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AbstratIn reent years more attention has been paid to the hemial side of injeted water used in halkformations to help produe hydroarbons. It seems the brine has a tendeny to reat with theformation itself if it ontains the right substanes, even sea water has this e�et. Espeially thehalk experienes the phenomenon alled water weakening whih a�ets the roks response toexternal loading, but also its wettability.Experiments have been performed in the laboratory at the University of Stavanger on halkore plugs. Essentially the ores have been exposed to a brine under high pressure and temperature(representative reservoir onditions) a long time to reah equilibrium. Then di�erent brines havebeen injeted through the ore at the given onditions at �xed rates typially around 1 PV (porevolume) per day by varying the inlet/outlet pressure. Responses suh as ore deformations andoutlet onentrations have been measured. SEM images were used to study omposition of theores.The experiments showed that results are sensitive to injetion onentration of the ions Ca2+,
Mg2+ and SO2−

4 . Rok omposition hanged after �ooding. Espeially injeting MgCl2-solutiongave preipitation of a magnesium-based mineral, and �ooding with seawater gave preipitation ofa sulphate based mineral. The results are believed related to dissolution/preipitation reationsin an interplay with onvetion, di�usion and aqueous hemial reations. A mathematial model[22℄ has been developed that is able to repliate the outlet measurements with good auray. Itwas developed by S. Evje, A. Hiorth, M. Madland and R. Korsnes. The same authors presentedsupportive experimental data and some alterations in [23℄.The fous of this thesis is to expand the original model. Espeially we inlude the mineraldolomite as a preipitate and we let rok properties suh as porosity and permeability hange withrok omposition. Some relevant experiments are also suggested to better estimate parametersused in the model.The water weakening e�et has impat on areas suh as porosity, permeability (plugging oropening of pores), ompressibility (higher rok expansion means more produed pore �uid), ten-sile strength (an a�et frature pressure), wettability, residual saturations, water breakthrough,reovery and subsidene.



Chapter 1SummaryIn this thesis the model developed in [22, 23℄ has been investigated and further developed. Themineral dolomite was inluded to the minerals alite, magnesite and anhydrite. Porosity wasinluded as a funtion of the mineral omposition. Some suggestions are given to explore e�etson permeability and pressure, but under the assumptions of the model they are both eliminatedfrom the system and no relevant data was available for testing.Computer simulations show that dolomite by itself and magnesite by itself as the only magnesium-bearing mineral preipitating in the ore an explain the e�uents measured at the outlet. However,to explain SEM observations the presene of both is required. Several ombinations of rate pa-rameters are possible to �t the experimental e�uent data in eah model (dolomite only, magnesiteonly, dolomite and magnesite), but the magnesite model gave more options to determine a best�t than the dolomite model.The simulations predited a steady dissolution of alite and preipitation of the mineralsmagnesite, dolomite and anhydrite when the environment suggested so. The net e�et was a verylow variation in porosity (from 0.48 to 0.47), both loally and on average, even after a period of20 days. The reason is that the dissolved minerals are replaed by preipitating minerals and theomposition hanges. This onlusion is supported by the mass balane of ions where exess Ca2+is produed while Mg2+- and SO2−
4 -ions are retained in the ore ompared to a simulation withno reations.2 models were tested: one with onstant porosity in the equations, with porosity only as afuntion of the solution of mineral omposition. The other where porosity varied in the equationsas well being oupled with the rest of the system. The low variation in porosity made the resultsfrom the 2 models undistinguishable.The model does not aount for available surfae area in the reations and that would probablyimprove the �t with experimental data at early times to a great extent.
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Chapter 2Reservoir roks and geology2.1 The geologial aspetWhen minerals are deposited, buried and ompated they beome part of a sedimentary rok, perde�nition. The deposition an our by transport of grains, hemials an preipitate from solutionor small organisms an leave shells and skeletons of mineral omposition. During the ompationthe spae between the grains is redued sine the aumulating overburden fores will fore thegrains to pak into tighter on�gurations. In this proess the volume oupied by �uids is reduedeither beause they esape or beause they are ompated more easily until the pore pressurefratures an opening. Weak minerals an be ground into smaller piees leaving a denser paking.However, most sedimentary roks retain a relatively large fration of pore volume, porosity, ofmany tens perent and that is why sedimentary roks are good for storing hydroarbons.The burial proess is also key to the formation of petroleum. When organi material is buriedin a manner that preserves it from oxidation then it will be exposed to a gradual inrease intemperature and pressure. Smaller organi moleules transform into larger omplex substanes.The organi material is by de�nition divided into kerogen and bitumen. Kerogen is the partinsoluble in organi solvents, while bitumen (oil in solid state) is the soluble part. Suh proessesbegin shallow ompared to the formation of petroleum. When kerogen is exposed to high pressureand temperature over long time it turns into petroleum. The oil window is a range of temperatureswhere oil generation is possible. Oil begins to form at 60 oC with optimal onditions between100-120 oC. At temperatures higher than 180 oC a proess alled raking breaks down heavymoleules into smaller omponents. Gas formation is still possible above these temperatures butapproahing 225 oC most of these proesses have already happened.One petroleum (oil or gas) beomes mobile it will try to esape towards the surfae sine ithas lower density than water. If it does not esape from the soure rok (where the kerogen isbeing transformed) it will be destroyed as explained previously. The hydroarbons will then followa migration route along pore hannels in the rok until it reahes the surfae and is destroyed bybateria or until it reahes a boundary that does not allow �ow in the upward diretion. Thisrequires that a permeable and porous formation, whih we all a reservoir, intersets the migrationroute and that a ap rok / trap overlays uts o� the route. Also, the seal must be in plae beforethe oil an esape. The seal must keep the hydroarbons trapped for maybe millions of yearsuntil present. Geologi ativity in the rust an disturb this, but also reate new possible trapon�gurations. The golden zone is the temperature range where oil reservoirs are atually found.It peaks around 90 oC but ranges from about 60 to 150 oC.
2



2.2 Reservoir roks2.2.1 Quanti�ationAlthough every rok is in some sense unique, we an quantify a roks properties by performinglab tests on ores and evaluate logs and thin uttings.
• Porosity φ is the volume fration of a rok that is �lled with �uids suh as brine, gas and oil.High porosity indiates a high storage apaity and is given as a fration between 0 and 1.
• Permeability k measures the ability a rok has to let a �uid �ow as a single phase through therok in a given diretion. Permeability generally is anisotropi (varies with diretion) andis often lower in the vertial diretion. It is measured in dary. High permeability indiatesa rok with little �ow restrition in the given diretion, while a low permeability indiatesnarrow pore throats or omplex pore hannels.
• Wettability indiates the interplay between the rok and the pore �uids. When two �uidsare plaed on the rok they will be divided by an interfae. One �uids tendeny to spreadon the rok will be given by the angle the �uid interfae makes with the rok surfae. If it ismuh less than 90 degrees the �uid is wetting, if the angle is muh more than 90 the other�uid is wetting. If the angle is lose to 90 degrees the rok is not preferentially wetted byeither �uid. Neutral wettability is preferable for high reovery.
• Mehanial properties explain how the rok deforms to di�erent loadings. Tests an quantifydrive mehanisms suh as rok expansion by pore pressure depletion and borehole stability.
• Chemial omposition and the distribution of the grains an be important if the rok ishemially reative. It is well known that lays are espeially reative due to high surfaearea ompared to volume. They an work as atalysts for hemial reations, an expandor ompress due to ion exhange and bind water. The available surfae area of the ommongrains is also of importane to the rate of reations.
• Temperature and pressure at reservoir onditions is a ritial fator sine the behavior ofrok, �uid and hemistry an hange dramatially.2.2.2 CarbonatesCarbonates are minerals ontaining the CO2−

3 -anion in ombination with di�erent ations. Inreservoir engineering espeially the arbonate minerals alite, CaCO3, and dolomite, CaMg(CO3)2,are of importane sine limestone formations and dolomite formations respetively have these min-erals as the major ingredient. Less known arbonates are aragonite CaCO3 (other struture thanalite), siderite FeCO3, magnesite MgCO3 and ankerite Ca(Fe, Mg, Mn)(CO3)2.Carbonate reservoirs are among the worlds largest. They are found worldwide and about 40%of the world hydroarbon prodution is from arbonates.For petroleum storage only marine arbonates matter. These arbonate sediments are produtsfrom living organisms (suh as pellets), dead organisms (shells and skeletons) and preipitationof salts. The depositional environment is mostly shallow: ramps and platforms (the limestonereservoir Ghawar in Saudi Arabia is a good example), reefs or evaporites. However we also �ndreservoirs after great depth deposition by arbonate turbidites and as remains of pelagi reatures.Pelagi arbonates (made from anient oolithospheres) gives origin to halk. The North Seaontains the giant Eko�sk oil �eld whih mainly onsists of halk rok.Chalk formations are haraterized by high porosity (an approah 70%, but is mostly in thearea 15 − 50%) and very low permeability (a few mD). Natural fraturing improves the e�etivelarge sale permeability to the range of 100 md. Chalks are mostly oilwetting and have a largereative surfae area. 3



Muh of the fous in the text will be mostly relevant to halk sine the water weakening e�etis most severe in these roks. However the similar hemial omposition of limestones in partiularsuggests that water weakening an play a role also in these formations.Dolomites are often assoiated with evaporiti environments. This mineral is not formeddiretly, but requires the presene of CaCO3 (either as alite or preferably aragonite) and mag-nesium ions. The transformation of a limestone into dolomite is alled dolomitization and thisproess is believed to have formed most dolomite reservoirs. Basially Ca2+ is partly replaed by
Mg2+ in the rok struture.

2CaCO3 + Mg2+
⇋ CaMg(CO3)2 + Ca2+ (2.1)The onditions for this proess to move to the right is that CaCO3 is unstable, the �uid isoversaturated on dolomite and Mg2+ is supplied adequately.2.2.3 SandstonesSandstones are lasti (made of grains from pre-existing roks). We sort lasti roks by grainsize and sandstone is on the oarse side of the sale (as opposed to laystone with muh smallergrains). Sandstones ontain mostly quartz, SiO2, and feldspars (tetosiliates ontaining Si, O,Na, K, Al, Ca). However, mineral preipitation from �uids an ontribute to �ll the pore spae ina proess alled ementation. Suh minerals are alite and other arbonates, quartz, lays andzeolites.2.3 Chemial rok-�uid equilibriumA rok an under normal irumstanes be assumed to be in equilibrium with its pore �uids,meaning that any hemial reation rates are negligible. The system is haraterized by the loalpressure and temperature on site and the loal omposition of the rok and �uids.When introduing, let us say, sea water to the system it may have a low temperature, if itis injeted there will be a pressure gradient and the omposition of the sea water may be quitedi�erent from the one in equilibrium with the rok. A front will move from the injetion siteharaterized by that in front the �uid is in equilibrium with the rok, while behind the frontthe state is di�erent. Moving a �uid from one PT state to another an in�uene the solubilityof its salts. Salt preipitation an redue �ow area in pores and pipes and should generally beavoided. A higher temperature will inrease solubility in most ases, but an important exeptionis CaCO3 whih behaves exatly opposite. This behaviour is alled retrogade solubility. So evenif the ompositions are the same a hange in thermodynamial state an impose reations.Given 2 unequal �uids that an be treated as a single phase the ions will spread by di�usion(driven by onentration gradients), onvetion (�uid �ow due to pressure gradients) and hemialreations (working to establish a new rok-�uid equilibrium). These proesses are generally veryoupled sine the reations depend on loal onentrations and state, the onvetion depends onpressure drop, rok permeability and �uid visosity. Changes in �uid omposition and state an al-ter visosity, hanges in the rok mehanial properties and grain distribution hange permeabilityand porosity. Di�usion depends on omponent distribution, �ow onditions and pore struture.A model desribing how the distribution of hemial substanes progresses during injetionwas developed in [22℄ and [23℄. This transport model will be explained starting in hapter 5 andreformulated during this thesis.2.4 Referenes[1, 2, 3, 4, 5, 6, 22℄ 4



Chapter 3Water weakening3.1 Water weakeningIn short words, water weakening means a rok loses some of its ability to resist deformation fromthe surrounding fores. This hange is related to reations with a reative brine.To understand water weakening one should have a basi understanding of rok mehanialtheory. The setions 3.2, 3.3 and 3.4 give a summary of important onepts, relations and testmethods. They are mostly based on [6℄, a book reommended if a more thorough desription isneeded.In the last setions we will present some observations made on �eld sale and in the laboratorythat illustrate the e�ets.3.2 Stress and strainThe onept of stress is de�ned as fore divided by area.
σ ≡ dF

dA
(3.1)Stress is normal if the fore works perpendiular to the surfae and shear if it ats parallel to thesurfae. For an isotropi material stress is a tensor sine a fore an at in 3 diretions on surfaesnormal to 3 axis. Assuming fore and moment equilibrium this tensor is symmetri. The stresstensor an be divided into a hydrostati part (with only normal stresses nonzero and having thevalue of the mean normal stress) and a deviatori part (whih is simply the remaining part ofthe matrix). The hydrostati part indiates a level of ompressive or expansive load while thedeviatori part indiates how the unequal stress distribution ompares.Given a stress tensor we an �nd 3 perpendiular axis orresponding to zero shear stressesand thus all stresses are direted along the oordinate axis. These normal stresses are alledprinipal stresses and de�ne the stress state along with their diretion. In any diretion that is notexatly on one of the axis there will also be a shear stress, whih an be expressed as a funtionof the prinipal stress values. Note that if the prinipal stresses are idential the loading will behydrostatial seen from any angle. If 2 prinipal stresses are equal the plane that ontains themontains no shear stress.In rok mehanis it is usual to use positive stress for ompression and negative stress fortension, and the prinipal stresses are labeled in desending order as σ1, σ2, σ3.Normal strain is de�ned as hange in length divided by the original length L0 of the unloadedmaterial:

ε ≡ L0 − L

L0
(3.2)5



It is positive for shortening and negative for extension. For small loadings, stresses and strainsare linearly related.Given a porous sample some of the load is arried by the pore �uid, given by the pore pressure,
pf times Biot's oe�ient, α. The e�etive stress σ′ that is arried by the rok grains is then

σ′ ≡ σ − αpf (3.3)The deformation results from loading the rok and relates to e�etive stress by Youngs modulus
E:

σ′ = Eε (3.4)A load in one axial diretion z auses deformation of opposite sign along the other axes x, y relatedby Poissons ratio ν

ν ≡ −εx

εz
(3.5)Volumetri deformation is given by

εV =
V0 − V

V0
= εx + εy + εz (3.6)If a volume is hydrostatially loaded (all prinipal stresses equal) by the load σ′

c the volumetrideformation is given by
σ′

c = KεV (3.7)where K is the bulk modulus.3.3 Tests in a triaxial ellA ylindrial ore sample is plaed vertially between two axial bolts and sealed from the sur-roundings by a thin sleeve. A on�ning pressure σc = σr = σθ (for a ylindrial geometry we usethe oordinates r, θ, z) in the horizontal plane is provided by a on�ning �uid. Axial stress σz isprovided by inreasing the pressure in a �uid hamber above the upper axial bolt that pushes itdown against the ore sample. We must orret for frition, but in priniple we know the axialload. Small openings in the bolts allow irulation of �uid and thus a pore pressure we an vary.Axial strain is measured by displaement of the bolt (after orreting its own deformation) andradial strain is measured by sensors pointed towards the ore surfae.In drained tests �uid an esape and the �uid arries a onstant load pf . In a standard triaxialompression test the load is inreased hydrostatially (σ′

c = σ′

z) and the bulk modulus of theframework Kfr (representing the porous roks ability to resist deformation) is measured as theslope
Kfr =

∆σ′

z

∆εV
=

∆σ′

z

3∆εz
(3.8)After this hydrostati phase has reahed a ertain σc, the on�ning load is kept onstant and theaxial load is inreased further. The Youngs modulus of the framework is then determined as

Efr =
∆σ′

z

∆εz
(3.9)in this deviatori phase.3.4 Rok failureMaterials and roks of low porosity do not fail hydrostatially until at very high pressures. Howeverhalk is very porous and under enough pressure the pores an ollapse by loal shear failure. Inthe deviatori phase we de�ne the yield point as the e�etive stress that is followed by a nonlinear6



stress-strain relation. The rupture stress of the rok is the stress that leads to rupture. Howeverone this stress has been reahed a relaxation of the stress allows further displaement even at lowerstress before the sample �nally ruptures. This explains why a proess of inremental displaementis preferred over inremental loading, to observe the last phase.Chalk an also experiene reep. It is a timedependent deformation that ours under on-stant stress and temperature. Note that the applied stress an be less than what auses plastideformation (permanent strain). We an divide the reep into a transient state (dereasing strainrate), steady state (onstant strain rate) and aelerating state (inreasing strain rate) eventuallyleading to rupture.3.5 Lab test observations3.5.1 Simultaneous water injetion and loadingIn [21℄ several lab experiment results are presented. In one of them halk ores at 130 oC are�ooded with di�erent brines while being loaded hydrostatially. The resulting stress-strain diagramis repeated left in Fig 3.1. It was observed that the ores got a lower yield stress (average of 6.5MPa) when they were �ooded with the sulphate ontaining brines than with the sulphate-de�ientones (average of 8.5 MPa). The sulphate exposed ores also got a muh higher ompation (2.5times the strain than those not exposed to sulphate at high stress). Note also that the bulkmodulus (given by one third of the initial linear slope, as in eq. (3.8)) is less for the weakenedsamples (by a fator of a 2/3).

Figure 3.1: Left: Stress-strain diagram for hydrostati loading of halk ores at 130 oC while�ooding brine at onstant rate. Right: The following reep diagram at 10 MPa ompressivestress.When reahing 10 MPa stress this load was kept onstant and the resulting reep was observed.The reep phase results are given right in Fig 3.1. Again the sulphate-exposed ores showed amuh higher degree of ompation than the others. Flooding with a high onentration sulphatebrine (double of seawater) led to plugging of the ore, probably due to preipitation of anhydrite
CaSO4.An important onlusion in the paper was that the ions Mg2+, Ca2+ and SO2−

4 (in amountsomparable to that found in seawater) an impat the mehanial behavior and wettability ofhalk. 7



3.5.2 Response to water injetion in a loaded stateIn [13℄ sandstone ores were leaned using methanol and toluene, then dried. The ores were thensaturated with deane and loaded in a triaxial ell suh that ∆σ′

c

∆σ′

z
= 0.25. The ores were kept ata �xed stress state several days and no reep strain was observed. Slow injetion with 3% KClsolution in the ores resulted in immediate response either by shear failure or quite notieable axialand/or radial strain. Creep (ontinuing deformation) was also observed. This demonstrates thatwater weakening an be relevant also for sandstones, but that other mehanisms may be involved.North Sea halk was saturated with mineral oil and loaded uniaxially with a onstant loadingrate. The strain inrease was approximately linear with time. After 290 hours North Sea waterwas injeted into the ore and a rapid inrease in axial strain was observed followed by reep.3.5.3 Potential andidates for magnesium preipitatesFlooding halk ores with MgCl2-brine result in water weakening, aording to [16℄. The �oodingshowed a lower outlet onentration of Mg2+ than ould be explained by adsorption and ionsubstitution. It was onluded that a magnesium based mineral preipitating in the ore ouldexplain the observations. For the given experiment (0.219 M MgCl2, T=130 oC, P=8 bar, PCO2 =

10−3.5) simulations using EQAlt showed that several magnesium minerals were supersaturatedgiven by the value of ion produt ratioQ over solubility onstantK being greater than 1. Espeiallyhuntite (CaMg3(CO3)4) and hydro-magnesite had large suh numbers, but simpler minerals suhas dolomite and magnesite were also supersaturated (see Fig 3.2). Note that the large Q/K

Figure 3.2: Supersaturated magnesium minerals, table from [16℄ratio of huntite an be explained by its dependene on Mg2+ and CO2−
3 onentrations. Assumeboth dolomite and huntite are exatly saturated at a given state (Q/K = 1) in separate solutions.Doubling the onentration of Ca2+, Mg2+ and of CO2−

3 would make (Q/K)dolomite = 21 ·21 ·22 =
16 while (Q/K)huntite = 21 · 23 · 24 = 256. If preipitation leads to the initial equilibriumonentrations the same number of moles are preipitated in eah solution.
Figure 3.3: Comparison of weight distribution of analysis with weight distribution of known min-eralsIn [17℄ a presentation of omposition analysis using SEM (sanning eletron mirosope) showeda weight distribution of the moleules in preipitated mineral grains that looked similar to huntite.8



These numbers are here ompared against the weight omposition of the minerals dolomite, alite,magnesite and huntite in Fig 3.3. It is seen that the analysis results an be explained as thepreipitation of huntite, but a ombination of the minerals magnesite and dolomite (taking theaverage of their distributions) gives almost exatly the same distribution as huntite (a betterweighed average would �t even better to the analysis).In the model [22, 23℄ magnesite is the only magnesium based mineral inluded. We expandthis by inluding dolomite also. It should be onsidered though that huntite is just as relevantand perhaps an even be representative for the entire magnesium mineral preipitation.3.6 Field observations3.6.1 ValhallIn a paper [15℄ from 1989 rok ompressibility was onluded to be an important parameter forthe high porosity halk �eld Valhall ausing porosity redution, ompation of reservoir intervalsand seabed subsidene.3.6.2 Eko�skA ase study of the halk �eld Eko�sk in the North Sea is presented in [14℄ from 1999. The �eldstarted produing in 1971, water injetion began in 1987. Sea�oor subsidene (see left in Fig. 3.4)inreased in the 90's and the sea�oor dropped at a rate of 25 to 42 m per year. Over the yearsthis resulted in several meters. In 94 the injetion was inreased to replae the produed reservoir�uid volume, but the subsidene did not derease signi�antly and kept a steady rate above 35m/y most of the 90s. The models used so far (mathing historial oil rate, water injetion, GORand water ut pro�les) ould not explain the observed ompation after 93, when the pressuredeline was beginning to stop by inreased support. Inluding a water weakening mehanism tothe model gave just as good predition of the previous parameters, but the ompation volumewas better estimated (right in Fig. 3.4).

Figure 3.4: Observed subsidene rate (left) and history mathing of ompation volume (right) atEko�sk
9



Chapter 4Relevant minerals in halkreplaement: Volumetrionsiderations4.1 Inluding more minerals and volumetri onsiderationsWe want to onsider what happens if alite CaCO3 dissolves and is replaed by another pre-ipitating mineral. If the new mineral takes less spae there should be inreased porosity, whileminerals taking more spae would redue porosity. For simpliity we assume that the moles ofions in solution are negligible to those that have preipitated. In this way we an quikly estimatewhether an inrease or redution in porosity is likely for the injeted brine and whih ions thatshould be produed. From another point of view, given the brine and outlet omposition we anmake a quali�ed guess of whih reations are taking plae in the ore. For the alulations we usethat alite has density 2.71 g/cm3 and molar weight 100.087 g/mol so 1 mol alite orrespondsto
1mol ∗ 100.087g/mol

2.71(g/cm3)
= 36.93cm3 (4.1)In the original model [22, 23℄ only alite, magnesite and anhydrite minerals were onsidered. Weevaluate some di�erent minerals and their possible relevane to water weakening.4.2 Magnesium-bearing minerals4.2.1 MagnesiteMagnesite MgCO3 reated from alite an be desribed as

CaCO3 + Mg2+
⇋ MgCO3 + Ca2+ (4.2)Magnesite has a density of a. 3.1 g/cm3 (atually between 3.0 and 3.2) and molar weight 84.314

g/mol. 1 mol of alite would have a volume of 36.93 cm3 and if it was transformed into magnesitethe solid volume would be
1mol ∗ 84.314g/mol

3.1(g/cm3)
= 27.20cm3 (4.3)a volume redution of 26.3%. With �uid allowed to esape it is easy to see how suh a proessould be relevant to water weakening. For one thing it would selfontrat the matrix and enhaneompation, despite if the �uid held the same pressure. Seond, loadarrying grain mirostrutureswould be destabilized and the strength of the rok should derease.10



4.2.2 DolomiteAs mentioned dolomite, CaMg(CO3)2, is losely linked with alite in its geologial formation andit is reasonable to think they ould transform into eah other hemially under the right irum-stanes. Espeially the supply of magnesium ions is neessary, but the rate of this transformationis also important (whether the reations happen fast enough to matter). We an onsider thetransformation as a net reation of the form
2CaCO3(s) + Mg2+(aq) ⇋ CaMg(CO3)2(s) + Ca2+(aq) (4.4)Dolomite has density 2.85 g/cm3 and molar weights 184.401 g/mol respetively. 2 moles of alitehas a volume of

2 ∗ 36.93 = 73, 86cm3 (4.5)while if these moles were transformed to 1 mol dolomite the volume of solid would be
1mol ∗ 184.401g/mol

2.85(g/cm3)
= 64, 70cm3 (4.6)A omplete transformation of alite into dolomite would mean almost 12.5% redution in rokvolume.4.2.3 HuntiteAs mentioned huntite CaMg3(CO3)4 an be a very relevant mineral for water weakening givenresults from SEM measurements. Calite-huntite transformation ould go as

4CaCO3(s) + 3Mg2+(aq) ⇋ CaMg3(CO3)4(s) + 3Ca2+ (4.7)4 moles alites has a volume of 4 ∗ 36.93 = 147.72 cm3. Huntite has density 2.87 g/cm3 (from[26℄) and molar weight 353.029 g/mol so 1 mol huntite has volume
1mol ∗ 353.029g/mol

2.87(g/cm3)
= 123.01cm3 (4.8)leading to a rok volume redution of 16.73%.The transformation of alite into magnesium-bearing minerals seems to redue the matrixvolume.4.3 Sulphate-bearing minerals4.3.1 AnhydriteThe last mineral used in the original model was anhydrite: CaSO4. It should be noted thatanhydrite an bond with water to form gypsum CaSO4 · 2H2O. A net transformation of aliteinto anhydrite an be desribed by

CaCO3 + SO2−
4 ⇋ CaSO4 + CO2−

3 (4.9)Anhydrite has density 2.97 g/cm3 and molar weight 136.139 g/mol. 1 mol alite transformedinto anhydrite would go from 36.93 m3 solid volume to
1mol ∗ 136.139g/mol

2.97(g/cm3)
= 45.84cm3 (4.10)an inrease of 24.1% suggesting that if this reation is dominant we should observe a reduedpermeability and perhaps even plugging. It an be mentioned that gypsum has lower density(2.31−2.33 g/cm3) and higher molar weight suggesting that a partial onvertion of anhydrite intogypsum would further �ll the pores by inreasing the solid volume. Gypsum is however moderatesoluble while anhydrite is less soluble and thus more relevant.11



4.4 Iron-bearing minerals: ankerite and sideriteThis is just for mentioning. Iron ions have not been inluded in the model so far, but an play arole. Espeially in the ase of drilling, partiles from pipes or equipment an be arried with the�ow either as grains or dissolved and a�et a loal region (iron has a negligible onentration insea water). If this is signi�ant a skin an develop lose to the well.Siderite FeCO3 and ankerite CaFe(CO3)2 have densities 3.5 and 2.9 − 3.1 g/cm3 and molarweights 115.854 and 215.941 g/mol. Following the transformations of alite as
CaCO3 + Fe2+

⇋ FeCO3 + Ca2+ (4.11)
2CaCO3 + Fe2+

⇋ CaFe(CO3)2 + Ca2+ (4.12)we get for siderite a volume redution of 10.4%, while for ankerite we an get somewhere between
.81% expansion and 9.4% redution. Both ases lean toward a redution in matrix-volume. Inother words it seems iron ions will not ause hemial damage to limestone and halk reservoirs.Near hole damage is likely more a�eted by mud partiles plugging the pore throats.
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Chapter 5Transport-reation modelThe transport model suggested in [22℄ onsiders the proess of introduing a brine into a porousrok ontaining an original brine in hemial equilibrium. The solution an be desribed byindiating the onentration of eah hemial at a given loation, whether it be rok minerals,water or dissolved substanes. Spei�ally the unknowns we solve for are the pore onentrations
Ci of omponents in �uid phase, the total volume onentrations of minerals ρi and pressure p.All these variables are funtions of position and time (x, t). Temperature is onsidered onstant,as is the partial pressure of dissolved gas in water.To solve the equations we use molar balane equations, equations for instant water equilibriumand a harge balane. Inorporated into these equations are rate expressions for the rok/�uidreations and the �uid omponent veloities.The appliation is partiularly relevant for halk reservoirs or more generally arbonate reser-voirs and this is re�eted in the onsidered hemial reations.5.1 ComponentsWe divide all hemial omponents into 4 groups. They are presented by name, hemial ompo-sition and primary unknown with index used for referene in equations. Dolomite has been addedto the model see if it makes a better �t than magnesite or if both minerals should be inluded.5.1.1 Solid state: minerals

• Calite, CaCO3, ρc

• Anhydrite, CaSO4, ρg

• Magnesite, MgCO3, ρm

• Dolomite, CaMg(CO3)2, ρd5.1.2 Aqueous state: ions
• Calium, Ca2+, Cca

• Magnesium, Mg2+, Cmg

• Sulphate, SO2−
4 , Cso

• Sodium, Na+, Cna

• Cloride, Cl−, Ccl 13



• Hydron, H+, Ch

• Hydroxide, OH−, Coh

• Biarbonate, HCO−

3 , Chco

• Carbonate, CO2−
3 , Cco5.1.3 Dissolved gas

• Carbon dioxide, CO2, PCO2 (assumed given by temperature)5.1.4 Liquid state
• Water, H2O, ClNote that the minerals are assumed to exist only in solid phase while the other omponents areassumed to be part of the water phase, either as ions, dissolved gas or water.5.2 Reations5.2.1 Dissolution and preipitation of minerals
• Calite: CaCO3 + H+

⇋ Ca2+ + HCO−

3

• Anhydrite: CaSO4 ⇋ Ca2+ + SO2−
4 ,

• Magnesite: MgCO3 + H+
⇋ Mg2+ + HCO−

3 ,
• Dolomite: CaMg(CO3)2 + 2H+

⇋ Ca2+ + Mg2+ + 2HCO−

3These reations between �uid and rok our with a �nite rate de�ned in setion 5.6. We usethem to de�ne the rate terms in the di�erential equations.5.2.2 Aqueous reations
• CO2 + H2O ⇋ HCO−

3 + H+

• HCO−

3 ⇋ CO2−
3 + H+

• H2O ⇋ H+ + OH−The reations in the �uid phase our at high rates ompared to the mineral reations and areassumed to be in equilibrium. They are used as onstraints, that is 3 equations to determine 3unknowns.5.3 Porosity and volume balaneIn the former models [22, 23℄ a variable porosity has not been fully onsidered. This setion willattempt to make a physially meaningful de�nition of porosity as a funtion of the loal variables.Given all the omponents we an separate them into those existing in solid phase (minerals)and those in the �uid phase (water, dissolved ions and gas). Consider a small part of the oresample with volume V . At a given time all omponents have de�ned their total onentration
ρi, where i represents the given omponent. If we also know the molar masses, Mi = massmol , ande�etive densities, ω = masse�etive volume (by e�etive volume we mean the volume the omponent14



would �ll if we ould isolate it from the other omponents), we an alulate eah omponentsnumber of moles ni, mass mi and volume Vi:
ni = ρiV (5.1)
mi = MiρiV (5.2)
Vi =

MiρiV

ωi
(5.3)

Vi

V
=

Miρi

ωi
(5.4)Note that the last equation is the volume fration of omponent i. Sine the total volume is thesum of e�etive volumes

V = A∆x =
∑

i

Vi =
∑

i

MiρiV

ωi
(5.5)

∑

i

Miρi

ωi
= 1 (5.6)The volume fration of solid phase is then

Vminerals

V
=

∑

i:minerals

Miρi

ωi
(5.7)and the porosity is per de�nition the remaining volume fration

φ = 1 −
∑

i:minerals

Miρi

ωi
(5.8)Eqn (5.6) an in theory be used as a onstraint on the unknowns (just as the sum of saturationsshould be 1 in a multiphase problem). In pratie there are a few di�ulties though. If we haveproperly de�ned the hemial struture of eah omponent then all Mi an be found from tables.(E�etive) density for roks and water is also available in the literature and it an be adjustedfor temperature and pressure using the minerals oe�ient of thermal expansion (α = dV

V dT ),the pressure ompressibility (β = − dV
V dp) and the deviations from the referene state. Inreasedpressure and inreased temperature tend to have opposite e�et, and both values are typially oflow order (perents) for solid roks and liquids and we assume the densities remain onstant forsimpliity. There will be more unertainty related to how muh e�etive volume is oupied by thedissolved ions and gas. Water is polar and ould sometimes be pushed away by equal harges toinrease the e�etive volume. In just the same way it ould work to shrink. The ions themselveswill perhaps oupy more e�etive spae if they are more harged. One possibility is to assume theatoms are so far apart due to low onentrations that their e�etive volume is the same, espeiallythe same as water, whih is known with great auray sine its density is known. We will give abetter de�nition of volume balane later using the water phase as a whole.The mentioned unertainties do not e�et (5.8) sine the ions are not inluded, but the volumebalane must be a onstraint to de�ne the porosity the way we do.In the original model [22, 23℄ it was assumed that porosity was onstant. Letting it vary willinrease the oupling of variables in the di�erential equations.5.4 Permeability and possible hysteresisIn short words we treat loal permeability as a funtion of loal porosity. In [22, 23℄ it has beenassumed onstant.Chalk has narrow pore throats, but large pores, resulting in high porosity and low permeability.When grains are fored against eah other they will tend to dissolve at the ontat points and15



smoothen to redue the stress loally. Given �uid �ow through the pore network and usingBernoulli's law it is lear that the veloity will be greater in the pore throats and the pore pressureless. Higher veloity will drag on the grains and redued pore pressure will inrease the load arriedby the rok. These mehanisms would favor an improvement in permeability by inreased porosity.On the other hand, when the �ow enters the wide pores and the pressure is larger and veloitysmaller, grains should settle and possibly preipitation would our more easily in these regions.Following this reasoning deposition should not e�et the size of the pore throats very muh. Aredution in porosity should redue permeability less than a leaning e�et would inrease it.This would lead to a form of hysteresis, meaning that a porosity inrease, followed by a porosityredution to the same level would give a better permeability. We neglet any suh behavior, partlyfor simpli�ation, and partly beause the porosity should go mainly in one diretion. The modelassumes no movement of solid partiles arried by the �uid. That means partiles larger than thepore throats do not ause any plugging e�et.It should be noted that the proesses desribed will depend on �uid veloity, its ability toarry grains (involves visosity), the variation in area from pore to throat, rates of dissolu-tion/preipitation, stresses in the rok, �uid pressure and probably other fators. Sine it wouldbe pratially impossible to make aurate measurements relating suh pore sale e�ets to per-meability whih is measured on ore sale we settle for a more unertain relation that just relatespermeability to porosity, that is k = k(φ). This an be justi�ed by thinking of low permeabilityas a region of loally low porosity. The measured permeability over the ore length will dependon the whole distribution, espeially on the smallest values.Assume we have an initial distribution of both permeability and porosity: k(x, t = 0) = k0 and
φ(x, t = 0) = φ0. We assume there is a funtion f(·) suh that

k

k0
= f(

φ

φ0
) (5.9)With no hysteresis initial φ orresponds to initial k, so f(1) = 1. Improving one should improvethe other so f ′ > 0. Both should be zero at the same time so f(0) = 0. If it is true that thethroats are attaked �rst then the e�et should be most rapid lose to the original state when thethroats are small ompared to the pores. Also the e�et should be less powerful when they areomparable in size, suggesting that f ′′ < 0.Some suggestions are evaluated in appendix ?? with referenes. It is shown that depending onthe hoie of formulation of f we require a orrelation to �t

f(x) =

{
xa 0 < x < 1

bxc + 1 − b x > 1
(5.10)with

a > 1; b > 0; 0 < c < 1 (5.11)or a > 1; b, c < 0 (5.12)or we an use the orrelation
f =

{
eax

−1
ea

−1 0 < x < 1

becx + 1 − bec x > 1
(5.13)with

a > 0; b, c < 0 (5.14)These are derived from typial permeability-porosity orrelations where parameters should dependon lithology and the mehanism of the strutural hanges involved.16



5.5 Molar balaneThe assumptions are that moles are transported in the �uid phase with a ertain veloity. Theveloity depends both on �uid veloity and di�usion. Solid omponents are not transported bythe �ow, but aumulate or diminish loally by preipitation or dissolution.Assume a thin utting of a ore that has rossetional area A (assumed onstant with time andposition) and length ∆x. At position x �uid enters the volume, and at x+∆x �uid leaves. Duringthe time ∆t there is a hange in the total ontent of moles of the substane due to transport andhemial reation. We denote porosity as φ, omponent veloity in the pore spae v (positive inthe x-diretion), onentration of omponent as moles per volume �uid C and hemial produtionof moles per volume �uid per time as ṙ. For a omponent in the �uid phase we have:
(AφCv)x∆t − (AφCv)x+∆x∆t = moles added by �ow (5.15)

A∆xṙ∆t = moles reated by reations inside the volume (5.16)
(A∆xφC)t+∆t − (A∆xφC)t = hange in number of moles (5.17)Sine the aumulation is the sum of hemial generation and transport aross boundaries we have
(A∆xφC)t+∆t − (A∆xφC)t = (AφCv)x∆t − (AφCv)x+∆x∆t + A∆xṙ∆t (5.18)Divide by A∆x∆t and let both ∆x, ∆t → 0

(φC)t+∆t − (φC)t

∆t
=

(φCv)x − (φCv)x+∆x

∆x
+ ṙ (5.19)

∂(φC)

∂t
= −∂(φCv)

∂x
+ ṙ (5.20)

∂(φC)

∂t
+

∂(φCv)

∂x
= ṙ (5.21)Fluid onentration is de�ned as C = molpore volume . Sine porosity is φ = pore volumetotal volume we an de�netotal onentrations as

ρ =
moltotal volume =

pore volumetotal volume molpore volume = φC (5.22)Eqn (5.21) an then be written in terms of total onentrations as
∂ρ

∂t
+

∂(ρv)

∂x
= ṙ (5.23)For the solid omponents there is only hemial ontribution to the aumulation so a similarderivation results in

∂ρ

∂t
= ṙ (5.24)Equations (5.21) and (5.24) are those originally used. We will make a small alteration by notingthat the rate terms should be related to the pore volumes, sine that is where reations take plae.In other words ṙ means moles generated per time per pore volume from now on. To onvert thisinto rates per total volume again so the balane is orret, the terms are multiplied by porosity:molestime · total volume =

pore volumetotal volume molestime · pore volume (5.25)
ṙtot = φ · ṙpore (5.26)The molar balane equations are now

∂(φC)

∂t
+

∂(φCv)

∂x
= φṙ for nonsolid omponents (5.27)

∂ρ

∂t
= φṙ for solid omponents (5.28)17



5.6 Reation ratesAssume a reation of the form
aA + bB ⇋ cC + dD (5.29)of hemial reatants A and B and produts C and D where a, b, c, d are stoihiometri oe�ientsthat preserve molar and harge balane. The rate of the reation is de�ned (see also [10, 11℄) by

ṙ = −1

a

dnA

V dt
= −1

b

dnB

V dt
=

1

c

dnC

V dt
=

1

d

dnD

V dt
(5.30)where n is moles and V is pore volume. The rate is positive when the reation is shifted to theright (A and B are onsumed, C and D are produed).We are really interested in the derivatives on the right side whih is the reations ontributionto the omponent rates used in the equations. For example we an say that for A

ṙA =
dnA

V dt
=

dCA

dt
= −aṙ (5.31)stating that if the reation moves to the right (ṙ positive) then A is onsumed by an amount of aompared to the reation rate.The reation rate is a funtion of the hemial ativity, ai of the involved omponents. Ativityis diretly related to �uid onentration Ci by

ai = γiCi (5.32)where γi is the ativity oe�ient of omponent i, to be disussed later.The rate of whih the left and right side omponents transform an be given as k+1a
a
Aab

B and
k−1a

c
Cad

D where k+1 and k−1 are positive onstants, but spei� for the given reation and thetemperature of onsideration. The net rate of the reation is
ṙ = k+1a

a
Aab

B − k−1a
c
Cad

D (5.33)Suh a formulation was made in [22℄.In [23℄, a rate expression of the form
ṙ = k(1 − Ω)n (5.34)was adopted from [10℄, only using n = 1 for simpliity. This model will also be applied here. Itsappliation is dissolution reations and Ω is de�ned as the ativity produt ratio divided by thesolubility onstant.

Ω = Q/K (5.35)We will show whih assumptions an lead to suh a model: The point of view is that thereations of onsideration are dissolution reations with omponent A being the mineral. Minerals,water and CO2 are here assumed to have ativity equal to 1. Gas omponents are normallyrepresented by their partial pressure in reation rates, but it is assumed here that all gas existsdissolved in the water phase and that this amount is given by the onstant temperature.Dissolution has rate k+1a
a
A = k+1 while preipitation has rate k−1

ac
Cad

D

ab
B

. The net reation rateis then
ṙ = k+1 − k−1

ac
Cad

D

ab
B

(5.36)Having de�ned the reations the exponents are known and given the urrent state, so are theativities. If we know k+1 and k−1 we an speify the reation rate and thus the hemial produ-tion/onsumption of a given omponent due to this spei� reation. k+1 and k−1 are related by18



the solubility produt K whih an be found experimentally or perhaps even in hemistry tables.At equilibrium the reation rate is 0 and we de�ne
K ≡ k+1

k−1
=

ac
Cad

D

ab
B

(5.37)The same value of K results from both rate formulations, but the spei� values of k+1 and k−1an be di�erent.We then write the reation rate as
ṙ = k+1(1 − ac

Cad
D

ab
BK

) (5.38)and note that the mentioned Ω is the ratio of ativity produts divided by the equilibrium onstantfor the reation.Dissolution an happen only as long as the mineral exists. Eah dissolution reation rate willtherefore be modi�ed so that if the onentration of the mineral is 0 the reation rate annot bepositive, but is set to 0.The rate expression is written as a funtion F times the k+1 fator. We then separate F into 2terms aording to when it is positive or negative. When F is positive and mineral onentrationis zero, rate is set to 0.
F ≡ 1 − Ω = (1 − ac

Cad
D

ab
BK

) = F+ − F− (5.39)
F+ ≡ max(0, F ), F− ≡ max(0,−F ), sgn+(x) =

{
1 if x ≥ 0

0 else (5.40)
ṙ = k+1[sgn+(ρ)F+ − F−] (5.41)5.6.1 Chemial ativityIon ativities ai are related to �uid onentrations Ci as ai = γiCi. γi is omponent i's ativityoe�ient, given by the Debye-Hukel formula (see [10, 12℄)

− log10(γi) =
A(T )Z2

i

√
I0

1 + a0
i B(T )

√
I0

(5.42)
I0 =

1

2

∑

i

CiZ
2
i (5.43)where I0 is the ioni ativity and Zi are the ioni harges. a0

i are omponent spei� onstantsindiating the e�etive size of the hydrated ion measured on angstrom and an be found fromtables suh as in [12℄. The onstants we use are
Zca = +2, Zmg = +2, Zso = −2, Zna = +1, Zcl = −1, Zh = +1,

Zoh = −1, Zhco = −1, Zco = −2

a0
ca = 6, a0

mg = 8, a0
so = 4, a0

na = 4, a0
cl = 3, a0

h = 9,

a0
oh = 3.5, a0

hco = 4, a0
co = 4.5

A(T ) and B(T ) are orrelations of the density of water, the dieletri onstant of water whihdepends on temperature and temperature itself. Suh relations are given in [12℄.The temperature we onsider is a onstant 130 degrees Celsius and we have
A(T = 130) = 0.6623 B(T = 130) = 0.3487 (5.44)whih were alulated in [22, 23℄ using the simulator EQAlt. I0, the ioni ativity is evaluatedwith the omposition of the injeted �uid and assumed onstant. In total all ativity oe�ientsare then treated as onstants for a given simulation.19



5.6.2 Reation rates for the modelThe �nal rate expressions for the reations in subsetion 5.2.1 beomeCalite: ṙc = kc
1[sgn+(ρc)F

+
c − F−

c ] Fc = 1 − γcaγhco

γhKc

CcaChco

Ch
(5.45)Anhydrite: ṙg = kg

1 [sgn+(ρg)F
+
g − F−

g ] Fg = 1 − γcaγso

Kg
CcaCso (5.46)Magnesite: ṙm = km

1 [sgn+(ρm)F+
m − F−

m ] Fm = 1 − γmgγhco

γhKm

CmgChco

Ch
(5.47)Dolomite: ṙd = kd

1 [sgn+(ρd)F
+
d − F−

d ] Fd = 1 − γcaγmgγ
2
hco

γ2
hKd

CcaCmgC
2
hco

C2
h

(5.48)5.6.3 Aqueous reations and harge balaneThe aqueous reations in subsetion 5.2.2 are instantly at equilibrium and we write
C1 = PCO2K = ahcoah = γhcoγhChcoCh (5.49)
C2 =

acoah

ahco
=

γcoγh

γhco

CcoCh

Chco
(5.50)

Cw = ahaoh = γhγohChCoh (5.51)
C3 = Chco + 2Cco + Coh − Ch (5.52)for 3 onstantsC1(T ), C2(T ), Cw(T ) and a funtion C3 that are all independent of Chco, Cco, Coh, Ch.

C1 in eq (5.49) is onstant based on the equilibrium onstant for the reation, K, and the assump-tion that the partial pressure of CO2 is onstant. C2 and Cw are also equilibrium onstants. Eq(5.52) is based on the harge balane
∑

i:ions

CiZi = 0 ⇒ C3 ≡ 2(Cca + Cmg − Cso) + (Cna − Ccl) = Chco + 2Cco + Coh − Ch (5.53)The reations are assumed to happen so fast that hanges in some onentrations will instantlyshift the onentrations Chco, Cco, Coh, Ch to �t aqueous equilibrium. In other words, at a giventemperature and time the 4 values an be alulated. We de�ne 3 new onstants based on ourknowledge of C1(T ), C2(T ), Cw(T ) and the ativity oe�ients:
C̃1 =

C1

γhcoγh
= ChcoCh C̃2 =

C2γhco

γcoγh
=

CcoCh

Chco
C̃w =

Cw

γhγoh
= ChCoh (5.54)Assuming a pH between 6 and 8 we follow the assumption in [22℄ that we an neglet Cco in (5.52)and get

C3 = Chco + Coh − Ch =
C̃1

Ch
+

C̃w

Ch
− Ch (5.55)

⇒ C2
h + C3Ch − (C̃1 + C̃w) = 0 (5.56)

⇒ Ch =
1

2

(
−C3 +

√
C2

3 + 4(C̃1 + C̃w)

) (5.57)
⇒ Chco =

C̃1

Ch
Cco =

C̃2Chco

Ch
=

C̃1C̃2

C2
h

Coh =
C̃w

Ch
(5.58)These onentrations will a�et the reation rates. They hange aording to the transport of theother ions requiring updated values for C3. 20



5.7 Transport equationsThe following equations are the ones we need to solve in the most general ase we onsider.
∂t(φCl) + ∂x(φClvl) = 0 H2O �owing water (5.59)

∂t(φCna) + ∂x(φCnavna) = 0 Na+-ions in water (5.60)
∂t(φCcl) + ∂x(φCclvcl) = 0 Cl−-ions in water (5.61)

∂t(φCca) + ∂x(φCcavca) = φ(ṙc + ṙg + ṙd) Ca2+-ions in water (5.62)
∂t(φCso) + ∂x(φCsovso) = φṙg SO2−

4 -ions in water (5.63)
∂t(φCmg) + ∂x(φCmgvmg) = φ(ṙm + ṙd) Mg2+-ions in water (5.64)

∂tρc = −φṙc CaCO3-mineral (5.65)
∂tρg = −φṙg CaSO4-mineral (5.66)
∂tρm = −φṙm MgCO3-mineral (5.67)
∂tρd = −φṙd CaMg(CO3)2-mineral (5.68)As we have shown, inluding more reations and minerals an easily be implemented. Inludingnew ions an be a little trikier. The harge balane is hanged and we need another transportequation if the ions presene is ontrolled by �ow and rok-�uid reations. If it is ontrolled byaqueous equilibrium we get a more ompliated system of algebrai equations that needs to besolved.5.7.1 Component veloitiesIn the transport equations we still need to determine eah omponents interstitial veloity, vi. Wedivide the water phase into water omponent l and ion group g suh that

Cg = Cna + Ccl + Cca + Cmg + Cso (5.69)Only the ions whose onentration are determined by �ow and rok-�uid reations are involved.The total onentration of �owing ions in the water phase is then
C = Cl + Cg (5.70)The seepage veloities Vl for water and Vg for ions are related to the interstitial veloities as

Vl = φvl Vg = φvg (5.71)so that the transport equations for water and ions take the form
∂t(φCl) + ∂x(ClVl) = 0 Water omponent (5.72)
∂t(φCi) + ∂x(CiVg) = φṙi i = na, cl, ca, so, mg (5.73)The water phase seepage veloity V is related to the omponent seepage veloities by

CV = CgVg + ClVl (5.74)and obeys Dary's law
V = −k

ν
∂xp (5.75)where ν is �uid phase dynami visosity and k is the permeability along the ore. The ions moverelative to the phase speed due to di�usion with relative veloity

Ug = Vg − V (5.76)21



Aording to Fiks law we have for eah ion that the molar �ux is proportional to the onentrationgradient.
Ci

Ug

φ
= −D∂xCi i = na, cl, ca, so, mg (5.77)Note that the mehanism works to reate a smooth onentration pro�le and even the distributionloally. The proportionality fator D is alled the e�etive dispersion oe�ient and is assumedequal for all omponents. It varies with porosity and phase seepage veloity as

D = Dmφ +
FIdp

2

V

φ
= Dmφ + α

V

φ
(5.78)where onstants Dm, FI and dp are moleular di�usion oe�ient, formation inhomogeneity fa-tor and average partile diameter respetively. α =

FIdp

2 is alled the dispersion length. Moreinformation and referenes about di�usion is found in appendix C.We update the transport equations with this information:
∂t(φCi) + ∂x(CiVg) = φṙi (5.79)

⇒ ∂t(φCi) + ∂x(CiUg) = φṙi − ∂x(CiV ) (5.80)
⇒ ∂t(φCi) − ∂x(Dφ∂xCi) = φṙi − ∂x(CiV ) (5.81)

i = na, cl, ca, so, mgWe now wish to replae the equation for the water omponent with an equation for the waterphase. First we add the equations for the ions
∑

i

[∂t(φCi) − ∂x(Dφ∂xCi)] =
∑

i

[φṙi − ∂x(CiV )] (5.82)
⇒ ∂t(φ

∑

i

Ci) − ∂x(Dφ∂x

∑

i

Ci) = φ
∑

i

ṙi − ∂x(
∑

i

CiV ) (5.83)
⇒ ∂t(φCg) − ∂x(Dφ∂xCg) = φ

∑

i

ṙi − ∂x(CgV ) (5.84)The water omponent �ux is related to V and Ug as follows
ClVl = CV −CgVg = CV −Cg(Ug+V ) = (C−Cg)V −CgUg = ClV −CgUg = ClV +Dφ∂xCg (5.85)This is used in the equation for the water omponent

∂t(φCl) + ∂x(ClVl) = 0 (5.86)
∂t(φCl) + ∂x(ClV ) + ∂x(Dφ∂xCg) = 0 (5.87)

∂t(φCl) + ∂x(Dφ∂xCg) = −∂x(ClV ) (5.88)Adding eqs. (5.84) and (5.88) gives
∂t(φCg) − ∂x(Dφ∂xCg) + ∂t(φCl) + ∂x(Dφ∂xCg) = φ

∑

i

ṙi − ∂x(CgV ) − ∂x(ClV )(5.89)
⇒ ∂t(φC) = φ

∑

i

ṙi − ∂x(CV ) (5.90)5.7.2 Volume onservationIn addition to these equations we must have volume preservation. We assume that the total waterphase has the same volume as the volume de�ned by the onentration C, that is the ions involvedin aqueous reations are assumed to have negligible volume. Given molar weight M and density
ω of the water phase and minerals we must have that the sum of all volume frations equals 1:

Mw

ωw
φC +

Mc

ωc
ρc +

Mg

ωg
ρg +

Mm

ωm
ρm +

Md

ωd
ρd = 1 (5.91)Note that this equation expresses loal volume onservation in spae. It does not imply that thevolume is onstant in time and an be used also if the rossetion of the ore is ompressed.22



5.7.3 Updated equation systemOur system of equations then beomes
∂t(φC) + ∂x(CV ) = φ(ṙc + 2ṙg + ṙm + 2ṙd) (5.92)

∂t(φCna) − ∂x(Dφ∂xCna) = −∂x(CnaV ) (5.93)
∂t(φCcl) − ∂x(Dφ∂xCcl) = −∂x(CclV ) (5.94)

∂t(φCca) − ∂x(Dφ∂xCca) = φ(ṙc + ṙg + ṙd) − ∂x(CcaV ) (5.95)
∂t(φCso) − ∂x(Dφ∂xCso) = φṙg − ∂x(CsoV ) (5.96)

∂t(φCmg) − ∂x(Dφ∂xCmg) = φ(ṙm + ṙd) − ∂x(CmgV ) (5.97)
∂tρc = −φṙc (5.98)
∂tρg = −φṙg (5.99)
∂tρm = −φṙm (5.100)
∂tρd = −φṙd (5.101)

Mw

ωw
φC = 1 −

(
Mc

ωc
ρc +

Mg

ωg
ρg +

Mm

ωm
ρm +

Md

ωd
ρd

) (5.102)
D ≡ Dmφ + α

V

φ
(5.103)

V ≡ −k

ν
∂xp (5.104)

φ ≡ 1 − Mc

ωc
ρc +

Mg

ωg
ρg +

Mm

ωm
ρm +

Md

ωd
ρd (5.105)

k ≡ k0f(
φ

φ0
) (5.106)Equations (5.92)-(5.102) are 11 equations used to solve for the 11 unknowns C, Cna, Ccl, Cca, Cso,

Cmg, ρc, ρg, ρm, ρd, p.This is a 1-dimensional version of the model derived in [23℄ exept we have inluded dolomite,treated the reation rates as de�ned per pore volume, inluded total volume onservation given byeq. (5.102) and let the dispersion oe�ient depend on interstitial veloity. Following the steps in[23℄ similar to here a 3D model an be derived and is given in appendix A.We note that the given system still allows us to implement and �nd solutions for pH, aqueousonentrations, nononstant densities ωi(p), porosity φ(ρminerals), permeability k(φ), di�usionoe�ient D(φ, V ) and more.
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Chapter 6Case de�nitions6.1 Case I: Constant ore properties and inompressible �uidThis is a diret ontinuation of the model tested in [23℄. We speify the assumptions and onse-quenes:
• The water phase is assumed inompressible: C is onstant

C =
ωw

Mw
=

1000 g/liter
18.015 g/mol = 55.5 mol/liter (6.1)In general density ω inreases with salinity, but so does average molar weight when heavyions suh as sulphate and arbonate beome a bigger part of the solution, so the e�ets on

C are assumed to anel out.
• The ontribution from reations in eq (5.92) is assumed negligible to the overall onentrationand set to 0.
• Porosity φ is assumed onstant: The left term in eq (5.92) vanishes and sine C is onstantwe get ∂x(V ) = 0, stating that V ≡ −k

ν ∂xp is uniform over x although it an hange withtime.
• D ≡ Dmφ + αV an be treated as the sum of a onstant part and a time-dependent part.
• Permeability k is onstant (with the assumptions we have used this would also follow fromonstant porosity). That means the pressure gradient is onstant from the de�nition of V .
• Pressure p is eliminated sine its distribution is given by Darys law.From this we an remove eqn 5.92 (it redues to 0 = 0). Eq 5.102 redues to

Mw

ωw
φ

ωw

Mw
= φ = 1 −

(
Mc

ωc
ρc +

Mg

ωg
ρg +

Mm

ωm
ρm +

Md

ωd
ρd

)
= φ (6.2)
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and an also be removed.
∂t(φCna) − ∂x(Dφ∂xCna) = ∂x(Cna

k

ν
∂xp) (6.3)

∂t(φCcl) − ∂x(Dφ∂xCcl) = ∂x(Ccl
k

ν
∂xp) (6.4)

∂t(φCca) − ∂x(Dφ∂xCca) = φ(ṙc + ṙg + ṙd) + ∂x(Cca
k

ν
∂xp) (6.5)

∂t(φCso) − ∂x(Dφ∂xCso) = φṙg + ∂x(Cso
k

ν
∂xp) (6.6)

∂t(φCmg) − ∂x(Dφ∂xCmg) = φ(ṙm + ṙd) + ∂x(Cmg
k

ν
∂xp) (6.7)

∂tρc = −φṙc (6.8)
∂tρg = −φṙg (6.9)
∂tρm = −φṙm (6.10)
∂tρd = −φṙd (6.11)

C, φ, k, ν are onstant, D, V an hange with time. This ase requires solving the above 9 equationsfor the 9 unknowns Cna, Ccl, Cca, Cso, Cmg, ρc, ρg, ρm, ρd.The purpose of this ase is to see what e�et dolomite an have on the system: does it makea better �t than magnesite or should both minerals be inluded to get the orret behavior?Espeially we are interested in determining a good �t for the rate onstants.Although we assume both k and φ onstant it is interesting to see how they will behave asfuntions of the resulting redistribution of omponents. In other words in this ase we treat theinitial values as representative in the alulations and see what hanges will our.6.2 Case II: Variable porosity and permeabilityWe now let φ and k hange simultaneously with the onentrations. In general this should besolved by the equations (5.92-5.102). However solving this omplete set of di�erential equations ismore ompliated than Case I sine we would need to inlude numerial pressure-gradients in theexpressions. To ahieve numerial stability it is vital to use a orret numerial inlusion of thisterm and this will not be pursued further. We an however simplify the solution to this problemonsiderably even if the pressure gradient is nononstant.
• As in Case I the water phase is still assumed inompressible: C is onstant and equal to 55.5mol/liter. As shown in the last setion we an remove eq (5.102).
• The ontribution from reations in eq (5.92) is assumed to exatly balane the hange inporosity aused by the dissolution/preipitation. Rok/�uid reations are in other wordsassumed not to ause any net volume hanges. Mathematially we assume

∂t(φC) = φ(ṙc + 2ṙg + ṙm + 2ṙd) (6.12)whih redues eq (5.92) to
∂x(CV ) = 0 ⇔ V (t) = onstant ⇔ ∂x(k∂xp) = 0 (6.13)Sine the equation set only depends on V whih is given by a freely de�ned funtion we aneliminate p as an unknown.

• Porosity will now vary aording to mineral onentrations as de�ned.
• D ≡ Dmφ + αV will not just be time dependent any more but vary with porosity
• Permeability k depends on porosity. 25



∂t(φCna) − ∂x(Dφ∂xCna) = ∂x(Cna
k

ν
∂xp) (6.14)

∂t(φCcl) − ∂x(Dφ∂xCcl) = ∂x(Ccl
k

ν
∂xp) (6.15)

∂t(φCca) − ∂x(Dφ∂xCca) = φ(ṙc + ṙg + ṙd) + ∂x(Cca
k

ν
∂xp) (6.16)

∂t(φCso) − ∂x(Dφ∂xCso) = φṙg + ∂x(Cso
k

ν
∂xp) (6.17)

∂t(φCmg) − ∂x(Dφ∂xCmg) = φ(ṙm + ṙd) + ∂x(Cmg
k

ν
∂xp) (6.18)

∂tρc = −φṙc (6.19)
∂tρg = −φṙg (6.20)
∂tρm = −φṙm (6.21)
∂tρd = −φṙd (6.22)

D ≡ Dmφ + α
V

φ
(6.23)

V (t) ≡ −k

ν
∂xp (6.24)

φ ≡ 1 − Mc

ωc
ρc +

Mg

ωg
ρg +

Mm

ωm
ρm +

Md

ωd
ρd (6.25)

k ≡ k0f(
φ

φ0
) (6.26)

C, ν are onstant, V (t) an hange with time. This ase requires solving the �rst 9 equationsabove for the 9 unknowns Cna, Ccl, Cca, Cso, Cmg, ρc, ρg, ρm, ρd, similar to ase I.6.3 Reformulating the problemFor the numerial solution of the problem it is advantageous to use either pore onentrations ortotal onentrations, but not both sine it inreases the number of variables. We deide to solvefor total onentrations (this has an advantage that beomes apparent in a while). The equationsan be written as 2 sorts:
∂t(φCi) − ∂x(Dφ∂xCi) = φṙi + ∂x(Ci

k

ν
∂xp) (6.27)

∂tρj = φṙj (6.28)where i is for ions and j for minerals. Note that the last equation is just a speial ase of the �rst.We replae all pore onentrations by total onentrations. Porosity and permeability an vary.
∂t(φCi) − ∂x(Dφ∂xCi) = φṙi − ∂x(CiV ) (6.29)

∂t(φCi) − ∂x(Dφ∂x
φCi

φ
) = φṙi − ∂x(

φCi

φ
V ) (6.30)

∂t(ρi) − ∂x(Dφ∂x
ρi

φ
) = φṙi − ∂x(

ρi

φ
V ) (6.31)6.4 Units and dimensioningIt has been taken for granted that the units in the equations are onsistent, but pratially we donot aquire measurements in these units. Working with SI units we introdue the following unitsin the solution and onvert all other measurements into them:

[x] = [α] = m, [t] = s, [D] = [Dm] = m2/s, [k] = m2, [p] = Pa, (6.32)
[ν] = Pa · s, [ṙ] = mol/m3s [C] = [ρ] = mol/liter, [φ] = 0, (6.33)26



Note that onentrations are given in moles per liter. The reason is that we will not sale theonentrations, but let the equations have the dimension of mol/liter after dimensioning.To sale the problem we introdue positive onstant referene values x̂, t̂, D̂m, k̂ and p̂ thatan be hosen arbitrarily, but should �t the dimensions of the analysis. From this we makedimensionless variables and parameters:
x′ =

x

x̂
t′ =

t

t̂
D′

m =
Dm

D̂m

k′ =
k

k̂
p′ =

p

p̂
(6.34)

x = x̂ x′ t = t̂ t′ Dm = D̂m D′

m k = k̂ k′ p = p̂ p′ (6.35)We now transform V, D and then eq. (6.31) using the dimensionless variables.
V = −k

ν

∂p

∂x
= − k̂k′

ν

p̂∂p′

x̂∂x′
= − k̂p̂

x̂ν

k′∂p′

∂x′
=

k̂p̂

x̂ν
V ′ (6.36)

V ′ ≡ −k′∂p′

∂x′
(6.37)

D = Dmφ + α
V

φ
= D̂mD′

mφ +
α

φ

D̂m

D̂m

k̂p̂

x̂ν
V ′ (6.38)

D′ ≡ D

D̂m

= D′

mφ +
α

φ

1

D̂m

k̂p̂

x̂ν
V ′ = D′

mφ +
α

φx̂

k̂p̂

νD̂m

V ′ = D′

mφ +
µ

φ
εV ′ (6.39)

ε ≡ k̂p̂

νD̂m

µ ≡ α

x̂
(6.40)

∂t(ρi) − ∂x(Dφ∂x(
ρi

φ
)) = φṙi − ∂x(

ρi

φ
V ) (6.41)

1

t̂

∂ρi

∂t′
− 1

x̂

∂

∂x′
(D̂mD′φ

1

x̂

∂

∂x′
(
ρi

φ
)) = φṙi −

1

x̂

∂

∂x′
(
ρi

φ

k̂p̂

x̂ν
V ′) (6.42)

∂ρi

∂t′
− ∂

∂x′

(
D̂mt̂

x̂2
D′φ

∂

∂x′
(
ρi

φ
)

)
= t̂φṙi −

∂

∂x′
(
D̂mt̂

x̂2

k̂p̂

νD̂m

ρi

φ
V ′) (6.43)Sine we an hoose referene values arbitrarily we onstraint D̂m by having

D̂m ≡ x̂2

t̂
(6.44)From the de�nition of ε in eq (6.40) we get

∂ρi

∂t′
− ∂

∂x′

(
D′φ

∂

∂x′
(
ρi

φ
)

)
= t̂φṙi −

∂

∂x′
(ε

ρi

φ
V ′) (6.45)In addition we hoose x̂ = L, the length of the ore (so 0 ≤ x′ ≤ 1) and t̂ = τ , the timesale ofthe experiment. We use τ = 1d = 24 · 60 · 60s (one weeks test is equivalent to t′ = 7). In ompatform without the ′s the system is desribed by normalized equations of the form

∂tρi − ∂x

(
Dφ∂x(

ρi

φ
)

)
= τφṙi − ∂x(ε

ρi

φ
V ) (6.46)

27



Chapter 7Solution proedure7.1 Operator splittingThe solution of the equation system follows the approah used in [22, 23℄. Note that the variablesin this hapter are normalized as spei�ed in setion 6.4. Let
C = (ρna, ρcl, ρca, ρso, ρmg) (7.1)
U = (ρc, ρg, ρm, ρd) (7.2)We want to solve the system of equations

∂tC + ∂x(C
εV

φ
) = τφṙC + ∂x

(
Dφ∂x(

C

φ
)

) (7.3)
∂tU = τφṙU (7.4)and do so by splitting the system into a reation part (onvetion and di�usion negleted):

∂tC = τφṙC (7.5)
∂tU = τφṙU (7.6)and a onvetion/di�usion part (reations negleted):

∂tC + ∂x(C
εV

φ
) = ∂x

(
Dφ∂x(

C

φ
)

) (7.7)
∂tU = 0 (7.8)Let T be the simulation time, Tsol the total simulation time (when the experiment is over)and let t be the time variable in the solvers, with tsol the amount of time the solver shouldalulate ahead. We solve one timestep ∆T ahead by solving half a step (tcon/dif,1

sol = ∆T/2)with onvetion/di�usion, then use this information to solve a time step ahead (treac
sol = ∆T )forreations and then use this information to solve half a time step ahead (tcon/dif,2

sol = ∆T/2) withonvetion/di�usion, so alled Strang splitting. Letting the reation solver be alled St and theonvetion/di�usion solver be alled Dt this orresponds to
(Cn+1,Un+1) = [D∆T/2S∆T D∆T/2](C

n,Un) (7.9)We disretize the ore length into grid ells with boundaries at x = 0 and 1. With I grid ellswe have grid length
dx =

1

I
(7.10)Cell number i from the left has its enter value xi given as

xi = dx/2 + (i − 1)dx, i = 1, ..., I (7.11)28



Figure 7.1: Relation between ell number and position on x-axis.7.2 The reation solverRemoving the onvetion/di�usion terms our equation set is
∂t(ρna) = 0 (7.12)
∂t(ρcl) = 0 (7.13)
∂t(ρca) = φτ(ṙc + ṙg + ṙd) (7.14)
∂t(ρso) = φτṙg (7.15)

∂t(ρmg) = φτ(ṙm + ṙd) (7.16)
∂tρc = −φτṙc (7.17)
∂tρg = −φτṙg (7.18)
∂tρm = −φτṙm (7.19)
∂tρd = −φτṙd (7.20)This set of equations an be onsidered as a system of ordinary di�erential eqations (ODE's).That is a system of the form

dY

dt
= f(Y) (7.21)At any given position and time the development in the solution vetor depends only on the urrentstate. This is a very useful property beause it allows us to solve the system for eah loationseparately. We an redue the number of variables in the system by reombining the equations

∂t(ρna) = 0 (7.22)
∂t(ρcl) = 0 (7.23)

∂t(ρg + ρso) = 0 (7.24)
∂t(ρm + ρd + ρmg) = 0 (7.25)

∂t(ρc − ρso + ρd + ρca) = 0 (7.26)
∂t(ρso) = φτṙg (7.27)

∂t(ρmg) = φτ(ṙm + ṙd) (7.28)
∂tρd = −φτṙd (7.29)

∂t(ρca) = φτ(ṙc + ṙg + ṙd) (7.30)29



and we see that some unknowns are easily given as the solutions of other:
ρna(t) = ρ0

na (7.31)
ρcl(t) = ρ0

cl (7.32)
ρg(t) = (ρ0

g + ρ0
so) − ρso(t) (7.33)

ρm(t) = (ρ0
m + ρ0

d + ρ0
mg) − (ρd(t) + ρmg(t)) (7.34)

ρc(t) = (ρ0
c − ρ0

so + ρ0
d + ρ0

ca) − (−ρso(t) + ρd(t) + ρca(t)) (7.35)
∂tρso = φτ

[
kg
1 [sgn+(ρg)F

+
g − F−

g ]
] (7.36)

∂tρmg = φτ
[
km
1 [sgn+(ρm)F+

m − F−

m ] + kd
1 [sgn+(ρd)F

+
d − F−

d ]
] (7.37)

∂tρd = −φτ
[
kd
1 [sgn+(ρd)F

+
d − F−

d ]
] (7.38)

∂tρca = φτ
[
kc
1[sgn+(ρc)F

+
c − F−

c ] + kg
1 [sgn+(ρg)F

+
g − F−

g ] + kd
1 [sgn+(ρd)F

+
d − F−

d ]
](7.39)Earlier we spei�ed the funtions Fi using pore onentrations of all reation relevant ions.In the system above we fous on the total onentrations ρca, ρso, ρmg and orret for this using

Cj = ρj/φ. We now show how the other ions are eliminated. C3 is alulated as
C3 ≡ 2(Cca + Cmg − Cso) + (Cna − Ccl) =

1

φ
(2(ρca + ρmg − ρso) + (ρna − ρcl)) (7.40)The aqueous onentrations are then

Ch =
1

2

(
−C3 +

√
C2

3 + 4(C̃1 + C̃w)

) (7.41)
Chco =

C̃1

Ch
Cco =

C̃1C̃2

C2
h

Coh =
C̃w

Ch
(7.42)The rate funtions Fi an then be expressed as

Fc = 1 − γcaγhco

γhKc

CcaChco

Ch
= 1 − γcaγhcoC̃1

γhKc

ρca

φC2
h

= 1 − γcaC1

γ2
hKc

ρca

φC2
h

(7.43)
Fg = 1 − γcaγso

Kg
CcaCso = 1 − γcaγso

Kg

ρcaρso

φ2
(7.44)

Fm = 1 − γmgγhco

γhKm

CmgChco

Ch
= 1 − γmgγhcoC̃1

γhKm

ρmg

φC2
h

= 1 − γmgC1

γ2
hKm

ρmg

φC2
h

(7.45)
Fd = 1 − γcaγmgγ

2
hco

γ2
hKd

CcaCmgC
2
hco

C2
h

= 1 − γcaγmgγ
2
hcoC̃1

2

γ2
hKd

ρcaρmg

φ2C4
h

(7.46)
= 1 − γcaγmgC

2
1

γ4
hKd

ρcaρmg

φ2C4
h

(7.47)The idea is that the solver reeives initial values ρ0
na, ρ0

cl, ρ
0
ca, ρ0

so, ρ
0
mg, ρ

0
c , ρ

0
g, ρ

0
m, ρ0

d and is toldhow far in time tsol to alulate the given system. In pratie tsol is the time step ∆T as desribedin setion 7.1. It an also be a longer period suh as when we want to alulate an equilibriumstate (ideally di�usion (and not onvetion) should be inluded in suh a ase but it has not beendone).The solution is made iteratively by dividing tsol into several time steps δt. Given the solutionat a time t these values are used to update the rate expressions and estimate the solution at t+ δt.The solutions of ρca, ρso, ρmg are essential to update the Fi funtions and C3 (C3 also dependson ρna and ρcl but these are onstant parameters during the solution proedure). ρc, ρg, ρm, ρdupdate the porosity φ if it is assumed to vary, but they are also relevant in the sgn+(·) terms.When tsol has been reahed and the solution is within aeptable error bounds, the solverreturns the updated solution.To solve the problem we have used the Matlab ODE solver alled ode23.30



7.2.1 A test of the reation solver
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Figure 7.2: Conentrations of Ca2+, SO2−
4 and Mg2+ (mol/liter) with time (days) for Eko�skformation water (left), nonioni water (middle) and seawater SW1 (right)The reation solver is tested on 3 di�erent �uids: nonioni water, Eko�sk formation brine andseawater SW1 (experimental data are spei�ed in hapter 8). We speify a �uid omposition andthe surrounding rok and then observe how they hange with time due to the exposure. The �rst 2�uids are onsidered low reative (sine the minerals are "insoluble" in water and formation brineis in equilibrium) while seawater is onsidered more reative. The simulation ran 30 times to givethe state at di�erent times tsol in the interval 0 to 2 days. Remember that the internal time stepsare hosen by the Matlab ode23 routine.The rate onstants determined in [23℄ were used in the test (orreted for porosity and inludingthe dolomite onstant) as given below

kc
1 = 3.125 · 10−6 (mol/liter)/se, kg

1 = 0.03kc
1, km

1 = 0.09kc
1, kd

1 = 0.00kc
1 (7.48)As seen in Fig 7.2 the 2 less reative brines very quikly reah an equilibrium state that wouldbe better aptured if more points were used. On a �rst look they seem to be very reative, butwhen you look at the onentration sale their state hanges little in absolute value. Espeiallysulphate ion onentrations appear to hange, but are only the result of the error limitations ofthe routine. In both ases it should theoretially be 0, but is alulated to be of an order equal orless than 10−10 mol/liter.Seawater SW1 is seen to hange more in response to the rok and only after 1.5-2 days thereations have reahed equilibrium. This shows that a reative �uid will spend days to reahequilibrium so using outer time steps on the order of hours seems reasonable.31



7.3 The onvetion/di�usion solver
∂tρ + ∂x(ρ

εV

φ
) = ∂x

(
Dφ∂x(

ρ

φ
)

) (7.49)
∂tρ = 0 (7.50)Without reation terms our equations take the form

∂tρna + ∂x(ρna
εV

φ
) = ∂x

(
Dφ∂x(

ρna

φ
)

) (7.51)
∂tρcl + ∂x(ρcl

εV

φ
) = ∂x

(
Dφ∂x(

ρcl

φ
)

) (7.52)
∂tρca + ∂x(ρca

εV

φ
) = ∂x

(
Dφ∂x(

ρca

φ
)

) (7.53)
∂tρso + ∂x(ρso

εV

φ
) = ∂x

(
Dφ∂x(

ρso

φ
)

) (7.54)
∂tρmg + ∂x(ρmg

εV

φ
) = ∂x

(
Dφ∂x(

ρmg

φ
)

) (7.55)
∂tρc = 0 (7.56)
∂tρg = 0 (7.57)
∂tρm = 0 (7.58)
∂tρd = 0 (7.59)We see the mineral onentrations do not hange with time. Sine

φ ≡ 1 − Mc

ωc
ρc +

Mg

ωg
ρg +

Mm

ωm
ρm +

Md

ωd
ρd (7.60)

D ≡ Dmφ + αε
V

φ
(7.61)and V an be assumed onstant over the solution time tsol (here normally taken to be a halftimestep ∆T/2) both φ and D have onstant spatial distributions during the solution. Espeiallyonly the minerals initial distributions are required for the solver. The di�erential equations equa-tions are not oupled sine eah equation has no parameters depending on the solution of the othervariables. This means eah solution an be solved separately.At the start we speify porosity distribution φ0(x) and the onstant V0 (both given at the timespei�ed in the fullsale simulation by T ). Let

J ≡ εV0 (7.62)The distribution of D is then alulated as
D0(x) = Dmφ0(x) + µε

V0

φ0(x)
= Dmφ0(x) +

µJ

φ0(x)
(7.63)For eah ion we must speify the initial onentration distribution ρi(x, t = 0) = ρi0(x). Theleft boundary ondition is given by the inlet �uid onentration Ci,brine and the porosity at thatposition as

ρi(0, t) = Ci,brineφ0(0) (7.64)For the right boundary ondition we would use ρi(∞, t) = ρi0(∞) but sine we must onsider a�nite system in pratie we let
∂xρi(1, t) = 0 (7.65)32



whih in pratie means the right boundary adopts the neighbors value. Eah ion then requiresthe solution of
∂tρ(x, t) + ∂x(J

ρ(x, t)

φ0(x)
) = ∂x

(
D0(x)φ0(x)∂x(

ρ(x, t)

φ0(x)
)

) (7.66)We solve the equations simultaneously by performing the same operations to the ion vetor as wewould to eah ion variable.7.3.1 Numerial solutionFor simpliity we onsider the equation of one ion variable
∂tρ(x, t) = ∂x

(
D0(x)φ0(x)∂x(

ρ(x, t)

φ0(x)
)

)
− ∂x(J

ρ(x, t)

φ0(x)
) (7.67)We now assume we know the solution at a time t in disrete points so that

ρn
i ≡ ρ(xi, tn) (7.68)for integers 1 ≤ i ≤ I suh that I∆x = 1 and tn = n∆t. Based on this information we want toestimate the solution at the next timestep ρn+1

i .We disretize the separate terms as follows
∂tρ(x, t) =

ρn+1
i − ρn

i

∆t
(7.69)

∂x

(
D0(x)φ0(x)∂x(

ρ(x, t)

φ0(x)
)

)
=

1

∆x

(
(D0φ0∂x

ρ

φ0
)i+1/2 − (D0φ0∂x

ρ

φ0
)i−1/2

) (7.70)
∂x(J

ρ(x, t)

φ0(x)
) =

1

∆x

(
(J

ρ

φ0
)i+1/2 − (J

ρ

φ0
)i−1/2

) (7.71)We use an expliit 3-point formulation (meaning that the solution at a point for the next timestep is based on the solution in the point and its neighbors at the previous time). In other wordsall values on the right side are given at tn. The values of interfae expression must be seletedin a proper manner for numerial stability. A good starting point is to let �uxes be based onthe diretion the points they ome from. In this way we assume the �ow is running from left toright (sine we injet at the left boundary) and so for the onvetive terms we use an upwindformulation
(

ρ

φ0
)i+1/2 =

ρi

φ0,i
(

ρ

φ0
)i−1/2 =

ρi−1

φ0,i−1
(7.72)If we had based this �ux on the values on both sides of the interfae it would ause stabilityproblems.The di�usive terms are somewhat simpler when it omes to stability. We need representativevalues of φ0 and D0 based on the neighboring ell values. This an be done in a number of ways:

• Arithmeti mean:
D0,i+1/2 = 1

2 (D0,i + D0,i+1), D0,i−1/2 =
1

2
(D0,i−1 + D0,i), (7.73)

φ0,i+1/2 = 1
2 (φ0,i + φ0,i+1), φ0,i−1/2 =

1

2
(φ0,i−1 + φ0,i). (7.74)

• Harmoni mean:
D0,i+1/2 =

2D0,iD0,i+1

D0,i+D0,i+1
, D0,i−1/2 =

2D0,i−1D0,i

D0,i−1 + D0,i
, (7.75)

φ0,i+1/2 =
2φ0,iφ0,i+1

φ0,i+φ0,i+1
, φ0,i−1/2 =

2φ0,i−1φ0,i

φ0,i−1 + φ0,i
. (7.76)33



• Geometri mean:
D0,i+1/2 =

√
D0,iD0,i+1, D0,i−1/2 =

√
D0,i−1D0,i, (7.77)

φ0,i+1/2 =
√

φ0,iφ0,i+1, φ0,i−1/2 =
√

φ0,i−1φ0,i. (7.78)The gradients are disretized as
∂x( ρ

φ0
)i+1/2 = 1

∆x( ρi+1

φ0,i+1
− ρi

φ0,i
), ∂x(

ρ

φ0
)i−1/2 =

1

∆x
(

ρi

φ0,i
− ρi−1

φ0,i−1
) (7.79)Now let

λ ≡ ∆t

∆x
(7.80)With the notation above in mind the onvetion/di�usion solver takes the form

ρn+1
i = ρi + λ

(
[D0,i+1/2φ0,i+1/2(∂x

ρ

φ0
)i+1/2] − [D0,i−1/2φ0,i−1/2(∂x

ρ

φ0
)i−1/2]

)

−λ

(
J(

ρ

φ0
)i+1/2 − J(

ρ

φ0
)i−1/2

) (7.81)These equations are omputed for eah ell i = 1..I, but we must speify values at the boundaryinterfaes. Spei�ally the average values of D0 and φ0 are taken as the ell value at the edges.At the outlet the pore onentration is assumed the same at the enter of the ell as at theright boundary so we neglet di�usion there and keep the upwind �ux.At the inlet the onvetive �ux in is naturally given by the injetion �uid omposition. Theleft side di�usive �ux is given by assuming a ell to the left with injetion �uid omposition.
D0,1/2 = D0,1 D0,I+1/2 = D0,I (7.82)
φ0,1/2 = φ0,1 φ0,I+1/2 = φ0,I (7.83)

( ρ
φ0

)1/2 = Cinj (
ρ

φ0
)I+1/2 =

ρI

φ0,I
(7.84)

∂x( ρ
φ0

)1/2 = 1
∆x( ρ1

φ0,1
− Cinj) ∂x(

ρ

φ0
)I+1/2 = 0 (7.85)To determine a good volume rate for the experiment we want the front to pass through theore during the time sale of the experiment. Let Q be volume rate and q be the number of porevolumes per day injeted. To let this be determined uniquely we relate it to the initial porosity

φinit.
Q = q

ALφinit

τ
(7.86)

Q is also related to Darys law.
Q = −ktotA

ν

∆P

L
= − k̂k′

totA

ν

∆P

L
= − k̂k′A

ν

p̂

L

∂p′

∂x′
(7.87)Combining this we get

q
Lφinit

τ
= − k̂k′

tot

ν

∆P

L
(7.88)

k′∂p′

∂x′
=

k′

tot
∆P
p̂

L
L

= k′

tot

∆P

p̂
= −qφinit

L2

τD̂m

D̂mν

k̂p̂
= −qφinit

ε
(7.89)

J = −ε
k′∂p′

∂x′
= qφinit (7.90)This simple relation is used so that q is an input parameter to determine J . We will typiallyonsider injetion rates of 1 PV/day, orresponding to q = 1.34



7.3.2 Simpli�ation: Constant porosityWith φ onstant and equal over time and spae and V0 onsidered onstant over the solver simula-tion time (as before) we an simplify the system and better evaluate stability. D0 will be onstantand uniform over a simulation. Let
V ≡ εV0

φ
=

J

φ
(7.91)(not to be onfused with the seepage veloity whih is not dimensionless). Note that for onstantporosity

V = q (7.92)so V adopts the value of number pore volumes injeted per day diretly. The PDE beomes
∂tρ(x, t) = D0∂xx(ρ(x, t)) − V ∂x(ρ(x, t)) (7.93)With the hosen disretization we have

ρn+1
i = ρi + λD0

(
(∂xρ)i+1/2 − (∂xρ)i−1/2

)
− λV

(
ρi+1/2 − ρi−1/2

) (7.94)
= ρi + λD0

(
ρi+1 − ρi

∆x
− ρi − ρi−1

∆x

)
− λV (ρi − ρi−1) (7.95)

= ρi − λ

(
[V ρi − D0

ρi+1 − ρi

∆x
] − [V ρi−1 − D0

ρi − ρi−1

∆x
]

) (7.96)with boundary onditions
ρ1/2 = Cinjφ0 ρI+1/2 = ρI (7.97)

∂xρ1/2 = 1
∆x(ρ1 − Cinjφ) ∂xρI+1/2 = 0 (7.98)used to solve for the �rst and last ell.In [9℄ solutions to the problem

∂tρ(x, t) + ∂x(f(ρ(x, t))) = 0 (7.99)(orresponding to f(ρ) = V ρ and D0 = 0) are investigated and espeially the upwind formulationused above for the onvetion gives stable onvergene if
V λ ≤ 1 ⇔ ∆t ≤ ∆x/V (7.100)A test of this riterion (using ∆t = ∆x/V ) was performed on (7.96). Settings for the simulationwas

dx = 0.05, φ = 0.3, ∆T = 0.0, 0.2, ..., 1.0, V = 1.0, ρinitial = 1, Cinj = 50 (7.101)For D0 = 0 the result (left in Fig 7.3) is a funtion with smooth fronts indiating how far theinjeted �uid has traveled, imposed by the onvetive �ow. The initial distribution is here a �atline. As seen the fronts are here far from vertial as expeted theoretially. The smear dependson the method used (upwind is onsidered relatively good) and the grid re�nement (the grid is abit oarse). Inluding di�usion soon makes the solution unstable.For D0 = 0.01 (bottom in Fig 7.3) it really diverges to unreasonable values, but for D0 = 0.001(right in Fig 7.3) it seems okay. However for suh low values of D it is little di�erene betweenthe solutions (unless one looks losely). The value of V will typially be around 1 but simulationsshow that a �ner grid is required for the fronts and we need a better limitation on ∆t for stability.
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Figure 7.3: Numerial results for onvetive/di�usive displaement: Conentration distribution attimes 0.0, 0.2, ..., 1.0 . Left: D0 = 0. Right: D0 = 0.001. Bottom: D0 = 0.017.3.3 TVD-analysis for stabilityOur measure of stability will be total variation (TV). It is de�ned as
TV n =

∞∑

i=−∞

|ρn
i+i − ρn

i |∆x (7.102)We seek a limitation on the time steps so that the method is total variation diminishing (TVD).A method is TVD if
TV n+1 ≤ TV n for all n (7.103)This ensures that the solution at a later time will not osillate or blow up.We will now give a riterion to ensure that our method is TVD. A numerial proedure for thesolution of (7.99) an be written as

ρn+1
i = ρi − λ[fi+1/2 − fi−1/2] = ρi − λ[F (ρi, ρi+1) − F (ρi−1, ρi)] (7.104)Notie that eq (7.96) is of exatly this form with

F (ρi, ρi+1) = V ρi − D0
ρi+1 − ρi

∆x
(7.105)De�ne

qi+1/2 ≡ λ
f(ρi) − 2F (ρi, ρi+1) + f(ρi+1)

ρi+1 − ρi
(7.106)36



If
λ|f(ρi+1) − f(ρi)

ρi+1 − ρi
| ≤ qi+1/2 ≤ 1 (7.107)the method is TVD. It will also be monotoniity preserving (MP), meaning that if the solution isnondereasing or -inreasing at some point it will be the same at all later times. If the rightsidelimit of 7.107 is replaed by 1/2 the solution at the next time step is limited by the in�mum andsupremum of the previous solution (from [9℄).With our algorithm we get

λ|f(ρi+1) − f(ρi)

ρi+1 − ρi
| = λ|V ρi+1 − V ρi

ρi+1 − ρi
| = λV (7.108)

qi+1/2 = λ
V ρi − 2(V ρi − D0

ρi+1−ρi

∆x ) + V ρi+1

ρi+1 − ρi
(7.109)

= λ
V ρi+1 − V ρi + 2D0

ρi+1−ρi

∆x

ρi+1 − ρi
(7.110)

= λ(V +
2D0

∆x
) (7.111)Clearly the left inequality of (7.107) is held sine D0 ≥ 0. Our riterion beomes

λ(V +
2D0

∆x
) ≤ 1 ⇔ ∆t ≤ ∆x2

V ∆x + 2D0
(7.112)Note that for low D0 it takes the same form as 7.100. Also of importane is that for high D0 weget small ∆t and a large number of time steps. This riterion is also derived from the de�nitionin app D. If V = 0 and D is very low the time step an beome larger than the simulation time.To make sure we always �nish the simulation with at least 2 steps and exatly on the simulationtime we selet ∆t as follows

steps = round(tsol/∆tmax + 1.5) ∆t = tsol/steps (7.113)A new simulation test was performed with the highest allowed ∆t from (7.112). Settings forthe simulation was
dx = 0.01, φ = 0.3, ∆T = 0.0, 0.33, 0.67, 1.0, ρinitial = 1, Cinj = 50 (7.114)and both D0 and V were varied. First the ase V = 1 and D0 = 0 was repeated and as seen leftin Fig 7.4 the fronts are better de�ned with steeper edges than the ase left in 7.3.When we inlude di�usion the e�et is lear as seen right in Fig 7.4. V = 1 still, but wevary D over the values 0.0, 0.001, 0.01 and 0.1. The fronts move with approximately the sameveloity, but the onentration pro�le is smoothed out more for higher D0. If D0 is high the frontatually hanges speed beause the di�usive wave out to the left travels faster than the onvetivespeed and has reahed the left boundary. Sine the algorithm tells the left side to keep a onstantvalue the wave is re�eted at the edge and the mass is pushed ahead of the onvetive front. Thissolution is not very physial sine a physial system would let the di�usion ontinue.To see the e�ets of di�usion only we let V = 0 and vary D0 from 0 to 1. The solutionsare given at time 1.0 in Fig 7.5. We see that in all ases the di�usion works to average out anydi�erenes in onentration (in this ase the onentration in the ore is inreased beause ionstravel into it by di�usion from the onentrated brine). The higher the value of D0 the more rapidthis proess happens. Also this example is not entirely physial sine di�usion should be allowed toproeed out of the ore. However we are mostly interested in situations where onvetion reduesthis error. 37
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Figure 7.4: Conentration distribution at times between 0.0 and 1.0 . Left: V = 1 and D0 = 0.Right: V = 1, D0 = 0, 0.001, 0.01, 0.1 (lines with higher D0 have more dots).
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Figure 7.5: Conentration distribution at time 1.0 with V = 0 and D0 = 0, 0.001, 0.01, 0.1, 1.0(graphs orresponding to higher D are more to the right).7.4 Consequenes of operator splittingAs seen in this hapter the splitting of the original problem into a onvetion/di�usion solver anda reation solver o�ers great advantages when it omes to solving the equations. But it also hasa prie when we want the overall solution to onverge to the solution of the initial problem. Theexternal numerial disretization has some key e�ets and we must try to keep the number of timesteps and ells as low as possible without a�eting the end result to seriously.7.4.1 Too high ∆T : WashoutIf tsol = ∆T/2 is too high the �ow will push out any initial �uid omposition distribution andreplae it with the injetion brine omposition uniformly. When the reation solver starts, thereations respond to the loal �uid omposition and therefore the result will also be a uniformreation. The entire ore will show a uniform distribution throughout the simulation that hangesonly with time. This phenomena ould also be limited to a smaller portion of the ore. Thismeans that for long time simulations it is still important to keep ∆T on a level that allows forheterogeneous reations. 38



7.4.2 Too high ∆T : Chemial equilibriumIf the reations are allowed to our isolated over a long enough period they will reah equilibrium.However we wish to apture the e�ets that reations are onstantly disturbed by the �ow. Inother words a sample of �uid may reat at one loation and approah equilibrium and then betransported further downstream the ore. Sine this sample is loser to equilibrium it reats slowerand there should be less preipitation/dissolution. The hoie of ∆t deides then if the reationshappen everywhere in the ore or primarily at the inlet. Note that this dependene an also belinked to the reation rates and the rate onstants.7.4.3 Too low ∆T : Left side boundary onditionWe want to permit reations to happen near the inlet, so that the omposition there hanges duringthe reation proedure. However, it is expeted that on an average basis the �uid ompositionthere is similar to the injetion omposition. This is a paradox sine the plae whih will hangethe injetion omposition most rapidly will also be onstant over time.The answer to this paradox is that we are looking a �nite distane into the rok and so therewill be a hange in the �uid omposition. However, the reating �uid is also being transportedaway, arrying dissolved ions and the inlet position is refueled with reative brine. It is natural toexpet that moving loser to the inlet one would always �nd the omposition lose to the injetionbrine. This point is not aptured if the time step is taken to short. Consider the distributionafter the reation solver has �nished. The onvetion/di�usion solver uses this distribution asinput and returns a new distribution after ∆t/2. If the solver has not given ell 1 a ompositionequal to the injetion omposition it will be loser to equilibrium between the injetion �uid andthe rok. This e�et will lead the inlet omposition further away from its supposed value until itreahes a stable value between inlet omposition and equilibrium omposition, depending on thenumeris. Given the spatial grid for x we should ideally keep ∆t/2 large enough to let ell 1 reahthe injetion omposition. A numerial test was performed in Exel to test how long steps wouldbe required. First we looked at a ase with low di�usion.

Figure 7.6: Left: Simulation time required for solver to reah 0.218 M onentration in ell 1 (3orret deimals). Right: solution for ρ0
1 = 0.16 and ∆t = 0.01 (only every seond step shown)The settings were

V = 1 D = 0.001 dx = 0.05 ρ0 = 0.218 ρ0
2,3,4 = 0 ρ0

1 variable tsol = 0.02 (7.115)a simple system indiating injetion of 0.218 M MgCl2 solution (with ρ indiating Mg2+ onen-tration in mol/liter) into a ore �lled with pure water where only look at the �rst 4 ells. Given39



the data above (note that the simulation time tsol = 0.02 ≈ 0.5 ∗ 1/24 is equivalent to a half hour)and the stability riterium (7.112) we �nd the inner time step ∆t using
steps = round(tsol/∆tmax + 1.5) = 2 ∆t = tsol/steps = 0.01 (7.116)Then for a given tsol we ompute the solution in spae and time and see how long it takes for ell1 to get omposition equal to the injetion omposition to 2 or 3 deimals. We want this time tobe less then the simulation time of the solver.What is lear from the results left in Fig 7.6 is that ell 1 does not opy the injetion solutionproperly before 0.3 days have gone, although 0.25 days would over most pratial situations. Forexample the equilibrium onentration of Mg2+ is around 0.16 mol/liter and after 0.24 days itreahes the wanted 0.218 as seen in the table to the right in Fig 7.6 with the omplete solution.The required time well outside the typial time for the solver. Note that the values only approahthe boundary ondition, but the error is minimal after a long enough period.

Figure 7.7: Left: Simulation time required for solver to reah 0.218 M onentration in ell 1 (3orret deimals). Right: solution for ρ0
1 = 0.16 and ∆t = 0.0011 (only every 9th step shown)Consider now the same example with D = 1.0. An immediate numerial onsequene ofinreasing D is that ∆t dereases from 0.01 to 0.0011 to keep stability, while the number of timesteps inreases from 2 to 18.The inreased di�usion redues the time to get the proper boundary data to less than 0.1 days(see Fig 7.7) for any pratial initial value in ell 1, but as we see in the table, after the simulationtime of 0.02 has ended, the di�erene is little.7.4.4 Corretion at the boundaryThe onvetion/di�usion solver is of the form

ρn+1
i = ρi + λ

(
[D0,i+1/2φ0,i+1/2(∂x

ρ

φ0
)i+1/2] − [D0,i−1/2φ0,i−1/2(∂x

ρ

φ0
)i−1/2]

)

−λ

(
J(

ρ

φ0
)i+1/2 − J(

ρ

φ0
)i−1/2

) (7.117)
(∂x

ρ

φ0
)1/2 =

1

∆x
(

ρ1

φ0,1
− Cinj) (∂x

ρ

φ0
)I+1/2 = 0 (

ρ

φ0
)1/2 = Cinj (

ρ

φ0
)I+1/2 =

ρI

φ0,I
(7.118)
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and it is based on mass preservation/transport. Espeially we see that when summing over allells and multiplying with ∆V = A∆x we get
A
∑

i

ρn+1
i ∆x = A

∑

i

ρi∆x + A∆t

(
[D0,I+1/2φ0,I+1/2(∂x

ρ

φ0
)I+1/2] − [D0,1/2φ0,1/2(∂x

ρ

φ0
)1/2]

)

−A∆t

(
J(

ρ

φ0
)I+1/2 − J(

ρ

φ0
)1/2

) (7.119)It states that the number of moles at the next time step is equal to the previous number of molesplus the di�erene of moles transported in and out by onvetion and di�usion at the boundariesof the ore. In this way no moles disappear sine �uxes leaving a ell enter another.We now want to alter this method to obtain the orret boundary ondition on the left handside at the end of the simulation. We ould do this by inreasing the simulation time tsol = ∆T/2or perhaps re�ning the grid, but we treat them for now as given.As seen in the example (espeially the tables in Fig 7.6 and 7.7) ell 1 approahes the boundaryondition during the simulation. After a ertain fration of tsol we then replae ell 1 with theboundary ondition after eah iteration. Compared to the total mass this is a negligible errorwhen ∆x → 0. The remaining fration of tsol is spent on smoothing out any disontinuities. Thisis also a good approximation of the di�usion is of same order as the onvetion (D similar to V ).Note also that this proedure gives a di�usive �ux from ell 2 to ell 1 that is not arried anyfurther, but as seen in the table, after some time the two ell values are similar and the di�usive�ux is not very signi�ant. If we ould use tsol = ∆T/2 = 0.3 days the error would be very smallin �rst our example. Had we let it be in�nite there would be no error at the boundary. Sinedi�usion works to average out any deviations we must fore the orret boundary ondition inplae in �nite time.A test of the full simulator was performed with data orresponding to the paper [23℄
V = 1.3 D = 1.058 ∆T = 0.5hr Tsol = 2days (7.120)The rate onstants in (7.48) were also used. Seawater SW1 was injeted into a ore that hadreahed equilibrium with nonioni water.
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Figure 7.8: Comparison of left boundary onditions. Closer view in the right piture.The distribution of Ca-ion onentration in the ore after 2 days is given in Fig 7.8. We haveplotted 5 urves: the initial equilibrium is used as a referene, 2 urves have only onvetionand di�usion taking plae but one used the loose boundary ondition and the other the fored.The 2 are inseparable at the given time but might have been more distinguished before the orewas ompletely �ooded. The 2 remaining urves inlude reations also and there is a small butnotieable di�erene between the 2 urves at the inlet that is redued further out in the ore.With the fored ondition the solutions with and without reations always join at the left side.41



7.4.5 Choie of ∆TAs seen in the example of the reation solver and the disussion above we should use time stepsnot exeeding a few hours to apture the interplay between onvetion/di�usion and reations.We will typially use 0.5 to 2.5 hr as external time steps orresponding to ∆T = 0.02 − 0.10.
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Chapter 8Experimental data8.1 Experimental settingThe experimental data were obtained at the University of Stavanger and is also given in [22, 23℄.Cores of halk were �lled with nonioni water at a temperature of 130oC, while being pres-surized by a on�ning pressure. The ore saturation is performed a long time so equilibrium anbe reahed. Injetion of a brine with given omposition into the ore results in disturbane of theequilibrium and hemial reations. Ion onentrations of Ca, So, Mg, Na and Cl are measured atthe outlet at di�erent times after start of injetion. Also this proess is performed at high tem-perature and pressure. Pressure at the inlet and outlet are adjusted to keep the �owrate onstantduring the experiment. The �ooding proesses were kept going for several days.The relevant ore properties wereInitial porosity φinit = 0.48Length L = 0.07mBulk volume Vb = 75mlPore volume Vp = 36mlMatrix volume Vm = 39mlRok mass mm = 100gThe initial alite onentration an be alulated as
ρc =

mm

McVb
=

100g

100g/mol · 0.075liter
= 13.33mol/liter (8.1)However we will use eq (5.105) to alulate the initial onentration sine that is used later in theprogram.

ρc = (1 − φinit)
ωc

Mc
= (1 − 0.48)

2710

100.087
= 14.08mol/liter (8.2)The values are similar indiating that the formula an be used.All experiments use a volume rate of 1.3 pore volumes per day, whih is equivalent to

q = 1.3 J = qφinit = 0.624 (8.3)We assume a onstant visosity of
ν = 0.7cP = 0.7 · 10−3Pa · s (8.4)
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Figure 8.1: Brines used in experiments and simulations8.2 Fluid ompositionsIn the alulations we must speify an initial �uid and an injetion �uid. Eah omposition isidenti�ed by the �uid onentration of Ca, So, Mg, Na and Cl. The experiments available foromparison are halk ores saturated with nonioni water and then �ooded with the 5 brines tothe right in Fig 8.1. Note that the 2 seawater brines have idential omposition of Ca, So and Mgbut di�er in Na and Cl. The 3 remaining injetion brines are simple solutions ontaining only 2of the 5 ions in eah. In all simulations being ompared to experiments we will use nonioni wateras initial �uid that is saturated with the rok to equilibrium before simulation starts.8.3 Ativity oe�ients and ioni strengthFor any simulation the ativity oe�ients of every ion and the ioni strength of the solutionmust be alulated using the theory in subsetion 5.6.1. These values are set to depend only onthe temperature and the injetion �uid omposition. Note that brines 1, 4 and 5 in Fig 8.2 have
Figure 8.2: Ioni strength I0 and ativity oe�ients of the ions alulated in simulations withinjetion of the spei�ed brinealmost idential ioni strength and ativity oe�ients.
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8.4 Reation equilibrium onstantsThese are assumed to depend only on temperature and are given at T = 130oC

Kc = 10+0.35, Kg = 10−5.94, Km = 10−0.01, Kd = 10−0.82, (8.5)
PCO2 = 10−3.5, K = 10−9.01 (8.6)
C1 = PCO2 ∗ K, C2 = 10−10.15, Cw = 10−12.26 (8.7)The units are based on (mole/liter) exept PCO2 and K whih also require pressure units, but C1removes this unit from the system sine C1 is only based on (mole/liter).8.5 Referene valuesWe use

x̂ = L = 0.07m (8.8)
t̂ = τ = 1d = 24 · 60 · 60 = 86400s (8.9)

D̂m =
L2

τ
=

0.072

86400
= 5.67 · 10−8m2/s (8.10)

k̂ = 2mD = 0.002 · 0.987 · 10−12 = 1.974 · 10−15m2 (8.11)
p̂ = 1bar = 105Pa (8.12)
ε =

k̂p̂

νD̂m

=
1.974 · 10−15m2105Pa

0.7 · 10−3Pa · s5.67 · 10−8m2/s
= 4.97 (8.13)in SI units for the alulations.
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Chapter 9Case I: Constant ore properties andinompressible �uid9.1 Assumptions and goalsThe basi assumptions for this ase are that we an treat permeability and porosity as uniformand onstant in the equation and that the veloity is uniform. In the setion we will explain howto use and atually use experimental results to determine parameters in the model. It is importantto notie that the statement of onstant porosity means onstant in the equations. We still wantto alulate porosity as a funtion of mineral onentration, but do not treat porosity as a variable.An important tehnique to determine parameters is elimination. We �nd ases where only 1 ora few parameters at and determine them with high auray. Then the parameters an be takenas given and more ompliated ases are suddenly simpli�ed to ontain less variable parameters.We will �nd the omponents of the di�usion oe�ient and evaluate whether magnesite ordolomite is best suited to explain the observations or if both minerals should be inluded.The development of the solid struture of the ore is of great interest and we will see howporosity hanges and if it is reasonable to treat it as onstant. Also the assumption of a uniformveloity will be heked.9.2 Simple pressure analysisAs mentioned in setion 6.1 pressure p an be eliminated using Darys law (V (t) ≡ Q
A ) and aboundary ondition (let us say the inlet pressure, pinlet). The steps below are given assumingonsistent units with Q volumetri rate, A rossetional area, L the ore length and V the seepageveloity. We are espeially interested in the pressure drop over the ore ∆P (t) = pinlet − poutlet.

Q(t) is ontrolled externally and indues the pressure drop. The overall permeability k falls outof this relation.
V (t) ≡ Q

A
= −k

ν

dp

dx
⇒ dp

dx
= −Qν

kA
⇒
∫ p

pinlet

dp =

∫ x

x=0

−Qν

kA
dx (9.1)

p(x, t) = pinlet −
Q(t)ν

kA
x (9.2)

∆P = pinlet − p(L, t) = Q(t)
νL

kA
(9.3)An important impliation of eq (9.3) is that if the injetion rate is onstant so is the pressuredrop. We should expet �utuations, but if we see any notable hanges with time this suggestspermeability is a�eted by the hemial proesses.46



Suh a test an indiate whether the brine is really a�eting the permeability and porosity(assuming they are onneted loally). This is not pursued further, but an easily be implementedinto the algorithm.9.3 Determination of D and αThe determination of D an be made by omparing the outlet onentrations of Na+ and Cl− fromexperiments with simulations where we selet the best value of D. These ions are not partiipatingin the reations and the onentration movement should only depend on the onvetion whih isonstant and the di�usion. D is here �t to Cl− urve from the experiments of injeting 0.109 M
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Figure 9.1: Comparison of Cl− onentrations at outlet with di�erent values of D. Left: injetionof 0.109 M MgCl2. Right: injetion of 0.218 M MgCl2

MgCl2 and of 0.218 M MgCl2. All simulations here use a time step of 1 hr. The referene valuefor D in the �gure 9.1 is
ref = 0.6 · 10−7m2/s (9.4)whih was used in [23℄.It is seen that 2 times the referene value makes the best �t in both ases. When we omparethis to the experiment of injeting 0.657 M NaCl seen in Fig 9.2 we see that it makes a better �tthan D=1 ref, but that it ould also be higher.
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Note that we have only inluded simulation of Cl− for the reason that the theoretial distri-bution of the 2 ions should be idential for NaCl injetion into nonioni water. The spread in the2 experimental urves an indiate the unertainty in the measurements or perhaps that the ionshave a di�erent di�usion oe�ient.We onlude then that
D = 1.2 · 10−7m2/s D′ =

D

D̂m

=
12.00

5.671
= 2.116 (9.5)Assuming

Dm = 3.5 · 10−9m2/s D′

m =
Dm

D̂m

=
3.5

56.71
= 0.0617 (9.6)as disussed in App C and that the porosity is equal to the initial during these short experiments(D is �t to data mostly before 1 d =1440 min) we alulate

D′ = D′

mφ +
µJ

φ
(9.7)

µ = (D′ − D′

mφ)
φ

J
= (2.116 − 0.0617 · 0.48)

0.48

0.624
= 1.605 (9.8)

α = µL = 1.605 · 0.07 = 0.112m (9.9)From the numbers above it is seen that the onvetive di�usion part is dominant in the onsidered�owing ase. If there is no onvetive �ow the di�usion is purely moleular. Both these asesare demonstrated in the test of the onvetion/di�usion solver for onstant porosity in subsetion7.3.3.9.4 Test of assumption: uniform VConsider the water phase equation in onsistent units
∂

∂t
(φC) +

∂

∂x
(CV ) = φ

∑

ions

ṙi (9.10)Now transform this equation into dimensionless units
∂

τ∂t′
(φC) +

∂

L∂x′
(C

k̂p̂

Lν
V ′) = φ

∑

ions

ṙi (9.11)
∂

∂t′
(φC) +

∂

∂x′
(CεV ′) = φτ

∑

ions

ṙi (9.12)Our assumptions of onstant porosity and inompressibility simpli�es the equation and we ansolve for ∂x′V ′

∂

∂x′
(V ′) =

φτ

Cε

∑

ions

ṙi (9.13)The ion rates are given by
ṙca = ṙc + ṙg + ṙd, ṙso = ṙg, ṙmg = ṙm + ṙd, ṙna = 0, ṙcl = 0 (9.14)so that ∑

ions

ṙi = ṙca + ṙso + ṙmg + ṙna + ṙcl = ṙc + 2ṙg + ṙm + 2ṙd (9.15)48



If we divide eq (9.13) by V ′ and use that J ≡ εV ′ we get
∂V

V ∂x′
=

∂V ′

V ′∂x′
=

φτ

CJ
(ṙc + 2ṙg + ṙm + 2ṙd) (9.16)The left-hand side of eq (9.16) is the gradient of V divided by V , so if this number is small we getthat the variation in V over the ore is negligible ompared to its average value and it is reasonableto assume it is uniform. φ, τ, C, J are known quantities at the beginning of the simulation, whilethe rate terms must be evaluated at spei� points and times.9.5 Determination of rate parametersAll that is left to determine in the model are the rate onstants kc, km, kg, kd that ontrol thespeed of the reations and their relative importane. Note that sine all the rate expressions areof the form

ṙ = sgn(ρ)F+ − F−, F = kφτ(1 − Ω) (9.17)the rate onstants do not express the reations rates relative to eah other in general but expresseshow fast dissolution of one mineral ours relative to another.All simulations for determining rate onstants use a simulation time of 5 days with 48 timesteps, so that ∆T = 2.5 hr, unless otherwise spei�ed. The experiments typially last more than5 days, but a lear trend is observed long before then.9.5.1 Magnesite model

0 2000 4000 6000 8000 10000 12000 14000
0

0.02

0.04

0.06

0.08

0.1

0.12
Ion Concentration (outlet)

Time (Minutes)

C
o

n
c
e

n
t
r
a

t
io

n
 
(
m

o
le

/
li
t
e

r
)

 

 

Ca2+ (calculated) km=0.001 kc
Ca2+ (measured)
Mg2+ (calculated) km=0.001 kc
Mg2+ (measured)
Mg2+ (calculated) km = 0.01 kc
Ca2+ (calculated) km = 0.01 kc
Mg2+ (calculated) km = 0.05 kc (best fit)
Ca2+ (calculated) km = 0.05 kc (best fit)
Mg2+ (calculated) km = 0.1 kc
Ca2+ (calculated) km = 0.1 kc
Mg2+ (calculated) km = 1.0 kc
Ca2+ (calculated) km = 1.0 kc

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

x 10
4

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5
Ion Concentration (outlet)

Time (Minutes)

C
o

n
c
e

n
tr

a
ti
o

n
 (

m
o

le
/l
it
e

r
)

 

 

Ca2+ (calculated)
Ca2+ (measured)
Mg2+ (calculated)
Mg2+ (measured)
Cl− (calculated)
Cl− (measured)

Figure 9.3: Left: Fitting the parameter km to data from 0.109 M MgCl2 injetion when kc isalready spei�ed to 1.3 · ref . Right: Comparing the new parameters with data from 0.218 M
MgCl2 injetion. Ca-urves are red, Mg-urves are blue.49



Our starting point is the parameters given in the paper [23℄:
kc = 3.125 · 10−6 (mol/liter)/se, kg = 0.03kc, km = 0.09kc, kd = 0.00kc (9.18)From this we de�ne a referene value

ref = 3.125 · 10−6 (9.19)and express kc as a multiple of ref and the remaining onstants as a multiple of kc. Sine we onlyonsider magnesite among magnesium minerals dolomite is eliminated by keeping kd = 0.
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the amount of esaping Mg-ions. This means more of the ions are left behind in the ore havingreated and formed magnesite.
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Finally these parameters are tested against data from seawater SW2 injetion. The urvesseem to onverge to approximately the same values after a long time (left in Fig 9.4).What is lear after these omparisons is that the model seems to apture the long time behaviorquite well, but initially there is a jump in the onentrations of Ca, So and Mg followed by a slowand steady derease or deline. This is only partially seen in some of the simulated So-urves, butit is lear from a lot of simulations that this transient behavior is not aptured by the model.The hoie of kc may seem arbitrary and it was, although relatively lose to the value ref . A-tually a lot of di�erent hoies of parameters give just as good �t to the data, but as demonstrated:when a spei� value of kc has been seleted the values of km and kg are uniquely determined. Sev-eral simulation resulted in the di�erent ombinations given right in Fig 9.4 (note the logarithmisale on the y-axis). It was impossible to �nd a km to �t the 0.109 M MgCl2 injetion for kc equalto 0.1 or 0.3 times ref, but higher kc values always resulted in a good �t with the experiments.Inreasing kc redues km rapidly to a few perent of kc, while kg shows less variation. Typialvalues are then
kc = (0.5 − 2.0)ref, km = (0.03 − 2)kc, kg = (0.03 − 0.10)kc (9.20)To test whether the solution is sound we perform a sensitivity analysis on the numerialdisretization. For the parameters kc = 1.3ref , km = 0.05kc, kg = 0.045kc we injet seawaterSW1 and vary the time step ∆T (by keeping the time onstant to 2 days and varying the numberof steps from 12 to 96). We then observe how the porosity distribution hanges (Fig 9.5).There is a di�erene in the solutions with the time step (the sale of variation is very limitedthough) and we see that a large time step gives a relatively �at distribution as expeted. Inreasingthe number of steps gives a more heterogeneous distribution and given enough steps the urveswill eventually onverge to the point that ell 1 has onstant reation rates given by the injetionomposition (this is orret if we also re�ne the grid). We see that a time step of 0.5 hr (96steps) ould be preferable, but the solution is also heterogeneous with a time step of 1 hr and thistimestep will be used. This also �ts well with the time required for transporting the ions from ell1.
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by omparing e�uents of Ca, So and Mg over 2 days when we use 6,12,18,24 and 48 time steps,orresponding to time steps of 8, 4, 2.67, 2 and 1 hrs.As seen from Fig 9.6 when the time step is oarse the urves look similar to the solution withoutreations. When it dereases the urves onverge quikly: the last urve is given with twie asmany steps, but the di�erene between it and the one before is less than the previous pair. Theurves with 24 and 48 steps deviate with less than 0.0001 mole / liter. Even the 12 step urveould be used whih is less than 0.0004 mole / liter from the 48 step urve. Using time steps of afew hours is therefore aeptable, but in simulations where the rate onstants are higher the errorould inrease.
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from the initial porosity. Our assumption of a onstant and uniform porosity then seems to begood.If we hange the brine from SW1 to SW2 there is a notieable di�erene in both the outletonentrations and the rok development (Fig 9.8). We let the simulation run over 10 days witha time step of 1 hr.Remember that the omposition of SW1 and SW2 are idential in Ca, So and Mg, but not inNa and Cl and the ioni strength and ativity oe�ients (whih depends on ioni strength) di�eras a result. Sine Na and Ca do not partiipate in the reations the simulated hange is a resultof the di�erene in ioni strength.The solution without reations reahes the omposition of the injetion �uid after about aday and the solutions with reations stabilize after approximately the same time, but at di�erentlevels. Espeially SW2 auses the ore to retain more Ca and So, resulting in a higher degree ofanhydrite preipitation. Apart from that there is little di�erene in the mineral developments andso the porosity is redued more with SW2 than with SW1.Although there is little hange in the overall porosity (from 0.48 to about 0.47) there arenotieable hanges in the ore omposition and it should be possible to observe preipitated grainsof anhydrite and magnesite in a mirosope.9.5.2 Dolomite model
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Figure 9.10: Left: Fit data to 0.109 M solution. Right: Comparison to 0.218 M solution.
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Figure 9.13: Left: Comparison against SW2 with parameters kc = 1.8ref , kd = 0.007kc, kg =
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• Selet a value for kc while all other onstants are initially 0.
• Choose km so that the simulated Mg-urve falls exatly between the experimental data andthe ase if km = 0. In this way half the injeted magnesium ions that are lost to the orewill preipitate to magnesite.
• Choose kd so that the simulated and experimental magnesium urves overlap. Then just asmany Mg-ions will have been retained in the ore
• Selet kg by �tting So urve with SW data.57
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kc = 1.5ref, km = 0.03kc, kd = 0.003kc, kg = 0.035kc (9.22)in Fig 9.17.A simulation of injeting SW1 for several days was performed. The time step was 2 hrs. The�uid onentrations at the outlet are given in Fig 9.18. The pH and the ions taking instantequilibrium are inluded this time and are seen to hange fast ompared to the other ions, quiklyadapting the new environment.The mineral and porosity onentration hanges with time. As before alite dissolves, whilethe other minerals preipitate throughout the ore. In this ase the e�et on porosity is the same, a59
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Figure 9.19: Top: Distribution of mineral onentration and porosity at di�erent times. Bottom:Average mineral onentrations and porosity vs time.
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Chapter 10Case II: Variable porosity andpermeability10.1 AssumptionsThe most important assumptions here are that the porosity now is updated in the equation system,permeability varies loally with porosity, and the seepage veloity an be onsidered uniform overthe ore.10.2 Theoretial permeability alulationsWe an alulate the distribution of permeability given the distribution of porosity using
k(x, t) = k0(x)f(

φ(x, t)

φ0
) (10.1)From Darys law we have

V (t) =
Q(t)

A
= −k(x, t)

ν

∂p

∂x
(x, t) = −ktot(t)

ν

∆P (t)

L
(10.2)At any given time t we must have

k(x)
∂p

∂x
(x) = ktot

∆P

L
(10.3)Numerially this is expressed as

ki
∆pi

∆x
= ktot

∆P

L
(10.4)whih an also be written as

∆pi = ∆P
ktot

ki

∆x

L
(10.5)Sine pressure drops are additive

∆P ≡
∑

i

∆pi =
∑

i

∆P
ktot

ki

∆x

L
= ∆Pktot

∆x

L

∑

i

1

ki
(10.6)

⇒ ktot
∆x

L

∑

i

1

ki
= 1 (10.7)64



The overall permeability measured over the ore is then
ktot =

L

∆x
∑

i
1
ki

(10.8)Note that this expression is most sensitive to the lowest values of the permeability distributionas expeted indiating that a small region of low permeability an markedly redue the overallpermeability.The pressure drop is simply
∆P (t) = − LνQ(t)

Aktot(t)
(10.9)For the pressure distribution we an use an upwind formulation to simplify

∆pi = −∆xνQ(t)

Aki
(10.10)

∆pi = pi − pi−1 (10.11)
∆p1 = p1 − ∆P (10.12)
∆pI = pI − pi−1 (10.13)With these equations it is possible to derive the pressure distribution. This disussion is notfurther investigated due lak of experimental data.10.3 Test of assumption: Uniform VAgain we are interested in testing our assumptions by evaluating if the gradient of V really is 0.The transformed water phase equation has the form

∂

∂t′
(φC) +

∂

∂x′
(CεV ′) = φτ

∑

ions

ṙi (10.14)We use that C is onstant and solve for ∂x′V ′

∂

∂x′
(V ′) =

1

Cε
(τφ

∑

ions

ṙi − C
∂φ

∂t′
) (10.15)where ∑

ions

ṙi = ṙc + 2ṙg + ṙm + 2ṙd (10.16)Divide by V ′ and use that J ≡ εV ′ to get
∂V

V ∂x′
=

∂V ′

V ′∂x′
=

1

CJ
(τφ

∑

ions

ṙi − C
∂φ

∂t′
) (10.17)The expression ∂φ

∂t′ is evaluated by taking the di�erene in porosity at step n and n− 1 and divideby the timestep.10.4 The reation solverThe most important di�erene in the reation solver is that the porosity used in the alulationsis not the onstant initial, but is updated with the solutions of the minerals in the ode solver. Asimple test with SW1 (whih is a reative brine) as initial water moving towards equilibrium isgiven with the onstants from [23℄:
kc = ref, km = 0.09kc, kg = 0.03kc, kd = 0 (10.18)65
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Figure 10.1: Variable porosity does not impat this equilibrium alulation.It is ompared against the same data with the solver using the initial porosity in the equations.As seen in Fig 10.1 the solutions are impossible to distinguish. Only at small levels are thereany di�erenes. The reason is that the porosity hanges so little from the initial (0.0003 omparedto 0.48) that it does not impat the solution.10.5 The onvetion/di�usion solverSine the stability riterion for this solver was not really proven to be TVD we want to testhow robust it is by heking if extreme onditions are solved in a stable manner. The followingparameters were used for the simulation:
Cinitial = 10 Cinj = 50 φaverage = 0.5 q = 1 J = qφaverage = 0.5 dx = 0.01 (10.19)

φ =






0.7, 0 < x < 0.3

0.3, 0.3 < x < 0.6

0.5, 0.6 < x < 1

D =






1, 0 < x < 0.3

0, 0.3 < x < 0.6

1, 0.6 < x < 1

(10.20)Both the harmoni mean and the arithmeti mean were tested for D, while φ used the arith-meti mean. The simulation results after 0.5, 1.0, 1.5 and 2.0 days together with the initialdistribution are given in Fig 10.2. Note that the solution shows total onentration and not poreonentration.The solution with the arithmeti mean seems unphysial while the one with the harmoni meanseems more orret. Sine the jumps in φ and D were extreme it is assumed the algorithm willhandle smoother onditions.
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Figure 10.2: Test of the onvetion / di�usion solver with arithmeti mean (top) and harmonimean (bottom) for the di�usion oe�ient D.10.6 Full sale simulationIn the previous hapter we argued that the small hange in porosity would not impat the solution,but now we want to test if these assumptions are true and if the estimates are orret. To do thiswe �rst performed a small test of injeting 0.109 M MgCl2 for 1 day, with a time step of 2 hrs.The parameters were those from [23℄:
kc = ref, km = 0.09kc, kg = 0.03kc, kd = 0 (10.21)We ompare the e�uent of Mg and Ca and observe the distribution in porosity after 1 day (seeFig 10.3). For a referene sale they are ompared to the solution without reations and theinitial distribution. What is lear is that also this ase is idential to its ounterpart with onstantporosity, beause the porosity is so lose to onstant during the simulation.This also illustrates that the parameters found using the onstant porosity assumption is sound.Next we repeated the simulation of injeting SW1 for several days with the parameters

kc = 1.5ref, km = 0.03kc, kd = 0.003kc, kg = 0.035kc (10.22)67
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signi�ant (from initial 2.115 to a maximum of 2.16 after 20 days).
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Figure 10.6: Top: average mineral onentrations and porosity with time for variable and onstantporosity. Bottom: Mineral and porosity distributions at initial (dotted lines), 5, 10, 15 and 20days. Solution for variable porosity is given only at 5 and 20 days with rossed points.
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Figure 10.7: Distributions of the rates of eah mineral and the relative gradient of V
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Chapter 11DisussionWe will review some of the most important assumptions made in the model and evaluate them
• Na and Cl are not reative: This is a very good assumption sine their experimental e�uentsmath very losely with the simulated values.
• Ca, Mg and So are reative ions: The experiments and simulations indiate that they arebeause the e�uent is di�erent from the injeted brine.
• The di�usion oe�ient is the same for all ions: From the slopes of some of the urves we seethat this ould be a rough assumption (see the NaCl data for example), but and it rarelymathes with the early time e�uents of ions suh as Ca, Mg and So. This is believed to berelated to the next point, though.
• Constant rate oe�ients: This is a rough assumption. Initially there should a lot of availablesurfae area of alite ausing a high reation rate, while after a period of preipitation ofother minerals the injeted brine does not ome into ontat so easily with the alite,reduing the observed dissolution. This gradual preipitation on the rok surfae ould alsoexplain why the e�uents are steadily dereasing or inreasing in the experimental ases andhopefully also the initial jump in e�uent.
• Negleting Cco in expression for harge balane: ideally this should be �xed, although �nding

Ch then beomes solving a 3rd degree polynomial.
• Constant and uniform porosity: For the data we have onsidered this is a very good assump-tion, sine the maximum estimated hange in porosity is just 0.01.
• Constant seepage veloity V : The simulated data suggest that V would hange no morethan 8% whih is onsidered little enough to be onstant.
• Constant visosity ν: it ould hange with omposition, but this is not onsidered.
• Initial omposition: We have assumed the entire ore is omposed of alite and that every-thing is uniform initially. It is reasonable for a ore plug.
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Appendix AGeneral model in 3DThe following equations model the distribution of C, Cna, Ccl, Cca, Cso, Cmg, ρc, ρg, ρm, ρd, p withposition x, y, z and time t.
∂t(φC) + ∇(C

−→
V ) = φ(ṙc + 2ṙg + ṙm + 2ṙd) (A.1)

∂t(φCna) −∇(Dφ∇Cna) = −∇(Cna
−→
V ) (A.2)

∂t(φCcl) −∇(Dφ∇Ccl) = −∇(Ccl
−→
V ) (A.3)

∂t(φCca) −∇(Dφ∇Cca) = φ(ṙc + ṙg + ṙd) −∇(Cca
−→
V ) (A.4)

∂t(φCso) −∇(Dφ∇Cso) = φṙg −∇(Cso
−→
V ) (A.5)

∂t(φCmg) −∇(Dφ∇Cmg) = φ(ṙm + ṙd) −∇(Cmg
−→
V ) (A.6)

∂tρc = −φṙc (A.7)
∂tρg = −φṙg (A.8)
∂tρm = −φṙm (A.9)
∂tρd = −φṙd (A.10)

Mw

ωw
φC +

Mc

ωc
ρc +

Mg

ωg
ρg +

Mm

ωm
ρm +

Md

ωd
ρd = 1 (A.11)
D ≡ (Dmφ + α

|−→V |
φ

)I (A.12)
V ≡ −kI

ν
∇(p − ωwgz) (A.13)The most signi�ant di�erenes from 5.7.3 are that

• we use the ∇ operator instead of a single spae-derivative
• D and k are now in tensor form sine they in general an be anisotropi. Above we haveassumed isotropi onditions, and therefore the identity matrix I has been used.
• Darys law for V must be expressed as the gradient of the pressure potential sine hydrostatipressure di�erene does not produe �ow.All else (rates, aqueous onentrations, et) an be onsidered the same as de�ned in hapter 5.Note espeially that the same simplifying assumptions apply.
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Appendix BBasis for k − φ-orrelationsB.1 Correlations based on diret estimationIn [24℄ several orrelations are evaluated to predit overall permeability k from di�erent parameters.One orrelation inluding only porosity φ is
logk = aφ + b ⇔ k = 10aφ+b = 10b ∗ 10aφ = a0e

b0φ (B.1)It had a low average of orrelation oe�ients (R2
avr ≈ 0.3) for the di�erent sets and φ is thereforenot a very good preditor by itself. This was expeted sine many permeabilities an orrespondto the same porosity.By using a variable alled e�etive porosity φe there was a lear relation to overall permeabilitygiven by

log k = a log(φe) + b ⇔ k = 10a log(φe)+b = 10bφa
e = a0φ

b0
e (B.2)giving very good agreement between estimated and measured permeability (R2 ≈ 0.9). φe is givenby

φe =
ckφ(1 − Swr)

(1 − φ(1 − Swr))2 + ck
(B.3)where Swr is irreduible water saturation and ck is e�ieny of pore struture modi�ed by irre-duible water saturation. The input parameters are really formation resistivity fator F , φ and

Swr. Assuming φ is high (good assumption for halk) and Swr is low we get
φe =

ckφ(1 − Swr)

(1 − φ(1 − Swr))2 + ck
≈ ckφ

(1 − φ)2 + ck
≈ ckφ

ck
= φ (B.4)showing that the orrelation

k = aφb (B.5)might be good. Espeially if the porosity is uniform suh a orrelation should give a good estimate.B.2 Correlations based on hanges in strutureIn this ase we onsider a porous rok that has its properties hanged heterogeneously by hemialreations. We are espeially interested in halks reation to seawater or similar injetion �uids,but in lak of suh data we onsider aid leaning of porous roks. Although these reationsare more violent and an reate new hannels, the operation is per de�nition below the fraturepressure and should work by expanding the pores the aid �ows through. The orrelations di�erfrom another in absolute values, but we are primarily interested in the type of orrelations thatan be applied to the hemial leaning. 76



In [25℄ the following suggestions (left side) are used by Fogler and oauthors:
k

k0
= F (

φ

φ0
)g ⇔ k = aφb (B.6)

k

k0
= eβ( ∆φ

∆φmax
) ⇔ k = aebφ (B.7)A good reason for only using porosity as a variable is that we an onsider the pore throats asa region of loally low porosity. When a distribution of permeability k was assumed (given by arelation suh as above) an overall permeability kt ould be alulated and in [25℄ the experimentalresults were in reasonable agreement with predition.[18℄ also mentions a k−φ relation as k = cφ3/s2 where  is Kozeny's onstant (found by Kozenyto be 0.22-0.24 for porous materials) and s is grain surfae area per bulk volume. For a givenrok it would seem all we needed to determine was a representative value of s, however we do notknow how how this value will hange when hemial reations alter the mirostruture itself andassuming it to be onstant here seems unreliable.B.3 ComparisonThe 2 methods above di�er between a diret orrelation of overall permeability with overall poros-ity and that of treating both porosity and permeability as nonuniform and giving overall estimatesbased on these distributions. It is believed that the last method is the best and most relevant forthis appliation.B.4 Correlations between loal permeability and loal poros-ityAs desribed in setion 5.4 we require a orrelation f(·) suh that k/k0 = f(φ/φ0) whih �ts

f(1) = 1 f(0) = 0 f ′ > 0 f ′′ < 0 (B.8)B.4.1 Suggestion I: f = axb + cGoing through the requirements we an restrit the values of a, b and c.
f(0) = c = 0 (B.9)
f(1) = a = 1 (B.10)

f ′ = bxb−1 > 0 → b > 0 (B.11)
f ′′ = b(b − 1)xb−2 < 0 → b − 1 < 0 (B.12)A possible relation that �ts the requirements is then

f(x) = xb, 0 < b < 1 (B.13)Note that this orrelation would be unphysial sine a doubling of the porosity would not evendouble the permeability.
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B.4.2 Suggestion II: f = aebx + c

f(0) = a + c = 0 → c = −a (B.14)
f(1) = aeb + c = aeb − a = a(eb − 1) = 1 → a =

1

eb − 1
(B.15)

f ′ = abebx =
bebx

eb − 1
> 0 → b

eb − 1
> 0 (B.16)

f ′′ = ab2ebx = b
bebx

eb − 1
< 0 → b < 0 sine b

eb − 1
> 0 (B.17)

b < 0 → eb < 1 → eb − 1 < 0 (B.18)
eb − 1 > b → b > 0 (B.19)The last impliation is true sine the two expressions have equal value and derivative at b = 0 andthe derivative of the left expression is inreasing to the right and dereasing to the left, while theleft side has onstant slope. Sine the only possible value for b then is 0 we get f = ex

−1
e−1 leavinglittle room for experimental �tting.B.4.3 Suggestion III: Stepwise smooth fWe assume a funtion of the form

f = f1(x) for 0 < x < 1 and f = f2(x) for x > 1 (B.20)Both fi = aix
bi + ci or both fi = aie

bix + ci (B.21)The reason for ([?℄) is that the proesses of leaning (inreased porosity) and �lling (dereasingporosity) have or should at least be permitted to have di�erent e�ets on permeability. ([?℄) isused so that equal behavior an be re�eted in equal funtions. We modify our requirementsaordingly:
• f(0) = 0 → f1(0) = 0

• f(1) = 1 → f1(1) = f2(1) = 1

• f ′ > 0 → f ′

1, f
′

2 > 0

• f ′′

2 < 0 if leaning widens pore throats e�etive
• f ′′

1 > 0 if grain deposition �lls the pores to a higher degree than plugging pore throatsAs shown the �rst 3 requirements on f1 gives a funtion of the form xb1 with b1 > 0. The lastrequirement is that f ′′

1 = b1(b1 − 1)xb1−2 > 0 whih leads to b1 > 1. Regarding f2 = a2x
b2 + c2we have

f2(1) = a2 + c2 = 1 (B.22)
f ′

2 = a2b2x
b2−1 > 0 → a2b2 > 0 (B.23)

f ′′

2 = a2b2(b2 − 1)xb2−2 < 0 → b2 < 1 (B.24)The total expression for f is then
f =

{
xa 0 < x < 1

bxc + 1 − b x > 1
(B.25)with

a > 1; b > 0; 0 < c < 1 (B.26)or a > 1; b, c < 0 (B.27)78



With the other funtional form fi(x) = aie
bix + ci we get

f1(0) = a1 + c1 = 0 (B.28)
f1(1) = a1e

b1 − a1 = 1 → a1 =
1

eb1 − 1
(B.29)

f ′

1 = a1b1e
b1x > 0 → a1b1 > 0 (B.30)

f ′′

1 = a1b
2
1e

b1x > 0 → 1

eb1 − 1
, b1 > 0 → b1 > 0 (B.31)

f2(1) = a2e
b2 + c2 = 1 (B.32)

f ′

2 = a2b2e
b2x > 0 → a2b2 > 0 (B.33)

f ′′

2 = a2b
2
2e

b2x < 0 → a2, b2 < 0 (B.34)In this ase f is
f =

{
eax

−1
ea−1 0 < x < 1

becx + 1 − bec x > 1
(B.35)with

a > 0; b, c < 0 (B.36)Note that either of these formulas require determination of 3 parameters and need su�ientmeasurements of permeability and porosity from both a leaning proess and a deposition proess.The formula should be used to desribe the loal permeability sine the porosity distribution andevelop heterogeneously. One ould also simplify by applying it to the minimum porosity sinethis is what e�etively determines the �ow resistane.A more omplex approah that inludes hysteresis e�ets between porosity and permeabilitywould be to look at a di�erential of the form
dk =

{
r+(φ, k)dφ , dφ > 0

r−(φ, k)dφ , dφ < 0
(B.37)where r+ and r− are positive funtions desribing the rate of hange of permeability if porosityinreases or dereases. As seen the rates should depend on the instant porosity and permeability.B.4.4 Seleted orrelationSine pressure data is not available for the given experimental data and no attempt has beenmade to produe suh results we an rather guess a orrelation and show how this would a�etthe overall permeability and pressure response.B.4.5 Suggested experimental investigation of relation between k and φWe want to �nd out how the permeability of a ore of halk will be a�eted by a hange inits porosity. The porosity alteration is made by exposing the ore to a hemially reative �uid(for example MgCl2-solution). This involves keeping a onstant temperature and pressure sinedi�erent states will result in di�erent reation behavior.

• First measure initial porosity and permeability
• The �uid should be pumped through the ore at a slow rate sine newly deposited grainsmay be removed by the �ow. Density and visosity of the �uid an be measured separatelyor be omputed and the permeability an be alulated by measuring the pressure drop andlength over the ore and knowing the volume rate:

q = −kA

µ

∆P

∆x
(B.38)79



• The porosity an be measured by weighing the wet ore after the permeability test, dry itand then weigh the dry ore.
• The injetion an proeed and when a signi�ant inrease/derease in the pressure drop overthe ore has been reahed a new measurement an be performed.
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Appendix CThe e�etive di�usion oe�ient DC.1 De�nition of DGiven an imaginary surfae drawn through a �uid phase. If there is a onentration gradient overthe surfae there will be a di�usive �ux aross the surfae given by Fiks �rst law [10, 7℄:Di�usive �ux = −Di�usion oe�ient · Conentration gradient (C.1)
Cv = −D · ∂C

∂x
(C.2)

C is onentration, D whih is the proportionality onstant is de�ned as the di�usion oe�ientand v is the indued omponent veloity aross the surfae.C.2 Experimental determination of DGiven 2 �uids of same phase but unequal onentration C of a substane we an onsider adisplaement proess. Experiments onduted with onstant interstitial veloity v and onstante�etive di�usion oe�ient D an analytially be shown to obey the di�erential equation
∂C

∂t
= −v

∂C

∂x
+ D

∂2C

∂x2
(C.3)If we take onstant porosity and no hemial reations in the transport equations for our modelwe get the same

∂t(φCi) − ∂x(Dφ∂xCi) = φṙi + ∂x(Ci
k

ν
∂xp) (C.4)

φ∂t(Ci) − Dφ∂2
x(Ci) = −∂x(CiV ) (C.5)

φ∂t(Ci) = −φv∂x(Ci) + Dφ∂2
x(Ci) (C.6)

∂t(Ci) = −v∂x(Ci) + D∂2
x(Ci) (C.7)The di�erential equation above with initial onditions C(x, 0) = 0 for all x > 0 and boundaryonditions C(0, t) = 1, C(∞, t) = 0 for t > 0 has the analytial solution

C(x, t) =
1

2

[
1 − erf

(
x − vt

2
√

Dt

)] (C.8)for normalized onentration C and erf(·) is the error-funtion. By omparing the pro�le at theoutlet with the error funtion we an estimate D for a ertain porosity and interstitial veloity.The proedure is explained in better detail in [7℄.81



Some important assumptions in the derivation of this solution and thus estimation of D arethat the �uid is one-phase (whih holds for di�erent brines), but also equal densities and mobilities.The density assumption typially onerns gravity override (this is negligible when the densitiesare as lose as they are) and mobility ratio e�etively means visosity ratio (sine the �uids aresingle phase). High salinity an inrease visosity. If the displaing �uid is less visous it an �ngerthrough and inrease the dispersion. It is assumed suh e�ets are negligible by using a onstantvisosity ν.C.3 Correlations for DAording to [7℄ the e�etive dispersion oe�ient D an be written as the sum of an apparentmoleular di�usion omponent Dma and a onvetive-dispersive omponent Dcd

D = Dma + Dcd (C.9)The Dma is a orretion of the moleular di�usion oe�ient Dm due to the porous paths the ionstravel to move a horizontal distane depending on formation (resistivity) fator FR and porosity
φ. Dcd depends on interstitial veloity v, the formation inhomogeneity fator FI and the averagepartile diameter dp. Visous �ngering depends on the presene of a pressure drop and should berelated to the onvetive part, but we assume a onstant visosity and ideal behavior.The Perkins-Johnston orrelation states that

D =
Dm

FRφ
+

vFIdp

2
(C.10)The formation fator FR is de�ned as the resistivity measured over a ore saturated with a given�uid, divided by the resistivity of the �uid itself. Aording to [8℄ FR an be orrelated to porosityand lithology by an expression of the form

FR = aφm (C.11)Espeially for halk and tight formations the relation is given by
FR =

1

φ2
(C.12)To determine useful values for the other parameters we onsider the literature.

• A study of the North Sea halk �eld Gorm in [18℄ disusses Gorms formation properties. Overthe depth of 6989 to 7330 feet the porosity varies between 23 − 43%, permeability between
0.1− 4.6 mD and average partile diameter varies from 1.0 to 3.0 µm for the di�erent zones.

• In [19℄ a arbonate system is onsidered where several models are ompared to optimize slugsize to displae oil. It is assumed FIdp = 0.0036 m, Dm for oil/solvent is 2 ∗ 10−9 m2/s and
Dm for gas/solvent is 1 ∗ 10−7 m2/s.

• [20℄ desribes an immisible displaement, but mentions that the homogeneity fator partilediameter produt for sandstone typially has a value in the range FIdp = 0.001 − 0.006 m.Also Dm is a 10−9 m2/s for liquids and 10−7 m2/s for gases.[10℄ provides the Robinson-Stokes formula for the traer moleular oe�ient DA of speies A(whih is interpreted as the moleular di�usion oe�ient):
DA =

RTλ0
A

F 2|zA|
(C.13)where R is the gas onstant, F is the Faraday onstant, zA is the ioni harge, T is absolutetemperature and λ0

A is the equivalent limiting ondutane of the ion. A table of values for DA82



is given in [10℄ at 3 di�erent temperatures: 0, 18 and 25 degrees Celsius. The data seems to belinear, meaning that also λ0
A is onstant over that range. Extrapolating these data to 130 degrees(see Fig C.1) we get di�erent values, but the average (we have assumed one oe�ient for all ionsin the model) is approximately 35 ·10−6cm2/s = 3.5 ·10−9m2/s. This value is similar to that usedin the other soures, the unertainty is only the validity of the stated assumptions.

Figure C.1: Extrapolated data of traer moleular oe�ients.We are mostly looking for typial values and their appropriate magnitude. For a given sample ofore data these values should be found more aurately as desribed above. With no experimentalinformation we would settle with Dm = 3.5 · 10−9 m2/s and FIdp = 0.004 m. These values areassumed onstant although hemial alterations may suggest otherwise. The resulting orrelationis then
D = Dmφ +

V

φ

FIdp

2
(C.14)When we estimate this orrelation more losely we will measure the initial porosity φ, the moleulardi�usion oe�ient is assumed Dm = 3.5 · 10−9m2/s, V is determined by the injetion rate andthe overall di�usion oe�ient D is adjusted to �t experimental data. Then FIdp

2 whih will alsobe alled α an be determined diretly.In the numerial programming low values of φ will inrease D greatly and may ause numerialinstabilities. In pratie we ould therefore give a lower limit to the value of φ in the denominator.
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Appendix DTVD-analysisD.1 The onvetion/di�usion solver for onstant porosityFrom subsetion 7.3.2 we derived a numerial expression for the onvetion/di�usion solver:
ρn+1

i = ρi − λ

(
[V ρi − D0

ρi+1 − ρi

∆x
] − [V ρi−1 − D0

ρi − ρi−1

∆x
]

) (D.1)From this we an express the neighbor ell as
ρn+1

i+1 = ρi+1 − λ

(
[V ρi+1 − D0

ρi+2 − ρi+1

∆x
] − [V ρi − D0

ρi+1 − ρi

∆x
]

) (D.2)Taking the di�erene we get
ρn+1

i+1 − ρn+1
i = ρi+1 − ρi − λ

(
[V ρi+1 − D0

ρi+2 − ρi+1

∆x
] − [V ρi − D0

ρi+1 − ρi

∆x
]

)

+λ

(
[V ρi − D0

ρi+1 − ρi

∆x
] − [V ρi−1 − D0

ρi − ρi−1

∆x
]

) (D.3)
= (ρi+2 − ρi+1)[λ

D0

∆x
] + (ρi+1 − ρi)[1 − λV − 2λ

D0

∆x
]

+(ρi − ρi−1)[λV + λ
D0

∆x
] (D.4)Assume �rst that

|1 − λV − 2λ
D0

∆x
| = 1 − λV − 2λ

D0

∆x
≥ 0 (D.5)Then

|ρn+1
i+1 − ρn+1

i | ≤

|ρi+2 − ρi+1|(λ
D0

∆x
) + |ρi+1 − ρi|(1 − λV − 2λ

D0

∆x
) + |ρi − ρi−1|(λV + λ

D0

∆x
) (D.6)From the de�nition we have

TV n+1 =

∞∑

i=−∞

|ρn+1
i+i − ρn+1

i |∆x TV n =

∞∑

i=−∞

|ρn
i+i − ρn

i |∆x (D.7)so summing eq (D.6) over all i we get
TV n+1 ≤ TV n(λ

D0

∆x
) + TV n(1 − λV − 2λ

D0

∆x
) + TV n(λV + λ

D0

∆x
) (D.8)

= TV n (D.9)84



Note that eq (D.5) is the same as the riterion (7.112).Our next assumption is
|1 − λV − 2λ

D0

∆x
| = −(1 − λV − 2λ

D0

∆x
) ≥ 0 (D.10)Then

|ρn+1
i+1 − ρn+1

i | ≤

|ρi+2 − ρi+1|(λ
D0

∆x
) − |ρi+1 − ρi|(1 − λV − 2λ

D0

∆x
) + |ρi − ρi−1|(λV + λ

D0

∆x
) (D.11)

TV n+1 ≤ TV n(λ
D0

∆x
) − TV n(1 − λV − 2λ

D0

∆x
) + TV n(λV + λ

D0

∆x
) (D.12)

= TV n[λ
D0

∆x
− 1 + λV + 2λ

D0

∆x
+ λV + λ

D0

∆x
] (D.13)

= TV n[−1 + 4λ
D0

∆x
+ 2λV ] (D.14)For the variation to remain bounded we require

−1 + 4λ
D0

∆x
+ 2λV ≤ 1 (D.15)

−2 + 4λ
D0

∆x
+ 2λV ≤ 0 (D.16)

−(1 − λV − 2λ
D0

∆x
) ≤ 0 (D.17)When we ompare this with eq (D.10) we see that only one value of ∆t is useful. This same valueis the upper limit of the interval given by (D.5). In onlusion we have that the method is TVD if

1 − λV − 2λ
D0

∆x
≥ 0 (D.18)D.2 The onvetion/di�usion solver for variable porosityWhen porosity an vary our onvetion/di�usion solver looks like

ρn+1
i = ρi + λ

(
[D0,i+1/2φ0,i+1/2(∂x

ρ

φ0
)i+1/2] − [D0,i−1/2φ0,i−1/2(∂x

ρ

φ0
)i−1/2]

)

−λ

(
J(

ρ

φ0
)i+1/2 − J(

ρ

φ0
)i−1/2

) (D.19)
= ρi +

λ

∆x

(
[D0,i+1/2φ0,i+1/2(

ρi+1

φ0,i+1
− ρi

φ0,i
)] − [D0,i−1/2φ0,i−1/2(

ρi

φ0,i
− ρi−1

φ0,i−1
)]

)

−λJ

(
ρi

φ0,i
− ρi−1

φ0,i−1

) (D.20)Taking di�erenes we get
ρn+1

i+1 − ρn+1
i = ρi+1 − ρi

+
λ

∆x

(
[D0,i+1.5φ0,i+1.5(

ρi+2

φ0,i+2
− ρi+1

φ0,i+1
)] − [D0,i+0.5φ0,i+0.5(

ρi+1

φ0,i+1
− ρi

φ0,i
)]

)

− λ

∆x

(
[D0,i+0.5φ0,i+0.5(

ρi+1

φ0,i+1
− ρi

φ0,i
)] − [D0,i−0.5φ0,i−0.5(

ρi

φ0,i
− ρi−1

φ0,i−1
)]

)

−λJ

(
(

ρi+1

φ0,i+1
− ρi

φ0,i
) − (

ρi

φ0,i
− ρi−1

φ0,i−1
)

) (D.21)85



Now let
D+

0 ≡ max
i

(Dn
0,i) φ+

0 ≡ max
i

(φn
0,i) φ−

0 ≡ min
i

(φn
0,i) (D.22)Assume for simpliity that we an replae D and φ by D+

0 and φ+
0 in the fators and φ−

0 in thedenominators. This transfers all the variation to the variation in ρ, but enhanes it if the porositydistribution is nonuniform. Then
ρn+1

i+1 − ρn+1
i = ρi+1 − ρi

+
λ

∆x

(
[D+

0 φ+
0 (

ρi+2

φ−

0

− ρi+1

φ−

0

)] − [D+
0 φ+

0 (
ρi+1

φ−

0

− ρi

φ−

0

)]

)

− λ

∆x

(
[D+

0 φ+
0 (

ρi+1

φ−

0

− ρi

φ−

0

)] − [D+
0 φ+

0 (
ρi

φ−

0

− ρi−1

φ−

0

)]

)

−λJ

(
(
ρi+1

φ−

0

− ρi

φ−

0

) − (
ρi

φ−

0

− ρi−1

φ−

0

)

) (D.23)
= ρi+1 − ρi

+
λD+

0 φ+
0

∆xφ−

0

([ρi+2 − ρi+1] − [ρi+1 − ρi])

−λD+
0 φ+

0

∆xφ−

0

([ρi+1 − ρi] − [ρi − ρi−1])

−λJ

φ−

0

([ρi+1 − ρi] − [ρi − ρi−1]) (D.24)
= (ρi+2 − ρi+1)[λ

D+
0 φ+

0

∆xφ−

0

]

+(ρi+1 − ρi)[1 − λ
J

φ−

0

− 2λ
D+

0 φ+
0

∆xφ−

0

]

+(ρi − ρi−1)[λ
J

φ−

0

+ λ
D+

0 φ+
0

∆xφ−

0

] (D.25)Note that eq (D.25) has exatly the same form as eq (D.4) and following a similar analysis asin setion D.1 the resulting stability riterion beomes
λ

J

φ−

0

+ 2λ
D+

0 φ+
0

∆xφ−

0

≤ 1 ⇔ ∆t ≤ φ−

0 ∆x2

J∆x + 2D+
0 φ+

0

(D.26)
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