D }rearer and I' € N. In particular, this approach allows for
the reduction of the density of the set A or the number of sensors that
measure the function. Therefore, the completeness or frame properties
of the exponential system

E(AT)={t"e' : e A,k eT}, T cNy:=Nu{0},

are also worthy of investigation. Moreover, one can study these prop-
erties in various functions spaces. Below, we will focus on the system
E(A,T") and spaces of square-integrable functions and continuous func-
tions.

The standard "measure of completeness" of the system E(A,T') in L?
is the so-called completeness radius that can be introduced as

CR(A,T) =sup{a > 0: E(A,T) is complete in L*(—a, a)}.
Similarly, one can introduce the frame radius as
FR(A,T) =sup{a > 0: E(A,T) is a frame in L*(—a, a)}.

The analog of the completeness radius in the space of continuous func-
tions is straightforward:

CRc(A,T) :=sup{a =0: E(A,T) is complete in C([-a,a])}.

The completeness of exponential families is a classical problem in
Harmonic analysis and a lot of remarkable papers were written in this
field. We mention several relevant results.

15
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Of course, for E(Z, {0}) = {€>""},c7 we have

CR(Z.(0) = CRe(Z. {0)) = 5.

From the celebrated Beurling—Malliavin theorem (see [6]) we
know that

CR(A,{0}) = CRc(A,{0}) = D*(A),
where D* is the so-called upper Beurling—Malliavin density.

It follows from the classical ‘Beurling Sampling Theorem’(see [5]
and [19]) that FR(A) = D™ (A), where A is a uniformly discrete
set and D~ (A) is the lower uniform density of A.

Let Ty = {0,1,..., N—1} then the system E(Z,Ty) = {t*e*"} ez kery
has radius of completeness

]

#y N
CR(Z,Ty) = CRc(Z,Ty) = TN =3

see e.g. [22].

Note that in all the examples above the radii of completeness of the
exponential families in the spaces L? and C coincide. It is natural to
ask: is it always the case? More precisely,

Question. Does the equality

CR(A,T) = CRc(A,T)

hold true for any exponential family E(Z,I")?

Surprisingly, the answer is generally negative, when I" C Ny has "gaps".
In Paper V, we managed to compute the completeness and frame radii
for the exponential system E (A, T") in the particular case A = Z. It turns
out that the radius of completeness in space of continuous functions
depends on the cardinalities of the sets

Toven =T'N2Z and T,y =T N2Z+1.

16
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Let us introduce the value

#10qq + %9 if #00aq < #levens

r(I) = .
#Feven, if #Fodd = #Feven-

Clearly, r(I') < #I"/2, and the inequality is strict whenever

H#L ppon # #loqq  and  #D ppon # #0000 + 1.

The main result of Paper V is the following

Theorem 10 Given any finite or infinite set I' C Ny satisfying 0 € T'.
Then

(i) CR(Z,T) = #I'/2;
(ii) CRc(Z,T) = FR(Z,T) = r(T).

The proof is based on the properties of totally positive matrices, gen-
eralized Vandermonde matrices, but the key ingredient is a new result
on the certain uniqueness sets of lacunary polynomials. We conclude
this section by formulating this theorem.

Given any finite set M C Ny, let P(M) denote the set of real polyno-
mials with exponents in M:

P(M) :={p(x) = Z cjx™ :cj e R}

mjeM
Given N distinct real numbers ¢4, ..., ty, set
S(t1, . otn) = {(=D 1}, (1.22)

Theorem 11 Assume O < t; < tp < --- < ty. Then both sets
iS(l‘], e ,IN)

are uniqueness sets for every space P(M), where M C No, #M = N.
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1. Mobile sampling problem

The classical sampling problem is to determine when every continuous signal (function) f from a certain
function space can be reconstructed from its discrete samples f(A), A € A. The classical signal spaces are
the Paley—Wiener spaces PW§, of LP-functions in R? whose spectrum lies in a fixed set @ C RY. When
p < 00, the sampling problem asks for which discrete sets A € R? there exist positive constants A, B such
that

AlfIE < Y 1FIP < BlIfllp,  for every [ € PWg. ey
AEA

A different method for the acquisition of samples is when the samples of a multi-dimensional signal f
are taken by a mobile sensor that moves along a continuous path . The mobile sampling problem is then
to reconstruct the signal from its samples on a continuous path or a union P of continuous paths. In this
case one needs to establish a ‘continuous variant’ of the inequalities above:
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ilia.k.zlotnikov@uis.no (I. Zlotnikov).
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ANl < [ 15l ds < BIfIE,  for every £ € PWE, @
P

where we assume that P is locally rectifiable and integrate with respect to arc length.

The mobile sampling problem has recently attracted much attention. We refer the reader to [4-6,18,19]
for motivation and recent results. The sampling property in Paley-Wiener spaces of several families has
been considered:

(i) Parallel straight lines in R? (see i.e. [4,18,19] and references therein).

(ii) In [1], a sufficient condition for the Archimedes spiral is presented to form a set of stable sampling. In
[6], a wide family of spiraling curves in R? is introduced and necessary and sufficient conditions for sampling
in Paley-Wiener spaces with convexr symmetric spectrum on these trajectories obtained.

In this paper, we consider the mobile sampling problem for three families of trajectories in R2. For each
trajectory P from one of these families, we present a necessary and sufficient condition for sampling in
the Bernstein space Bq := PWg with arbitrary convex spectrum §2. This condition ‘essentially’ describes
the sampling property of P for the Paley-Wiener space PW%. We therefore bypass the requirement of a
uniform (or asymptotically uniform) distribution of trajectories, which has been essential in some previous
approaches to the subject.

The rest of the paper is organized as follows. First, we give definitions of the classical Paley-Wiener and
Bernstein spaces, then a short list of notations. In Section 4, we present the classical Beurling’s sampling
theorem. Our main results are formulated in Section 5 and proved in Sections 7-10. In Section 6, we discuss
the connection between the sampling in Bernstein spaces and mobile sampling in Paley-Wiener spaces. In
Section 11, we prove some uniqueness theorems which may have independent interest. Finally, in Section 12,
we present some higher-dimensional results.

2. Bernstein and Paley—Wiener spaces

In what follows we will use the standard form of the Fourier transform:
f) = [ fax, xy e B, 3)
Rd
where (-,-) is the usual inner product in R9.

We will consider the following classical spaces of signals (functions):

Definition 1. Let Q@ € R%,d > 1, be a compact set.

1. The Bernstein space Bq consists of all continuous bounded functions in R?, which are the inverse
Fourier transforms of tempered distributions supported by Q. Equipped with uniform norm | - ||oc, Bg is a
Banach space.

2. Assume Q C R? has positive measure. The Paley-Wiener spaces PW5E,1 < p < o0, are defined as

PWE := Bg N LP(RY).
Equipped with LP-norm || - ||,, PWS is a Banach space.

When p = 2, the space PW?] is a Hilbert space consisting of all L2-functions whose Fourier transform
vanishes a.e. outside Q.

Observe also that when Q C R? is a compact convex set, the space Bo admits an analytic description: It
consists of all entire functions f satisfying

[f(2)] < Cexp{-2rmax(u,y)}, z=x+iy, x,y €R".
uefl
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3. Notations

Given v € R4, d > 1, and r > 0, we denote by B,.(v) := {x € R?: |x — v| < r} the closed ball in R? of
radius 7 centered at v. By |E| we denote the (d-dimensional Lebesgue) measure of a set £ C R¢ and #E
means the number of elements in E.

Set R2 := {x = (z1,22) : 2 > 0}, B (x) := B,(x) NR? and |x| := /o] + 2.

Given sets £,S C R?, Q C R and x,y € R?, we write

E+S={x+y:x€eEyeS}, F-S={x—-y:xeE,yeS},
QF ={¢qx:x€ E,q e Q}, dist(x,9):= iI€1f5|X—y|.
y

We say that the Hausdorff distance between E and S is < ¢ if E C S+ B.(0) and S C E + B.(0).
4. Sampling in B

Definition 2. We say that a set P C R% d > 1, is a sampling set (SS) for the Bernstein space Bq, where
is a compact in R9, if there is a constant C' > 0 such that

[flloe < Cllflpllss, for every f € Ba, (4)

where
[f1plloe = sup | f(x)]-
xEP
Definition 3. 1. A set A C R, d > 1, is called uniformly discrete (u.d.) if

A) = inf -\ .
o(A) AﬁA'g}\,)#A‘/\ AN >0 (5)

The constant §(A) is called the separation constant for A.
2. The lower uniform density of a set A C R¢ is defined as

v e #FANB(x)
RN e

In the classical situation where d = 1 and  is an interval in R, the sampling problem for Bg was
completely solved by Beurling:

Theorem 1. ([3]) Let Q C R be a compact interval. A set P C R is an SS for Bq if and only if it contains
a u.d. set A satisfying D~ (A) > |9Q].

Observe that if P C R? is an SS for Bg, then P contains a discrete subset which is also an SS for Bq:

Proposition 1. Assume P C R% d > 1, is an SS for Bq. Then there exists n > 0 such that every subset
A C P satisfying

P c A+ B,(0) (6)
is also an SS for Bgq.

We omit the proof, as it easily follows from Bernstein’s inequality, see [10], p. 21.
In particular, the set A in this result can be chosen to be u.d.
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o, N
~—

Fig. 1. Dilation of a convex curve.
5. Results

In what follows, we assume that © C R? is a convex set of positive measure.

We will consider the sampling problem for three families of curves in R?: parallel lines, dilations of a
convex closed curve around the origin and translations of a circle. For every family we present a sufficient
and necessary condition for sampling in Bg.

5.1. Parallel lines

Let [ € R? be a straight line through the origin, and let v; be a unit vector orthogonal to I. Given any
u.d. set

H = {ar}trez CR,
consider the set of parallel lines

P=I1+Hv,:= U(l-{-akvl). (7)
kEZ

Theorem 2. The set P in (7) is an SS for Bq if and only if
D™ (H)v; ¢ Q—Q.
5.2. Dilations of a convex curve

Let D C R? be a closed convex set of finite positive measure such that 0 € Int(D). Denote by 9D the
boundary of D, by Ext(D) the closed set of extreme points of D and by

D°:={xcR?: (x,y) <1,y € D}

the polar set of D.
Given a u.d. set @ = {gx} C (0, 00), consider the set

P=QoD := U U {gew}, (®)
k=1wedD

see Fig. 1. Set d=(Q) := D™ (Q U (—Q)).
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Theorem 3. The set P in (8) is an SS for Bq if and only if
d(Q)v¢Q—Q, for every v € Ext(D°). 9)
The following is a simple corollary of this result and Remark 1 in Section 7.
Corollary 1. (i) Assume Ext(D) = D. The set P in (8) is an SS for Bq if and only if
d=(Q)dD° N (2 —Q) = 0.

In particular, if D is the unit circle then P is an SS for Bg if and only if Diam(Q2) < d™(Q).
(ii) Let D be the square [—1,1]2. The set P in (8) is an SS for Bq if and only if the vectors (d=(Q),0)
and (0,d(Q)) do not lie in Q — Q.

5.8. Translations of a circle

Take any circle T := {x € R : |x| = 7},7 > 0. Let V = {v},}?2, C R? be a u.d. set. Set

P:V+T::G(vk+T)‘ (10)

k=1

Theorem 4. The set P in (10) is an SS for Bg if and only if D—(V) > 0.
5.4. Remarks

Let 2 C R be a compact interval. Beurling’s Theorem 1 solves the sampling problem for Bq in terms of
the lower uniform density D~ (A) of sampling set A. The sampling property of A in the Paley-Wiener space
PW2 can be ‘essentially’ described in terms of D~ (A), see i.e. [10]. See [17] for necessary and sufficient
conditions for sampling in PW3.

If Q C R is a disconnected set, already when it is a union of two intervals, the sampling property of u.d.
sets A cannot be described in terms of any density of A. This is also the case for the spectra Q € R%, d > 1,
see [10,11]. However, the necessary density condition for sampling remains valid for general spectra Q C R%:
Landau [7] proved that if a u.d. set A is an SS for PW3, then it satisfies D~(A) > |Q] (see [9] for different
simpler proof, which in particular extends Landau’s result to unbounded spectra).

Observe that for the mobile sampling (see definition in the next section) there is no analogue of Landau’s
result. One can define a path density of trajectory P as the ‘average length’ covered by a curve. An example
is constructed in [4] showing that trajectories P of arbitrarily small path density may nevertheless provide
mobile sampling for PW§. Theorem 5 below reduces the mobile sampling problem for the Paley-Wiener
spaces to the sampling problem for the Bernstein spaces. Hence, our Theorem 4 presents another example
in this direction. Observe also that it easily follows from Corollary 1 (ii) and Theorem 5, that a union of
equidistant squares

P = U {x = (@1, x2) : max{|z1]|,|z2|} = n}
neN

provides mobile sampling for PW5,,1 < p < oo, for certain convex sets () of arbitrarily large measure.
However, by Corollary 1 (i) and Theorem 5, the union of equidistant circles

pP:= U{XER2:|X\:n}
neN
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is not an SS for PW%, whenever (2 is a convex compact set of measure strictly greater than /4.
6. Sampling in Bg, versus mobile sampling in PW§

Following [4], we call P C R a trajectory, if P is a countable union of locally rectifiable (continuous)
curves.

Definition 4. A trajectory P C R? is called a stable sampling trajectory (ST) for PW5,1 < p < oo, if
condition (2) holds with some positive constants A, B.

When the sampling set A C R? is discrete, it is well-known that the right inequality in (1) is equivalent
to the condition that there exist r,C' > 0 such that #(A N B,(x)) < C, for every x € R¢ (such sets A are
called relatively uniformly discrete).

In the case of mobile sampling, one has

Proposition 2. Let 1 < p < oo, © C R? be a compact set of positive measure and P be a trajectory. The

following conditions are equivalent:
(i) There is a constant C' such that

[1sras <cisig, sor every 1 € PWE
P
(ii) There are constants r > 0 and C > 0 such that

sup / ds < C. (11)

We skip the proof which is similar to the corresponding proof for sampling on u.d. sets, see [20].
We will need a condition which prohibits P to contain separated curves of arbitrarily small length:

There exists r > 0 such that in£) / ds >0, for every 6 <. (12)
xE€ .
PNBs(x)

The following result establishes a connection between sampling in Bernstein and mobile sampling in
Paley—-Wiener spaces:

Theorem 5. Let 1 < p < 0o and 0 < ¢ < 1. Let Q C R? be a compact convex set of positive measure and P
a trajectory satisfying (11).
(i) If P is an SS for Bq and satisfies (12), then it is an ST for PW{’I_E)Q,
(ii) If P is not an SS for Bq, then it is not an ST for PW€1+E)Q‘
This is an analogue of the corresponding result for the discrete sampling sets, see Theorem 5.30 in [10].
We omit the proof of Theorem 5 since it is rather similar to the proof of the mentioned result from [10].
One can check that part (i) of the theorem ceases to be true if condition (12) is dropped.

7. Proof of Theorem 2

Before passing to the proof, we recall several well-known facts.
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A sequence of u.d. sets Qr C R,k € N, is said to converge weakly to a u.d. set Q' if for every R > 0
satisfying +R ¢ @', the Hausdorff distance between QrN(—R, R) and Q' N(—R, R) tends to zero as k — co.
The following lemma is well-known:

Lemma 1. Assume u.d. sets Qr C R satisfy inf §(Qr) > 0, where 6(Qy) is the separation constant defined
in (5). Then there is a subsequence Qy, which converges weakly to some u.d. set Q' satisfying D~(Q') >
lim sup,,_, oo D™ (Qk,,)-

One can also define the weak convergence of trajectories. However, in what follows we will not use this
definition.
The next statement is obvious.

Remark 1. Assume €2 is a convex set and vy is a non-zero vector with argument 6, i.e. vy = |vg|(cos6,sin ).
Then Q does not contain any segment of length |vg| parallel with vy if and only if vy ¢ Q — Q.

Now, we pass to the proof of Theorem 2. Without loss of generality we may assume that [ is a vertical
line and D~ (H) = 1. To prove Theorem 2 we have to show that the set P in (7) is an SS for B if and only
if

(1,0) ¢ @ — Q. (13)

(i) Assume P is not an SS for Bg. We have to prove that (13) is not true.
Since P is not an SS for Bg, there is a sequence of functions fi € Bo,k € N, such that

1 1
Ifelplloc < 2 Ifilloc =1 and fu(xx) 21—+, (14)
for some points xj = (uy,w,) € R2.
Set

gk (%) = fr(x +xx).

Clearly, we have g5 (0) > 1— % and || gx |+ (H—un) (1,00} /oo < % By Lemma 1, there is a subsequence k,, such
that the translates H — uy, converge weakly to some u.d. set H' satisfying D~ (H') > D~ (H) = 1. By the

compactness property of Bo (see [10]), (taking if necessary a subsequence of k) we may assume that g,

converge (uniformly on compacts in C?) to some non-trivial function g € Bq. Clearly, ||g]lcc = ¢(0) = 1 and
g(g,x2) =0, qeH', zycR. (15)

Fix any small ¢ > 0. Since D~ (H') > 1, by a result of Seip (see [16], Theorem 2.3), H' contains a
subset H” C H'’ such that the exponential system FE(H”) := {e*" : ¢ € H"} forms a Riesz basis in

L(-(1-¢)/2,(1-¢)/2).
Next, we invoke Pavlov’s characterization of Riesz bases from [13] to ensure that the generating function
of the exponential system above

o= T (1-2) (16)

q€H" \|q|<R

is well defined, of exponential type w(1 — ¢), and
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lp(z1 —0)|* € A, a7

i.e. it belongs to the Muckenhoupt class As.

We briefly note that in [13] and [16], the zeroes of ¢ are supposed to lie strictly above the real
line. However, one can overcome this obstacle by noting that the exponential system E(H” + i) :=
{e?miat+) g € H"} is also a Riesz basis for L?(—(1 —¢)/2, (1 —¢)/2), and its generating function ¢ satisfies
p(@1 — 1) = p(—1)@(z1).

Claim 1. There is a constant § > 0 such that

1)
—i)] > —, R. 18
lp(zr — )| = 1+ [z1)? T € (18)

This claim can be easily deduced from (17) and Bernstein’s inequality.

Recall that the generating function for a Riesz basis satisfies |p(z1)|/(1 + |z1]) € L*(R). Choose any
qo € H" and set p1(21) := ¢(21)/(x1 — o).

Then @1 € PW|_(1-c)/2,(1-¢)/2)» and the points (1 — €)/2 belong to the spectrum of ¢;. Set

g(z1, 2z9) sin? (izl)

P(z1,22) = o)t

(19)
By (15) and (16), 1 is holomorphic in C2. By (18), it belongs to L? on (R — i) x R. Therefore, 1/ € PWqy,
where Q' C R? is the spectrum of .

Consider the equality

sin? (%zl )

p1(20)¥ (21, 22) = gz, 22)0e (1), Ye(21) = ——— (20)
1
The spectrum of ¢; contains the endpoints of the interval
=[-(1-¢)/2,(1-¢)/2)]
on the xj-axis. The spectrum of 9. is the interval I. := [—&, ] on the x1-axis. One may now use an analogue

of the Titchmarsh convolution theorem for higher dimensions:
ch(I+Q)=ch.(Spy-¢)=ch(Spg-.) Cch.(l. + Q) C Q+ B(0),

where c.h. means the convex hull and Sp the spectrum. Clearly, the set c.h.(I + ') contains a horizontal
interval of length |I| = 1 —e. This is also true for Q + B.(0). It follows that € contains a horizontal interval
of length 1 — 3e. Using Remark 1, we see that the point (1—3e,0) € 2 — Q. Since € can be chosen arbitrarily
small, we conclude that (13) does not hold.

Note, that in this reasoning it is essential that  is a convex set.

(ii) Assume (13) does not hold. We have to show that P is not an SS for Bq. This is an easy consequence
of Beurling’s Theorem 1. Indeed, since translations of € do not change the sampling property of P, we
may assume that [~1/2,1/2] € Q. Using Theorem 1, for every € > 0 there is a function f(x1) € Bi_1/2,1/9
satisfying || f|zlco < € and || f]|oo = 1. It follows that P is not an SS for Bj_1/2,1/). Therefore, P is not an
SS for Bg.
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8. Auxiliary results for the proof of Theorem 3

In this section, @, D, D have the same meaning as in Theorem 3.

Denote by arg w the argument of vector w, i.e. the angle 6 such that w = |w]|(cos #,sin #). We also denote
by w(6) € dD the unique vector which lies on 9D satisfying argw() =6, —7 < § < 7.

Recall that for every convex or concave function f(z) defined on an interval I C R, both one-sided
derivatives of f exist at every interior point wg € I. It follows that for every boundary point w(6) € 9D,
both semi-tangent lines w(6) + 4. (0) and w(6) + [_(0) exist, where [4(6) are straight lines through the
origin. In particular, if # = 0 then there exist two lines I (0) and [_(0) such that

dist(w(6) — w(0),1+(0)) = o(d), 010, (21)
and
dist(w(0) — w(0),1-(0)) = o(|0]), 0710.
For the proof of Theorem 3, we need two lemmas:
Lemma 2. Let I (0) be the line satisfying (21). Assume a sequence of vectors xy, satisfies

arg(xg) >0, keN, |xz| — o0, arg(xy) =0, k— oo. (22)

Then there exists a subsequence Xy, and a u.d. set Q' C R such that

|w(arg(x, ))|Q — |xk, | converge weakly toQ', D~(Q") > w(O)] (23)
Condition (23) implies for every R > 0 that
A (Q- 0D — xi,, w(0) + 1 (0) + Q' - (1,0)) = 0, n — oc. (24)

Here df(A, B) denotes the Hausdorff distance between AN B} (0) and B N BE(0).
Remark 2. (i) Note that if in (22) we assume that the arguments of x, are negative and tend to zero, then
a similar to (24) condition holds with the ‘lower’ semi-tangent line {_(0).

(ii) Assume additionally that 4 (0) = {_(0), i.e. there is a tangent line to D through w(0). Then one may
check that for every R > 0 the Hausdorff distance between

(Q-9D —xy,) N Br(0)
and
(w(0) +14+(0) + Q"+ (1,0)) N Br(0)

tends to zero as n — oco.

Lemma 3. Assume P is not an SS for Bo. Then for every n € N and € > 0 there exist f, € B4eq and
%X, € R? such that

1 1
Xol >n, falle =1, [falplleo < w [fo(xn)| >1— w (25)
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8.1. Proof of Lemma 2
Condition (23) follows easily from Lemma 1. In what follows, for simplicity we assume that
[w(6,)| - Q@ — |xn| converge weakly to Q', n — occ. (26)

We have to deduce (24) from (23). Before we proceed with the proof, observe that (24) is intuitively
clear. Indeed, since w(0) + 14 (0) is a semi-tangent line to 9D, when ¢, and |x,| tend to infinity, the set
(gn0D — x,,) N B(0) is either empty or ‘looks more and more like’ a segment as n — oco. However, the
formal proof is somewhat technical.

Below we denote by C different positive constants.

Recall that D is a convex set of positive measure around the origin.

Given a straight line [ through the origin, denote by ¢(1),0 < () < 7, the angle from the positive
ray Ry (1,0) to ! in the counterclockwise direction. Recall that w(f) + I (6) and w(0) + [_(#) denote the
semi-tangent lines to 9D at the boundary point w(6) € 9D, where we assume that ¢(I1(6)) > ¢(I_(0)) for
small positive values of 6.

Clearly, for all small enough positive angles § > ¢’ we have

(L4 (0) < arg (w() - w(0)) < p(1_(0)), 0<0 <0, (27)
and
[w(0) —w(O)| <Cl -0), 0<6 <0, (28)

where one may take C' = 2|w(0)].
Clearly, ¢(1+(0)) | ¢(1+(0)), as 6 | 0. Therefore, for every € > 0 there is an angle 6(¢) > 0 such that

0< 911 (8) — 91 (0) <€, 0<0<0(e). (29)
Set 0,, :=argx,. By (22), 6,, > 0 and 6,, — 0 as n — oco. We assume that n is large enough so that
0, < 0(e).
Assume 6,, < 0 < 0(¢), and denote by w,,(#) the point with argument 6 lying on the semi-tangent line
w(0,) + 14+(60,):
Wi (68) € W(h) + 1 (0),  argwn(6) = 6. (30)
From (27), (28) and (29) we may deduce that
d=|w(0) —w,(0)| <2Ce(@ —0,), 0, <6<0b(e), (31)
provided e is sufficiently small (see Fig. 2).
Fix any R > 0 satisfying £R ¢ Q’. Then fix a positive number € < 1/R?.
To prove (24) we show that the Hausdorff distance between
(Q- 0D —x,) N B}(0) (32)

and

(w(0) +11(0) + Q"+ (0,1)) N B (0)
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0 w(GH)

Fig. 2. Approximation of the curve by lines.

tends to zero as n — oo. Since 6,, — 0, it suffices to check this for the Hausdorff distance between the set
n (32) and the set

(W(0n) + 14(0,) + Q' - (cos 0y, sin0,)) N B (0).
Write Q' N (=R, R) = {¢'(1),...,¢'(m)}. By (26), for every large enough n,

[xn| = R |xn| + R _
Qn (R P i) — (g 0) o),

where
[W(0n)|an(5) = [xn| = '() >0, n—o00, j=1,..m.
Since arg w(6,,) =argx,, = 0,,, this yields
[W(0)n(7) — Xn — ¢'() (€08 6,510 6)] = 0, 1= 00, j = 1., m. (33)
We see that it suffices to check that for every j = 1,...,m, the Hausdorff distance between
{an()w(0) : 0 > 0,} N (x0 + BE(0)) (34)
and
(%Xn 4+ ¢' () (o8 O, 8in 6,,) + 14(6,)) N (x5, + B (0)) (35)

tends to zero as n — oo.
Observe that for every sufficiently large n, condition qw(6) € x,, + Br(0) implies

0 <0, +2R/|xs|, q € (C|xnl/2,2C|xy|),
where we may take C' = 1/|w(0)|. Hence, from (31) one may easily check that the distance between the set

{gn()W(0) : 0n <0 <0, +2R/|xn[}
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and the set
{gn(G)wWn(0) : 0, <0 < 0, +2R/|xn|} (36)

is less than C'Re < C/e.

On the other hand, by (30), the point g, (j)wy(#) has argument 6 and lies on the line g, ()W (0n)+14(65).
Let u;(#) be the point on x, + ¢'(j)(cos 0,,sin6,) + 14 (6,,) satisfying arg(u;(6)) = 6. By (33), |u,(6) —
qn(j)Wn(0)] = 0 as n — oo, which implies that for sufficiently large n, the Hausdorff distance between the
sets in (34) and (35) is less than C'\/e. Since € can be chosen arbitrarily small, this proves (24).

8.2. Proof of Lemma 3

Since P is not an SS for Bg, there is a sequence of functions gi € Bg satisfying

1
lgelloe =1, lgrlpllo < -

For every k choose a point yy, such that |gx(yr)| > 1—1/k. If

lim sup |yx| — oo,
k—o0

then condition (25) holds for f,(x) := gk, (x) € Bq, for some suitable subsequence k.

Assume that the sequence yj is bounded. We may assume that it converges to some point yo € R2.
Using the compactness property of Bernstein spaces, see [10], we may also assume that g,, converge to some
function gy € Bq. Clearly, go satisfies

llgolleo = lgo(yo)l =1, golp = 0.

Consider two cases.
1. Assume go tends to zero fast in the sense that for every m € (N U {0})? we have [x™go(x)| — 0 as
,X = (21, 22), m = (mq,mz). Choose a point ym, such that

|x| = 0o, where x™ = z{" x5

[x™ go(x)[loo = max [x™go(x)| = |y1go(ym)l-
xeR?

Clearly,

[Ym| = 0o, max |x™go(x)] = oo, |m|— oo.

xeR?
Therefore, for a suitable subsequence m,,, the functions
fu(x) =X go (%) /X" go (%) [l
belong to Bg and satisfy condition (25).
2. If go does not satisfy the decrease condition above, then there exist m € (N U {0})? and a sequence of
points yj such that
‘Yk‘ >k, ‘y;cngO(yk)‘ >1, keN.

Consider the functions

Pr(x) = xMgo(x)sine™ (e(x — yx)/2|m]),
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where

sin xq sin a9

sinc(x) := x = (21, %2).

Z1 T2

Clearly, @), belongs to B(14.¢)q, vanishes on P and | (yx)| > 1. Moreover, for every x in the disk [x| < |yx|/2,
we have

™| 2!

2ml[x — yy 2l = @mly, [ml

lon(x)] < 0, k— oo.

Therefore, the functions

%) = <Pkn(x)
= o

satisfy (25) for a suitable subsequence k,.
9. Proof of Theorem 3
9.1. Proof of sufficiency
Assume P is not an SS for Bg. We have to show that
There exists v € Ext(D?) satisfying d~ (Q)v € Q — Q. (37)

Fix any ¢ > 0. By Lemma 3, there exist f, € B1eq and x, € R? satisfying (25). Without loss of
generality, we may assume that the sequence of arguments arg(x,) converges to zero. For convenience, we
may assume that it converges to zero ‘from above’, i.e. that it satisfies (22).

Using the compactness principle for Bernstein spaces, we may assume that

fn(x+x,,) converge to some function f € B(1to- (38)

By convergence we mean the uniform convergence on compacts in C2. Clearly, the limit function f satisfies

1 flloe = 1£0)] = 1.
By (24), without loss of generality, we may assume that f vanishes on the set of segments (I (0) +w(0) +
@’'(1,0)) N B#(0). Since f is an entire function, it vanishes on the sets of lines 4 (0) +w(0) + Q'(1,0).
Denote by v; := (cos¢,sing), |¢| < 7/2, be a unite vector orthogonal to {1 (0). Denote by A C R the
uniformly discrete set such that

1+(0) +w(0) + Q'(1,0) = 1+.(0) + Avy.

It is easy to check that

by D@
cosp
Hence, by (23),
_ d=(Q)
DrA) 2 s wo)
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Also, since f vanishes on 1 (0) 4 Avy, this set of lines is not an SS for B(y4eq- Then, by Theorem 2,

d—(Q)
—_— 1 Q-1 Q. 39
vl € 92 (149 (39)
We will consider two cases:
Case 1. There is a unique point vo € 9D° such that (w(0),vo) = 1.

Claim 2. v € Ext(D°).

Indeed, assume v ¢ Ext(D?). Then vy is an inner point of a segment I C D°. If this segment is vertical,
then there are infinitely many points v € D° satisfying (w(0),v) = 1. If it is not vertical, we may find
points v € I for which (w(0),v) > 1. None of the above is true. This shows that v € Ext(D°).

Claim 3. vq is orthogonal to 1 (0).

Indeed, if not, then there clearly exist infinitely many different vectors v such that (v,w(0)) = 1 and
(v,w) <1 for all w € D. But then v € D°, which contradicts the assumption above.
It follows that vo = |vo|v;. Since (vg, w(0)) = 1, we conclude that

= cospw(O)]”

Now, (37) follows from (39), since it holds for every e > 0.

Case 2. Assume there exist two points vi,ve € 0D such that (w(0),v;) =1, j = 1,2. Then, clearly,
the above holds for every v € 9D° on the vertical segment I between vi and vo. We may assume that I is
not a part of any larger segment which lies in 9D°. Then, clearly, v; €Ext(D?°),j = 1,2. Moreover, clearly,
there is no point v € 9D° \ I such that (w(0),v) = 1.

We may assume that v; lies ‘above’ vo. Similarly to Claim 3, we show that vs is orthogonal to I (0).

The rest of the proof repeats the proof above.

9.2. Necessity

For convenience, below we write B, := B|_,. 4]-
We need a one-dimensional variant of Lemma 3.

Lemma 4. Assume A C R is a uniformly discrete set, and let 0 := D~ (A)/2. Then for every k € N there is
a function fr € Boy1/k and a point x(k) satisfying

fille =1, [fi(z(B)] > 1 =1/, [z(k)[ >k, |felalle <1/ (40)

Observe that by Theorem 1, A is not an SS for B,.
The proof of Lemma 4 is similar to the proof of Lemma 3.

Lemma 5. Assume a sequence of positive numbers o(k) converges to o > 0. Let A(k) C R be u.d. sets
satisfying infy 6(Ax) > 0 and such that each A(k) is not an SS for By(ry. Then there is a sequence (k) with
|z(k)| — oo such that A(k) — x(k) converges weakly to some set A which is not an SS for B,. If A(k) are
symmetric, then x(k) can be chosen positive.
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Proof. Use Lemma 4 to find a sequence of functions fi, € B, (x)41/x satisfying (40) with A = A(k). Clearly,
if every A(k) is symmetric, we may assume x, > 0. Then the functions fi(x 4+ z(k)) converge to some
non-trivial function f € B,.

By Lemma 1, we may assume that the translates Ay — (k) converge weakly to some set A. Clearly,
fla = 0, which means that A is not an SS for B,.

9.2.1. Proof of necessity
Assume d~(Q)vo € Q —Q, for some vo € Ext(D?). We have to show that P is not an SS for Bg, i.e. that
for every small number 7 > 0 there is a function f, € Bq satisfying

[folle =1, llf5lpllec <. (41)

Since v € Ext(D?), there is a point wy € D, satisfying (vo, wo) = 1. We may assume that wy = w(0),
i.e. wo = (w,0),w > 0. Then the line {w : (w,vq) = 1} is a semi-tangent line to D at the point w(0). We
may assume that it is the ‘upper’ semi-tangent line w(0) + {4 (0). It will be convenient to write it in the
form

w(0) +14+(0) =w(0) +tu, t>0,

where u is a unite vector parallel to I (0) (and so, orthogonal to vy).
Choose any positive sequence 0 — 0,k — 0o. Set

(k) = %.
Then
T
By Theorem 1, the symmetric set
QU(Q)
[w(6)]

is not an SS for B, (). Hence, by Lemma 5, there exist (k) — oo such that the translates Q|w(0y)| — (k)
converge weakly to some set @', which is not an SS for B,. By Lemma 2, condition (24) holds with
xi := (k) (cos O, sin O ).

Since Q' is not an SS for B,, it follows from the compactness principle for Bernstein spaces, that for
every € > 0 there exists § > 0 such that there is a function g(z) € B,_; satisfying

lglle =1, llglorlleo <€

Consider the function ¢(x) defined as

P(x) := g (Iw(0)|(vo, x = w(0))) .
It is easy to check that |¢|lcc = [|9]lcc = 1 and

lo(x)] <e, xew(0)+tu+Q'(1,0), teR.
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By Remark 1, condition d=(Q)vo € 2— means that (2 contains an interval I parallel to v and of length
d=(Q)|vol. Since translations of © do not change the sampling property of P for Bg, we may assume that
I is symmetric, —I = I. Observe that the spectrum of g lies on [—o + 0,0 — §], where 20 = d~(Q)/|w(0)].
Then, clearly, the spectrum of ¢ lies on (1 — §)I. Therefore, there is a small number § > 0 such that
(1-=96)I+ Bs(0) C Q.

Now, choose a point yo such that |g(yo)| > 1/2. Then we have |p(x)| > 1/2 for all x on the line
w(0) + (y0,0) + Ru.

Fix R > 0 and consider the function

¥(x) := p(x)sinc(d’'(x — x0)), %o := w(0) — (y0,0) — 2Ru.
Then ¢ € Bq, |¥(x0)| > 1/2 and
[Y(x)| <€, x€w(0)+Ru+Q'(1,0). (42)
Since [sinc(x)| — 0 as |x| — oo, we may assume that R is so large that
[b(x)| <€ [x—%o| = R. (43)
By Lemma 3, we may assume that the Hausdorff distance between the set
(QOD — x;) N Biz(0)
and
(w(0) +14:(0) + Q'(1,0)) N B (0)
tends to zero as k — co. We may also assume that Br(xg) C Bj,(0). Then, the same is true for the sets
(QOD — %) N Br(xo)
and
(w(0) + Ru+ Q'(1,0)) N Br(xo)-
From (42), by Bernstein’s inequality, for all large enough k we get
[1h(x)| < Ce, x € (QID —xi) N Br(xo),

where the constant C' depends only on the diameter of Q.
Finally, we see that the function

belongs to Bg and satisfies (41) with n = Ce, where € is any positive number.
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10. Proof of Theorem 4

Recall that P is defined in (10).

(i) Assume that D~ (V) = 0. We have to check that P is not an SS for every space Bq, where Q is a
convex set of positive measure.

The proof is easy. Indeed, from D~ (V) = 0 it follows that there is a sequence of points x,, such that the
discs By, (x5) do not intersect V. We may assume that Bs(0) C €, for some § > 0. Then the functions

fn(x) :=sinc(d(x —x)), neN,
belong to Bq and satisfy || fn|/cc = 1. It is obvious that

[l £nlplloe < I fnlr2\B, () e = 0, 1 — 00,

which proves that P is not an SS for Bg.

(ii) Assume that D~ (V) > 0. We have to check that P is an SS for every space Bg. The proof is a simple
consequence of the uniqueness Theorem 8 below: Assume that P is not an SS for Bg, i.e. there is a sequence
of functions f, € Bq satisfying

[folle =1, N falplloc =0, n— oo

Choose points x,, such that |f,(x,)| > 1 —1/n and set g,,(x) := f,.(x + x;,). Then

gn € BSZ7 Hgn”oo = 17 |gn(0)‘ > 1/”

Then a subsequence g,, converges to some non-zero function g € Bq.
We may assume that the translates V —x,, converge to some set V' C R2. We have D~ (V') > D= (V) > 0.
It is clear that g|y 47 = 0. Theorem 8 yields g = 0. Contradiction.

11. Uniqueness sets

Uniqueness sets play an important role in the sampling theory. In particular, Beurling [3] proved that a
u.d. set A is an SS for B, if and only if every weak limit of translates A — z,, is a uniqueness set for B,. A
similar result holds in higher dimension.

Below we consider subsets of R? that are uniqueness sets for some classes of entire functions of exponential
type and, in particular, of the Bernstein spaces. We believe such results are of independent interest.

Given an entire function f in C%, let Z; = {z € C?: f(z) = 0} denote its zero set. For a generic f,
the set Zp N RY is discrete and, as far as we know, only discrete (actually, u.d.) uniqueness sets P C R?
for entire functions of exponential type, as well as for Bo with Q = I x ... x I with I, = [—r, )], have
been considered before (see, for example, [2], [14]). Here we will be interested in the case of non-discrete
uniqueness sets P C R2.

Note that, for any entire function f, the set Z; N R? is represented by the equations fr(x) = 0 and
fa(x) = 0 with the real analytic functions fr = Re f and fg = Im f. Therefore, any set which is not a
subset of a locally finite union of real analytic curves and discrete points in R? is a uniqueness set for the
whole class of entire functions in C2. In what follows, we work only with sets in R? that are real analytic.

The idea of our considerations is, as in the case of discrete sets, getting control over the volume of the
zero set Z; in the balls B, C C2 in terms of a counting function, which in our case will be

0(t) =#{VNnD:}, t>0, (44)
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where V' C R? is a discrete set related to P and D; = {x € R? : |x| < t} is an open disk in R2.

Three main ingredients are as follows. First, if a set £ C R? is non-discrete, then there exists at most
one irreducible analytic variety of complex dimension 1 (i.e., analytic curve) in C? containing E. Indeed, if
E C x; for two irreducible analytic curves x; and x2, then dimc x1 N x2 = 1 and thus x; = xa.

Second, for any analytic curve x and a point a € x, let 0y a(t) denote the volume of x inside the ball

Bi(a) = {2 €C?: |z—a| <t}
and o, (t) = oy,0(t). Then, by Lelong’s bound for volumes of analytic sets, see [8], Thm. 2.23,
Oyalt) > mt? (45)
for any ¢ > 0, with an equality if x is a complex line.
Finally, we will use Jensen’s formula for analytic functions in C¢, see [15]:

r

1
g () i= 7 [ g\ dsi@) = [yt dt+
S1

To

where dS) is the normalized surface measure on S; = 0By, Vay_» is the volume of the unit ball in C4~1,
and pf(t) is the volume, computed with the multiplicities, of Z; in B;. This gives us for d = 2

r

1 .
g (1) 2 1 [ 02,062 de+ Cry . (16)
To
Another, and more classical, form of Jensen’s formula uses the intersections of x with complex lines.
Assume 0 ¢ x and, for any point s on the unit sphere Si, let ng, (¢) be the number of intersection points of
x with the line z = s(, ( € C. Let

ny(t) = [ nsy(t) dSi(s), (47)
/
then
Miog| () Z/WdHCmr (48)

11.1. Straight lines

We start by considering the case when P = {l}} is a collection of straight lines in R2. We will not assume,
unlike in (7), that the lines are shifts of a single line [, the only condition being that none of the lines passes
through the origin. Therefore, we can represent them as

I ={xcR?: (x,e;) =1} (49)

for some vectors e, € R2. Denote vi, = ey|e;| 2 and let 6(t) be defined by (44) for V = {v;}. Note that if
all e, = a; 'v; for aj, € R\ {0}, this gives us precisely the set P from (7).
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Theorem 6. In the above setting, P is the uniqueness set for entire functions of type A, provided

ot
lim inf Q > §A‘
t—o00 t

2

Proof. Let Ly = {z € C?: (z,e;) = 1} be the complex lines containing l;. Then any entire function f # 0
vanishing on all /), also vanishes on all Ly, so

Z; 52 =L
k

By [12],

t

07,(t) > 0z(t) = 27r/sn(s) ds, (50)

where n(s) is the amount of points vy, inside the ball B,. By the construction, all vy, are real, so n(s) = 6(s)
and

t

oz(t) = 27r/s€(s) ds.

0

There exist A” > A’ > A such that 6(s) > %A”s for all s > 7y for some rg > 0. Therefore,

¢
oz(t) > 271’/5 0(s)ds > nA"(t* —r3), t>ro,

To

and

17 3
- / oz, (t)t73dt > A" (r — 5ro).

o

If the function f is of type A > 0, then myog () < A'r for r sufficiently big, which, by (46), is impossible.
11.2. Dilations of circles

Next, we will be concerned with dilations of the unit circle T = {x € R? : |x| = 1}. Let Q = {qx} C Ry
be a discrete set, 0(t) be the counting function of @, and

P=QT =JuT.
k

Theorem 7. P is the uniqueness set for entire functions of type A if

lim inf @ > i,
t—oo t 2a

where

a= /|s% + 52|12 dS, (s).
él
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Proof. Denote v = {z € C?: 2% + 22 = 1}, the unique irreducible analytic curve in C? containing the circle
T. For any s € S; such that s? 4 s3 # 0, the intersection sq~y of the quadric ¢+, ¢ > 0, with the line z = s C
consists of two points given by z = s ¢ with (s? + s3)¢? = ¢*. Therefore, (47) gives us

s (6) =2 [ 053 + 5311/%) dS (o).
S1

Take any small € > 0 and denote E. = {z € C? : |s? + s3| < €2}. If 0(t) > %t for some A’ > A > 0 and all
t > erg, then

ng4(t) > 2 / 0(|s? + s2|Y/2t) dSy(s) > (1 — C)A't
S1\Ee

with Ce — 0 as € — 0, and
/ —nQZ(t)dt > (1= C)A (r—ro).

To

If an entire function f # 0 vanishes on P, then Zy D Qv. By (48), it cannot have type A < A’.
11.3. Translations of circles

Finally, we consider translations of a circle T = {x € R? : |x| = r}.

Theorem 8. Let 6(t) be defined by (44) for a discrete set V. C R2. If

lim —= = oo, (51)

then P = T+V is a uniqueness set for entire functions of exponential type. More precisely, P is a uniqueness
set for entire functions of type A > 0 if
o(t 3
B :=lim infﬂ > —A. (52)
t—o00 t 2\/5

Proof. Denote vy = {z € C? : z? + 22 — r? = 0}, the unique irreducible analytic curve containing 7'

Let f # 0 be en entire function in C? of exponential type, vanishing on P. Then its zero set Z; contains
Z := Uk, where v, = 40 + V. Since v, N; for any j # k is either empty or a finite set, we have

0Z¢ (f) >0z (f) = Z Oy (t)§
k

note that there is only finitely many ~; intersecting B;.
Take any ¢t > 0 sufficiently big and denote K; = {k : ~x N Dys # 0}. Since By/5(a) C B, for any
a € Z N Dyjy, we get, by (45),

oz(t) = Y 0y, (1) > 0(t/2) m(t/2)%. (53)

kEK:

46



Paper 1

A. Rashkovskii et al. / Appl. Comput. Harmon. Anal. 62 (2023) 1-23 21

Assuming (51), take any N > 0 and let ro be such that 6(t) > Nt for all t > r9/2. Then, by (53), we get

r

l/sz(t)fs dt > 1/0(t/2)1r1dt > E(rfr()%
g 4 8
O

To

which, in view of (46), means that f cannot have finite type. This proves the first statement and a weaker
version of the second one, with B > 8A.
To prove the second statement in full, we need a sharper lower bound on the area of the variety Z than
(53). Given € € (0,1), let 7o be such that
o)t~ > (1 —e)B (54)

for all ¢ > ro, and take vy = (ag,bx) such that ro < |vi| < t. We have

0y () = / dmg = t* / dmy = 20, 4(1), (55)

YeNB: Ve, e By
where 7, is the analytic variety {(z1 — ax/t)? + (22 — by /t)? = t72}.

When ¢ — oo, the varieties 7y, converge to v = {21 = %iza}. The convergence is not uniform in £,
however we can choose ry such that, in addition to (54), we have

O (1) 2 (1= ) (o (1) + g, (1) (56)
for any t > ro and all k with |vg| < ¢, where I‘,ﬁt are the complex lines
21 — ap/t = ti(zg — b /t)

represent the families

+ +
Iy = U Fk,t
k
as in (49), by ((z1, zQ),et,) =1 with
+ (1, i)
ek,[, = + 2
Ck

where cki = ay, £ ib,. The corresponding reference vectors vy, are

T
+ 4+ -2 (L Ei)c
Vit = ek,t‘ek,t‘ : CYR

S0 npE (s) = 0(v/2st).

By ( 0), we have

2t

1 1 V2
U'Fi( =27T/STLFi s)d5—271'/ 25t ds = wt™2 /59(\/§)ds7
0 0 0
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so (55), (56) give us

V2t
oz(t) =1? Zavm(l) >(1—¢€)2rm / s6(s)ds.
k 0

Taking into account (54), we get

r V2t

l/sz(t)t*‘ddtz(176)/ / s0(s)dst™3 dt
™
0 0
\/57'9() , Vs
s s 5
>(1— 28 (g2 > (11— Y2 B(r—3r
>(1 e)/ 2% (2 7’2> ds > (1—¢) 3 B(r — 3ro),
\/57“0

which contradicts (46) if f has type A < %= B. The proof is complete.
Remarks. 1. As was mentioned before, functions f from the Bernstein class B have the bound

F(x +iy) < Cexpl2rH(y)},
where H(y) = maxyeq(u,y) is the support function of €, and so are of exponential type

A < 27 max H(y).
lyl=1

Actually, as follows from the Jensen’s inequality, the constant A in the both theorems can be chosen as

A=2r | H(y)dSi(z).
/

2. The circle T can be replaced with a trace of arbitrary irreducible entire analytic curve. Moreover, the
whole collection P can be formed by uniformly bounded arcs T} = ;, N R? for irreducible analytic curves
i satisfying dim~, Nv; =0, j # k, the set V' in the definition of the counting function 6(t) being formed
by arbitrary points vi € T}.

12. Multi-dimensional extensions

Below we assume that the dimension d > 3 and that Q is a compact convex set of positive measure in
R

1. The following extension of Theorem 2 holds true: Let I C R¢ be a hyperplane through the origin, w; be
a unit vector orthogonal to | and H C R be a u.d. set. Then P =1+ Huy is an SS for Bq if and only if
D~ (H)u; ¢ Q — Q. The proof is similar to the proof of Theorem 2.

2. One may check that an analogue of Theorem 4 holds in higher dimensions for P = V + T, where
V C R%is a u.d. set and T C R? is a (d — 1)-dimensional sphere.

3. We guess that a multi-dimensional analogue of Theorem 3 is also true. In any case, one may prove the
following multi-dimensional variant of Corollary 1:

(i) Let @ C (0,00) be a u.d. set and B1(0) the unit ball in R%. The set Q9B;(0) is an SS for By, if and
only if Diam(2) < d=(Q).

(ii) Let D be a convex polytope around the origin. Then QID is an SS for B, if and only if d~(Q)v ¢ Q—Q,
for every vertex in the polar set (polytope) v € D°.
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1. Introduction

The classical sampling problem asks when a continuous signal (function) f can be
reconstructed from its discrete samples f(\), A € A. In the dynamical sampling problem,
the set of space samples is replaced by a set of space-time samples (see e.g. [1], [2], [3],
[5] and references therein). An interesting case is the problem of reconstruction of a
bandlimited signal f from the space-time samples of its states f * ¢, resulting from the
convolution with a kernel ¢,. An important example (see [3] and [4]) is the Gaussian
kernel ¢,, = exp(—ut?), which arises from the diffusion process.
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Denote by PW,, the Paley—Wiener space
PW, :={f € L*(R) : supp(f) C [0, 0]},

where f denotes the Fourier transform
ft) = [
R

A set A C R is called uniformly discrete (u.d.) if

S(A) A= X|>o0. (1)

= inf
AN EAAEN

The following problem is considered in [3]: Given a u.d. set A C R and a kernel
{@u,u € I}, where I is an interval. What are the conditions that allow one to recover a
function f € PW, in a stable way from the data set

{(f*ou)(A) : AeANuel}? (2)

In what follows, we denote by ®,, the Fourier transform of ¢, and assume that the
functions ¢, (z) and ®,(t) are continuous functions of (z,u) and (¢,u), respectively.

It is remarked in [3], that the property of stable recovery formulated above is equivalent
to the existence of two constants A, B such that

AllfI3 s/Z (f * )N du < BIfIE. Vf € PW,. 3)

7 AEA

It often happens in the sampling theory that inequalities similar to the one in the
right-hand side of (3) are not difficult to check. It is also the case here, it suffices to
assume the uniform boundedness of the L!(R)-norms ||¢y||1:

Proposition 1. Assume

sup [y |1 < . (4)
uel

Then for every o > 0 and every u.d. set A there is a constant B such that

/ SO ) NP du < BIfIE Vf € P,

T AEA

We present a simple proof in Section 3.
Hence, the main difficulty lies in proving the left-hand side inequality.
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Recall that the classical Shannon sampling theorem states that every f € PW, admits
a stable recovery from the uniform space samples f(k/a),k € Z, if and only if a > o /7.
The critical value a = o/7 is called the Nyquist rate. Since the space-time samples (2)
produce “more information” compared to the space samples, one may expect that every
f € PW, can be recovered from the space-time uniform samples at sub-Nyquist spatial
density. However, it is not the case, as shown in [4] for the convolution with the Gaussian
kernel. On the other hand, it is proved in [3] that uniform dynamical samples at sub-
Nyquist spatial rate allow one to stably reconstruct the Fourier transform f away from
certain, explicitly described blind spots.

It is well-known that the nonuniform sampling is sometimes more efficient than the
uniform one. For example, this is so for the universal sampling, see e.g. [6], Lecture 6. It
is also the case for the problem above: For a wide class of even kernels, we show that data
(2) always allows stable reconstruction, provided A is any relatively dense set “different”
from an arithmetic progression.

To state precisely our main result, we need the following definition: Given a u.d. set
A, the collection of sets W (A) is defined as all weak limits of the translates A — x, where
xy is any bounded or unbounded sequence of real numbers (for the definition of weak
limit see e.g. Lecture 3.4.1 in [6]).

Consider the following condition:

(o) W(A) does not contain the empty set, and no element A* € W(A) lies in an arith-
metic progression.

The first property in () means that A is relatively dense, i.e. there exists r > 0 such
that every interval (z, x+7) contains at least one point of A. It follows that every element
A* € W(A) is also a relatively dense set.

The second condition in (o) means that no A* € W(A) is a subset of b+ (1/a)Z, for
any a >0 and b € R.

Let us now define a collection of kernels C: A kernel {¢,,,u € I'}, where [ is an interval,
belongs to C if it satisfies the following five conditions:

(B) There is a constant C' such that

< — eR; 5
itglwu(:v)l Sipa (5)

(7) There is a constant C' such that
low = eulls < Clu—u'|, wu' €I (6)

(¢) Every ¢, is real and even: ¢, (z) € R, p,(—2) = pu(x),x € R,u € I;

() sup |®,(t)] > 0 for every t € R;
uel
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(0) For every w € C and every o > 0, the family {®7(¢) + w®,(t),u € I} forms a
complete set in L2(0,0).

Clearly, condition (5) implies that the derivatives ®/(t),u € I, are continuous and
uniformly bounded. Condition (¢) implies that the functions @, are real and even.

Tt is easy to check that C contains the Gaussian kernel, where I = (a, b) is any interval
such that 0 < a < b < oo. Indeed, it is trivial that conditions (8) - (n) are fulfilled.
By using the Fourier transform, condition () follows from the easy fact that there is
no non-trivial function g € L2(R),§ € L*(0,0), such that g(x) is orthogonal to every
function (2 4 w) exp(—tz?),t € J, where J C (0,00), is any non-empty interval.

Our main result is as follows:

Theorem 1. Given a u.d. set A C R and a kernel {¢y,,u € I} € C. The following
conditions are equivalent:

(a) The left inequality in (3) is true for every o > 0 and some A = A(o);
(b) A satisfies condition ().

2. Space-time sampling in Bernstein spaces

The aim of this section is to prove a variant of Theorem 1 for the Bernstein space B, .
It is well-known that every function f € PW, admits an analytic continuation to the
complex plane and satisfies

|f (@ +iy)| < Ce”M, 2,y €R, (7)

where C' depends only on f.

The Bernstein space B, is defined as the set of entire functions f satisfying (7) with
some C depending only on f. An equivalent definition is that B, consists of the bounded
continuous functions that are the inverse Fourier transforms of tempered distributions
supported by [—a, o].

Denote by Cp the collection of kernels {¢,,u € I'} satisfying the properties (5)-(0) in
the definition of C above. However, we do not require I to be an interval. In particular,
it can be a countable set.

Theorem 2. Given a u.d. set A C R and a kernel {p,,u € I} € Cy. The following
conditions are equivalent:

(a) For every o > 0 there is a constant K = K (o) such that
[fllo <K sup |(f *pu)(N)], Vf € Bo; (8)
AeAuEl

(b) A satisfies condition ().
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To prove this theorem we need a lemma:

Lemma 1. Assume f € B, and {p,,u € I} € Co. If (f *¢,)(0) =0,u € I, then [ is odd,
f(=z) = —f(z),z €R.

Proof. 1. Given a function f € By, set
HATTE)  py.m ST

fr(z) = 2%

Then f,, f; are real (on R) entire functions satisfying f = f, +if;. It is clear that both
fr and f; satisfy (7), so that they both lie in B,. Hence, since every ¢, is real, it suffices
to prove the lemma for the real functions f € B,.

2. Let us assume that f € B, is real. Write

f(2) + f(=2)

f(z) = f(=2)
5 : .

fe(z) = folz) =+ 2

Clearly, f. € B, is even, f, € B, is odd and f = f. + f,. Since ¢, is even, we have
(fo * ¢u)(0) = 0,u € I. Hence, to prove Lemma 1, it suffices to check that if a real even
function f € B, satisfies (f * ¢,)(0) = 0,u € I, then f = 0.

3. Let us assume that f € B, is real, even and satisfies (f*,,)(0) = 0,u € I. If f does
not vanish in C then f(z) = €' for some —o < a < o, which implies a = 0, f(z) = 1.
Then (f *¢,)(0) = ®,(0) = 0,u € I, which contradicts condition (7).

Hence, f(w) =0 for some w € C. It follows that f(—w) = 0. Set

f(z)

9(2):= 53— =

Denote by G the Fourier transform of g. Then G is continuous, even and vanishes outside
(—0,0). Now, condition (f * ¢,) =0,u € I, implies:

0= [euords = [ = u)pu(shas) ds =

R R
— /(q»;;(t) +w?®,(1)G(t) dt = —2/(¢§j(t) + w?®,(1))G(t) dt.
o 0

Using property (), we conclude that G =0and so f =0. O
2.1. Proof of Theorem 2

We denote by C different positive constants.
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1. Suppose W(A) contains an empty set. It means that A contains arbitrarily long
gaps: For every p > 0 there exists x, such that AN (z, — 2p,z, + 2p) = 0. Set

w € B,. ©

fp(x) =

oz

Then || f,]|loc = 1. Using (5), for all z such that |z — z,| > 2p, we have

2
Grred@l= [ o leusldss
lsl<teed ’
C
pu(s)|ds < ——. 10
/ el < (10)
[s|> 17;

It readily follows that (8) is not true.

2. Suppose A* C b+ (1/a)Z for some A* € W(A),b € R and a > 0. Since A* —b €
W(A), we may assume that b = 0.

Consider two cases: First, let us assume that A C (1/a)Z. Set ¢ = ma. Clearly, the
function f(z) := sin(waz) € B,. Since every function ¢, is even while f is odd, one may
easily check that (f * ¢, )(k/a) =0,k € Z, so that (8) is not true.

Now, assume that A* C (1/a)Z, for some A* € W (A). This means that for every small
€ > 0 and large R > 0 there is a point v = v(e, R) € R such that (A —v) N (=R, R) is
close to a subset of (1/a)Z in the sense that for every A € AN (v — R, v+ R) there exists
k()\) € Z with

A—v—Fk(N)/a|<e, AeANn(v—R,v+R).
For simplicity of presentation, we assume that v = 0,a = 1, and that
AN(=R,R) ={ Mg : k| <m}, |\ —k|<e m=[R], k] <m. (11)

The proof of the general case is similar.

Fix € := 1/\/}—2 Set

sin(ex)

f(z) = sin(rz)> € Bri (12)
and
fr(z) = sin(ﬂx)sme(/\;:k).
Then
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sine(Ag — s)

[sin(m (A — 5)) — sin(7(k — s))] e(Ap — )

[f(Ae = 5) = (1)1 fi(s)| <

(13)

in(rs) sine(Ax —s)  sineg
SIS ek — 8) €Ak '

By (11),
[sin(m (A — s)) —sin(n(k — s))| < me, s eR,

and so the first term in the right-hand side of (13) is less than me for every s € R. To
estimate the second term in (13), we use the classical Bernstein’s inequality (see e.g. [6],
Lecture 2.10):

. . A / . /
sine(Ar —s)  sineg _ / sine(Ax — u) du| < |s| sin(es) <els|.
e(Ar —8) Ak e(Ar —u) €s
0 [ee]
Therefore,

Ifk =) = (=) fi(s)| < me(1+ |s]), s €R.
Observe that

(f * pu)(Ar) = /(f()\k =) = (=1 fu(s))pu(s) ds + (—1)** /fk(S)wu(S) ds.
R

R

Since fy is odd, the last integral is equal to zero. It follows that for every |k| < m we
have

(F )l < 7e [+ lsDlou(olds, el
R

Hence, using (5) we conclude that
I(fx )N <Ce, AeAN(-R,R), uel.
On the other hand, for all A € A,|A| > R and |s| < 1/e = /R, we get

1 VR
|f()‘75)‘§m§m

provided R is sufficiently large. This and (5) imply

< 2¢,

1 * ) (V)] < 2¢ / (pu(s)|ds + / lou(s)|ds < Ce, A€ AN > Roue L.
Is|<VR |s|>VR
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Since € can be chosen arbitrarily small, we conclude that (8) is not true.

3. Assume condition («) holds. We have to show that for every o > 0 there is a
constant K = K (o) such that (8) is true.

Assume this is not so. It means that there exist o > 0 and a sequence of functions
fn € B, satisfying

Il falloo =1, sup  |(fn * pu) (V)| < 1/n.
u€l NEA
Choose points z,, € R such that |f,(zy,)| > 1—1/n, and set g, (x) := fp(x+zy). It follows
from the compactness property of Bernstein spaces (see e.g. [6], Lecture 2.8.3), that there
is a subsequence ny, such that g,, converge (uniformly on compacts in C) to some non-
zero function g € B,. We may also assume (by taking if necessary a subsequence of ny,)
that the translates A — z,,, converge weakly to some I' € W(A). By property (a), I' is
an infinite set which is not a subset of any arithmetic progression.

By Lemma 1, we see that every function g(z—=),v € T, is odd, g(z —v) = —g(—z—~).
This gives g(z) = —g(—x — 27),2 € R. Hence, for every v, u € I' we have g(x — 2v) =
g(x —2p),z € R. Clearly, this implies that g is a periodic function and I' is a subset of
an arithmetic progression whose difference is a half-integer multiple of the period of g.
Contradiction.

3. Space-time sampling in Paley—Wiener spaces

In what follows we assume that [ is an interval. Throughout this section we denote
by C different positive constants.
The next statement easily follows from (6) and (8).

Corollary 1. Assume condition (8) holds for some kernel {¢,} satisfying (6), a u.d. set
A and o > 0. Then there is a constant K' = K'(c) such that

IFI% < K’ / sup|(f * pu) (NP du, VS € B,.
.IAeA

We skip the simple proof.
3.1. Proof of Proposition 1

Take any function f € PW, and denote by F' its Fourier transform. It follows from
(4) that ||®4]|ec < C,u € I. Hence, the functions F - ®, € L*(—o,0) and

If * Pulle = |- @ulla < [|Pulcol|Fll2 < Cl£]l2-

Clearly, f @, € PW,, for every u. Using Bessel’s inequality (see e.g. Proposition 2.7
in [6]), we get

58



Paper 11

A. Ulanovskii, 1. Zlotnikov / Journal of Functional Analysis 280 (2021) 108962 9

D) NP < OIS *eull3 < CIFIE, wel
AEA

which proves Proposition 1.
3.2. Connection between space-time sampling in B, and PW,

Observe that if A is a sampling set (in the ‘classical sense’) for the Paley—Wiener space
PW,, then it is a sampling set for the Bernstein spaces B, with a ‘smaller’ spectrum
o < o', and vice versa (see Theorem 3.32 in [6]). We provide a corresponding statement
for the space-time sampling problem.

For the reader’s convenience, we recall the main inequalities:

1712 <D / STU(F 5 e )V du, (14)
7 AeA
1fle <K sup |(f @)V (15)
NeAuel

Theorem 3. Let A be a u.d. set, a kernel {¢,} satisfy (5) and (6) and o' > o > 0.

(i) Assume that (15) holds with some constant K for all f € B,/. Then there is a
constant D such that (14) is true for every f € PW,.

(ii) Assume that (14) holds with some constant D for all f € PW,.. Then there is a
constant K such that (15) is true for every f € B,.

Proof. The proof is somewhat similar to the proof of Theorem 3.32 in [6], but is more
technical.
(i) Assume that (15) holds for every f € B,s. Fix any positive number ¢ satisfying

cte<d. (16)
Set
sinex
= . 1
he () o >0 (17)
It is easy to check that
2 _C 712
he(0) =1, llhellz ==, Al = Ce. (18)

For every f € PW,, we have

172 = z @) dz < H{ sup e = ) () .
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Note that h.(z — s)f(s) € PW,1. C B,. By Corollary 1, for every z and s,

2

|he(z —s)f \2<C/sup / — $)he(z — s)f(s)ds| du <
AEA
2
C/Z /<pu — $)he(z — s)f(s)ds| du.
AEA |R
Write
2
J = Ju(z,A) / s)he(z — s)f(s)ds
R
Then
1£]12 <C/Z/1dudl
XeA
Clearly,
J <21 + Jo),
where

= /apu()\ — 8$)he(xz — N)f(s)ds| = |he(z — )\)|2 [(f = g&u)()\)\z,

R

2

Ty = / pulh = )(he(w — 5) — helw — ) f(s) ds

R

Using property (5) and the Cauchy—Schwarz inequality, we have
) < /wuwsnczs/\souufsmhs(xfs)fhsu:w)ﬂf(s)ﬁds <
R
c/m Mhae =) ~ hale = NI F () ds.

Observe that

A 2

/ x —v)dv

|he(z —s) — he(z —

<|57/\|/\h (z —v)|? dv.
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Hence,

A

1220 [louh=9lls = Al [ e = o)Pae | 175 ds.
R

E]

Using (18), we have

/Z/Jldudx—/\h . dez/\ F o) (V) 2du <

AEAT] AEAT

—Z/Ifwu )|du.

AEA T

To estimate the second sum we switch the order of integration and apply (18):

/Z/szudagg
R AEAT

/ /|<Pu —9)|Is = Allf(s) //|h I'*’U|2(1Ud.1' duds <
R

NeAy
CE//Z|<,Ou — 8)lls = AZI£(s)2duds.

AEA
Now, by (5) we get
Z\cpu —s|\s—)\|2<021+ 7 <C, uel,seR,
AeA AEA

where the second inequality holds since A is a u.d. set (see definition in (1)). Hence,

/Z/Jz dudz < CelI|||f|2.

XeA

where |I| is the length of I.
Combining this with the estimate for J; and using (19), we conclude that

1913 S X [ 10+ 0P du+ CeTILA B

AeA T

Choosing € small enough, we obtain (14).
(ii) Assume (14) holds with some constant D for all f € PW,.
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We will argue by contradiction. Assume that there is no constant K such that (15)
holds for every f € B,. This means that there exist g; € B, such that ||g;|lcc = 1,

sup [(g; * 2u)(V)] < ; (20)

u€l A NEA

and for some points z; we have |g;(x;)| > 1/2.
Assume € > 0 satisfies (16) and let h. be defined by formula (17). Set
fi(@) := gj(@)he(a — ;).

It is clear that for every j we have f; € PWo, ||fillo <1, and that |f;(z;)| > 1/2. The

last two inequalities and the Bernstein’s inequality imply that there is a constant K’ > 0
such that

Ifill > K', j €N. (21)

By (14), we get
2

\|fJH2<O/Z| e WP =C [ 3| [ ai(@)puh = oheta — a))da| du.

AEA T AEA R
This gives
I£ill3 < C(J + Ja), (22)

where J; and J, are defined as follows:

2
J-/Z /gj DipulA — 2)(helw — ;) — ho(A — 2;))de| du,

::/Z /gj(x)gou(/\f:c)hi()\ij)dx du.

T XeA |

S

By Bessel’s inequality (see, e.g. [6], Proposition 2.7) and (18),

D he(A = )] < Clhef3 <

AEA

g, Vs € R.
€

Therefore, using (20) we arrive at

J2<—|I|
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Let us now estimate .J;. Recall that || gjlloo = 1. Using the change of variables z = t+A,

j1§/
T

Now, use the Cauchy—Schwarz inequality:

we get

t 2

> /tpu(—t)/h's(s-i-)\—mj)ds dt | du.

XeA \k o

2

2
Jlf/Z/m 1+t)dt/(T /h’er)\fq:])ds dt du.
R

AEAR

Using again the Cauchy—Schwarz inequality and condition (5), we arrive at

]1<C’/Z/ 1J|rt|t2 /|h;(s+A—x]-)|2ds dt du.

XA R
Finally, Bessel’s inequality yields

STIL(s + A —2))? < Cllhe3 < Ce,
AEA

and we conclude that
Ji < COIle.
We now insert the estimates for .J;, J; in (22) and use (21) to get the estimate
C
K')? < — +C|le.
() < S5+l
Choosing ¢ sufficiently small, we arrive at contradiction for all large enough j. O

3.3. Proof of Theorem 1

The proof easily follows from Theorems 2 and 3.

Assume that the assumptions of Theorem 1 hold.

(i) Assume that A satisfies condition («). Then by Theorem 2, for every o > 0 there
exists K = K (o) such that inequality (8) is true. Applying Theorem 3, we see that there
exists A = A(o) > 0 the left-hand side inequality in (3) is also true for every o > 0.

(ii) Assume that A does not satisfy condition («). Then by Theorem 2, there exists o >
0 such that there is no constant K for which condition (8) is true. Applying Theorem 3,
we see that for every positive ¢/ > ¢ there is no constant D such that inequality (14)
holds for every f € PW,.
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Contractive projections in Paley-Wiener spaces

Aleksei Kulikov — Ilya Zlotnikov
July 19, 2022

Abstract
Let S1 and Sz be disjoint finite unions of parallelepipeds. We describe

necessary and sufficient conditions on the sets S1, S2 and exponents p such
that the canonical projection P from Pngusz to Png is a contraction.

1 Introduction

In the present short paper, we study the particular case of the following

Main problem.

Let X,Y be spaces of functions. Assume that Y is a subspace of X and
P: X — Y is a projection. What assumptions should be imposed on X, Y, and
P to ensure that P is a contraction?

The case when X is an LP space and Y is an arbitrarily closed subspace
of LP was completely solved by T. Ando [1]. He showed that if p # 2 and
P leaves constants intact then P is a conditional expectation with respect to
some o-algebra. He also obtained a complete characterization even without this
assumption, see [1], Theorem 2.

One prominent example is the case X = LP(T%), Y = {f € L*(T%) | f(\) =
0,\ ¢ A} and the projection P being an idempotent Fourier multiplier. In this
case the result of Andoé has the following simple formulation.

Theorem 1. The projection P is a contraction if and only if either p = 2 or
A CZ% is a coset.

Recently, O.F. Brevig, J. Ortega-Cerda, and K. Seip [2] studied the con-
tractivity of the similar idempotent Fourier multipliers in the case when X is a
Hardy space, that is

X = HY(TY) = {f € LP(T?) | f(n1,na,...,n4) = 0 if ny, < 0for somek}.

They showed that if p ¢ 2N then the only contractions are the same as in the
result of Ando, while for p = 2k, k € N there exist non-trivial examples if d > 3.
For the complete statement of their results, see [2], Theorem 1.2.

Since the Hardy spaces are the subsets of the Lebesgue spaces on the torus
with some restrictions on the Fourier transform, it is natural to consider the
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analogue of the problem solved in [2] in the setting of Euclidean spaces. Specif-
ically, in this note we consider the operators acting on the Paley-Wiener spaces.
For the Fourier transform of the function f from LP,1 < p < oo, we fix the
notation
FO0 = [ f@e e, e,
R

where (-, -) stands for the scalar product and the integral is understood in the
sense of distributions.

We recall that for a compact set S C R? and 1 < p < oo the Paley-Wiener
space PW} is defined by

PWE = {f € L*(R?) : Sp(f) := supp F(f) C S}.

Sometimes, the spaces PWg° are called Bernstein spaces in the literature. We
refer the reader to books [3] and [4] for more details regarding properties of
Paley-Wiener spaces.

Assume that S; and Sy are disjoint compact sets. In what follows we deal
with the canonical projection P acting from PI/Vglus2 to PIVgl defined by

P()(w) = FF() - xs)l(@)-

For a set S C R? and k € Ny we define kS inductively as 0S = {0},
(k+1)S = kS + S, where + denotes the Minkowski sum.

Theorem 2. Let Sy and Sy be finite unions of parallelepipeds in R such that
mes(S1 N S2) =0 and let P be a canonical projection from PW§, g, to PW§ .
We have

1. If p € 2N then P is a contraction if and only if

(e -ges)as) - o

2. Ifp ¢ 2N then P is a contraction if and only if mes(S1) = 0 or mes(S2) = 0.

Remark 1. Note that from this theorem it follows that if P is a contraction for
p=2(n+k), n,k €N then it is a contraction for p = 2n as well. On the other
hand, for eachn € N there are sets S1,So such that P is a contraction if and only
if p=2m,m € N;m < n. For ezample, we could take S1 = [0,1],S2 = [n,n+1].
Note also that we can not have projections for all p € 2N (unless mes(S1) = 0
or mes(Sy) = 0) since for large enough n we have

mes ((nS1 + (n— 1) (=S1)) N S2) > 0.

Remark 2. We also note that, in contrast with the Hardy space setting, our
argument does not depend on the dimension under the assumption that S1 and
Sy are finite unions of parallelepipeds (in fact, the proof is still valid under even
more general assumptions, see Remark 4).

104



Paper 1V

2 Proofs

For simplicity, we consider the case d = 1, i.e. the sets involved are disjoint
unions of intervals. The proof of the general case is done exactly in the same
way and therefore is omitted.

We follow the argument from [2] (see Lemma 3.1 there) and invoke the
criterion due to H.S. Shapiro from [5].

Lemma 1. Assume that Sy and Sy are disjoint compact sets. Let [ € PVVg].
The following statements are equivalent:

(a) The inequality
e < 17 + gl
is true for every g € PWE .
(b) The equality
[is@p 2@ —o @
R

holds for every g € PW§, .

For 1 < p < oo this lemma immediately follows from [5], Theorem 4.2.1.
In the case p = 1, the statement follows from [5], Theorem 4.2.2, since the set
{z : f(x) = 0} has measure zero for any non-trivial entire function f. Informally,
this lemma corresponds to taking the derivative of ||f + egl|}, at e = 0.

2.1 Proof of Theorem 2, Part 1.

Now, we consider p € 2N, i.e. p =2k, k € N. First, we note that the sufficiency
of condition (1) follows from Lemma 1. Indeed, take any ¢ € PWE and denote
by f = P(q) and g = g— f. Note that f € PW§ and g € PW§,. Since Schwartz
functions are dense in PW{ if S is a finite union of intervals, we will assume that
f, g are Schwartz functions so that all Fourier transforms are genuine functions.
By Titchmarsh’s theorem, we have

Sp(If (@)P~2f (@) = Sp(f* () (f(@))* 1) € kS1 + (k = 1)(=5).

Using condition (1) and Plancherel’s theorem, we get
/\f(w)l”’zf(w)g(@ dz :/}'(If\p’zf)(t)f(!l)(t) dt=0.
R R

Applying Lemma 1, we finish the proof of the sufficiency:

Lr 2 ”f

llalle =11f+g

Lr-

Second, we assume that for the sets Sy and Sy equation (1) does not hold
and prove that the projection P : PW;US2 — PWg]7 is not a contraction. We
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use again Lemma 1 and reduce the problem to the construction of functions f
and g that violate condition (2). Recall that p = 2k, k € N, and set

f(@) = Fxs) (@), g(z) = F(xs,) (@),

where g stands for the indicator function of the set S. Note that f,g € LP(R)
since p > 2. Denote by

o(t) = F 120

Since S is a finite union of intervals, Sp(®) = kS1 + (k — 1)S; and, moreover,
®(t) > 0 on the interior of kSy + (k — 1)S;. We have

[ swigtaras - [awa o

Sz

Thus, we arrive at a contradiction, since by Lemma 1 we have
I fllze > [1f + gllzo-

2.2 Proof of Theorem 2, Part 2.

First, we prove that the canonical projection P : Pw/g.usz — PVVSl is not a
contraction if p is not an even integer and 1 < p < co.

We have to find functions f from PI/Vgl and ¢ from PW, 52 such that (2)
does not hold. Clearly, it suffices to prove the following

Lemma 2. Let 1 < p < oo and p ¢ 2N. Assume that I and J are non-empty
disjoint intervals. There is a function f from the Paley-Wiener space PW?Y
such that mes(Sp(|f|P=2f) N J) > 0.

Proof. Without loss of generality we can assume that I = [—1,1]. First, we
consider the case p > 1. Set
cos(2mx) — cosh (2w
hw) = (a2 — 1) T ZCohCT), )
Il (@ +k)2+1)
k=1

where N > ﬁ + 2 so that |h(z)[P~! € LY(R). Therefore, the function
g(z) = |h(x)[P~2h(x) belongs to L*(R) as well. Note that by the Paley-Wiener
Theorem h € PW}. On the other hand, since h changes sign at the points +1,
the function g is not analytic. Therefore, its Fourier transform G = F(g) is a
continuous function which is not compactly supported. Also, note that since h
is even, G is even as well.

Let J = [a,b] and assume without loss of generality that a > 1. Since G is
not compactly supported, there exists ¢ € R such that 29 > a and z¢ € supp G
(here we used that G is even so its support must extend both to +o00 and —o0).
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Since G is continuous and G(xg) # 0, we have G(z) # 0,20 — e < & < o + £
for small enough e.

Consider f(z) = h(ztx). Since ;= < 1, f also belongs to PW}. On the
other hand, we have

p—2 _ 7 Zo
FIP20© = 26 ().

Thus, F(|f[P~2f)(a) = £G(x0) # 0 and mes(supp F(|f|P~2f) N J) > 0 as
required.

Remark 3. Although it seems plausible that SpG = R we only managed to
prove that Sp G is unbounded.

Next, we deal with p = 1. Consider the same function h(z) with N = 2.
Note that Q(z) = [f(z)[P~2f(x) = 2x[—1,1j(z) — 1, whence

2sin(27x)
F T) = ———= — 09,
@) =222,
where g is a Dirac delta measure at 0. Clearly, the support of the distribution
F(Q) is R. This finishes the proof of the lemma. O

It remains to consider p = co. In this case we will show that the projection
is not contractive directly. Again, we assume that S; D [—1,1]. Set

_ sin(2mx)
f(z) = oz

Put g(z) = F(xs,)(x). Clearly, g(0) > 0 and g € PWg. Consider f.(z) =
f(z) — eg(xz). We are going to show that for sufficiently small positive ¢ we
have || fo||z~ < 1. This will contradict contractivity and finish the proof of the
theorem.

Note that f(z),g(x) — 0 as |z| — oco. Since f(0) =1 and |f(z)| < 1 when
x # 0, for every 0 > 0 there exists € > 0 such that |f(z) — eg(z)| < 1 if || > 4.
Thus, it remains to consider |z| < 4.

We have 1 —22 < f(z) < 1if |z < 1&5. On the other hand, g(z) = co+O(z)
for some ¢y > 0 if x is close enough to 0. Thus,

fePwg.

0 < Re(f(z) —eg(x)) <1 —-eco+ Celx]

and
[Tm(f(z) — eg(x))| < Celz|

for some constant C' and small enough z. Therefore,
[f(z) —eg(x)] <1 —eco+2Ce|z|.
Choosing ¢ so that § < ﬁ and 20§ < ¢g, we get that
|f(x) —eg(x)] <1

for [x] < §. Thus, ||f — eg||L=@®) < 1 and the projection is not contractive.
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Remark 4. In fact, our results hold more generally when the sets Si,S2 are
closures of open sets with boundaries of measure 0 and results for p ¢ 2N re-
quire only that Sy, Ss contain some open balls. On the other hand, it would be
interesting to study the case of arbitrary closed sets Sy, Sa of positive measure
with empty interior.
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Abstract

Let I' be a subset of {0,1,2,...}. We show that if I" has ‘gaps’ then the
completeness and frame properties of the system {tkez’”’"" :n€Zkel}
differ from those of the classical exponential systems. This phenomenon is
closely connected with the existence of certain uniqueness sets for lacunary
polynomials.

Keywords: completeness, frame, totally positive matrix, generalized Vandermonde
matrix, uniqueness set, lacunary polynomials

1 Introduction
Let A be a separated set of real numbers. Denote by
E(A) := {"M X e A}

the corresponding exponential system.

Approximation and representation properties of exponential systems in dif-
ferent function spaces is a classical subject of investigation. In particular, the
completeness and the frame problems of E(A) for the space L?(a,b) can be
stated as follows: Determine if

(a) (Completeness property of E(A)) every function F in L?(a,b) can be ap-
proximated arbitrarily well in L?-norm by finite linear combinations of

exponential functions from E(A);

(b) (Frame property of E(A)) there exist two positive constants A and B such
that for every F € L%(a,b) we have

A|F|3 < Y I(F.™P < BIIF|3,
AEA

where (-,-) is the usual inner product in L?(a, b).
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Note that the notion of frame is very important and can be defined in similar
manner for an arbitrary system of elements F = {e,} in a Hilbert space H. If
E is a frame in H, then every element f from H admits a (maybe, non-unique)

representation
F=3 aen

exekE

for some {?—sequence of complex numbers ¢y (see e.g. [3]).

It is easy to check that the completeness property of E(A) is translation-
invariant: If E(A) is complete in L?(a, b), then it is complete in L?(a+¢,b+c),
for every ¢ € R. As a ‘measure of completeness’, one may introduce the so-called
completeness radius of E(A):

CR(A) = sup{a > 0 : E(A) is complete in L*(—a,a)}.

Similarly, the frame property of E(A) is also translation-invariant, and one may
introduce the frame radius as

FR(A) =sup{a>0: E(A) is a frame in L?(—a,a)}.

Both radii above can be expressed in terms of certain densities:

(A) The celebrated Beurling-Malliavin theorem [1] states that CR(A) =
D*(A). Here D* is the so-called upper (or external) Beurling-Malliavin density.

(B) It follows from the classical ‘Beurling Sampling Theorem’ [2] (see also a
detailed discussion in [7]) that FR(A) = D~ (A), where A is a separated (also
called uniformly discrete) set and D~ (A) is the lower uniform density of A.

We refer the reader to [8] or [11] for a complete description of exponential
frames for the space L?(a,b). It is not given in terms of a density of A.

Observe that the proofs of (A) and (B) use techniques from the complex
analysis.

The density D* can be defined and the Beurling-Malliavin formula for the
completeness radius remains valid for the multisets (A,T'(\)), where A C R and
T(A) ={0,...,n()) — 1}, i.e. for the systems

E(A,T(\) == {the?™™M X e At =0,...,n(\) — 1}. (1)

Here n()) is the multiplicity (number of occurrences) of the element A\ € A.
The same is true for the frame radius, see [4]. In particular, if A = Z and
T'(A) =Ty :={0,..., N —1}, A € A, then one has

CR(Z,Ty) = FR(Z,Ty) = N/2 = #T 5/2, ©)

where #I is the number of elements of I', CR(Z,T'y) and FR(Z,T'x) are the
completeness and frame radius of F(Z,T'y), respectively.

One may consider the completeness property of systems in (1) in LP(a,b)
and C([a, b]). For each of these spaces, the completeness property is translation-
invariant. Clearly, the completeness in C([—a,a]) implies the completeness in
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LP(—a,a) for every 1 < p < oo. Observe that if F(A,T'(A)) is not complete in
C([—a,al), its deficiency in C([—a, a]) is at most 1, i.e. by adding to the system
an exponential function e>7% a ¢ A, the new lager system becomes complete
in C([—a,a]) (see e.g. discussion in [10]). It easily follows that every system in
(1) has the same completeness radius for every space considered above.

2 Statement of Problem and Results

Let us now introduce somewhat more general systems. Assume that A C R is
a discrete set and that to every A € A there corresponds a finite or infinite set
I(A) € Ny :={0,1,2,3,...}. Set

E(A,T(\) = {e¥ M X e A,y e T(\)}.

Inspired by a recent work of H. Hedenmalm [5], we ask: What are the com-
pleteness and frame properties of E(A,T'(A))? In this note we restrict ourselves
to the case A = Z and I'(n) = T' C No,n € Z, is a fixed set. That is, we will
consider the completeness and frame properties of the system

E(Z,T) :={t"e*™™ :neZ,yeTl}, I CNp

Let us now introduce the formal analogues of the completeness and frame
radius:

CR(Z,T) :=sup{a > 0 : E(Z,T) is complete in L*(—a,a)},
FR(Z,T) :=sup{a >0: E(Z,T) is a frame in L*(—a,a)}.

We also define the completeness radius CR¢(Z,T") in the spaces of continuous
functions:

CRc(Z,T) :=sup{a > 0: E(Z,T) is complete in C([—a,al)}.

In what follows, to exclude trivial remarks, we will always assume that 0 € I".
Set
Teven =I'N2Z and Toqq =T N(2Z +1),

and introduce the following number
#T0da + 5, if #T0ad < # cven,

r(l) = .
#Lleven, if #Loda = #L cven-
Observe that r(I') < #I'/2 unless #cpen = #L0ad O #Lcven = #T0da + 1.
It turns out that the completeness and frame properties of F(Z,T") may differ
from the ones for the systems considered above. In particular, we have

Theorem 1. Given any finite or infinite set ' C Ny satisfying 0 € . Then
(i) CR(Z,T) = #T/2;
(ii) CRc(Z,T) = FR(Z,T) = r(T).

113



Paper V

Below we prove more precise results.

Theorem 1 shows that property (2) is no longer true for the systems E(Z,T').

The proof of part (i) uses mainly basic linear algebra. We will see that
the completeness property of E(Z,T) in L?(a, b) is translation invariant, and so
CR(Z,T) still can be viewed as a ‘measure of completeness’ of E(Z,T).

On the other hand, neither the frame property in L?(a,b) nor the com-
pleteness property in C([a,b]) is translation invariant in the sense that both
of them depend on the length of the interval (a,b) and also on its position.
This phenomenon is intimately connected with the solvability of certain sys-
tems of linear equations and also with the existence of certain uniqueness sets
for lacunary polynomials, see Theorem 2 below.

Given any finite set M C Ny, let P(M) denote the set of real polynomials
with exponents in M:

P(M):={P(x)= Y ¢a™ :¢; €R}.
m;EM

If M C Ny consists of n elements (shortly, #M = n), then clearly no set
X C R satisfying #X < n — 1 is a uniqueness set for P(M), i.e. there is a
non-trivial polynomial P € P(M) which vanishes on X. This is no longer true
if #X = n. Moreover, there exist real uniqueness sets X, #X = n, that are
uniqueness sets for every space P(M),#M = n. Indeed, by Descartes’ rule of
signs, each P € P(M) may have at most n — 1 distinct positive zeros, and so
every set of n positive points is a uniqueness set for P(M). Here we present a

less trivial example of such sets. Given N distinct real numbers ¢, ..., ty, set
S(tr, .. otn) o= {(=1)Ft )N, (3)
Theorem 2. Assume 0 < t1 < ty < --- < tn. Then both sets £S(t1,...,tn)

are uniqueness sets for every space P(M), M C No,#M = N.

The rest of the paper is organized as follows: In Section 3 several auxiliary
results are proved. Theorem 2 is proved in Section 4. We consider the com-
pleteness property of E(Z,T) in L?(a,b) and in C([a,b]) in Sections 5 and 6,
respectively. Finally, in Section 7 we consider the frame property of E(Z,T")
and also present some remarks.

3 Auxiliary Lemmas

Given N € N,x = {zg,...,on-1} C R, and T’ = {79,71,...,7v-1} C N we
denote by V(x,I") a generalized N x N Vandermonde matriz,

7o Yo o Yo
zg ] Ty ceo TN

71 71 71 71
zg x| Ty s TN

V(x;T):= . (4)
YN -1 TN -1 YN -1 YN -1
T ] Ty PR 5.
4
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We will usually assume that 0 € I'. Note that if I' = {0,1,..., N — 1}, then the
matrix V(x;T') is a standard Vandermonde matrix, and it is easy to compute
its determinant and establish whenever it is invertible or not. However, if T'
has gaps, the situation is more complicated. In the case when x; > 0 for all
i =0,...,n — 1, one may use the following result from the theory of totally
positive matrices, see e.g. [6] and [9].

Proposition 1. (see [9], section 4.2) If 0 < zg < 1 < -+ < zy and 7 <
M <y2 < -0 <N, then V(x;T) is a totally positive matriz. In particular, it
is invertible.

This statement is no longer true if x contains both positive and negative
coordinates.

We will be interested in a particular case where x = (s,s +1,...,s + N — 1)
for some s € R. Consider the problem: Describe the set of points s € R such
that the matrix V((s,...,s+ N —1);T) is invertible for every I' C Ny, #I' = N.

Lemma 1. V((zo,21,...,2n-1);T) is not invertible if and only if there exists
a polynomial P € P(T') which vanishes on the set {xg,z1,...,xN—-1}.

Proof. WriteI' = {y0,7,...,v~n-1}. The matrix V((zo, z1,...,2n-1);T) isnot
invertible if and only if its transpose is not. The latter means that there is a non-
zero vector a = (ay, . . . ,an—1) satisfying V((zo, z1,...,2y_1);)Ta’ = 0. This
means that the polynomial Z]V;(]l a;jz77 vanishes at the points zo,...,zxy_1. O

Lemma 2. Given N > 2, the matriz V((s,...,s + N — 1);T') is invertible for
every ' CNog, #T = N, 0 €T, if

(i) s > 0;

(ii) s € (=N/2,—N/2+ 1)\ (1/2)Z.

Part (i) is a direct consequence of Proposition 1.

Part (ii) follows from Lemma 1, Theorem 2, and the observation that for
every s € (—N/2,—N/2+1) such that s does not equal k/2 for some k € Z, the
set {s,...,s+ N — 1} can be written as =5, where S is defined in (3).

Clearly, by Lemma 2, the determinant of V((s,...,s + N —1);T) is a non-
trivial polynomial of s. Hence, for every fixed I', this matrix is invertible for
every s outside a finite number of points.

In what follows, by measure we mean a finite, complex Borel measure on R.

Given a measure i, as usual we denote by f its Fourier-Stieltjes transform

i) = [ duto

R
We also denote by d, the d-measure concentrated at the point x.

Lemma 3. Let pu be a measure supported by an interval [o, a+1]. The following
are equivalent:

(i) it vanishes on Z;

(ii) u = A(8o — dat1), for some A € C.

(<33
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Proof. We present a proof of (i) = (ii). The converse implication is trivial.
Since supp p C [o, @ + 1], it is easy to see that the entire function
f(2) 1= e2milat1/ Dz
satisfies
If(z+iy)| < Ce™, 2y €eR, (5)

with some constant C. Since f vanishes on Z, the function g(z) := f(z)/(sin7z)
is also entire. Clearly, there is a positive constant B such that

[sin(n(z +iy))| > Be™!, forall z,y € R, irglfz'\x+iy7 n| >1/4.
n

This, (5) and the maximum modulus principle imply that g(z) is bounded in C.
hence, ¢ is a constant function, from which the lemma follows. O

Let us now consider measures p that are ”orthogonal” to E(Z,T):

/t’e’z"i"t du(t) =0, forallyeT,neZ. (6)
R
Lemma 4. Assume that T C No,#I' = N,0 € T', and that a measure u is
concentrated on [, + NJ. If p satisfies (6), then there is a finite set S C
(o, + 1) and measures ps, s € S, and v such that
@) p= 3 ps+v;
sES
(ii) v and ps, s € S, satisfy (6);
(iil) The representations are true:

N+1 N
dv = Z Aj0atj—1, djts = ch_jésﬂ,], s€S8, cs; €Ra; €R(7)
j=1 j=1
Note that pus satisfies (6) if and only if
N
Z(s +j—1)7¢; =0, foreveryyel, seS. (8)
j=1

A similar observation is true for the measure v.

Proof of Lemma 4. Clearly, p admits a unique representation

N
() =Y dps(w — j+1), 9)

i=1

where each y; is a measure supported by [o,ae+ 1) for j =1,...,N — 1, and
supp iy = [, @ + 1]. Then (6) is equivalent to

N
/ e 2mint Z(t +j—1)"du;(t) =0, foreveryyeT',neZ.
[, +1] j=1
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It follows from Lemma 3 that ; satisfy the system of N equations

N
Z(t +7—1)%dp;(t) = Cy(0q — dag1), for every vy €T. (10)

=1

<.

The corresponding matrix on the left hand-side is V/((¢,...,t+ N —1),T'). As
we mentioned above, the subset S C (o, a + 1) of the zeros of its determinant
is finite. Therefore, (10) implies that each measure p;,1 < j < N, may only be
concentrated at {a} and on S, while the support of 1y belongs to {o, a+1}US.
We may therefore write:

dpj = cojbs+ a0, 1<j<N-1;
ses

duy = ZC;,N& +ando + ant10a+1-
seS
This and (9) proves part (i) of the lemma, where v and p; are defined in (7).
Finally, part (ii) easily follows from (10). ]

4 Uniqueness sets for lacunary polynomials

In this section we will prove Theorem 2. Clearly, if S(¢1,...,¢x) is a uniqueness
set for P(M), then so is —S(t1,...,tn), since P(—z) € P(M) whenever P(z) €
P(M). Therefore, it suffices to prove that S(t1,...,tn) is a uniqueness set for
every space P(M),#M = N.

Assume a polynomial P € P(M) vanishes on S(t1,...,ty). If P is even or
odd, we have P(ty) = 0,1 < k < N, and by the Descartes’ rule of signs we
deduce that P = 0. Thus, we can assume that P # 0 is neither even nor odd
and derive a contradiction from there.

Consider the polynomials

Py = Y e = 5(Pl) + P(-x)
m; EM,2|m;

and

Py = Y e = (P@) - P(-a)).

m; €M, 24m;

If one of them is identically zero, then P is even or odd and we are done. Let
M have K even elements and N — K odd elements. Then P, has at most K — 1
positive roots and P, has at most N — K — 1 positive roots by the Descartes’
rule of signs. We are going to show that P, and P, together have at least N —1
positive roots thus getting the contradiction we need.

Let us consider the graphs of P(z), —P(z) and P(—z), see Figure 1. Since
we assumed that P is neither even nor odd, these are three different polynomials.
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Figure 1: P(—z) has many intersections with either P(z) or —P(z)

For simplicity we first cover the case when P(z) and P(—z) do not have common
positive zeroes. We indicate ¢, with odd indices by crosses.

By assumption each cross except the first one and the last one is separated
from the other crosses by the zeroes of P(z). That is, it is contained in a
connected component bounded by the pieces of the curves y = P(z) and y =
—P(x). Thus, to get from the cross number m to the cross number m + 1 we
have to exit the component containing the first and enter the next one, giving
us at least two intersections of the curve y = P(—z) with curves y = P(z)
and y = —P(z). Additionally, if N is even, then we also have to exit the last
connected component as well, since there must be at least one more zero of P(z)
after the last cross. In total we will always have at least N — 1 intersections,
that is P. and P, together have at least N — 1 positive roots as we wanted.

Now, we indicate the necessary changes in the case when P(z) and P(—x)
have common positive roots. If we have two crosses which are not zeroes of
P(z) but between them there is a zero of P(z), then the curve y = P(—z) can
go directly from the connected component of the first cross to the connected
component of the second cross through this zero. But if P(x) = P(—xo) =0
then zg is a zero for both P, and P,, thus we anyway get two zeroes.

It remains to consider the case when we have a cross which is also a zero of
P(x). Assume that crosses from the number m to m + [ are zeroes of P(x) and
crosses number m — 1 and m + [ + 1 are not (or there are no crosses with these
indices). Then each of these [ + 1 zeroes are both zeroes for P, and P,, thus
giving us two intersections. Finally, since the m + [’th cross is separated from
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m + 1+ 1’st by at least one more zero of P(z) we have to enter the connected
component corresponding to this zero and the same between m’th and m — 1’st
zero, thus giving us the same number of intersections as in the case when P(z)
and P(—z) did not have common zeroes.

5 Completeness of E(Z,T) in L*(a,b)
Part (i) of Theorem 1 follows from

Theorem 3. Given any finite set I' C Ny, the system E(Z,T') is complete in
L%(a,b) if and only if b—a < #T.
Proof. (i) Assume b—a < N := #I'. It is then a simple consequence of Lemma 4
that F(Z,T) is complete in L?(a,b). Indeed, if the system is not complete
then there exists non-trivial f € L?(a,b) which is orthogonal to our system.
Therefore, the measure f dz is also orthogonal to the system, but it can not be
a sum of delta measures unless f is identically zero.

(ii) Assume that b —a > N. We have to prove that F(Z,T) is not complete
in L?(a,b), i.e. that there is a non-trivial function ' € L?(a,b) such that

b
/t"’e“z’”m F(t)dt =0, foreveryyeI,necZ. (11)
a
The existence of such a function follows essentially from elementary linear alge-
bra.

We have b = a+ N + 4, for some ¢ > 0, and may assume that 6 < 1. Write
F in the form

N
F(t)=Y_ F;t—j), te€(aa+N+0),
j=0
where Fj(t) := F(t + j)1(q,a4+1)(t) vanish outside (a,a + 1) for j =0,..., N — 1,
and fy vanishes outside (a,a + d). Here 1, 411) is the characteristic function

of (a,a+1). Clearly, to prove (11) it suffices to find N + 1 non-trivial functions
F} as above satisfying for a.e. t € (a,a + 1) the system of N equations

N
Z(t+j)7F](t) =0, forallyel, te (a,a+1).
j=0

Rewrite this system in the matrix form
V() (Fot), ooy Fno1(8)" = —((tHN) oo, (-N)¥)T-Fv(8), - T = {71, )

where V(t) := V((t,t +1,...,t + (N — 1);T) is a generalized Vandermonde
matrix defined above, whose determinant has only finite number of real zeroes.
Therefore, there is an interval I C (a,a+d) where V(¢) is invertible and satisfies

sup  sup  [|[V7H(E) x| < oo
tel xeRN, ||z||=1
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Now, one can simply choose Fy () := 17(¢) and set
(Fo()s ey En—1 ()T = =V @) - (t 4+ N) o, (E+ N 14(8).
O

Remark 1. One can check that the above result on completeness of E(Z,T) in
L*(a,b) remain true for the space L?(a,b), 1 < p < oo.

6 Completeness of F(Z,T") in C([—a,al)

Theorem 4. E(Z,T) is complete in C([—a,a]) if and only if a < r(T).
Clearly, this theorem implies CR¢(Z,T") = r(T).

Proof. 1. Suppose a > r(T'). We have to check that the system is not com-
plete in C([—a,a]). Clearly, it suffices to produce a bounded measure p on
[=r(T), r(T")] which satisfies (6).

Set @ := #Loq4, E := #lcpen and

o
sin(rz) + Y. agsin ((2k + 1) mz), if O <E,
k=1

f@) = 5 (12)
1+ > agcos (2nkz), if O > E,
k=1
where {ay} C R.
Lemma 5. There exist numbers oy, in (12) such that f satisfies
f(”(n) =0, vel',neN (13)

It is easy to check that f in (12) is the Fourier-Stieltjes transform of a
measure supported by [—r(T), r(T")]. One may therefore easily see that Lemma 5
proves the necessity in part (i) of Theorem 4.

Proof of Lemma 5. Consider the case E < Q.
‘We wish to find oy so that the function

f(x) =1+ aq cos(2mz) + - - - + ag cos(2rEx)
satisfies (13).

It is clear that every odd derivative of f vanishes on Z. Therefore, it suffices to
find the coefficients so that f(”) vanishes on Z for every y € Ieyep (in particular,
for v = 0). This is equivalent to saying that the coefficients must satisfy the
following system of E linear equations:

y=0: ag+---+ag=-1
and
Y€ Teven,y#0: (27)Yaq + (4m)Vap - - - + (27E)ag = 0.
This system has a unique non-trivial solution by Proposition 1.
The case E > O is similar, and we leave the proof to the reader. |

10
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We return now to the proof of Theorem 4.

2. Assume a < 7(I"). We have to show that F(Z,T) is complete in C([—a, a]),
i.e. that the only measure p on [—a, a] which satisfies (6) is trivial.

We will consider the case E < O, ie. r(I') = E. Clearly, we may assume
that E = O and so E = N/2, where N := #I is an even number. Also, to avoid
trivial remarks, we assume that N > 4.

Assume that p is concentrated on [—a,a] and satisfies (6). By (7) and
Lemma 4, since p1({N/2}) = 0, we have

N N
dp = Zd#s +dv= Z Z Cs,j0stj—1 + 22 j6_N/24j-1
=

s€S ses j=1

where S is a finite subset of (—N/2,—N/2 + 1) and the coefficients ¢, ; satisfy
for every s € S the system of equations (8). By part (i) of Lemma 2, this
system has only trivial solutions ¢, ; = 0,5 =1,..., N,s € S\ (1/2)Z, and so
N
p=uvi+v, dn:= chd—N/2+j—1/2s
j=1

where v and vy both are orthogonal to E(Z,T).
Let us check that » = 0. It is more convenient to write v in the form

N/2-1

v= Z b0k, b = anjairi1-
k=—N/2+1

Then clearly, (6) is equivalent to the system of N — 1 equations:

N/2—1
Z k'b, =0, for every y €T.
k=—N/2+1

This is equivalent to the following systems:

N/2—1 N/2-1
SR (bok+b) =0, 7 ETewen, Y k(b —br) =0, ¥ € Toga.
k=0 k=1

One may now use Proposition 1 to deduce that b_ + by = b_ — by = 0, for
every k, thus by = b_ = 0 for every k, that is ¥ = 0. Similarly, one may check
that 1 =0, and so = 0.

The proof of the case @ < E is similar is left to the reader. O

Remark 2. One can prove that for a € [r(T'), #I'/2], the deficiency of E(Z,T)
in C([—a,a)) is always finite.

11
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7 Frame Property of E(Z,T)

The frame property of E(Z,I') in L?(a,b) is closely connected with the com-
pleteness property of E(Z,T) in C([a,b]):

Theorem 5. Assume a < b and € > 0.
(i) If E(Z,T) is complete in C([a,b]), then E(Z,T) is a frame in L*(a,b).
(ii) If E(Z,T) is not complete in C([a,b]), then E(Z,T) is not a frame in
L*(a—¢€,b+¢).

Observe that to finish the proof of Theorem 1, it remains to show that
FR(Z,T) = r(T'). This follows easily from Theorem 4 and Theorem 5.

Proof of Theorem 5. (i) Assume that the system E(Z,T) is complete in C([a, b]).
We have to show that it is a frame in L?(a, b).

Recall that E(Z,T) is a frame in L?(a, b) if there are positive constants A, B
such that

AFIE <Y ST (RSP < B|F|3,  for every F € L(a,b).  (14)
ne€Z~er

Using the Fourier transform, this is equivalent to the condition

AlFIB <SS < BlIFIR, (15)

neZyer

where f is the inverse Fourier transform of F.

It is standard to check that the right hand-side inequality in (14) (and in
(15)) holds for every interval (a,b), see e.g. [7], Lecture 2. So, we only prove
the left hand-side inequality.

By Theorem 1, E(Z,T) is not complete, and so is not a frame in L?(a, b) when
b—a > N := #I'. Therefore, in what follows we may assume that a +k — 1 <
b<a+k, for some k € Nk < N.

Write
k-1
F(t) =Y Fi(t—j), E):=F{+)) L) (16)
7=0
Then we have
a+1 ko1
(F t7e*minty = / TN (4 5) Fy(t) | dt.
Jj=0

Hence,
k-1
DB = |+ ) F (05

nez =0

12
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We see that the left hand-side inequality in (14) is equivalent to
Vi (®) - (Fo(), - Fama ()T [15 = AIIF, (17)

where
Vi) :=V(t,...,t +k—1;0)T

denotes the k x N matrix which consists of the first k£ columns of V'(¢,...,t+
N —1;T), and we set

Gy, ..., G)"

I3 = 1G5 + - + IGxl3.

Let us first consider the case b = a+k. Since E(Z,T) is complete in C([a, b]),
there is no measure p on [a,b] orthogonal to this system. Then, since any
measure of the form

k=1
d#:Zny;va (@1, z) €RF\ {0}, t € [a,a+ 1],
=0

is not orthogonal to E(Z,T), we see that Vi(t) - xT # 0, for every x € R*\ {0}
and ¢ € [a,b]. Therefore, there is a constant A such that

IVe(t) - x"1? > Alx|%. t€ faat1],

which implies (17).

Now, let us assume that b = a +k — 1 + 0, where 0 < § < 1. Then the
function Fy_; in (16) satisfies Fj,_1(t) = 0,0 < ¢ < 1. Similarly to above, for
every vectors x € RF and y € R¥~! we have

Vi (®) - x|l = Aul|x||, ¢ € [a,a+ 0], [IVis(t) - ¥l = A2llyll, t € [a+d,a+1],

from which (17) follows.

(ii) Assume that the system E(Z,T) is not complete in C([a,b]). We have to
show that it is not a frame in L?(a — €,b + ¢), for every e > 0. We may assume
that 0 < e < 1/2.

Let g be the inverse Fourier transform of a measure y on [a,b] that is or-
thogonal to the system. Then g(*) vanishes on Z, for every v € I.

Choose any 7, 0 < r < €, and consider the function

2) = o(z)o(z ) . sin(rre)
1) = g@ole), o) = T,
Then, clearly, f is the (inverse) Fourier transform of an absolutely continuous
measure on (a —r,b+7) C (a —€,b+¢€), and

[[fll2 > C >0, where C does not depend on e. (18)

‘We will need

13
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Lemma 6. There is a constant C' such that

DIVl < i, jeN. (19)
nez
The proof of the lemma follows from two observations:
(i) ¢ is the Fourier transform of 1(_, s ,/2)(t)/r, and so /) is the Fourier
transform of
(=2mit) 1(_yj2,0/2) () /7.
It easily follows that [|o@)||3 < Cr/,j € N.
(ii) The sum in (19) is equal to the norm [jp(|3.
Using (19), since ¢(*), v € T, vanishes on Z and the functions g¥), j € N, are
bounded on R, one can easily check that

SO =33 ge) ) < Cr,

n€Z~yer n€Zyer

for some C. This and (18) imply that the left hand-side inequality in (15) is
not true for all small enough values of 7. O

Remark 3. Observe that by Theorem 3, E(Z,T) is not complete in C([a,b])
whenever b —a > N := #I'. Let us state two results on the completeness of
E(Z,T) in C([a,b]) when a > 0:

(i) Using part (i) of Lemma 2 and Lemma 4, one may check that E(Z,T) is
complete in C(|a,b]) whenever b—a < N and if a > 0 then we don’t need the
assumption 0 € I".

(ii) One may also prove that E(Z,T') is complete in C(|a,a+ N)) if and only

if a ¢ No.
Remark 4. Let us come back to the exponential systems E(Z,I'(n)) defined in
the beginning of Section 2. Here we present a simple example which illustrates
that such systems may have strikingly different completeness properties in L?-
spaces and C-spaces.

Let f(x) = sin(nz/2). Then fCR)(2n) = fER+1)(2n 4+ 1) = 0, for every k €
No,n € Z. Then, since f is the inverse Fourier transform of (01,4 — 0_14)/2i,
the system

{t%eimint | e No,n € Z} U (2T | e Ny n € Z)

is not complete in C([—1/4,1/4]). On the other hand, one may check that it is
complete in L*>(I) on every finite interval I C R.
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