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Scattering amplitudes of massive Nambu-Goldstone bosons
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Massive Nambu-Goldstone (mNG) bosons are quasiparticles the gap of which is determined exactly by
symmetry. They appear whenever a symmetry is broken spontaneously in the ground state of a quantum
many-body system and at the same time explicitly by the system’s chemical potential. In this paper, we
revisit mNG bosons and show that apart from their gap symmetry also protects their scattering amplitudes.
Just like for ordinary gapless Nambu-Goldstone (NG) bosons, the scattering amplitudes of mNG bosons
vanish in the long-wavelength limit. Unlike for gapless NG bosons, this statement holds for any scattering
process involving one or more external mNG states; there are no kinematic singularities associated with the
radiation of a soft mNG boson from an on-shell initial or final state.
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I. INTRODUCTION

Spontaneous symmetry breaking is one of the most
important concepts in modern quantum physics. It is
responsible for a vast range of phenomena, ranging from
superfluidity and ferromagnetism to the generation of
masses of elementary particles. As a rule, it is associated
with the presence of gapless quasiparticles in the spectrum
of the system: the Nambu-Goldstone (NG) bosons.

Exact global symmetries are, however, rare in nature.
When the spontaneously broken symmetry is not exact but
merely approximate, the associated soft mode acquires a
gap. Such modes are referred to as pseudo-NG (pNG)
bosons. As a rule, the gap of a pNG boson depends not just
on symmetry alone but also on the details of the dynamics
of the system.

It was discovered only recently that under certain
circumstances the gap of a pNG boson is determined
exactly by symmetry [1]. Namely, breaking an otherwise
exact symmetry by coupling a chemical potential to one of
its generators leads to pNG-like modes with a gap fixed by
the symmetry algebra and the chemical potential alone,
independently of the details of the underlying dynamics.
Such modes have been dubbed massive NG (mNG) bosons
[2]. The list of currently known mNG bosons covers a
range of systems from condensed-matter to high-energy
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physics and includes (anti)ferromagnetic magnons in an
external magnetic field, the neutral pion in a pion superfluid
in dense quark matter, certain excitations of relativistic
Bose-Einstein condensates [2], and the Kohn mode [3]
corresponding to center-of-mass oscillations of Bose-
Einstein condensates in harmonic traps [4].

The story is further complicated by the fact that not all
pNG bosons stemming from explicit breaking of a sym-
metry by a chemical potential are mNG bosons [2,5].
Examples of such states are somewhat exotic but not too
difficult to construct, the simplest one perhaps appearing in
a system where a global SO(3) symmetry is completely
spontaneously broken. Unlike the true mNG bosons, the
presence of such states in a given system is, however, not
guaranteed. We will revisit this case in the Appendix.

The goal of this paper is to investigate further properties
of mNG bosons beyond the sole fact that their gap is fixed
by symmetry. It is well known that ordinary NG bosons
interact weakly at low energies. More precisely, barring
special circumstances leading to a kinematic singularity, the
scattering amplitude for a process involving a NG boson
vanishes in the limit where the momentum of this NG
boson goes to zero. This fact is usually referred to as
Adler’s zero and has recently been reinvestigated inten-
sively in the context of a constructive approach to scattering
amplitudes; see Refs. [6—8] for some relevant publications
on the subject [9].

Here, we show that mNG bosons share this property
despite their gap. In fact, the nonzero gap protects them
against the mentioned kinematic singularities so that the
scattering amplitude for any process involving a mNG
external state vanishes as its momentum goes to zero.

The plan of the paper is as follows. In Sec. II, we review the
basic facts about mNG bosons. We also discuss to some
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extent how current conservation, which is crucial for estab-
lishing the existence of Adler’s zero, is modified in the
presence of a chemical potential. In the next two sections, we
then warm up by analyzing in detail two concrete examples
of systems featuring a mNG boson. The system described in
Sec. III captures the behavior of antiferromagnetic magnons
in an external magnetic field. Its key advantage is that its
relativistic kinematics is unaffected by the chemical poten-
tial, which only modifies the perturbative interactions of
magnons. The example studied in Sec. IV, known from
certain scenarios for kaon condensation in dense quark
matter [11], features fully nonrelativistic kinematics despite
its relativistic origin. It thus brings to light most of the
subtleties that we will have to deal with in Sec. V, where a
general argument for Adler’s zero in scattering amplitudes of
mNG bosons is presented. Finally, in Sec. VI, we summarize
our findings and give some concluding remarks. We also
discuss to some extent the limit in which the momenta of rwo
NG or mNG bosons, participating in a scattering process, are
taken to zero simultaneously.

I1. MASSIVE NAMBU-GOLDSTONE BOSONS
AND CURRENT CONSERVATION

Following Ref. [2], consider a quantum system defined
by its Hamiltonian H. Suppose that we pick one of the
generators Q of its symmetry group G and assign it a
chemical potential, x. The excitation spectrum of the
system is then determined by the many-body
Hamiltonian H = H — #Q. This Hamiltonian generally
does not commute with the full group G; let us denote
the subgroup of G commuting with H as G.

By the standard Cartan decomposition of Lie algebras,
the symmetry generators not commuting with H can be
organized into Hermitian-conjugate pairs Q7 such that

where ¢; are the roots of the Cartan subalgebra. It then
follows that acting with O on an eigenstate of H changes
its energy (eigenvalue of H) by Fugq;. As a consequence,
once both y and g; are chosen without loss of generality to
be positive, the many-body ground state |0) satisfies
Q7 |0) = 0. On the other hand, Q7|0) can be nonzero,
and if it is (which signals spontaneous symmetry breaking),
it represents a mNG state with energy pq;.

The total number of mNG states in the spectrum can be
determined as follows [2]. Define the real antisymmetric
matrix of commutators,

1
Pij = —is%i_lgoamuQi» Qj”0> (2)

(Q denotes the spatial volume of the system), and the
analogous matrix p;;, composed of generators of G only.
The number of mNG bosons is then given by

(rank p — rank p). (3)

N —

NmNG =

To provide a somewhat different perspective on the
spectrum of mNG bosons, we now discuss the conservation
laws for Noether currents in the presence of a chemical
potential. We use the fact that in the Lagrangian formalism
the chemical potential can be introduced as a constant
background temporal gauge field [12].

Consider rather generally a class of theories defined by
their classical action S[¢, A], depending on a set of scalar
fields ¢* and gauge fields AL. Suppose that this action is
invariant under a set of simultaneous local transformations
with infinitesimal parameters €’(x),

5 = EFL(PA). A, = O,€ + frAleh (4)

where f;k are the structure constants of the symmetry group
and F¢ are some local functions of the fields and possibly
of their derivatives. The requirement of gauge invariance
implies the condition

/dx {%G’F? + 5(?45;"4 (0,6 + f1 AL )| = 0. (5)
By using the equation of motion for the scalar field,
6S/6¢* = 0, we infer immediately that the Noether cur-
rents, defined by J¥ (x) = 65/8A,(x) up to a conventional
sign, satisfy the covariant conservation law

D, J} = 8,J} + fiALJ; = 0. (6)
Note the generality of our argument. First, we did not
assume any particular form of the transformation rule for
the scalar fields; the function F*(¢, A) need not be linear,
and it may even depend on field derivatives. Second, we did
not make any specific assumptions on the Lagrangian
density; it may depend on higher derivatives of the fields,
and it may change upon the transformation (4) by a surface
term. Finally, the gauge field AL in Eq. (6) is treated as a
nondynamical background, but it may take an arbitrary
coordinate-dependent value.

What we are actually interested in is the situation in
which the background gauge field Ag for the generator Q
equals (u,0); all the other background gauge fields A/, can
be set to zero upon taking the functional derivative in order
to obtain the Noether currents. It follows that the currents
J', associated with the generators QF, satisfying Eq. (1)
(we drop for the sake of simplicity the index i), fulfill the
conservation law

A% £iugJ = 0. (7)
Consider now the one-particle state of a mNG boson

carrying momentum p, denoted as |G(p)). By the argument
following Eq. (1), this state can be created from the

025021-2



SCATTERING AMPLITUDES OF MASSIVE NAMBU- ...

PHYS. REV. D 97, 025021 (2018)

many-body vacuum |0) by Q~. The matrix element
(G(p)|J*(x)|0) is therefore nonzero. Spacetime translation
invariance and spatial rotation invariance constrain it to
take the form

(Gp)lE(x)|0) = eP~[ip"Fy(Ip|) + i F>(lp[)].  (8)

where F(|p|) and F,(|p|) are a priori unknown functions
of the mNG boson momentum. Applying the conservation
law (7) to the current J# then gives

@’ Fy + o(Fy = pqF,) =p*Fy —uqF, =0, (9)

where w(p) is the dispersion relation of the mNG mode. It
is easy to see that w(0) = g is a solution of this equation
for arbitrary F; and F,, which provides yet another
derivation of the mass of the mNG boson.

We shall utilize the conservation law (7) and the matrix
element (8) in our discussion of the mNG boson scattering
amplitudes in the next sections.

III. CASE STUDY: ANTIFERROMAGNET IN
EXTERNAL MAGNETIC FIELD

Let us start our discussion of scattering amplitudes of
mNG bosons by looking at a concrete example. It is clear
from Eq. (1) that the presence of a mNG boson requires
non-Abelian symmetry. We therefore choose to study the
simplest non-Abelian relativistic model with the symmetry-
breaking pattern SO(3) — SO(2). At the leading order
of the derivative expansion, its low-energy effective
Lagrangian is just the nonlinear sigma model,

(D). (10)

where the vector field QZ has a fixed modulus, |q_5 | = v. The

covariant derivative includes a background gauge field Zﬂ
of SO(3) via

D,p=0,4+A, % (11)

For future reference, we take note of the Noether currents
arising from the SO(3) symmetry,

I -
Jﬂ :57:¢XDﬂ¢ (12)

U
This model can be thought of as describing the low-energy
dynamics of spin waves in antiferromagnets in an external

magnetic field, represented by A.
We choose the magnetic field to point along the z axis,

that is, set Xﬂ = 6”0(0, 0, u). In the classical ground state,
the field (Z is then oriented in the xy plane, and we can

choose it to point in the x direction, (¢) = (v,0,0). The
fluctuations above this ground state are parametrized by

two scalar fields, which we denote as 7 and G for a reason
that will be clear shortly. We shall use the following
nonlinear parametrization that automatically takes account

of the constraint on the length of cZ
¢ = (\/ UQ—JZQ—GZ,JT,G)T. (13)

Inserting this into the Lagrangian, it acquires a form that is
suitable for a perturbative analysis of the model,

L==(0,71)?+ % (0,G)? - % WG

Go,G)?
+ 2u(Oym) V Uz—ﬂz—Gerl(ﬂaﬂﬂ_l— 9,6) )

2 V-1t -G?
(14)

| =

up to constant and surface terms. We can see that the model
contains one exactly massless mode and one mode with the
mass equal to u, which is our mNG boson. This corre-
sponds to the well-known fact that out of the two magnons
in antiferromagnets only one becomes gapped when an
external magnetic field is turned on. Our notation then is z
for the truly massless (NG) mode and G for the gapped
(mNG) mode.

A. Scattering amplitude: Direct calculation

To get insight into the properties of the scattering
amplitudes in our model, let us perform a sample calcu-
lation and inspect the four-particle process

G - 7G, (15)

see Fig. 1 for the corresponding Feynman diagrams and the
explanation of our notation. A simple calculation leads to
the tree-level result for the on-shell amplitude with ampu-
tated external legs [13],

2 2lkokly [ 1 1
=" k-K 0 - . 16
M v? T p-k p-k (16)

v
Let us first inspect the properties of this amplitude as the
momentum of one of the NG states, say, the incoming one,
goes to zero. Naively, the amplitude vanishes thanks to the

koW
k K k K N N
AN s/ N /
X A\
L AN % g \ 1 d N
+ ——— + >
/\ k+p P —k
» [ p I P I
FIG. 1. Feynman diagrams for the scattering amplitude for the

7G — 7G process. The dashed line stands for the # field, and the
solid line stands for G. The 4-momenta of the NG boson in
the initial and final states are denoted, respectively, as k and &/,
whereas those of the mNG boson are denoted as p and p’. The
arrows indicate the flow of momentum.
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presence of the factors of k in the numerators. However,
since p-k' = p’ -k, both terms in the parentheses in
Eq. (16) are singular in this limit. A more careful evaluation
leads to

. 2u*k;, 1 1
1 = — s 17
M == e —lleosa ph=lpleosp)” 7

k-0 v

where a and f are the angles between k and p and p’,
respectively. The absence of Adler’s zero in such a
scattering process is a well-known issue, which arises from
the presence of cubic interaction vertices in the model [14],
and thus from the latter two Feynman diagrams in Fig. 1, as
the momentum k goes to zero, the internal propagator in
these diagrams approaches the mass shell, leading to a
kinematic singularity.

If, on the other hand, one of the mNG bosons in the
process becomes soft [16], no such kinematic singularity
appears due to the nonvanishing mass of the mNG boson. A
simple manipulation using the kinematics of the process
shows that

imM = limM = 0. (18)
p—0 p'—0
This is our first piece of evidence that the interactions of
mNG bosons are weak at low momentum in spite of their
NONzero mass.

B. Scattering amplitude from current conservation

So far, we have found Adler’s zero in a single scattering
amplitude of the mNG state in our model by a direct
computation. Should we be able to prove the existence of
Adler’s zero for mNG bosons on general grounds, we need
a more robust approach. To that end, recall that the presence
of Adler’s zero for true, massless NG bosons is usually
proven as a direct consequence of conservation of the
Noether current associated with the spontaneously broken
symmetry [15]. We shall now therefore imagine that the
incoming mNG state in the process shown in Fig. 1 is
created by the current operator J* and investigate the
matrix element

(fIVE(p)1i) = (K, p"|JE(p)|k). (19)

Note that the kinematics corresponding to this matrix
element is different than that of the scattering amplitude
in Fig. 1: whereas the 4-momenta k,k’,p’ label one-
particle asymptotic states and therefore are on shell, the
4-momentum p is created by the local current operator and
thus can be off shell. Keeping this momentum off; if close,
the mass shell is of course all important for understanding
the analytical structure of the matrix element and extracting
from it the physical scattering amplitude.

For the first step, we write down the perturbative
expansion of the Noether currents (12), just as we pre-
viously did for the Lagrangian,

2 G2
J :naﬂG—GaﬂnJr&ﬂ%G(” ;} —1}) .

1
b = =8unG — v0"G — 2—8”G(G2 — %)
v
1
__ﬂGaﬂﬂ+ s,
v

1
Jh = u(v? = G?) + vd'n + —nGO'G
) v

1
— M 2 _ 52
21}871’((; fr)+ , (20)

where terms of higher order in the fields are omitted.

The matrix element ( f|J* (p)|i) with J* = J| —1iJ5 can
now be evaluated perturbatively similarly to the previous
direct calculation of the scattering amplitude. The Feynman
diagrams that contribute to it are shown in Fig. 2 and fall
into two distinct classes. The first three diagrams arise from
the part of the current linear in G and contain a pole at
p* = p?. The last three arise from the parts of the current
quadratic and cubic in the fields and do not have a simple
pole in the p? variable.

It is obvious from Figs. 1 and 2 that there is a one-to-one
correspondence between diagrams contributing to the
scattering amplitude for the process 7#G — zG and the
pole contributions to the matrix element (f|J* (p)|i). Using
only the knowledge of the propagator of the G field and of
the linear pieces of the current J¥, that is without having to
evaluate the scattering amplitude explicitly, the pole part of
the matrix element of the current can be expressed as

iw(ud + p*)

2 2 (_iMoff—she]l) ’ (2 1)
p-—H

<f“ﬂi(p)|i>pole =~

where the subscript “off-shell” refers to the fact that only
the momenta k, k', p’ but not p are now on shell in the
scattering amplitude.

The nonpole part of the current matrix element is
likewise evaluated straightforwardly,

N
<

\

7/
4 \ \ Y
\ 1 4 , ) , 7z \\
o AR \ v ‘
(f1TE(p) i) = = N + S + N
p+k p—K
i3
p
N ’ N ’ >
A} ’ AY ’ s N
N \ 4 4 AN
+ + + N
p+Ek p—k N\

FIG. 2. Feynman diagrams contributing to the matrix element
(f|J*(p)|i). The dot on the external line carrying momentum p

represents the current operator; otherwise, the notation is the
same as in Fig. 1.
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1
<f|‘ﬂi(p)|i>non»pole = ; (Méﬂo + K+ plﬂ - k’ﬂ)

pke
—ﬁ(ﬂ&”o +p” +2kﬂ)
k
— D =2k, (22)

where we used momentum conservation and the on-shell
condition for k, k', p’ to simplify the result.

We shall now see that the scattering amplitude for the
nG — 7G process is actually completely determined by the
nonpole diagrams in Fig. 2. Indeed, the operator momen-
tum conservation condition (7) implies that

(P = 1B,0)(fI/E(p)]i) = 0. (23)

This leads to a cancellation of the pole in the pole part of the
current matrix element, upon which the off-shell amplitude
Mssnen €an be expressed as

2 2lkokl [ 1 |
Moff—shell = Fk kK + 2 p/ K - p/ k) (24)

v
Once the momentum p is set on the mass shell, this is seen
to be equivalent to the previously found result (16).

The moral of this exercise is that we do not need to
calculate the scattering amplitude explicitly; it can be
extracted from the nonpole contributions to the matrix
element of the broken current upon using current con-
servation. This is a major step toward proving that the
scattering amplitude vanishes in the limit of zero momen-
tum of the mNG boson. Before proceeding to the general
argument, we will, however, work out in detail another
example. In the calculation above, we have namely used
heavily the relativistic kinematics to simplify the expres-
sions. We want to see to what extent the situation
complicates in systems in which not only the interactions
but also the kinematics are not Lorentz invariant.

IV. CASE STUDY: RELATIVISTIC MODEL
FOR KAON CONDENSATION

Following Ref. [11], we introduce the linear sigma
model, defined by the Lagrangian

L=D'D'p—md - AP $)>. (25

where ¢ is a doublet of complex scalars and the
covariant derivative incorporates a chemical potential via
Dy = (0 — iu)¢p. The Lagrangian has a manifest G =
SU(2) x U(1) symmetry, corresponding to unitary rota-
tions of the ¢ doublet. The chemical potential u is then
associated with the U(1) factor of the symmetry group. This
model has been used to describe kaon condensation in

dense quark matter, where the SU(2) stands for isospin and
U(1) stands for strangeness.

The full symmetry group of the model in the limit y = 0
is G = SO(4) = SU(2) x SU(2), which is most easily seen
by thinking of ¢ as a collection of four real scalar fields.
The non-Abelian nature of this symmetry creates a con-
venient setting for the presence of mNG bosons in the
spectrum. When u > m, the classical ground state of the
model carries a nonzero expectation value of ¢ and can be
chosen as

<¢>—i<°>, =2 g

The symmetry-breaking pattern then reads

G = SU(2), x SU(2); — SU(2),

G =SU(2), x U(1), — U(1)". (27)

Here, the primes refer to the fact that the generators of the
unbroken SU(2) and U(1) subgroups are linear combina-
tions of generators of the SU(2) and U(1) factors in G and
G, respectively. We can see that two of the symmetry
generators are broken spontaneously and at the same time
explicitly by the chemical potential and thus expect a single
mNG boson in the spectrum.
To check this, we parametrize the doublet ¢ as

_ 1 ¢
¢:\/§<”+W3+i1l/4)’ 28)

where ¢ is a complex field, whereas y3 4 are real. Inserting
this into the model Lagrangian and dropping constant
terms, it becomes

L= 0,0"0"p +iu(¢*dop — pdop*) — Av*ys3
1

1
+ 3 (Ow3)* + 3 (0,wa)* + u(ws0ows — w300w4)

A
—doy3 (20" + v +yd) = 7 070 + vl +ui)
(29)

It is easy to see that the ¢ field excites a pair of states with
the dispersion relations

w.(p) = \/P? + 12 £ p. (30)

These can be thought of as a genuine particle-antiparticle
pair thanks to the fact that they carry the charge of the
unbroken exact U(1)" symmetry. The lighter of the two is
gapless and represents a so-called type-B NG boson [17].
The heavier of the two, on the other hand, has gap 2. This
is the mNG boson of the extended symmetry group G,
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broken both explicitly and spontaneously [2]. It has been
shown by an explicit calculation that its gap does not
receive radiative corrections at one loop [18].

The w34 sector of the model likewise contains two
excitations with the nonrelativistic dispersion relations

w34(p) = \/p2 +3u —m? £+ \/(3/42 —m?)? + 4u’p?.
(31)

One of these modes is gapless and corresponds to a so-
called type-A NG boson [17]. The other one is gapped and
represents a Higgs-like mode. In the calculation below, we
actually do not need these dispersion relations, but only the
propagator in the 3 4 sector, which takes a matrix form
and can be extracted from the bilinear part of the
Lagrangian (29),

D(p) )

i ( P’ —2iupy )
P*(p* = 240%) — 4 p5 \ +2iup,

p* —220°
(32)

All the other Feynman rules of the model can be read off the
Lagrangian (29) trivially.

A. Scattering amplitude: Direct calculation

Let us now, as in the previous section, evaluate the
scattering amplitude for a sample scattering process. For
the sake of convenience, we choose the process

NG + mNG — NG + mNG, (33)

where “NG” refers to the type-B NG mode of the model,
which is the antiparticle of the mNG mode [19]. The
diagrams contributing to this process at tree level are shown
in Fig. 3, which also explains all the notation required.

A straightforward application of Feynman rules leads to
the following intermediate result for the on-shell amplitude
with amputated external legs,

40202 (p + k)?
(p + k)*[(p + k)* = 220%] = 4u*(po + ko)
N 4220*(p — p')?
(p=p")(p—=1')*=20% = 4> (po — po)*
(34)

M =4+

Adler’s zero is not manifest in this case, which is common
for linear sigma models; a cancellation between two or
more Feynman diagrams is usually required in order to
ascertain the vanishing of the scattering amplitude in the
soft limit. To that end, note that the dispersion relations (30)
for the NG and mNG mode can be encoded in the kinematic
relations

FIG. 3. Feynman diagrams for the scattering amplitude for the
NG + mNG — NG + mNG process. All quasiparticles participat-
ing in the process are excited by the ¢ field. The NG mode is treated
as a particle and thus corresponds to an incoming line in the initial
state and an outgoing line in the final state. The mNG mode is treated
as an antiparticle and thus corresponds to an outgoing line in the
initial state and an incoming line in the final state. The dashed line
represents the matrix propagator D; only the D,, ,,. component is
needed here since there are no cubic interaction vertices linear in y4
in the model. The notation for the 4-momenta of the gapless and the
gapped states is the same as in Fig. 1. The arrows on the field lines
indicate the flow of the U(1)" charge. The flow of momentum is
indicated by the arrows next to the momentum labels.

p?=2upy,  k* = -2k, (35)

and analogously for p’ and k'. It is then easy to see that

p—0
(p+k)*> — 2u(po+ko).
p—0
(p=p")* — 2u(po—pp)- (36)

which immediately leads to the expected result

limM = 0. (37)
p—0

It is easy to check that in this case the Adler zero property
also holds for the gapless NG mode; there is no kinematic
singularity present in this model. That is because of the
structure of the cubic interaction vertices; the internal
propagator in the diagrams in Fig. 3 carries a different
mode than the external legs and thus remains off shell in the
limit £ — 0.

B. Scattering amplitude from current conservation

For the next step, we shall now again see how to
reproduce this result without evaluating the scattering
amplitude explicitly, using only current conservation. To
that end, we first need to identify the Noether current that
excites the mNG boson of the model. Adding the chemical
potential to the theory explicitly breaks two of the gen-
erators of the right SU(2) factor in the symmetry group G.
The corresponding currents take the form

025021-6
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Jri = =97 020,¢ + ¢'1,0,4",
Jro = =" 1,0, — i¢'1,0,4", (38)

where 7, is the second Pauli matrix. In this case, it is more
convenient to define the “ladder currents” with an addi-

tional factor of \/§
7 1 U s T
JL :ﬁ(‘]Rl £ iJRy)- (39)

Only the current J* is needed as it excites the mNG boson.
Using the parametrization (28), it becomes

JE = —iwd'p —i(y30Mp — p0'y3)
+ (W40"p — p0'yy). (40)

As in the previous section, we now want to evaluate the
matrix element (19). The Feynman diagrams that contribute
to it are displayed in Fig. 4. The pole part of the matrix
element is again related to the scattering amplitude of
interest by a simple expression,

+
\\/
P72
+
< N\/
TN

FIG. 4. Feynman diagrams contributing to the matrix element
(fIJ%(p)|i). The dot on the external line carrying momentum p
represents the current operator; otherwise, the notation is the
same as in Fig. 3. The ;4 labels on the internal propagators
indicate that mixing has to be taken into account.

ivp#

= 2upe (1M of-sheln)»
- 0

<f|Jli(P)|i>pole = (41)

where the subscript “off-shell” indicates that only the
4-momenta k, k', and p’ are on shell. The nonpole part
of the matrix element, (f|J%(p)[i)non-pote» Which we will for
brevity call simply N¥, is now given by a larger number of
diagrams as a result of the mixing of the w3, fields.
Evaluating all the contributions explicitly yields

Ho— _

20(p* 4 2K)[(p + k)* + 2u(po + ko))
(P + k) [(p 4 k)* = 220%] = 42 (po + ko )?
20(p* =2p")[(p = P')* + 2u(po = Pp)]
(p=p")lp—p) =2 =4 (po - py)*
(42)

In the present case in which the gap of the mNG mode is
2u, the current conservation condition (7) implies
(Pu = 2u8,0) (fITE(P)i) = O, (43)

as opposed to Eq. (23). The prefactor (p, — 2ud,) clearly
cancels the pole in (f[J(p)|i) o1, although the propagator
of the mNG boson now takes a nonrelativistic form. Upon

canceling the pole, the off-shell scattering amplitude can be
expressed in terms of the nonpole contributions N* as

1

Mt _shen = L (PﬂN’i - 2/4N9)- (44)

Upon using some kinematics for the initial and the final
states of the scattering process, it is straightforward to show
that in the on-shell limit this result coincides with the
previously derived Eq. (34). Even more importantly, how-
ever, Eq. (44) makes the presence of Adler’s zero in the
limit p — 0 manifest as long as N* is not singular in this
limit, which it is not by construction. [It does not include
the contribution of the one-particle pole at py = w, (p).]
This is the last crucial ingredient that we need for a general
proof of the existence of Adler’s zero in scattering
amplitudes of mNG bosons.

V. GENERAL ARGUMENT

We would now like to generalize our argument from the
previous section so that it:
(i) applies to any (compact) symmetry group and
symmetry-breaking pattern G — H.
(i1) does not require the evaluation of specific Feynman
diagrams but only relies on current conservation.
(iii) does not assume any particular form of the propa-
gator of the mNG field.
We will follow rather closely the usual proof of existence of
Adler’s zero for exact spontaneously broken symmetries
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[15]. A generic scattering process involving a mNG boson
in the initial state can be represented by the diagram in
Fig. 5. Just like in our above analysis of specific examples,
the mNG state is created by a local Noether current
operator, and the diagram therefore corresponds to the
matrix element (f|J*(p)|i), where p is the mNG boson
4-momentum.

To understand the analytic structure of this matrix
element, we will need the Kéllén-Lehmann spectral repre-
sentation. Its general nonrelativistic version for a time-
ordered Green’s function of two local fields, A(x) and B(x),
takes the form [18]

_ 5 3 [ (0JA(0) |1, p) (m.p|B(0)[0)
Dygp(p) =i(27) ;[ o — o)
_{0[B(0)|n, —p){n. —p|A(0)|0)
po +o(p) —ie ’ (45)

where the Hamiltonian eigenstates |n, p) are assumed to be
normalized according to (m,p|n,q) = §,,,6°(p —q) and
w,(p) is their energy. Note that the index n is discrete for
one-particle states and continuous for multiparticle states.
Only the former are relevant for us here.

We now set A - ¢ and B — J¥, where ¢ is an
interpolating field for the mNG state, that, is a field for
which the matrix element (0]¢(0)|G(p)) between the
many-body vacuum |0) and the one-particle mNG state
|G(p)) is nonzero. The pole part of the two-point function
of the current and the interpolating field ¢ then reads

NGB, )3 (0l¢(0)[G(p))(G(p)|J~(0)]0)
Po—@(p) ’
(46)

Dy (p)

where @(p) now denotes the dispersion relation of the
mNG state. The matrix element (0|¢(0)|G(p)) can be
naturally absorbed into the definition of the scattering
amplitude M of the process, which apart from the initial
state |i) and the final state |f) also includes a mNG state.

Altogether, the matrix element for the process depicted
in Fig. 5 has the following representation,

i(27)3
PPN = (G O)10) 2 (=M )

+ NE(p). (47)

where N* (p) is the nonpole contribution. For the next step,
we use the parametrization of the current matrix element
(G(p)|J*(0)|0), following from Eq. (8), and the current
conservation condition (7). Some caution is required here;
while the 4-momentum in Eq. (8) is on shell, that is, the
frequency therein equals w(p), the 4-momentum in Eq. (47)
is off shell, and its temporal component is denoted simply
as pq. Distinguishing carefully the two 4-momenta, it is

1)

Propagator
|2)
FIG. 5. A generic scattering process involving a mNG boson.

The initial and final state |i) and |f) can include an arbitrary
number of mNG and non-mNG modes.

straightforward to see that current conservation leads to a
complete cancellation of the pole in Eq. (47), upon which
the off-shell scattering amplitude can be expressed as

i(py - ﬂqéﬂO)Nﬁ(p)
(2r)’[w(p)Fi(lp]) + Fa(lpl)]”

For the final step, we can bring the 4-momentum p on shell
and take the soft limit. It is now obvious that the scattering
amplitude for the process involving a mNG boson vanishes
in the limit p — 0, provided that N is not singular in this
limit (which it is not by construction) and that the
denominator in Eq. (48) does not vanish in this limit.
That latter requirement is equivalent to the statement that
the coupling of the broken charge to the mNG state does
not vanish in the soft limit, which is actually one of the
hallmarks of mNG bosons [2]. This concludes our general
proof of the existence of Adler’s zero in scattering
amplitudes of mNG bosons.

Mot _shent (P) = (48)

VI. CONCLUSIONS

In this paper, we have analyzed the low-energy proper-
ties of scattering amplitudes for processes involving one or
more mNG bosons. We showed that as a consequence of
exact symmetry constraints these scattering amplitudes
exhibit Adler’s zero just like those of ordinary (gapless)
NG bosons. When the momentum of the mNG boson is
tuned to zero (and the momenta of the other participating
particles are modified accordingly to maintain energy and
momentum conservation, but otherwise tend to nonzero
limits), the scattering amplitude vanishes. There are no
kinematic singularities associated with radiation of soft
mNG bosons from the initial or final state due to the
nonzero gap of the mNG boson.

025021-8



SCATTERING AMPLITUDES OF MASSIVE NAMBU- ...

PHYS. REV. D 97, 025021 (2018)

This result, in fact, ensures that mNG bosons are well-
defined quasiparticles in spite of their nonzero gap; due to
their weak interactions at low momentum, their width
necessarily goes to zero in the long-wavelength limit.

The examples analyzed explicitly in this paper include
antiferromagnetic spin waves in an external magnetic field
and a model for kaon condensation in dense quark matter,
in which the mNG mode is one of the gapped kaons.
However, our conclusions hold equally well for other
known examples of mNG bosons such as ferromagnetic
spin waves in an external magnetic field or the neutral pion
in the pion superfluid phase of quantum chromodynamics.

A. Double soft limits of scattering amplitudes

Given the fact that mNG bosons respect the Adler zero
property, it is interesting to consider what happens in the
limit where the momenta of two NG or mNG bosons tend
to zero simultaneously [20]. The behavior of scattering
amplitudes of true, gapless NG bosons in this limit has
recently attracted considerable attention; see, for instance,
Refs. [21,22]. The limit of the scattering amplitude in
general turns out to be nonzero, and it reflects the non-
Abelian nature of the underlying symmetry.

As explained in detail in Ref. [22], this effect arises
solely from Feynman diagrams in which the two NG
bosons in question, and another external leg, are attached
to the same quartic interaction vertex; see the first diagram
in Fig. 6. The reason is that when two of the momenta
attached to the quartic vertex go to zero the propagator
attached to it becomes on shell, and the resulting singularity
may cancel the suppression of the amplitude due to the
presence of derivatives in the vertex.

To see a singularity in processes involving two (m)NG
bosons interacting through such a quartic vertex, it is
essential that both momenta and energies of the two modes
add up to zero in the soft limit. This excludes a nontrivial
double soft limit in processes involving one NG and one
mNG boson and in processes involving two mNG bosons
in the initial or final state. The only possibility seems to be
processes in which one of the mNG bosons is in the initial
and the other is in the final state.

=

FIG. 6. Topologies of Feynman diagrams that can potentially
lead to a nonzero scattering amplitude in the limit where the
momenta of two of the participating particles are sent to zero
simultaneously. We use the same notation for lines and vertices as
in Sec. III.

For illustration, let us recall the effective theory for
antiferromagnets, discussed in Sec. III. Following the
notation introduced therein, we write the 4-momenta of
the incoming and outgoing mNG boson including a scaling
factor z as

) 2p?

= (y/u2+zzp2,zp> = (ﬂ+—2ﬂ ,zp> 4,
2,12

3 z

P = (\/u2+zzp’2,zp’) = (M+ 21;’4 ,Zp') e

(49)

where the ellipsis stands for terms of order z* or smaller.
Using the Feynman rules following from the Lagrangian
(14), the first diagram in Fig. 6 is evaluated as

_izM (p-p')?
P2k p-p)

=P +0(2)
(50)

where —iM is the amplitude corresponding to the blob in
the diagram. We can see that in this concrete example the
double soft limit of the full scattering amplitude is safe.
However, in general, we expect diagrams with this top-
ology to give a nontrivial limit when the momenta of one
incoming and one outgoing mNG boson go to zero
simultaneously.

Next, let us have a look at the second diagram in Fig. 6.
This type of kinematics was already observed in Sec. III to
lead to a violation of the Adler zero property for the gapless
NG boson. What if now the momentum of the incoming

mNG boson goes to zero as well? Setting K = zk*, a
simple calculation gives for this diagram
e EML L M o sy
vo(pAkP -

In this case, we do get a nonzero double soft limit. That is,
however, not so surprising, given the fact that already the
radiation of the soft gapless NG boson from the external
mNG boson line makes the scattering amplitude nonzero at
low momentum.

To see a truly new effect, only existing in the presence of
mNG bosons, consider finally the last diagram in Fig. 6. As
in the case of the diagram with a quartic vertex, we assume
that one of the mNG bosons shown in the figure is
incoming, while the other is outgoing. We then get

(52)

This kind of nonzero double soft limit arising from a
cubic interaction vertex cannot appear in Lorentz-invariant
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theories for gapless NG bosons, as such cubic vertices
can be removed from the theory altogether by a field
redefinition [8].

Altogether, we have identified three different mechanisms
whereby a nontrivial double soft limit of scattering ampli-
tudes may be realized in theories with mNG bosons. The first
one appears when a NG boson and a mNG boson in the
initial or final state are attached to the same cubic interaction
vertex. This case accompanies the violation of the Adler zero
property for the gapless NG boson alone. The second and
third mechanisms are both associated with a pair of mNG
bosons, one in the initial and the other in the final state of the
scattering process. Whether they are attached to a cubic or a
quartic vertex, their presence leads to a singular propagator
in the Feynman diagram and thus potentially a nonvanishing
soft limit of the scattering amplitude.

B. Scattering amplitudes of pseudo-NG bosons

What we have not touched upon so far is the scattering
amplitudes of pNG bosons that are not mNG bosons, yet
their mass also arises from the chemical potential in the
system. As mentioned in the Introduction, this is a some-
what more exotic, yet perfectly viable, possibility. One
might expect equally strong constraints on the scattering
amplitudes in this case, since, after all, we still have the
exact conservation law (7). However, it is known that
the properties of such pNG bosons differ from those of the
mNG bosons. Apart from the obvious fact that their gap is
not determined by the symmetry and chemical potential
alone, they also couple differently to the broken current;
unlike for the true mNG bosons, this coupling vanishes in
the limit of low momentum [2], which invalidates our proof
of the existence of Adler’s zero in Sec. V for the case of
pNG bosons.

Based on this observation, we conjecture that the
scattering amplitudes of pNG bosons the mass of which
arises from the chemical potential do not have the Adler
zero property, just like the amplitudes of any other pNG
bosons. To test this conjecture, we have analyzed to some
extent a model in which a global SO(3) symmetry is
completely broken. It is known that in presence of a
chemical potential for one of the generators this system
has one NG, one mNG, and one pNG boson [2,5]. To our
surprise, the scattering amplitude for the process we chose
to analyze still exhibits Adler’s zero. However, our general
argument given in Sec. V does not apply to this case, and a
further, more detailed investigation is therefore required.
We leave this issue to the future. For the sake of conven-
ience, we provide some details of our preliminary analysis
in the Appendix.
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APPENDIX: EXAMPLE OF NON mNG-TYPE
pNG BOSON

In this Appendix, we shall analyze a low-energy effective
theory for a complete spontaneous breaking of an SO(3)
symmetry. To that end, we shall use the effective
Lagrangian formalism, developed in Ref. [23], the notation
of which we closely follow.

The leading-order effective Lagrangian for NG bosons in
a relativistic system in the presence of background gauge
fields reads

1
L = =gy (7)D,x"Dtr’.

> (A1)

Here, z¢ are the NG fields that parametrize the coset space
of broken symmetry, G/H. The latin indices a, b, ... label
broken generators from this coset space. In contrast, the
latin indices i, j, ... will denote generic generators of the
whole symmetry group G. There is one external gauge field
AL assigned to each generator 7';, and it enters the covariant
derivative of the NG field via
D,z = 0,7 — A\ hi(7), (A2)
where h{ () are the Killing vectors that realize the action of
the symmetry group G on the coset space G/H. Finally, the
object g,,(7) in Eq. (A1) is a G-invariant metric on the
coset space, which is determined uniquely up to a set of
a priori unknown parameters, which represent the low-
energy couplings of the effective theory.
The invariant metric can be determined directly in terms
of the Maurer-Cartan form ’,(), defined by

_,0U(n)

ol (7)T; = —iU(n) prrat
7

(A3)

where U(r) is a representative element of the coset space
G/H, which encodes the NG fields z¢. Imposing the G
invariance of the Lagrangian, we obtain

YGab (”) = Yed (O)G)Z <”)0)Z (ﬂ) ’

(A4)
where ¢.,4(0) is a set of constants that play the role of the
low-energy effective couplings; their values are constrained
by the requirement that g,,(0) be a symmetric invariant
tensor of the unbroken subgroup H. Equation (A4) makes it
clear that we do not really need to know the full Killing
vectors h¢(x), but only their projections of the form
w§(n)h{(x) = v§(x), where the rotation matrix vi(x) is
defined by
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Vi(m)T; = U(n)™'T;U(n). (AS)
The above relations determine completely the structure of
the leading-order effective Lagrangian for an arbitrary
symmetry-breaking pattern G/H.

1. Effective Lagrangian and the spectrum

Let us now see how the above general formalism applies
to the case in which the continuous SO(3) rotation
symmetry is completely broken. Without loss of generality,
we can assume that the matrix g, (0) of effective couplings
has a diagonal form,

9ap(0) = diag(g1, g2, 93)- (A6)

We will turn on a chemical potential for the third generator
of SO(3), that is, set

Al = 8,08 p. (A7)

This determines the effective Lagrangian completely via

Eq. (A1). For the moment, we will only need the part of the

Lagrangian bilinear in the NG fields z¢, which is, up to a

rescaling of the fields, independent of the choice of
parametrization of the matrix U(x),

1
Lyitin = 5 [91(0,71)* + 92(8,m2)* + 93(0,73)?]

2
1 . .
+ Eﬂ(m + 9, — 93) (w1703 — o711

1 1

— =12 (g5 — 9)m} — 517 (93 — 91)73.

5 5 (A8)

The form of the mass terms indicates that the ground state is
stable under the perturbation caused by the chemical
potential provided that g5 is larger than both g; and g,,
which we will from now on assume.

The excitation spectrum of the theory is easy to work out.
First, the 73 mode does not feel the presence of the
chemical potential and thus behaves as an ordinary gapless
NG boson; its dispersion relation reads

w3(p) = |pl. (A9)
The 7, , modes mix, and their dispersion relations therefore
take a more complicated form,

w.(p)? =p2+/42+g3(g32_gl_92)u2(1i9p), (A10)
9192
where
4 2
Q, = [1+ 082 (A11)
g3 H

From here, we can in turn extract the mass spectrum in the
T2 sector,

_ \/(93 - 91)(95 — 92)
m, =pu )

9192

m_=pu.  (Al2)

Whereas we find one mNG mode as predicted by Eq. (3),
there is also another pNG mode which is not of the mNG
type, although its mass comes from the chemical potential
alone. It is this mode that is of interest to us.

2. Coupling of fields to states

The analysis of scattering amplitudes in the present
model is complicated by the mixing in the 7, sector. In
such a situation, it is mandatory to use the Lehmann-
Symanzik-Zimmermann formalism to extract the physical
scattering amplitude from the off-shell Green’s function of
the fields. To that end, we need to know how the fields
couple to the asymptotic one-particle states in the scattering
process.

Such coupling can be extracted from the propagators of
the fields using the Killén-Lehmann spectral representation
(45). The propagator of 5 in the interaction picture is just
that of a free massless scalar field, and we readily obtain

(03(0) (A13)

3.p) =

1
A% (2”)3293 p| ‘

To extract the couplings between the fields 7;, and the
states |+, p) with the dispersion relations w.(p), we first
write down the matrix inverse propagator in the 7, , sector,
following from the Lagrangian Ly;,,

D' (w ):<91p2—uz(93—92) —iﬂw(91+92—93)>
+iuo(gi + 9= 93)  20* —1* (95— 91)
(Al4)

By looking in turn at the poles at w = . ( p) and using the
spectral representation (45), we then find

B (Q =1
0|z (0)|+,p) = 1 291( ), + 1)

@7\ 20390, (p)
i (@ +1) -1
OO} = Gom\ o)
1 Q-1+
Ol O=2) = 52\ )
—i 3 (Qp— 1) +1

<0|ﬂ2(0)|_9p> = (271_)3/2 2Q3pr_(p) (AIS)
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3. Evaluation of scattering amplitudes

The evaluation of the scattering amplitude for a given

process proceeds according to the following steps:

(i) Choose a specific parametrization of the matrix
U(x), and expand the Lagrangian up to the desired
order in the fields z¢.

(i) Extract the interaction vertices from the expanded
Lagrangian.

(iii) Construct all tree-level Feynman diagrams contrib-
uting to the given process. Note that, as a result of
the mixing in the 7z, , sector, diagrams with different
fields attached to the external legs may contribute to
the same process, since different fields couple to the
same one-particle state [18].

(iv) Test scaling of the scattering amplitude in the long-
wavelength limit numerically.

The last point deserves a more detailed comment. Already
for four-particle scattering, a relatively large number of
Feynman diagrams may contribute as a result of the
mixing, which makes testing the asymptotic behavior of
the scattering amplitude in the long-wavelength limit
analytically difficult. It is more convenient to perform a
numerical “experiment” [6]. All one needs to do is to
generate a set of random kinematical variables that satisfy
the energy and momentum conservation conditions for

a given process. One then introduces a scaling parameter
z into the momentum of the particle the soft limit of
which is to be investigated and makes sure that the
momenta of all other participating particles are modified
so that the on-shell and conservation conditions are
satisfied for any value of z. Finally, one simply plots
the value of the scattering amplitude as a function of z as z
tends to zero.

In this way, we have verified that the scattering ampli-
tudes of the mNG boson (w_) of the model exhibit Adler’s
zero as expected, using the NG + mNG — NG + mNG
process as an example. Then, we analyzed analogously the
NG + pNG — NG + pNG process. Surprisingly, the scat-
tering amplitude still vanishes as the momentum of one of
the pNG bosons tends to zero. This might be a special
property of the process that we chose to study, or due to
some hidden symmetry of the model at hand of which we
are not aware.

This issue would definitely deserve a more careful look.
While we do not show the details of our evaluation of the
scattering amplitudes as they are specific for the chosen
parametrization of U(x) and the chosen set of random
kinematical variables, we do hope that the details presented
in this Appendix will enable others to reproduce our results,
and go beyond.
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