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1 THE SPIN-STATISTICS THEOREM

Part I

Introduction

1 The Spin-Statistics Theorem

This thesis will give an introduction to the principle called supersymmetry. Su-
persymmetry is a principle in physics relating two types of particles, bosons and
fermions, which will be discussed further below. Supersymmetry, abbreviated
SUSY, can, for example, be an extension of the Standard Model, which today
is the model best describing the subatomic world. The Standard Model con-
tains bosons as force carriers, for example the photon, while fermions are the
fundamental particles, for example the electron. SUSY predicts that for each
boson there should correspond a fermion. This is not the case in the Standard
Model (as of today, without supersymmetry). This is why SUSY would be an
extension of the Standard Model.

Above it was mentioned that bosons are force carriers, and fermions are
fundamental particles. To give a more precise definition, bosons are particles
of integer spin, while fermions carry half-integer spin. The examples mentioned
above, photons and electrons, have spin 1 and spin 1/2, respectively. The spin
of the particle tells us what statistics the particle have. This has been worked
out in [1], [2] and [3]. We will for the most time work in one time dimension
and three space dimensions. Then the Spin-Statistics theorem says

Theorem 1.1. (Spin-Statistics)

• The exchange of two particles with integer spin is symmetric. These par-
ticles are called bosons. For two bosons B1, B2, this means that B1B2 =
B2B1.

• The exchange of two particles with half-integer spin is anti-symmetric.
These particles are called fermions. For two fermions F1, F2, this means
that F1F2 = −F2F1.

Furthermore, [2] and [3] showed that the exchange of two particles where
not both are of half-integer spin is symmetric. Therefore, exchanging a boson
B with a fermion F is symmetric

BF = FB.

The theorem also establishes that the only types of particles that can exist in
four-dimensional space-time are bosons and fermions.

From the Spin-Statistics theorem we see that bosons satisfy Bose-Einstein
statistics, that is, several identical bosons can occupy the same quantum state
in a quantum system. Fermions, on the other hand, are particles of half-integer
spin satisfying Fermi-Dirac statistics, that is, identical particles cannot oc-
cupy the same quantum state in a quantum system, known as the Pauli ex-
culsion princple.
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3 STRUCTURE OF THESIS

As mentioned above, we want to relate bosons with fermions. The relation
was not realised before the in the 1970s, first by Gol’fand and Likthman, and
then generalised by Haag,  Lopuszański and Sohnius.

2 The Haag- Lopuszański-Sohnius Theorem

Before we look at the articles by Gol’fand and Likthman, and Haag,  Lopuszański
and Sohnius, we should mention another article. In 1967 Coleman and Mandula
published a no-go theorem [4], stating “the impossibility of combining space-
time and internal symmetries in any but a trivial way”. At the time, it seemed
impossible to transform bosons to fermions, and vice-versa. However, in 1971
Gol’fand and Likthman found a way to do so [5]. They extended the Poincaré
algebra, which contains the Minkowski space-time rotations, boosts and trans-
lations (isometries). The Poincaré algebra only contain bosonic generators,
while the algebra they created, called the Poincaré superalgebra, contains both
bosonic and femrionic generators.

In 1975, Haag,  Lopuszański and Sohnius showed that if one weakens the
Coleman-Mandula theorem by allowing the algebra to contain both bosonic
and fermionic generators, it is possible to extend the Poincaré algebra as a su-
peralgebra [6]. This algebra will need to satisfy some different axioms to the
algebra only containing bosonic generators.

3 Structure of Thesis

Before we can appreciate superalgebras, we need to understand the algebras
describing space-time symmetries. These algebras are called Lie algebras, and
are introduced in section 4. Using Lie derivatives, we show that Killing vector
fields generate Lie algebras. Then we can compute the Poincaré- and the con-
formal algebra, which are both space-time algebras. In section 5 we consider
the Clifford algebra. The Clifford algebra is generated by γ-matrices, which are
necessary to keep the fermionc part of the theory invariant under the Lorentz
algebra, which is a subalgebra of the Poincaré algebra. Next, in section 6 we will
consider some example theories and check whether or not these are invariant
under the Poincaré- and conformal algebra. At the end of the section, we will
for the first time encounter a supersymmetry theory, in one dimension. The
mathematics part of the thesis is ended in section 7, where we introduce super-
algebras. We will also consider a simple superalgebra here.

Finally, in the last two sections we consider supersymmetry models in four
dimensions. In section 8 the Wess-Zumino model will be introduced. Here
we find the Poincaré- and conformal superalgebras, and show that the Wess-
Zumino model is invariant under these algebras. The other type of model we will
consider is a supersymmetric gauge theory. We show that also this is invariant
under the aforementioned superalgebras, and also another typer of symmetry,
namely gauge symmetry.
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3 STRUCTURE OF THESIS

Let us now leave the super until we have acquaint ourselves with only sym-
metry.
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4 LIE ALGEBRAS

Part II

Mathematics of Supersymmetry

4 Lie Algebras

This section has been taken from [7], chapters 2, 5 and 7.

In physics, symmetries are of major importance. A symmetry can be though
of as a transformation that leaves the physical system unchanged. This can be
described by the mathematical objects called groups:

Definition 4.1. A group is a set G, with a group multiplication, denoted ◦,
satisfying four axioms. ∀a, b, c ∈ G, we require

1. Closure: a ◦ b ∈ G,

2. Associativity: a ◦ (b ◦ c) = (a ◦ b) ◦ c,

3. Identity: there exist an element 1 ∈ G satisfying 1 ◦ a = a ◦ 1 = a,

4. Inverse: for every element a ∈ G, ∃ a−1 ∈ G such that a◦a−1 = a−1◦a = 1,
where 1 is, as above, the identity in G.

Before we proceed it is convenient to introduce some maps. Let X and Y
be two sets. A map f assigns a value y ∈ Y to each x ∈ X, and is written
f : X → Y . The map is defined by f : x 7→ f(x). The map is said to be
injective if x 6= x′ implies f(x) 6= f(x′), and surjective if for each y there
exists at least one x such that f(x) = y. A map is said to be bijective if it
is both injective and surjective. Now, let X and Y be endowed with algebraic
structures, for example addition. A map is called a homomorphism if it pre-
serves the algebraic structure of the set, so that f(xx′) = f(x)f(x′), where xx′

is defined by the structure in X, and f(x)f(x′) is defined by the structure in
Y . A bijective homomorphism is called an isomorphism. A homomorphism
f : X → X is called an endomorphism, and if it also is bijective it is called an
automorphism. A map f : X → Y is a homeomorphism if it is continuous
and has an inverse f−1 : Y → X which is also continuous. If both f and f−1

is smooth, that is, infinitely differentiable, then the map is called a diffeomor-
phism.

Let us return to our groups. Groups which contains continuous symmetries
are called Lie groups. Before giving a definition of a Lie group it is necessary to
know what a manifold is. A formal definition is not necessary for us, so only an
informal definition is given: a m-dimensional manifold is a topological space
which is homeomorphic to Rm locally. Now a definition of Lie groups can be
given. This is not a concept we will have much use for in this dissertation, but
is given for completeness.

Definition 4.2. A Lie group is a group, G, which is also a smooth manifold,
with a smooth group operation G × G → G : (a, b) → a ◦ b ∀a, b ∈ G, and
smooth inverse G→ G : a→ a−1 ∀a ∈ G.
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4 LIE ALGEBRAS

The reason for not considering the Lie groups is because almost all of the
information from the group is also given in its Lie algebra. A Lie group consists
of an infinite number of elements. There is, however, a finite number of gener-
ators, and these generators form the Lie algebra.

Before defining a Lie algebra, let us recall some useful definitions:

Definition 4.3. A vector space V over a field K is a set with two operations:

• addition: + : V × V → V , and

• multiplication: · : K× V → V .

Let u, v, w ∈ V and a, b ∈ K. The elements of K are called scalars and the
elements of V are called vectors. They satisfy

1. u+ v = v + u,

2. (u+ v) + w = u+ (v + w),

3. 0 is the identity vector in V such that v + 0 = 0 + v = v,

4. for a vector u there exists an inverse −u such that u+(−u) = (−u)+u = 0,

5. a · (u+ v) = a · u+ a · v,

6. (a+ b) · u = a · u+ b · u,

7. (a · b·) · u = a · (b · u),

8. 1 is the identity element in K such that a · 1 = 1 · a = a.

Definition 4.4. Let V be a vector space over a field K, and let f be a linear
function on V , f : V → K. The set of linear functions is a vector space, called
the dual vector space, denoted V ∗. An element of the dual vector space is
called a dual vector.

From the definition it is clear that a dual vector maps a vector to scalar in K.
The space containing all tangent vectors at a point p in a manifold M , denoted
TpM , is a vector space, called the tangent space. It has a dual vector space,
T ∗pM . Let ω be a dual vector in T ∗pM such that it is a map ω : TpM → R.
Then ω is called a one-form. An arbitrary one-form can be written ω = ωµdxµ,
where dxµ is a basis for T ∗pM , and ωµ are the components of ω. A more general
map is called a tensor. A tensor of type (q, r) is a mapping from q elements of
T ∗pM and r elements of TpM to a real number. The tensor is written

T = Tµ1...µq
ν1...νr

∂

∂xµ1
⊗ . . .⊗ ∂

∂xµq
⊗ dxν1 ⊗ dxνr .

We write the map as T :
⊗q

T ∗pM
⊗r

TpM → R. The set of all tensors of type
(q, r) at a point p ∈M defines the tensor space of type (q, r), and is denoted
Tq
r,p. Tensors of type (q, 0) maps dual vectors to scalars, and are interpreted as

vectors, while tensors of type (0, r) maps vectors to scalars, and are interpreted
as dual vectors. In particular, a a symmetric type (0, 2) tensor g is called a
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4.1 Killing Vector Fields 4 LIE ALGEBRAS

metric. It takes two tangent vectors, U, V ∈ TpM as input and returns a scalar.
At each point p, g satisfies gp(U, V ) = gp(V,U), where gp = g|p. We write gp as

gp = gµν(p)dxµ ⊗ dxν ,

where gµν(p) are the components of gp. The symmetry condition secures that
gµν(p) = gνµ(p). We will usually omit writing p in gµν .

Another concept we should remind ourselves of is that of algebras.

Definition 4.5. An algebra A is a vector space over a field K with an additional
operation which takes A ×A to A. We write this operation without any sign,
for example as xy for two elements x, y ∈ A. For all x, y, z ∈ A and a, b ∈ K

1. (x+ y)z = xy + yz and x(y + z) = xy + xz,

2. (ax)(by) = (a · b)(xy),

An algebra is said to be an associative algebra if it satisfies (xy)z = x(yz).
In section 5 we will introduce an example of associative algebras, namely the
Clifford algebra. Now we will define Lie algebras, which are non-associative
algebras, and the additional operation is the Lie bracket.

Definition 4.6. A Lie algebra is a vector space g, together with a map, the Lie
bracket, [−,−] : g× g→ g, satisfying the following axioms:

1. Bilinearity: [αX + βY, Z] = α[X,Z] + β[Y, Z], [X,αY + βZ] = α[X,Y ] +
β[X,Z] ∀ α, β ∈ K, and ∀ X,Y, Z ∈ g,

2. Skew symmetry: [X,Y ] = −[Y,X] ∀ X,Y ∈ g,

3. Jacobi identity: [X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 ∀ X,Y, Z ∈ g.

We may fix a basis {bi} for the Lie algebra g. Then the Lie bracket is defined
as

[bi, bj ] = fij
kbk,

where fij
k are known as structure constants, and are antisymmetric in the lower

indices, fij
k = −fjik.

Many Lie algebras can be represented as matrices, with the Lie bracket being
the commutator, [X,Y ] = XY − Y X, X,Y ∈ g. This is called a Lie algebra
representation.

Definition 4.7. Let g be a Lie algebra. A Lie algebra representation on a n-
dimensional vector space V is a homomorphism ρ : g→ End(V ), where End(V )
is the set of all endomorphisms on V . If V = Rn, End(V ) = Matn(R) is the set
of real n× n matrices.

4.1 Killing Vector Fields

This section is taken from [7] and [8]. It will be clear that Killing vector fields
form Lie algebras.

Let us begin with defining what is meant with a vector field. A vector
field X over a m-dimensional manifold M is a smooth map from C∞(M), the
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4.1 Killing Vector Fields 4 LIE ALGEBRAS

smooth functions on M , to the same space C∞(M). Let a point p ∈ M have
local coordinates xµ(p) such that the set {x1(p), x2(p), . . . , xm(p)} can be seen

as a map from M to Rm. Then the vector field X can be written X = Xµ ∂

∂xµ
,

where Xµ are the components of X in the coordinate system with coordinates
xµ(p). Since X is a map X : C∞(M)→ C∞(M), for a smooth map f : M → R,

X is a vector field if X[f ] := Xµ ∂

∂xµ
f is a smooth function. We denote the set

of vector fields on M as X(M). A tensor field of type (q, r) assigns smoothly
an element of Tq

r,p to each point p ∈ M . We denote the set of tensor fields of
type (q, r) on M as Tq

r (M).

We should also introduce a new map. The set of tensors of type (q, r) on a
point p ∈ M is denoted Tq

r,p(M). A smooth map f : M → N induces a map
f∗ : T0

r,f(p)(N) → T0
r,p(M). f∗ is called the pullback. In components the f∗

is given by the Jacobian matrix ∂x′α/∂xµ. If g is a smooth function, then the
pullback of g by f is defined by f∗g = g ◦ f .

A concept which will be practical when considering the upcoming Killing
vector fields is the Lie derivative. The Lie derivative evaluates the change of a
tensor field along the flow of a vector field. The flow generated by X ∈ X(M)
for some m-dimensional manifold M is a smooth map σ : R ×M → M . Let
t, s ∈ R and p ∈ M , then σ satisfies σ(0, p) = p, σ(t, σ(s, p)) = σ(t + s, p)

and d
dt
σ(t, p) = X(σ(t, p)). If we fix t, s ∈ R this will instead be written as

σ0(p) = p, σt(σs(p)) = σt+s(p) and d
dt
σt(p) = X(σt(p)). Let us now consider

the components of the flow. The components of the flow in local coordinates xµ

is σµt (p). We let t = ε be infinitesimal. Then, a point p with coordinates xµ(p)
is mapped to

σµ(ε, p) = σµ(0, p) + ε
d

dε
σµ(0, p) +O(ε2) = σµ0 (p) + ε

d

dε
σµ0 (p) +O(ε2)

= xµ(p) + εXµ(σ0(p)) +O(ε2) = xµ(p) + εXµ(p) +O(ε2), (4.1)

where O(ε2) are terms with ε to the power 2 or more. The Lie derivative of a
tensor T along a flow σt(p) generated by a vector field X is defined as

LXT (p) =
d

dt

∣∣∣∣
t=0

(σ∗t T (p)) . (4.2)

Let now T ∈ T0
1 , so that T is a smooth function, T = f . Then the Lie derivative

is

LXf(p) =
d

dt

∣∣∣∣
t=0

(σ∗t f(p)) =
d

dt

∣∣∣∣
t=0

f(σt(p))

= lim
ε→0

1

ε
(f(σt+ε(p)− f(σt(p))|t=0 = lim

ε→0

1

ε
(f(σε(p)− f(σ0(p))

= lim
ε→0

1

ε
(f(σε(p))− f(p)) = lim

ε→0

1

ε
(f(xµ(p) + εXµ(p))− f(xµ(p)))

= lim
ε→0

1

ε

(
f(xµ(p)) + εXµ ∂

∂xµ
f(p) +O(ε2)− f(xµ(p))

)
= Xµ ∂

∂xµ
f(p) = X[f ](p). (4.3)

7



4.1 Killing Vector Fields 4 LIE ALGEBRAS

That is, the Lie derivative of a smooth function is the directional derivative of
that function. Another Lie derivative which is useful to us is the Lie derivative
of a one-form ω along the vector field X:

LXω = (Xν∂νωµ + ∂µX
νων)dxµ. (4.4)

Furthermore, the Lie derivative satisfies the Leibniz rule:

LX(t1 ⊗ t2) = LX(t1)⊗ t2 + t1 ⊗ LX(t2), (4.5)

where t1 and t2 are tensor fields of arbitrary types (see [7], Chapter 5.3). Then,
a metric, that is, a type (0, 2) tensor g = gµνdxµ ⊗ dxν , has Lie derivative

LXg = LX(gµνdxµ)⊗ dxν + gµνdxµ ⊗ LX(dxν)

= LX(gµνdxµ)⊗ dxν + gµνdxµ ⊗ LX(dxν)

+ dxµ ⊗ LX(gµνdxν)− dxµ ⊗ LX(gµνdxν).

Using (4.5) on the last term gives −LX(gµν)dxµ ⊗ dxν − gµνdxµ ⊗ LX(dxν).
Thus,

LXg = LX(gµνdxµ)⊗ dxν + dxµ ⊗ LX(gµνdxν)− LX(gµν)dxµ ⊗ dxν .

Now we are left with the Lie derivative of a smooth function LX(gµν), and the
Lie derivative of two one-forms LX(dxµ) and LX(dxν). Applying (4.3) and
(4.4), we get

LXg = (Xρ∂ρgµν + ∂µX
ρgρν)dxµ ⊗ dxν + (Xρ∂ρgµν + ∂νX

ρgµρ)dx
µ ⊗ dxν

−X[gµν ]dxµ ⊗ dxν

= (Xρ∂ρgµν + ∂µX
ρgρν + ∂νX

ρgρµ)dxµ ⊗ dxν . (4.6)

The final Lie derivative identity we will have use for follows: For a tensor T and
two vector fields X and Y , it can be shown that

L[X,Y ]T = LXLY T − LY LXT. (4.7)

Now we are almost ready to introduce Killing vector fields, and to show
that these form Lie algebras. The only thing we are missing is the concept of
isometries:

Definition 4.8. Let M be a manifold, with metric g on M . Let p ∈ M be a
point on the manifold. An isometry is a diffeomorphism f : M → M which
preserves the metric

f∗gf(p) = gp. (4.8)

In components, f∗ is given by the Jacobian, and (4.8) becomes

∂x′α

∂xµ
∂x′β

∂xν
gαβ (f(p)) = gµν(p), (4.9)

where x and x′ are coordinates of p and f(p), respectively.

Definition 4.9. Let again M be a manifold, with metric g. Let also X ∈ X(M)
be a vector field on M . If any set of points are displaced by εX, where ε is
infinitesimal, and the displacement generates an isometry, then X is called a
Killing vector field.

8



4.2 The Poincaré Algebra 4 LIE ALGEBRAS

Let f : xµ → xµ+εXµ be an isometry. According to Definition 4.8 f satisfies

gµν(x) =
∂ (xα + εXα)

∂xµ
∂
(
xβ + εXβ

)
∂xν

gαβ (x+ εX)

=
(
δαµ + ε∂µX

α
) (
δβν + ε∂νX

β
) (
gαβ(x) + εXγ∂γgαβ(x) +O(ε2)

)
= gµν(x) + ε

(
Xγ∂γgµν(x) + ∂µX

αgαν(x) + ∂νX
βgµβ(x)

)
+O(ε2),

(4.10)

where ∂µ =
∂

∂xµ
. We find

(4.11)Xγ∂γgµν + ∂µX
αgαν + ∂νX

βgµβ = 0.

This is the Killing equation. We recognise the left hand side of (4.11) as (4.6).
Thus we can rewrite (4.11) as

(LXg)µν = 0. (4.12)

Using (4.7) we find that

L[X,Y ]g = LXLY g − LY LXg = 0. (4.13)

Thus, the Lie bracket of any two Killing vector fields, [X,Y ], is another Killing
vector field. Hence, the Killing vector fields form a Lie algebra.

4.2 The Poincaré Algebra

In this section we will compute the Lie algebra of the Poincaré group by the
use of Killing vector fields. The Poincaré group is a Lie group consisting
of isometries in Minkowski space-time. In Minkowski space-time we use the
Minkowski metric ηµν , which in p time dimensions and q space dimensions is
ηµν = Diag(−1, . . . ,−1︸ ︷︷ ︸

p

,+1, . . . ,+1︸ ︷︷ ︸
q

). Choosing gµν = ηµν in (4.11) gives

(4.14)0 = Xγ∂γηµν + ∂µX
αηαν + ∂νX

βηµβ

= ∂µXν + ∂νXµ.

Differentiating (4.14) once, and then permuting indices gives

∂γ∂µXν + ∂ν∂γXµ = 0, (4.15)

∂µ∂νXγ + ∂γ∂µXν = 0, (4.16)

∂ν∂γXµ + ∂µ∂νXγ = 0. (4.17)

Adding (4.15) and (4.16), and subtracting (4.17) gives

(4.18)0 = ∂γ∂µXν + ∂ν∂γXµ + ∂µ∂νXγ + ∂γ∂µXν − ∂ν∂γXµ − ∂µ∂νXγ

= 2∂γ∂µXν .

We see that the second derivative vanishes. Thus Xν must be linear in xµ

Xµ = aµ + bµνx
ν . (4.19)

9
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Substituting (4.19) in (4.14) gives

0 = ∂µ(aν + bνγx
γ) + ∂ν(aµ + bµσx

σ) = bνµ + bµν . (4.20)

From (4.20) we find that bµν is antisymmetric. Then, in n dimensional space
time, there are 1

2n(n − 1) bµν-matrices. In addition, there are n different aµ-
vectors. In total there are 1

2n(n+ 1) independent vector fields X, with compo-
nents Xµ. We consider first the constant solutions, which takes bµν = 0. Then
the vector fields are

X = Xµ∂µ = ηµνXν∂µ = ηµνaν∂µ. (4.21)

Now, take aµ = 0. We look at one of the antisymmetric vectors. Letting
b12 = −b21 = 1, and the other components being zero, we get

X = Xµ∂µ = ηµνXν∂µ = ηµνbνγx
γ∂µ = η11b12x

2∂1 + η22b21x
1∂2

= x2∂1 − x1∂2. (4.22)

This is also true for the other choices of the bµν-components. We may lower the
indices on x. Thus, the vector fields are

X = xµ∂ν − xν∂µ. (4.23)

We give the two vector fields we found new names. We choose, as is convention,
Pµ = ∂µ and Mµν = xµ∂ν − xν∂µ. In Appendix B.1 the commutation relations
consisting of Pµ and Mµν has been computed. The non-vanishing commutation
relations are

[Pµ, Pν ] = 0, (4.24)

[Mµν , Pρ] = ηνρPµ − ηµρPν , (4.25)

[Mµν ,Mρσ] = ηνρMµσ − ηµσMρν − ηνσMµρ + ηµρMσν . (4.26)

If we do not consider translations, that is, Pµ = 0, then only (4.26) is left. This
describes the Lorentz algebra.

4.3 The Conformal Algebra

In this section we compute the conformal algebra, which is the Poincaré algebra
with additional generators. A conformal transformation is an angle-conserving
transformation. Let M be a manifold, and let X(M) be the set of vector fields on
M . A diffeomorphism f : M →M is a conformal transformation if it preserves
the metric up to a scale

f∗gf(p) = e2σ(p)gµν(p), (4.27)

or in components

∂x′α

∂xµ

∂x′β

∂xν
gαβ (f(p)) = e2σ(p)gµν(p). (4.28)

where σ is a smooth map σ : M → M . Let ε be an infinitesimal parameter.
Then we can write σ = 1

2εψ for ψ another map ψ : M → M . Now we can
rewrite the exponential as

e2σ = eεψ = 1 + εψ +O(ε2)

10
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Let X ∈ X(M). Then, doing the same calculation as for (4.11), but with the
right-hand side of (4.28), we obtain

(4.29)gµν(x) + ε
(
Xγ∂γgµν(x) + ∂µX

αgαν(x) + ∂νX
βgµβ(x)

)
+O(ε2)

=
(
1 + εψ +O(ε2)

)
gµν(x).

We can rewrite this as

Xγ∂γgµν + ∂µX
αgαν + ∂νX

βgµβ = ψgµν . (4.30)

We should check if the (4.30), the conformal Killing equation, forms a Lie
algebra. We again identify the left hand side as the Lie derivative of the metric,
but the right hand side is this time non-zero, (LXg)µν = ψgµν . We use (4.7)
to see if the conformal Killing vectors form a Lie algebra. ψ is not necessarily
the same for all vector fields, so we should write ψX for ψ corresponding to the
vector field X. Using (4.3), which told us that the Lie derivative of a smooth
function was the ordinary directional derivative, we find

L[X,Y ]g = LXLY g − LY LXg = LX(ψY g)− LY (ψXg)

= LX(ψY )g + ψY LXg − LY (ψX)g − ψXLY g
= (X[ψY ]− Y [ψX ])g + (ψY ψX − ψXψY )g =: ψ[X,Y ]g

Then [X,Y ] is also a conformal Killing vector, because ψ[X,Y ] is a smooth func-
tion. Thus, the conformal Killing vectors form a Lie algebra.

Now we find an expression for ψ from (4.30) by multiplying with gµν on
both sides.

(4.31)

mψ = Xγgµν∂γgµν + ∂µX
αgµνgαν + ∂νX

βgµνgµβ

= Xγgµν∂γgµν + ∂µX
αδµα + ∂νX

βδνβ
= Xγgµν∂γgµν + ∂µX

µ + ∂νX
ν

= Xγgµν∂γgµν + 2∂µX
µ,

where m = dimM = gµνgµν , and is equal to 4 in Minkowski space time. Thus,
(4.30) can be written as

Xγ∂γgµν + ∂µX
αgαν + ∂νX

βgµβ =
Xγgρσ∂γgρσ + 2∂λX

λ

m
gµν . (4.32)

We will consider the Minkowski metric, hence we get

∂µXν + ∂νXµ =
2

m
ηµν∂λX

λ. (4.33)

Differentiating (4.33) once, and then permuting indices gives

∂γ∂νXµ + ∂γ∂µXν =
2

m
ηµν∂γ∂λX

λ, (4.34)

∂µ∂γXν + ∂ν∂γXµ =
2

m
ηγµ∂ν∂λX

λ, (4.35)

11
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∂ν∂µXγ + ∂µ∂νXγ =
2

m
ηνγ∂µ∂λX

λ. (4.36)

Adding (4.35) and (4.36), and subtracting (4.34) gives

(4.37)∂µ∂νXγ =
ηνγ∂µ + ηγµ∂ν − ηµν∂γ

m
∂λX

λ.

Furthermore, acting on (4.33) with ∂µ∂
µ = �, and then substitute ∂µXν with

(4.33) gives

∂µ∂
µ∂µXν + ∂µ∂

µ∂νXµ =
2

m
ηµν∂µ∂

µ∂σX
σ

�∂µXν + ∂µ∂ν(∂ρXρ) =
2

m
∂µ∂ν(∂σX

σ)

m�

(
2

m
ηµν∂λX

λ − ∂νXµ

)
+m∂µ∂ν(∂ρXρ) = 2∂µ∂ν(∂σX

σ)

Furthermore,

(4.38)

0 = m�

(
2

m
ηµν∂λX

λ − ∂νXµ

)
+ (m− 2)∂µ∂ν(∂ρXρ)

= �
(
2ηµν∂λX

λ −m∂νXµ

)
+ (m− 2)∂µ∂ν(∂ρXρ)

= �
(
2ηµν∂λX

λ − ηµνηµν∂νXµ

)
+ (m− 2)∂µ∂ν(∂ρXρ)

= �
(
ηµν∂λX

λ
)

+ (m− 2)∂µ∂ν(∂ρXρ)

= (ηµν�+ (m− 2)∂µ∂ν) (∂ρXρ)

= (ηµνηµν�+ ηµν(m− 2)∂µ∂ν) (∂ρXρ)

= (m�+ (m− 2)∂µ∂
µ) (∂ρXρ)

= (m− 1)�(∂ρX
ρ).

From (4.38) we see that Xµ is at most quadratic in xµ. Therefore, we can write

Xµ = aµ + bµνx
ν + cµνγx

νxγ (4.39)

Plugging (4.39) into (4.37) gives

(4.40)∂µ∂ν
(
aγ + bγαx

α + cγαβx
αxβ

)
=
ηνγ∂µ + ηγµ∂ν − ηµν∂γ

m
∂λ
(
ηλξXξ

)
.

The left-hand side of (4.40) is

(4.41)∂µ∂ν
(
aγ + bγαx

α + cγαβx
αxβ

)
= cγαβ

(
δαµδ

β
ν + δαν δ

β
µ

)
= cγµν + cγνµ,

and the right-hand side is

ηνγ∂µ + ηγµ∂ν − ηµν∂γ
m

ηλξ∂λ (aξ + bξρx
ρ + cξρσx

ρxσ)

=
1

m
ηλξ{ηνγ∂µ + ηγµ∂ν − ηµν∂γ} (bξρδ

ρ
λ + cξρσδ

ρ
λx

σ + cξρσx
ρδσλ)

=
1

m
ηλξcξρσ{ηνγ(δρλδ

σ
µ + δρµδ

σ
λ) + ηγµ(δρλδ

σ
ν + δρνδ

σ
λ)− ηµν(δρλδ

σ
γ + δργδ

σ
λ)}

=
1

m
{ηνγ(cλλµ + cλµλ) + ηγµ(cλλν + cλνλ)− ηµν(cλλγ + cλγλ)}.

(4.42)

12
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This means that (4.40) is satisfied if cµνγ is antisymmetric in its last two indices.

The constant vector fields are as Pµ in the Poincaré algebra. Next, the
term linear in x is considered. Since any tensor can be written as the sum of a
symmetric and an antisymmetric tensor, we can write bµν = b(µν) + b[µν]. The
antisymmetric part corresponds to the Lorentz algebra, found in subsection 4.2.
By using (4.33), we can get more information about the symmetric part.

∂µ(bνρx
ρ) + ∂ν(bµσx

σ) =
2

m
ηµν∂λ

(
ηλξbξζx

ζ
)

bνµ + bµν =
2

m
ηλξbξληµν .

We see that when bµν is symmetric, it is proportional to the Minowski metric,
b(µν) ∝ ηµν . We can then write bµν = αηµν + b[µν], where α is some parameter.
The vector fields are given by

Xµ∂µ = ηµνXν∂µ = ηµνηνγx
γ∂µ = xµ∂µ. (4.43)

The vector fields of this form are called dilations, D = xµ∂µ.

Now, only the term quadratic in x is left. Using (4.41) and (4.42) we write

cγµν =
1

m

(
ηνγc

λ
λµ + ηγµc

λ
λν − ηµνcλλγ

)
.

Then, the vector fields are

(4.44)

Xµ∂µ = ηµγXγ∂µ

= ηµγcγρσx
ρxσ∂µ

= ηµγ
(
ησγc

λ
λρ + ηγρc

λ
λσ − ηρσcλλγ

)
xρxσ∂µ

=
(
δµσc

λ
λρ + δµρ c

λ
λσ − ηρσcλλµλλ

)
xρxσ∂µ

= cλλµx
µxσ∂σ + cλλµx

ρxµ∂ρ − cλλµλλ xσx
σ∂µ

= cλλµλλ (2xµx
σ∂σ − x2∂µ),

where x2 = xσx
σ. These vector fields are called special conformal transforma-

tions, and are denoted Kµ = 2xµx
ν∂ν − x2∂µ.

There are, in the conformal algebra, m special conformal transformations
and 1 dilation vector, in addition to the 1

2m(m + 1) vectors from the Poincaré

algebra. In total there are (m+2)(m+1)
2 vector fields in the conformal algebra.

In Appendix B.3 the commutation relations consisting of the generators of
the conformal algebra has been computed. The non-vanishing commutation
relations are

[Pµ, D] = Pµ, (4.45)

[Pµ,Kν ] = 2 (ηνµD +Mνµ) , (4.46)

[D,Kµ] = Kµ, (4.47)

[Mµν , Pρ] = ηνρPµ − ηµρPν , (4.48)

[Mµν ,Mρσ] = ηνρMµσ − ηµσMρν − ηνσMµρ + ηµρMσν , (4.49)

[Mµν ,Kρ] = ηνρKµ − ηµρKν . (4.50)
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In Appendix B.3 we show that on Rp,q the conformal algebra is isomorphic
to so(p+ 1, q + 1).

Now we have found the two Lie algebras which will be considered in this
thesis. In the next section we will get an understanding of the Clifford algebra,
which is important in supersymmetry.

5 Real Clifford Algebras

For the Lagrangian of fermionic fields in four dimensional space-time to be
invariant under Lorentz transformations we need to include γ-matrices, which
generates the Clifford algebra. The Clifford algebra Cl(p, q) over the field R
is an associative algebra containing the identity element 1, defined by

γµγν + γνγµ = 2ηµν1, (5.1)

where ηµν = Diag(−1, . . . ,−1︸ ︷︷ ︸
p

,+1, . . . ,+1︸ ︷︷ ︸
q

). (5.1) is referred to as the Clifford

condition. We define

Σµν :=
1

4
(γµγν − γνγµ). (5.2)

Now, let us compute the commutator [Σµν ,Σρσ]. We begin by considering a
part of the commutator

[γµγν ,Σρσ] = γµγνΣρσ − Σρσγµγν + γµΣρσγν − γµΣρσγν

= γµ(γνΣρσ − Σρσγν) + (γµΣρσ − Σρσγµ)γν (5.3)

= γµ[γν ,Σρσ] + [γµ,Σρσ]γν

We compute the [γν ,Σρσ] separately.

4[γµ,Σρσ] = 4(γµΣρσ − Σρσγµ)

= γµ(γργσ − γσγρ)− (γργσ − γσγρ)γµ + γργµγσ − γργµγσ + γσγµγρ − γσγµγρ
= (γµγρ + γργµ)γσ − (γµγσ + γσγµ)γρ − γρ(γσγµ + γµγσ) + γσ(γργµ + γµγρ)

= 2ηµργσ − 2ηµσγρ − 2γρησµ + 2γσηρµ = 4ηµργσ − 4ηµσγρ

Putting this back in (5.3)

[γµγν ,Σρσ] = γµ(ηνργσ − ηνσγρ) + (ηµργσ − ηµσγρ)γν

Now we are ready to find the full commutator,

[Σµν ,Σρσ] =
1

4
[γµγν ,Σρσ]− (µ↔ ν) =

1

4
(ηνργµγσ − ηνσγµγρ + ηµργσγν − ηµσγργν)− (µ↔ ν)

=
1

4
(ηνρ(γµγσ + γσγµ)− ηνσ(γµγρ + γργµ) + ηµρ(γσγν + γνγσ)− ηµσ(γργν + γνγρ))

= ηνρΣµσ − ηνσΣµρ + ηµρΣσν − ηµσΣρν (5.4)

Recalling that the Lorentz algebra is given by

[Mµν ,Mρσ] = ηνρMµσ − ηµσMρν − ηνσMµρ + ηµρMσν , (5.5)

we see that (5.4) represent (5.5).
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5.1 Spinor Representations

The Clifford algebra can be classified as in Table 1. This has been worked out
in Appendix A.1.

p− q mod 8 Cl(p, q) N

0,6 MatN (R) 2d/2

2,4 MatN (H) 2(d−2)/2

1,5 MatN (C) 2(d−1)/2

3 MatN (H)⊕MatN (H) 2(d−3)/2

7 MatN (R)⊕MatN (R) 2(d−1)/2

Table 1: Classification of Clifford algebras.

Even though some of these matrices contain complex and quaternionic elements,
they should all be thought of as real associative algebras, in the sense of Defi-
nition 4.5.

There exists an automorphism f : Cl(p, q) → Cl(p, q) defined by γµ 7→
f(γµ) = −γµ, since the Clifford condition does not change: (−γµ)(−γν) +
(−γν)(−γµ) = γµγν + γνγµ = 2ηµν1. It is bijective since it is both injective
and surjective. We can use f(γµ) = −γµ to find how f acts on any number
of γ-matrices. For example, we need f(1) = 1. We see that we also need
f(γµγν) = γµγν , for the Clifford condition to be satisfied. We can generalise
this to f(γµ1 . . . γµk) = (−1)kγµ1 . . . γµm . Then, for even k the γ-matrices are
mapped to themselves, while for odd k the γ-matrices are mapped to minus
themselves. Thus, the automorphism lets us decompose the Clifford algebra into
two subspaces, Cl(p, q) = Cl(p, q)0 ⊕ Cl(p, q)1, where Cl(p, q)0 is called the
even part of the algebra, consisting of an even number of γ-matrices, including
the identity, while Cl(p, q)1 is called the odd part of the algebra, consisting of
an odd number of γ-matrices. If we let 0 denote an element in the even part of
the algebra, and 1 denote an element in the odd part, the multiplication rules
of two elements follows

0× 0 = 0, 0× 1 = 1, 1× 1 = 0.

Hence, only Cl(p, q)0 is closed under multiplication, and forms a subalgebra.
There are two useful isomorphisms [9],

Lemma 5.1. The following isomorphisms hold

Cl(p, q)0 ∼= Cl(p− 1, q), p > 1 (5.6)

Cl(p, q)0 ∼= Cl(q − 1, p), q > 1. (5.7)

Considering p − q = 0 mod 8, then p − 1 − q = 7 mod 8, and Cl(p, q)0 ∼=
MatN (R) ⊕MatN (R). As seen from Lemma 5.1, the dimension changes, d →
d− 1, hence N = 2(d−1)/2 when p = q. Going through this for all eight different
values for p− q mod 8, we get the classification as in Table 2.
One subgroup of the Clifford algebra is the group consisting of all invertible
elements of Cl(p, q), written Cl(p, q)×. Since any group needs to contain all
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p− q mod 8 Cl(p, q)0 N

1,7 MatN (R) 2(d−1)/2

3,5 MatN (H) 2(d−3)/2

2,6 MatN (C) 2(d−2)/2

4 MatN (H)⊕MatN (H) 2(d−4)/2

0 MatN (R)⊕MatN (R) 2(d−2)/2

Table 2: Classification of even Clifford algebras.

its elements inverse element, Cl(p, q)× contains all other subgroups of Cl(p, q).
One of these is the Pin group,

Pin(p, q) := {v1v2 . . . vr | ηµνvµvν = ±1 , vµ ∈ Rp,q}.

The subgroup of even elements of Pin(p, q) is called the Spin group, and it is
defined as

Spin(p, q) := Pin(p, q) ∩ Cl(p, q)0 = {v1v2 . . . v2k | ηµνvµvν = ±1 , vµ ∈ Rp,q}.

Irreducible representations of the Pin group are called pinor representations
P, and irreducible representations of the Spin group are called spinor repre-
sentations S.

We will most of the time work in one time dimension and three space dimen-
sions, p = 1 and q = 3. Then the Clifford algebra is isomorphic to Mat4(R),
and the even Clifford algebra is isomorphic to Mat2(C). Mat4(R) are act-
ing on pinors in R4, while Mat2(C) are acting on spinors in C2. However,
C2 ∼= R4, so by an abuse of notation, one says that the spinor representation
in four-dimensional space-time is Mat4(R). Furthermore, the real spinor rep-
resentations are called Majorana spinors, which spinors in four-dimensional
space-time are a part of.

5.2 More About the γ-matrices

Following the conventions of [10], we define the totally anitsymmetrised product
of γ-matrices as

γµ1µ2...µn =
1

n!

∑
σ∈Sn

sign(σ)γµσ(1)γµσ(2) . . . γµσ(n)
, (5.8)

where the sum is over all the permutations of the set Sn = {1, 2, . . . , n}. For
example, we have γµν = 2Σµν = 1

2 (γµγν − γνγµ) as in (5.2). We may multiply
the the totally antisymmetrised product of γ-matrices with a single γ-matrix

(5.9)
γµ1µ2...µnγν = γµ1µ2...µnν + ηνµnγµ1µ2...µn−1

− ηνµn−1
γµ1µ2...µ̂n−1µn

+ . . .+ (−1)n−1ηνµ1
γµ2µ3...µn .

Indices with a hat on top are omitted. A proof of this identity can be found
in Appendix A.2. Now we can find a basis for the Clifford algebra. Obviously
we need both 1 and γµ. Let us see how many other elements we need to create
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a basis for the Clifford algebra in n dimensions. Let us multiply two elements
γµ and γν . We use the fact that any matrix can be written as the sum of a
symmetric- and an anti-symmetric matrix. Then,

γµγν = γµν + ηµν1

We see that we have found another element necessary to complete the basis,
namely γµν . Let us again multiply by γρ on the right:

γµνγρ = γµνρ + ηρνγµ − ηρµγν .

Thus, also γµνρ is an element in the basis. We can continue this up to there
are n subscripts on the γ-matrix, but no more. If ν in (5.9) is equal to one of
µ1µ2 . . . µn, then γµ1µ2...µnν = 0. Thus, a basis for the Clifford algebra is given
by

{1 γµ γµ1µ2
. . . γµ1µ2...µn} .

We define the chirality matrix γ, in n = p+ q dimensions, as

γ = γ1 . . . γn = γ1...n. (5.10)

In four-dimensional space time, with p = 1 and q = 3, γ is often denoted as
γ5 = γ0123.

Proposition 5.2. γ satisfies the following identities:

γµγ = (−1)n−1γγµ, (5.11)

γ2 = (−1)n(n+1)/2−q. (5.12)

In Minkowski space, γ = γ5 satisfies

γµνγ5 = −1

2
εµνρσγ

ρσ, (5.13)

γµνρ = εµνρσγ
σγ5, (5.14)

γµνρσ = −εµνρσγ5, (5.15)

where ε0123 = −ε0123 = 1.

This tells us that in n = 4 dimensional space time, with p = 1, q = 3, γ5
anti-commutes with γµ, and γ25 = (−1)4·5/2−3=7 = −1. The proposition has
been proved in Appendix A.3.

A basis for the four-dimensional Clifford algebra, or in other words, a basis
for real 4× 4 matrices, is given by

{1 γµ γµν γµνρ γµνρσ}.

We find how many elements there are of each type:

• 1: 1 element: only 1,

• γµ: 4 elements: γ0, γ1, γ2, γ3,

• γµν : 6 elements: γ01, γ02, γ03, γ12, γ13, γ23,

• γµνρ: 4 elements: γ012, γ013, γ023, γ123,

• γµνρσ: 1 element: γ0123 = γ5.

In all there are 16 elements.
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5.3 The Charge Conjugation Matrix

We continue considering the Clifford algebra in one time dimension and three
space dimensions, Cl(1, 3) ∼= Mat4(R). The following theorem is useful:

Theorem 5.3. (Skolem-Noether) Let K be an arbitrary field, and let φ : Matn(K)→
Matn(K) be an automorphism. Then, for any A ∈ Matn(K) there exists B ∈
Matn(K), and B invertible, such that

φ(A) = BAB−1.

In other words, every automorphism of Matn(K) is inner.

See [11] for a proof. The theorem can be written in a more general way, but
the way it is stated above is strong enough for our purposes. The Skolem-
Noether Theorem tells us that there is an automorphism defined by γµ 7→
CγµC

−1, γµ ∈ Cl(1, 3), C ∈ Mat4(R) and C invertible. Another automor-
phism is given by γµ 7→ γtµ, since transposing the Clifford condition is also a
Clifford condition

γtνγ
t
µ + γtµγ

t
ν = 2ηνµ1.

By the two aforementioned automorphisms there is another automorphism,
which gives γtµ = CγµC

−1. We may change C to C ′ := Cγ5. This gives

γtµ = C ′γµ(C ′)−1 = Cγ5γµ(Cγ5)−1 = −Cγµγ5γ−15 C−1 = −CγµC−1. (5.16)

Transposing again, we find

γµ = −(CγµC
−1)t = −(C−1)tγtµC

t = −(Ct)−1(−CγµC−1)Ct

= (C−1Ct)−1γµ(C−1Ct),

leading to (C−1Ct)γµ = γµ(C−1Ct). Hence, (C−1Ct) commutes with all ele-
ments of Cl(1, 3). The center of an algebra is the set of elements that commutes
with every element of the algebra. Hence, (C−1Ct) lies in the center of Cl(1, 3).
Schur’s lemma gives a condition to (C−1Ct):

Theorem 5.4. (Schur’s Lemma) Let A be an associative algebra, and let ρ be
an irreducible representation of A on a n-dimensional vector space V , that is,
ρ is a homomorphism from A into Matn(V ) with no non-trivial subspaces. Let
f ∈ Matn(V ) commute with ρ(x) for all x ∈ A. Then f = λ1, for some λ ∈ R.

This lemma can, as with the Skolem-Noether theorem, be stated in a more
general way, which is not necessary for us. [12] gives a proof for Lie algebras,
but it is similar for associative algebras. The Clifford algebra is an associative
algebra and it is given by matrices γµ. We have shown that there are matrices
(C−1Ct) which commute with all γµ. Then, by Schur’s lemma (C−1Ct) = λ1,
and Ct = λC. Transposing, we get C = λCt = λ2C, thus λ = ±1. Then

Ct = ±C. (5.17)

To determine the sign in (5.17) we use the basis for the four-dimensional Clifford
algebra, which is isomorphic to 4× 4 real matrices:

{1 γµ γµν γµνρ γµνρσ}.
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A 4 × 4 matrix has 16 elements, its dimensionality is 16. Any matrix can be
written as the sum a symmetric- and an anti-symmetric matrix. A symmetric
matrix consists of n(n + 1)/2 = 10 elements, when n = 4. An anti-symmetric
matrix consists of n(n− 1)/2 = 6 elements, when n = 4. So the dimensionality
of symmetric 4 × 4 matrices is 10, while that of anti-symmetric matrices is 6.
Thus, multiplying C to the basis above should lead to 10 symmetric matrices,
and 6 anti-symmetric matrices. By making use of γtµ = −CγµC−1, and its
generalisation (proof in Appendix A.4):

(5.18)γtµ1µ2...µn = (−1)n(n+1)/2Cγµ1µ2...µnC
−1,

n > 0, we can determine the sign of C. We find whether Cγµ1µ2...µn for n =
0, 1, 2, 3, 4 is symmetric or anti-symmetric:

Ct = ±C,
(Cγµ)t = γtµC

t = −CγµC−1Ct = ∓Cγµ,
(Cγµν)t = γtµνC

t = −CγµνC−1Ct = ∓Cγµν ,
(Cγµνρ)

t = γtµνρC
t = CγµνρC

−1Ct = ±Cγµνρ,
(Cγµνρσ)t = γtµνρσC

t = CγµνρσC
−1Ct = ±Cγµνρσ.

If we choose Ct = +C, then there will be 6 symmetric, and 10 skew-symmetric,
while Ct = −C gives 10 symmetric and 6 skew-symmetric. Hence, the latter
option is the correct one. The C satisfying this and (5.16) is called the charge
conjugation matrix. Introducing spinor indices on a spinor ψ ∈ S, such that
(γµψ)a = (γµ)abψ

b, the charge conjugation matrix becomes

Cab = −Cba. (5.19)

We can use C to raise and lower spinor indices, where we use the North-West
and South-East conventions,

ψa = Cabψb ψa = ψbCba, (5.20)

where Cab is the inverse of −Cab. After introducing indices, we write the γ-
matrices as (γµ)ab. When multiplying a γ-matrix with C we employ the follow-
ing shorthand notation

(γµ)ab := (Cγµ)ab = (γµ)cbCca = −Cac(γµ)cb. (5.21)

That is, if both spinor indices are either up or down, the γ-matrix is multiplied
with C. With spinor indices we have, from the calculations below (5.18)

(γµ)ab = (γµ)ba, (γµνρ)ab = −(γµνρ)ba,

(γµν)ab = (γµν)ba, (γµνρσ)ab = −(γµνρσ)ba.

Other useful identities are computed below.

(Cγ5)t = γt5C
t = −Cγ5C−1C = −Cγ5.

With spinor indices:
(γ5)ab = −(γ5)ba. (5.22)
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We will also encounter terms as γµ1...µnγ5. For n = 1 we have

(Cγµγ5)t = γt5γ
t
µC

t = γt5(Cγµ)t = γt5Cγµ = −(Cγ5)tγµ = Cγ5γµ = −Cγµγ5.

With spinor indices:
(γµγ5)ab = −(γµγ5)ba. (5.23)

For n = 2, 3, 4 we use Proposition 5.2:

(γµνγ5)ab = −1

2
εµνρσ(γρσ)ab = −1

2
εµνρσ(γρσ)ba = (γµνγ5)ba, (5.24)

(γµνργ5)ab = εµνρσ(γσγ5γ5)ab = −εµνρσ(γσ)ab = −εµνρσ(γσ)ba

= εµνρσ(γσγ5γ5)ba = (γµνργ5)ba, (5.25)

(γµνρσγ5)ab = −εµνρσ(γ5γ5)ab = εµνρσCab = −εµνρσCba
= εµνρσ(γ5γ5)ba = −(γµνρσγ5)ba. (5.26)

Another combination of gamma-matrices we will encounter is

(γµ1...µm)a
b
(γν1...νn)bc.

We do not yet know what a term like (γµ1...µm)a
b

is. Using (5.20), we get

(γµ1...µm)a
b

= (γµ1...µm)cbCca = Cbd(γµ1...µm)cdCca

= (−Cac)(γµ1...µm)cd(−C
db) = −(Cγµ1...µmC

−1)a
b
.

The final minus sign comes from Cdb being the inverse of −Cdb. Then,

−(Cγµ1...µmC
−1)a

b
(γν1...νn)bc = −(Cγµ1...µmC

−1)a
b
(−(γν1...νn)dcCbd)

= (Cγµ1...µmC
−1C)ad(γν1...νn)dc

= (Cγµ1...µmγν1...νn)ac.

Thus,
(γµ1...µm)a

b
(γν1...νn)bc = (γµ1...µmγν1...νn)ac. (5.27)

Furthermore, when γ-matrices act on a spinor with lowered indices (γµ1...µmψ)a,
we get

(γµ1...µmψ)a = (γµ1...µmψ)bCba = (γµ1...µm)bcψ
cCba = (γµ1...µm)acC

cbψb

= (γµ1...µm)a
b
ψb. (5.28)

Two other identities which will be come in handy follows. We use (5.9) to prove
them:

γνγµγν = (γνµ + δνµ)γν = γνµν + ηνµγ
ν − δννγµ + γµ = γµ − 4γµ + γµ

= −2γµ, (5.29)

γργµνγρ = (γρµν + δρµγν − δρνγµ)γρ

= ηρνγ
ρ
µ − ηρµγρν + δρργµν + δρµ(γνρ + ηνρ)− δρν(γµρ + ηµρ)

= γνµ − γµν + 4γµν + γνµ − γµν = 0. (5.30)

In the next section we will finally take use of the algebras we have computed
in the previous two sections.
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6 FIELD THEORY

6 Field Theory

In this section we will look into some examples of physical systems, and investi-
gate whether or not they are symmetries under both the Poincaré algebra and
the Conformal algebra. At the end of the section we will consider supersym-
metry for the first time. However, first we recall some necessary tools of field
theory.

6.1 Principle of Least Action

This geometric part in this section has been taken from [7], chapter 7.9.1.

Let M be a m-dimensional manifold with metric gµν . A field is a function
which returns a value for each point on M . For example, a scalar field assigns
a scalar to each point on M , and a vector field assigns a vector to each point
on M . For any field ϕ and its derivatives, we define a function, the Lagrangian
density L(ϕ, ∂µϕ, ∂µ∂νϕ, . . . ), where . . . denotes more derivatives of the field.
For simplicity we will write this only as L(ϕ) := L(ϕ, ∂µϕ, ∂µ∂νϕ, . . . ), or even
only L when it is obvious what fields we are working on. The action is a
functional, which is a function mapping functions to numbers. We use square
brackets around the input of functionals, to distinguish them from functions.
The action is defined as an integral of the Lagrangian density over M with
metric gµν

S[ϕ] :=

∫
M

L(ϕ)
√
|det gµν |dx1 ∧ . . . ∧ dxm, (6.1)

where dx1 ∧ . . . ∧ dxm is an m-form, a totally anti-symmetric tensor of type
(0,m). ∧ is the wedge product. The wedge product is a totally anti-symmetric
tensor product between one-forms ω ∈ T0

1 , defined as

dxµ1 ∧ . . . ∧ dxµm =
∑
σ∈Sm

sign(σ)dxµσ(1) ∧ . . . ∧ dxµσ(m) . (6.2)

The sum is over all the permutations of the set Sm = {1, 2, . . . ,m}. Then we
have

dxµ ∧ dxν = dxµ ⊗ dxν − dxν ⊗ dxµ,

dxµ ∧ dxµ = 0.

If we use another set of coordinates, y1, . . . , ym, the volume element becomes√∣∣∣∣det

(
∂xµ

∂yκ
∂xν

∂yλ
gµν

)∣∣∣∣dy1 ∧ . . . ∧ dym.

We can rewrite dyµ = ∂yµ

∂xν dxν . Then the volume element becomes∣∣∣∣det

(
∂xµ

∂yκ

)∣∣∣∣√|det gµν |det

(
∂yλ

∂xν

)
dx1 ∧ . . . ∧ dxm

= ±
√
|det gµν |dx1 ∧ . . . ∧ dxm
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6.1 Principle of Least Action 6 FIELD THEORY

since det(AB) = detAdetB, and detA−1 = (detA)−1 for two matrices A and

B. Thus, when det
(
∂xµ

∂yκ

)
> 0, the volume element is invariant under the

change of coordinates. We will only work in flat space, with gµν = ηµν , the
Minkowski metric, which has determinant det ηµν = −1× 1× 1× 1 = −1, and

then
√
|det ηµν | = 1. Then (6.1) becomes

S[ϕ] =

∫
M

L(ϕ)dx1 . . . dxm. (6.3)

Since we will almost always integrate over dx1 . . . dxm, we will usually omit
writing this part in the future. Let δϕ be an infinitesimal variation of the field
ϕ. The Taylor-like expansion of the action is

S[ϕ+ δϕ] = S[ϕ] +

∫
δϕ
δS[ϕ]

δϕ
+O((δϕ)2), (6.4)

where δS[ϕ]
δϕ is the functional derivative. We find that∫

δϕ
δS[ϕ]

δϕ
= lim
ε→0

S[ϕ+ εδϕ]− S[ϕ]

ε
, (6.5)

The extrema of the action, when
∫
δϕ δS[ϕ]δϕ = 0, are the equations of motion.

This is the principle of least action.

We find the equations of motion in terms of the Lagrangian density:

0 =

∫
δϕ
δS[ϕ]

δϕ
= lim
ε→0

S[ϕ+ εδϕ]− S[ϕ]

ε

= lim
ε→0

1

ε

(∫
L(ϕ+ εδϕ)−

∫
L(ϕ)

)
= lim
ε→0

1

ε

(∫
L(ϕ) + ε

∫
∂L

∂ϕ
δϕ+ ε

∫
∂L

∂(∂µϕ)
δ(∂µϕ)

+ ε

∫
∂L

∂(∂µ∂νϕ)
δ(∂µ∂νϕ) + · · · −

∫
L(ϕ)

)
(6.6)

=

∫
∂L

∂ϕ
δϕ+

∫
∂L

∂(∂µϕ)
δ(∂µϕ) +

∫
∂L

∂(∂µ∂νϕ)
δ(∂µ∂νϕ) + . . .

=

∫
∂L

∂ϕ
δϕ−

∫
∂µ

∂L

∂(∂µϕ)
δϕ+

∫
∂µ∂ν

∂L

∂(∂µ∂νϕ)
δϕ+ . . .

=

∫
δϕ
(∂L
∂ϕ
− ∂µ

∂L

∂(∂µϕ)
+ ∂µ∂ν

∂L

∂(∂µ∂νϕ)
+ . . .

)
.

In this calculation we have integrated by parts to get δϕ for each term. For
example, for the second term we have∫

M

∂L

∂(∂µϕ)
δ(∂µϕ) =

∫
M

∂L

∂(∂µϕ)
∂µ(δϕ)

= −
∫
M

∂µ

(
∂L

∂(∂µϕ)
δϕ

)
− ∂µ

(
∂L

∂(∂µϕ)

)
δϕ. (6.7)
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Furthermore, the divergence theorem tells us

(6.8)

∫
M

dxm∂µ

(
∂L

∂(∂µϕ)
δϕ

)
=

∫
∂M

dxm−1nµ
∂L

∂(∂µϕ)
δϕ,

where nµ is the outward pointing unit normal vector field on ∂M , which is
the boundary of M . Assuming that the field vanishes at the boundary of the
manifold, (6.8) also vanishes, and (6.7) becomes∫

M

∂L

∂(∂µϕ)
δ(∂µϕ) = −

∫
∂µ

(
∂L

∂(∂µϕ)

)
δϕ. (6.9)

In the last step of the equation where we find the equations of motion we have
moved the δϕ to the left. We then need to be extra careful when considering
fermionic fields, which are anti-commuting.

Let us now for convenience define

δS[ϕ] :=

∫
δϕ
δS[ϕ]

δϕ
. (6.10)

We will usually omit writing the field in δS[ϕ], writing it only as δS. We will
make extensive use of

δS =

∫
δϕ

(
∂L

∂ϕ
− ∂µ

∂L

∂(∂µϕ)
+ ∂µ∂ν

∂L

∂(∂µ∂νϕ)
+ . . .

)
, (6.11)

where
∂L

∂ϕ
− ∂µ

∂L

∂(∂µϕ)
+ ∂µ∂ν

∂L

∂(∂µ∂νϕ)
+ · · · = 0 (6.12)

are the Euler-Lagrange equations, which gives the equations of motion.

In the following we will check a few models of physics if they are symmetric
under the Poincaré and conformal algebra. The model is symmetric under the
algebra if the action vanishes.

6.2 Free Massless Lagrangian

We begin with the simplest model, a free scalar field, ϕ = φ. Scalar fields are
bosonic, and they commute with each other. The Lagrangian density of our free
scalar field is

L(φ) = −1

2
(∂φ)2, (6.13)

where (∂φ)2 = ∂µφ∂
µφ. We find the equations of motion from (6.11):

δS = −
∫
δφ∂µ

∂L

∂(∂µφ)
=

∫
δφ

1

2
∂µ(2∂µφ) =

∫
δφ∂µ∂

µφ. (6.14)

Thus, the equations of motion for the free massless scalar field are, with ∂µ∂
µ =

�, �φ = 0.
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We want to know if (6.14) is invariant under the Poincaré algebra. In sub-
section 4.2 we found that the generators of the Poincaré algebra are given by

Pµ = ∂µ, Mµν = xµ∂ν − xν∂µ.

An obvious guess on how the infinitesimal Poincaré transformations look like is

δaφ = aµPµφ = aµ∂µφ, (6.15)

δbφ = bµνMµνφ = bµν(xµ∂ν − xν∂µ)φ, (6.16)

for infinitesimal aµ and bµν . We check if these transformations keeps (6.14)
invariant:

δaS =

∫
δaφ�φ =

∫
aµ∂µφ∂ν∂

νφ = −
∫
aµ∂ν∂

νφ∂µφ = 0,

δbS =

∫
δbφ�φ =

∫
bµν(xµ∂ν − xν∂µ)φ∂ρ∂

ρφ

= −
∫
bµν(ηρµ∂ν + xµ∂ρ∂ν − ηρν∂µ − xν∂ρ∂µ)φ∂ρφ

=

∫
bµνφ(∂µ∂ν + δµ

ρ∂ρ∂ν + xµ∂ρ∂
ρ∂ν − ∂ν∂µ − δνρ∂ρ∂µ − xν∂ρ∂ρ∂µ)φ

= −
∫
bµν(ηµν − ηνµ + xµ∂ν − ∂ν∂µ)φ∂ρ∂

ρφ = 0.

This shows that (6.14) is in fact Poincaré invariant.

In subsection 4.3 we found the conformal algebra. Let us check if (6.14) is
invariant under conformal transformations as well. In addition to the Poincaré
generators we have

D = xµ∂µ, Kµ = 2xµx
ν∂ν − x2∂µ.

We again try the obvious guess of infinitesimal conformal transformations

δcφ = cDφ = cxµ∂µφ, (6.17)

δdφ = dµKµφ = dµ(2xµx
ν∂ν − xνxν∂µ)φ, (6.18)

for infinitesimal c and dµ. Applying these transformations to (6.14) we get

δcS =

∫
δcφ�φ =

∫
cxµ∂µφ∂ν∂

νφ = −
∫
c(δν

µ∂µ + xµ∂µ∂ν)φ∂νφ

=

∫
cφ(∂ν∂

ν + ηνµ∂µ∂ν + xµ∂µ∂ν∂
ν)φ = −

∫
c(xµ∂µ + δµ

µ − 2)φ∂ν∂
νφ

= −
∫
c(xµ∂µ + d− 2)φ∂ν∂

νφ 6= 0,
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δdS =

∫
δdφ�φ =

∫
dµ(2xµx

ν∂ν − xνxν∂µ)φ∂ρ∂
ρφ

= −
∫
dµ(2ηρµx

ν∂ν + 2xµδ
ν
ρ∂ν + 2xµx

ν∂ν∂ρ − ηρνxν∂µ

− xνδνρ∂µ − xνxν∂µ∂ρ)φ∂ρφ

= −
∫
dµ(2ηρµx

ν∂ν + 2xµ∂ρ + 2xµx
ν∂ν∂ρ − 2xρ∂µ − xνxν∂µ∂ρ)φ∂ρφ

=

∫
dµφ(2ηρµ(ηρν + xν∂ρ)∂ν + 2(δρµ + xµ∂

ρ)∂ρ

+ 2(δρµx
ν + xµη

ρν + xµx
ν∂ρ)∂ν∂ρ − 2(δρµ + xρ∂

ρ)∂µ

− (δρµx
ν + xνη

ρν + xνx
ν∂ρ)∂µ∂ρ)φ

=

∫
dµφ((4− 2d)∂µ + 4xµ∂ρ∂

ρ + 2xµx
ν∂ν∂ρ∂

ρ − xνxν∂ρ∂ρ∂µ)φ

=

∫
dµ ((4− 2d)φ∂µφ− (2xµxν∂ν − xνxν∂µ − (4− 2d)xµ)φ∂ρ∂

ρφ) 6= 0.

We have used δµµ = d, d being the dimension of our manifold. Neither δcS nor
δdS vanish. However, we notice that if we change each of the transformations
(6.17) and (6.18) they might do. If we change the transformation (6.17) to be
δcφ = c(xµ∂µ + ∆)φ, ∆ a constant, then δcS becomes

δcS =

∫
c(xµ∂µ + ∆)φ∂ν∂

νφ = −
∫
c(xµ∂µ + d− 2−∆)φ∂ν∂

νφ.

This vanish when ∆ = d − 2 − ∆, hence we get ∆ = 1
2 (d − 2). Similarly, we

need a change for δdS. Here we have an extra term (4 − 2d)xµ. Therefore, it
seems we need a constant, κ, multiplied with xµ. We try the transformation
δdφ = dµ(2xµx

ν∂ν − xνxν∂µ + κxµ)φ. When we integrate by parts, the new
term gives∫

κxµφ∂ρ∂
ρφ = −

∫
κ(ηρµ + xµ∂ρ)φ∂

ρφ =

∫
κ(ηρµ∂

ρ + δµ
ρ∂ρ + xµ∂ρ∂

ρ)φφ

=

∫
κφ(2∂µ + xµ∂ρ∂

ρ)φ.

Plugging this into δdS above gives

δdS =

∫
dµ(2xµx

ν∂ν − xνxν∂µ + κxµ)φ∂ρ∂
ρφ

=

∫
dµ ((4− 2d+ 2κ)φ∂µφ− (2xµxν∂ν − xνxν∂µ − (4− 2d+ κ)xµ)φ∂ρ∂

ρφ) .

We need 4− 2d+ 2κ = 0 and κ = −(4− 2d+ κ). These two expressions are the
same, and yield κ = d− 2 = 2∆.

We have found that the Lagrangian density L(φ) = − 1
2 (∂φ)2 is invariant

under the infinitesimal Poincaré transformations

δaφ = aµPµφ = aµ∂µφ, (6.19)

δbφ = bµνMµνφ = bµν(xµ∂ν − xν∂µ)φ, (6.20)
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and under the infinitesimal conformal transformations

δcφ = cDφ = c(xµ∂µ + ∆)φ, (6.21)

δdφ = dµKµφ = dµ(2xµx
ν∂ν − xνxν∂µ + 2∆xµ)φ, (6.22)

with ∆ = 1
2 (d− 2). In four dimensional space time, d = 4, ∆ = 1.

Another type of field which will be considered is a fermionic spinor field,
ϕ = ψ, in four dimensional space-time. We recall that we will then consider
Majorana spinors, which in this case are 4 × 4-real matrices. We will always
work in four dimensional space-time when considering fermionic fields, except
when otherwise stated. Fermionic fields anti-commute, for two fermionic fields
ψ1, ψ2 we have ψ1ψ2 = −ψ2ψ1. The Lagrangian for our fermionic field is

L(ψ) =
1

2
ψ̄/∂ψ =

1

2
ψa(γµ)ab∂µψ

b, (6.23)

where ψ̄ is the Majorana conjugate of ψ, ψ̄ = ψtC, and /∂ = γµ∂µ. The
equations of motion for ψ̄ are

δS =

∫
δψa

(
∂L

∂ψa
− ∂µ

∂L

∂(∂µψa)

)
+ δψb

(
∂L

∂ψb
− ∂µ

∂L

∂(∂µψb)

)
=

∫
δψa

∂L

∂ψa
− δψb∂µ

∂L

∂(∂µψb)
=

1

2

∫
δψa(γµ)ab∂µψ

b + δψb∂µψ
a(γµ)ab

=
1

2

∫
δψa(γµ)ab∂µψ

b + δψa∂µψ
b(γµ)ba =

∫
δψa(γµ)ab∂µψ

b

=

∫
δψ̄/∂ψ. (6.24)

We get a sign change from ∂µ
∂L

∂(∂µψb)
since fermionic derivatives anitcommute

with fermionic fields,
∂

∂ψb
(ψaψb) =

∂

∂ψb
(ψa)ψb − ψa ∂

∂ψb
(ψb). We investigate

for Poincaré invarinace, and try the infinitesimal Poincaré transformations sim-
ilar to the transformations for the bosonic scalar field:

δaψ = aµPµψ = aµ∂µψ, (6.25)

δbψ = bµνMµνψ = bµν(xµ∂ν − xν∂µ)ψ. (6.26)

We need the transformations on ψ̄. However, in this case the Majorana conju-
gate only acst on ψ, so the transformations become

δaψ̄ = aµPµψ̄ = aµ∂µψ̄, (6.27)

δbψ̄ = bµνMµνψ̄ = bµν(xµ∂ν − xν∂µ)ψ̄. (6.28)

Then we find

δaS =

∫
δaψ̄/∂ψ =

∫
aµ∂µψ

a(γρ)ab∂ρψ
b =

∫
aµ∂ρψ

a(γρ)ab∂µψ
b

= −
∫
aµ∂µψ

b(γρ)ab∂ρψ
a = −

∫
aµ∂µψ

a(γρ)ab∂ρψ
b = 0
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δbS =

∫
δbψ̄/∂ψ =

∫
bµν(xµ∂ν − xν∂µ)ψ̄/∂ψ =

∫
bµν(xµ∂ν − xν∂µ)ψa(γρ)ab∂ρψ

b

= −
∫
bµν
(
(ηµν − ηνµ)ψa(γρ)ab∂ρψ

b + ψa(γρ)ab(xµ∂ν − xν∂µ)∂ρψ
b
)

=

∫
bµν
(
∂ρψ

a(γρ)ab(xµ∂ν − xν∂µ)ψb + ψa(γρ)ab(ηρµ∂ν − ηρν∂µ)ψb
)

= −
∫
bµν
(
(xµ∂ν − xν∂µ)ψb(γρ)ab∂ρψ

a − 2ψa(γ[µ)ab∂ν]ψ
b
)

= −
∫
bµν
(
(xµ∂ν − xν∂µ)ψa(γρ)ab∂ρψ

b − 2ψa(γ[µ)ab∂ν]ψ
b
)
6= 0. (6.29)

It turns out (6.23) is not invariant under (6.28). We try to continue our success
of adding terms to our initial guess of transformations. In this case we need
something which obeys the Lorentz algebra. In section 5 we found that Σµν =
1
4 (γµγν − γνγµ) = 1

2γµν do obey the Lorentz algebra, so we try the following
transformation:

δbψ = bµν ((xµ∂ν − xν∂µ) + Σµν)ψ. (6.30)

The transformation for ψ̄ is then

δbψ̄ = bµν
(
(xµ∂ν − xν∂µ)ψ̄ + Σµνψ

)
, (6.31)

where

Σµνψ = (Σµνψ)tC = ψtΣtµνC.

Furthermore,

ΣtµνC = −1

2
γtµνC

t = −1

2
(Cγµν)t = −1

2
Cγµν = −CΣµν = CΣνµ,

where we have used (Cγµν)t = Cγµν . Then (6.31) is

δbψ̄ = bµν
(
(xµ∂ν − xν∂µ)ψ̄ + ψ̄Σνµ

)
. (6.32)

We have ∫
bµνψ̄Σνµ/∂ψ =

∫
bµνψa(Σνµγ

ρ)ab∂ρψ
b. (6.33)

We can write

Σνµγ
ρ =

1

2
γνµγ

ρ =
1

2
ηρσγνµγσ =

1

2
ηρσ(γνµσ + ησµγν − ησνγµ)

=
1

2

(
γνµ

ρ + δρµγν − δρνγµ
)
.

Plugging this back in (6.33), we get∫
bµνψa(Σνµγ

ρ)ab∂ρψ
b =

1

2

∫
bµνψa

(
γνµ

ρ + δρµγν − δρνγµ
)
ab
∂ρψ

b.

27



6.2 Free Massless Lagrangian 6 FIELD THEORY

Since the equations below (5.18) tells us that (γµνρ)ab = −(γµνρ)ba, the first
term in the equation above vanishes:∫

bµνψa(γνµ
ρ)ab∂ρψ

b = −
∫
bµν∂ρψ

a(γνµ
ρ)abψ

b =

∫
bµνψb(γνµ

ρ)ab∂ρψ
a

=

∫
bµνψa(γνµ

ρ)ba∂ρψ
b = −

∫
bµνψa(γνµ

ρ)ab∂ρψ
b.

Then we have ∫
bµνψ̄Σνµ/∂ψ =

1

2

∫
bµνψa

(
δρµγν − δρνγµ

)
ab
∂ρψ

b,

=

∫
bµνψa(γ[ν)ab∂µ]ψ

b. (6.34)

Now, using the transformation (6.31),the varying action in (6.29) and (6.34),
the action becomes

δbS =

∫
bµν
(
(xµ∂ν − xν∂µ)ψ̄ + ψ̄Σνµ

)
/∂ψ

= −
∫
bµν
(
(xµ∂ν − xν∂µ)ψa(γρ)ab∂ρψ

b − 2ψa(γ[µ)ab∂ν]ψ
b − ψa(γ[ν)ab∂µ]ψ

b
)

= −
∫
bµν
(
(xµ∂ν − xν∂µ)ψa(γρ)ab∂ρψ

b + ψa(γ[ν)ab∂µ]ψ
b
)

= −
∫
bµν
(
(xµ∂ν − xν∂µ)ψ̄ + ψ̄Σνµ

)
/∂ψ.

Then the δbS vanishes, as desired. We have found that the Lagrangian (6.23)
is invariant under the following infinitesimal Poincaré transformations:

δaψ = aµPµψ = aµ∂µψ, (6.35)

δbψ = bµν (Mµν + Σµν)ψ = bµν ((xµ∂ν − xν∂µ) + Σµν)ψ. (6.36)

Let us now investigate whether or not (6.23) is invariant under conformal
transformations. We try the following transformations:

δcψ = cDψ = cxµ∂µψ, (6.37)

δdψ = dµKµψ = dµ(2xµx
ν∂ν − xνxν∂µ)ψ, (6.38)

(6.37) and (6.38) applied to the varying action is

δcS =

∫
δcψ̄/∂ψ =

∫
cxµ∂µψ

a(γρ)ab∂ρψ
b = −

∫
c(δµρ + xµ∂ρ)∂µψ

a(γρ)abψ
b

= −
∫
c∂ρψ

a(γρ)abψ
b +

∫
c
(
δµµ∂ρψ

a(γρ)abψ
b + xµ∂ρψ

a(γρ)ab∂µψ
b
)

=

∫
c
(
(d− 1)∂ρψ

a(γρ)abψ
b + xµ∂ρψ

a(γρ)ab∂µψ
b
)

= −
∫
c
(
(d− 1)ψb(γρ)ab∂ρψ

a + xµ∂µψ
b(γρ)ab∂ρψ

a
)

= −
∫
c (xµ∂µ + (d− 1)) ψ̄/∂ψ 6= 0,
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δdS =

∫
δdψ̄/∂ψ =

∫
dµ(2xµx

ν∂ν − xνxν∂µ)ψa(γρ)ab∂ρψ
b

= −
∫
dµ
(

2ηρµx
ν∂ν + 2xµδ

ν
ρ∂ν + 2xµx

ν∂ν∂ρ − ηρνxν∂µ

− xνδνρ∂µ − xνxν∂µ∂ρ
)
ψa(γρ)abψ

b

= −
∫
dµ
(
2ηρµx

ν∂ν + 2xµδ
ν
ρ∂ν − ηρνxν∂µ − xνδνρ∂µ

)
ψa(γρ)abψ

b

+

∫
dµ
(
2ηνµx

ν∂ρ + 2xµδ
ν
ν∂ρ − ηµνxν∂ρ − xνδνµ∂ρ

)
ψa(γρ)abψ

b

+

∫
dµ∂ρψ

a (2xµx
ν∂ν − xνxν∂µ)ψb

= −
∫
dµ(2xµx

ν∂ν − xνxν∂µ)ψb(γρ)ab∂ρψ
a

−
∫
dµ
(

2xν∂νψ
a(γµ)ab + 2xµ∂νψ

a(γν)ab − xν∂µψa(γν)ab

− xν∂µψa(γν)ab − 2dxµ∂νψ
a(γν)ab

)
ψb

= −δdS −
∫
dµ (2(1− d)xµ∂νψ

a(γν)ab + 2xν(∂νψ
a(γµ)ab − ∂µψa(γν)ab))ψ

b

= −δdS +

∫
dµ
(
2(1− d)ηµνψ

a(γν)ab + 2dψa(γµ)ab − 2δνµψ
a(γν)ab

)
ψb

+

∫
dµ (2(1− d)xµψ

a(γν)ab∂ν + 2xν(ψa(γµ)ab∂ν − ψa(γν)ab∂µ))ψb

= −δdS +

∫
dµ
(
2(1− d)xµψ̄/∂ψ + 4xνψa(γ[µ)ab∂ν]ψ

b
)

= −
∫
dµ
(
(2xµx

ν∂ν − xνxν∂µ)ψ̄/∂ψ − 2(1− d)xµψ̄/∂ψ − 4xνψa(γ[µ)ab∂ν]ψ
b
)
6= 0.

We will again try to add extra terms so that δcS and δdS might vanish. We try
δcψ = c(xµ∂µ + ∆′)ψ, ∆′ being some constant. Since we do not know what ∆′

is yet, we write the transformation for ψ̄ as δcψ̄ = c(xµ∂µψ̄ + ∆′ψ). Then

δcS =

∫
c(xµ∂µψ̄ + ∆′ψ)/∂ψ = −

∫
c
(
(xµ∂µ + d− 1)ψ̄ −∆′ψ

)
/∂ψ

= −
∫
c
(
xµ∂µψ̄ + (d− 1−∆′)ψ

)
/∂ψ.

For this to vanish we need ∆′ = d − 1 − ∆′, and then ∆′ = 1
2 (d − 1). We do

similarly for δdψ, but for this we need two terms, one multiplied with xµ and
one with xν , δdψ = dµ (2xµx

ν∂ν − xνxν∂µ + xµκ
′
1 + xνκ′2)ψ, with κ′1, κ

′
2 being

some constants. The transformation for ψ̄ is

δdψ̄ = dµ
(

(2xµx
ν∂ν − xνxν∂µ)ψ̄ + xµκ′1ψ + xνκ′2ψ

)
.
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Then

δdS =

∫
dµ
(

(2xµx
ν∂ν − xνxν∂µ)ψ̄ + xµκ′1ψ + xνκ′2ψ

)
/∂ψ

= −
∫
dµ
(

(2xµx
ν∂ν − xνxν∂µ)ψ̄/∂ψ − 2(1− d)xµψ̄/∂ψ − 4xνψa(γ[µ)ab∂ν]ψ

b

− xµκ′1ψ/∂ψ − xνκ′2ψ/∂ψ
)

= −
∫
dµ
(

(2xµx
ν∂ν − xνxν∂µ)ψ̄/∂ψ − xµ(2(1− d) + κ′1)ψ/∂ψ

− 4xνψa(γ[µ)ab∂ν]ψ
b − xνκ′2ψ/∂ψ

)
We need κ′1 = − (2(1− d) + κ′1), hence κ′1 = d − 1 = 2∆′. For κ′2 we use
(6.34). We change bµν with dµ, and the extra xν makes no difference, since the
additional term turns out to be zero. Then we have∫

dµxνΣµνψ/∂ψ =

∫
dµxνψa(γ[ν)ab∂µ]ψ

b. (6.39)

From (6.39) we get that∫
dµxνψa(γ[µ)ab∂ν]ψ

b =
1

2

∫
dµxνγνµψ/∂ψ

Then

δdS =

∫
dµ
(

(2xµx
ν∂ν − xνxν∂µ)ψ̄ + xµκ′1ψ + xνκ′2ψ

)
/∂ψ

= −
∫
dµ
(

(2xµx
ν∂ν − xνxν∂µ)ψ̄/∂ψ − xµ(2(1− d) + κ′1)ψ/∂ψ

− 2xνγνµψ/∂ψ − xνκ′2ψ/∂ψ
)

= −
∫
dµ
(

(2xµx
ν∂ν − xνxν∂µ)ψ̄/∂ψ − xµ(2(1− d) + κ′1)ψ/∂ψ

− xν(2γνµ + κ′2)ψ/∂ψ
)
.

Hence, we need κ′2 = − (2γνµ + κ′2), and κ′2 = −γνµ. The transformations
we have found is only valid in four-dimensional space-time, d = 4. Thus, the
Lagrangian (6.23),

L(ψ) =
1

2
ψ̄/∂ψ =

1

2
ψa(γµ)ab∂µψ

b,

is invariant under the infinitesimal conformal transformations

δcψ = c(D + ∆′)ψ = c(xµ∂µ +
3

2
)ψ, (6.40)

δdψ = dµ(K + 2xµ∆′ + xνκ′)ψ

= dµ (2xµx
ν∂ν − xνxν∂µ + 3xµ − xνγνµ)ψ. (6.41)
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6.3 Massive Lagrangian

To the free massless Lagrangian we can add a mass term, such that the La-
grangian density becomes

L(φ) = −1

2
(∂φ)2 − 1

2
m2φ2 (6.42)

We use (6.11) to find δS,

δS =

∫
δφ

(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
=

∫
δφ
(
∂µ∂

µ −m2
)
φ.

Thus, the equations of motion are(
�−m2

)
φ = 0. (6.43)

This is known as the the Klein-Gordon equation. The equations of motion of
the free massless Lagrangian found above, �φ = 0 is a special case of the Klein-
Gordon equation, with mass m = 0.

We want to investigate whether or not the Lagrangian (6.42) is invariant
under Poincaré transformations. We recall that the infinitesimal Poincaré trans-
formation are

δaφ = aµPµφ = aµ∂µφ, (6.44)

δbφ = bµνMµνφ = bµν(xµ∂ν − xν∂µ)φ. (6.45)

Only the mass term in δS needs to be considered, since we have already shown
that the kinetic part is invariant in subsection 6.2. Then

δaS =

∫
aµ∂µφm

2φ = −
∫
aµφm2∂µφ = 0,

δbS =

∫
bµν(xµ∂ν − xν∂µ)φm2φ = −

∫
bµν(ηµν + xµ∂ν − ηνµ − xν∂µ)φm2φ

= −
∫
bµν(xµ∂ν − xν∂µ)φm2φ = 0.

Hence, the massive Lagrangian (6.42) is Poincaré invariant.

The infinitesimal conformal transformations which kept the free Lagrangian
invariant were given by

δcφ = cDφ = c(xµ∂µ + ∆)φ, (6.46)

δdφ = dµKµφ = dµ(2xµx
ν∂ν − xνxν∂µ + 2∆)φ, (6.47)

with ∆ = 1
2 (d− 2). We investigate whether or not these transformations keeps

the massive Lagrangian invariant, so that it becomes invariant under conformal
transformations.

δcS =

∫
c(xµ∂µ + ∆)φm2φ

=

∫
c
(
∂µ(xµφm2φ)− ∂µ(xµ)φm2φ− xµφm2∂µφ+ ∆φm2φ

)
= −

∫
c
(
δµµφm

2φ+ xµφm2∂µφ−∆φm2φ
)

= −
∫
c
(
xµ∂µ −∆ + δµµ

)
φm2φ.
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Then δcS = 0 if ∆ = −∆ + δµµ , so that ∆ = 1
2d 6=

1
2 (d − 2). Hence, the

massive Lagrangian is only invariant under the conformal algebra if there is no
kinetic term present in the Lagrangian. Since the action is not invariant to the
dilation transformations δcφ, it follows that the action is not invariant to special
conformal transformations δdφ either. This is due to the commutation relation
(4.46), which states

[Pµ,Kν ] = 2 (ηνµD +Mνµ) .

Since the dilations do not keep the Lagrangian invariant, the right hand side is
not invariant. Then, neither can the left hand side be. The translations have
already been found to be an invariant, thus the special conformal transforma-
tions cannot be an invariant.

Let us do the same calculations for the spinor field, ψ. Adding a mass term
to the Lagrangian, it becomes

L(ψ) =
1

2
ψ̄/∂ψ +

1

2
mψ̄ψ =

1

2
ψa(γµ)abψ

b +
1

2
mψaCabψ

b. (6.48)

The equations of motion from the mass term are

δS =

∫
δψa

(
∂L

∂ψa
− ∂µ

∂L

∂(∂µψa)

)
+ δψb

(
∂L

∂ψb
− ∂µ

∂L

∂(∂µψb)

)
=

∫
δψa

1

2
mCabψ

b − δψb 1

2
mψaCab =

1

2

∫
δψamCabψ

b − δψamCbaψb

=
1

2

∫
δψamCabψ

b + δψamCabψ
b =

∫
δψ̄mψ.

Putting this together with the kinetic part gives the equations of motion as

δS =

∫
δψ̄(/∂ +m)ψ. (6.49)

We check if this is invariant under the same Poincaré transformations as for the
massless case,

δaψ = aµPµψ = aµ∂µψ, (6.50)

δbψ = bµν (Mµν + Σµν)ψ = bµν ((xµ∂ν − xν∂µ) + Σµν)ψ. (6.51)

We will only consider the mass term in (6.49) since we already know the kinetic
term is invariant under these transformations.

δaS =

∫
δaψ̄mψ =

∫
aµ∂µψ̄mψ =

∫
aµ∂µψ

aCabmψ
b

= −
∫
aµψaCabm∂µψ

b =

∫
aµ∂µψ

bCabmψ
a =

∫
aµ∂µψ

aCbamψ
b

= −
∫
aµ∂µψ

aCabmψ
b = 0,
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δbS =

∫
δbψ̄mψ =

∫
bµν
(
(xµ∂ν − xν∂µ)ψ̄ + Σµνψ

)
mψ

=

∫
bµν
(
(xµ∂ν − xν∂µ)ψaCabmψ

b + ψa(Σtµν)a
c
Ccbmψ

b
)

=

∫
bµν
[
−
(
(ηνµ − ηµν)ψaCabmψ

b + ψaCabm(xµ∂ν − xν∂µ)ψb
)

+ ψa(Σνµ)abmψ
b
]

=

∫
bµν
[
(xµ∂ν − xν∂µ)ψbCabmψ

a − ψb(Σνµ)abmψ
a
]

= −
∫
bµν
[
(xµ∂ν − xν∂µ)ψbCbamψ

a + ψb(Σνµ)bamψ
a
]

= −
∫
bµν
[
(xµ∂ν − xν∂µ)ψaCabmψ

b + ψa(Σνµ)abmψ
b
]

= 0.

Hence, (6.48) is invariant under the infinitesimal poincaré transformations .

Let us now see if (6.48) is invariant under the infinitesimal conformal trans-
formations

δcψ = c(D + ∆′)ψ = c(xµ∂µ + ∆′)ψ, (6.52)

δdψ = dµ(K + 2xµ∆′ + xνκ′)ψ

= dµ (2xµx
ν∂ν − xνxν∂µ + 2xµ∆′ + xνκ′)ψ. (6.53)

with ∆′ = 1
2 (d− 1), and κ′ = −γνµ. It is enough to check δcS:

δcS =

∫
c(xµ∂µ + ∆′)ψ̄mψ =

∫
c(xµ∂µ + ∆′)ψaCabmψ

b

= −
∫
c
(
δµµψ

aCabmψ
b + xµψaCabm∂µψ

b −∆′ψaCabmψ
b
)

= −
∫
c
(
−xµ∂µψbCabmψa + (d−∆′)ψ̄mψ

)
= −

∫
c
(
xµ∂µψ

bCbamψ
a + (d−∆′)ψ̄mψ

)
= −

∫
c (xµ∂µ + (d−∆′)) ψ̄mψ.

For δcS to vanish we need ∆′ = d−∆′ which gives ∆′ = 1
2d 6=

1
2 (d− 1). Thus,

(6.48) is not invariant under the infinitesimal conformal transformations, unless
the kinetic term is not present.

6.4 Interacting Lagrangian

Lastly, an interaction term can be added to the Lagrangian density,

L(φ) = −1

2
(∂φ)2 − 1

2
m2φ2 − λφp, (6.54)

λ being some constant, and p ∈ Z. The equations of motion are

δS =

∫
δφ

(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
=

∫
δφ
(
�φ−m2φ− pλφp−1

)
.
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To investigate Poincaré invariance we again use the infinitesimal transfor-
mations

δaφ = aµPµφ = aµ∂µφ, (6.55)

δbφ = bµνMµνφ = bµν(xµ∂ν − xν∂µ)φ. (6.56)

The only part which is yet to be checked for Poincaré invariance is the interaction
part. We apply the above transformations to the equations of motion from the
interaction term:

δaS = p

∫
aµ∂µφλφ

p−1 = −p
∫
aµφλ(p− 1)φp−2∂µφ = −p(p− 1)

∫
aµφp−1λ∂µφ

= −p(p− 1)δaS,

δbS = p

∫
bµν(xµ∂ν − xν∂µ)φλφp−1 = −p

∫
bµνφλ(p− 1)φp−2(xµ∂ν − xν∂µ)φ

= −p(p− 1)

∫
bµνφp−1λ(xµ∂ν − xν∂µ)φ = −p(p− 1)δbS.

Thus, (6.54) is invariant under infinitesimal Poincaré transformations for any p.

We have discovered that the massive Lagrangian is not conformal invariant.
However, the massless Lagrangian with interaction term might still be invariant
under those transformations

L(φ) = −1

2
(∂φ)2 − λφp. (6.57)

The infinitesimal conformal transformations are

δcφ = cDφ = c(xµ∂µ + ∆)φ, (6.58)

δdφ = dµKµφ = dµ(2xµx
ν∂ν − xνxν∂µ + 2∆)φ, (6.59)

with ∆ = 1
2 (d− 2). Then

δcS =

∫
c (xµ∂µ + ∆)φpλφp−1

= −p
∫
c
(
∂µ(xµ)φλφp−1 + xµφλ∂µφ

p−1 −∆λφp
)

= −p
∫
c
(
dφλφp−1 + xµφ(p− 1)λφp−2∂µφ−∆λφp

)
= −

∫
c ((p− 1)xµ∂µ −∆ + d)φpλφp−1

= −(p− 1)

∫
c (xµ∂µ + ∆)φpλφp−1 +

∫
c ((p− 1)∆ + ∆− d)φpλφp−1

= −(p− 1)δcS +

∫
c (p∆− d) pλφp.

Solving for δcS,

pδcS =

∫
c (p∆− d) pλφp.
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For δcS to be invariant, the left hand side has to be zero. ∆ is as it was found
to be in the Poincaré case, ∆ = 1

2 (d− 2).

p∆− d = 0

p(d− 2)

2
= d

p =
2d

d− 2
. (6.60)

The solutions to this Diophantine equation is found by completing the square,

pd− 2p− 2d = 0⇔ (p− 2)(d− 2) = 4.

Both (p− 2) and (d− 2) must divide 4, thus (p− 2), (d− 2) ∈ ±{1, 2, 4}. Thus,
the only solutions are

d -2 0 1 3 4 6
p 1 0 -2 6 4 3

.

Since there can be neither negative nor zero dimensions, only the last four
columns in the table above are relevant. Invariance under special conformal
transformations follows from

[Pµ,Kν ] = 2 (ηνµD +Mνµ) .

Hence

L(φ) = −1

2
(∂φ)2 − λφp (6.61)

is invariant under conformal transformations for p = −2, 3, 4, 6.

We do the same checks for fermionic fields. The Lagrangian density is

L =
1

2
ψ̄/∂ψ +

1

2
mψ̄ψ + λ(ψ̄ψ)p, (6.62)

again letting λ be some constant, and p ∈ Z. However, we notice straight away
that we cannot have p > 2. The interaction term with p = 2 can be written
with spinor indices as

(ψ̄ψ)2 = CabCcdψ
aψbψcψd,

where a, b, c, d ∈ {1, 2, 3, 4}, since we are in 4 dimensions. For p > 2 at least one
of a, b, c, d will be repeated. Fermions anti-commute, thus the interaction term
vanishes. We can also show that for p = 2, the interaction term is non-zero. We
can write

(ψ̄ψ)2 = εabcdCabCcdψ
1ψ2ψ3ψ4.

εabcdCabCcd is proportional to the Pfaffian of C (see [13], section 2),

pf(C) = εabcdCabCcd. (6.63)

It can also be shown that, for an anti-symmetric matrix A, the Pfaffian is
pf(A) =

√
detA. C is an anti-symmetric matrix. Furthermore, by assumption,
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C is invertible. Thus, detC 6= 0, and pf(C) = εabcdCabCcd 6= 0. Hence, the
Lagrangian density with interaction term is

L =
1

2
ψ̄/∂ψ +

1

2
mψ̄ψ + λ(ψ̄ψ)2, (6.64)

The equations of motion for the interaction part are

δSint = λ

∫ (
δψaCabCcdψ

bψcψd − δψbCabCcdψaψcψd + δψcCabCcdψ
aψbψd

− δψdCabCcdψaψbψc
)

= λ

∫ (
δψ̄ψψ̄ψ + δψbCbaψ

aψ̄ψ + δψ̄ψψ̄ψ + δψdCdcψ̄ψψ
c
)

= 4λ

∫
δψ̄ψψ̄ψ.

Let us see if (6.64) is Poincaré invariant. We use the infinitesimal Poincaré
transformations

δaψ = aµ∂µψ,

δbψ = bµν(xµ∂ν − xν∂µ + Σµν)ψ.

Then we find

δaSint = 4λ

∫
aµ∂µψ̄ψψ̄ψ = −4λ

∫
aµ
(

2ψ̄∂µψψ̄ψ + ψ̄ψ∂µψ̄ψ
)

= −4λ

∫
aµ
(

2ψaCab∂µψ
b + ∂µψ

aCabψ
b
)
ψ̄ψ

= −4λ

∫
aµ
(
− 2∂µψ

bCabψ
a + ∂µψ

aCabψ
b
)
ψ̄ψ

= −4λ

∫
aµ
(

2∂µψ
bCbaψ

a + ∂µψ
aCabψ

b
)
ψ̄ψ = −12λ

∫
aµ∂µψ̄ψψ̄ψ

= −3δaSint.

Then we have 4δaSint = 0, so the varying action is invariant under infinitesimal
translations.

For the infinitesimal Lorentz transformation we recall that

δbψ̄ = bµν
(
(xµ∂ν − xν∂µ)ψ̄ + ψ̄Σνµ

)
.

We apply this transformation to the varying action:

δbSint = 4λ

∫
bµν
(
(xµ∂ν − xν∂µ)ψ̄ + ψ̄Σνµ

)
ψψ̄ψ.

Let us consider the terms separately, beginning with the first:∫
bµνxµ∂νψ̄ψψ̄ψ = −

∫
bµν
(
ηνµ(ψ̄ψ)2 + 2xµψ̄∂νψψ̄ψ + xµψ̄ψ∂νψ̄ψ

)
= −

∫
bµν
(
ηνµ(ψ̄ψ)2 + 2xµψ̄∂νψψ̄ψ + xµψ̄ψ∂νψ̄ψ

)
= −

∫
bµν(ηνµψ̄ψ + 3xµ∂νψ̄ψ)ψ̄ψ.
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The term including xν∂µ is similar. The last term is∫
bµνψ̄Σνµψψ̄ψ =

∫
bµνψa(Σνµ)abψ

bψ̄ψ = −
∫
bµνψb(Σνµ)abψ

aψ̄ψ

= −
∫
bµνψb(Σνµ)baψ

aψ̄ψ = −
∫
bµνψ̄Σνµψψ̄ψ.

Hence, this term vanishes. We are left with

δbSint = −4λ

∫
bµν
(
ηνµψ̄ψψ̄ψ + 3xµ∂νψ̄ψψ̄ψ

− ηµνψ̄ψψ̄ψ − 3xν∂µψ̄ψψ̄ψ
)

= −12λ

∫
bµν
(

(xµ∂ν − xν∂µ)ψ̄ψψ̄ψ
)
.

Thus, (6.64) is invariant under the Poincaré algebra.

Let us also check for conformal invariance. The infinitesimal conformal trans-
formations are

δcψ = c(xµ∂µ +
3

2
)ψ,

δdψ = dµ(xµx
ν∂ν − x2∂µ + 3xµ − xνγνµ)ψ.

We only need to check one of these, and we choose δc, which is the simplest one.
Applying δc to the varying action gives

δcSint = 4λ

∫
c(xµ∂µ +

3

2
)ψ̄ψψ̄ψ

= −4λ

∫
c
(

(δµµ −
3

2
)ψ̄ψ + xµψ̄ψ(∂µψ̄ψ + 2ψ̄∂µψ)

)
= −4λ

∫
c
(

(4− 3

2
)(ψ̄ψ)2 + 3xµ∂µψ̄ψψ̄ψ

)
= −4λ

∫
c(3xµ∂µ +

5

2
)ψ̄ψψ̄ψ.

This does not vanish. Thus, there is no pure fermionic interaction terms which
are invariant under the conformal algebra in four dimensions.

6.5 Supersymmetric Quantum Mechanics

Let us, for the first time, consider a supersymmetric Lagrangian, consisting of
a number of bosonic fields φi and fermionic fields ψi:

L(φ, ψ) = −1

2
φ̇2i +

1

2
ψiψ̇i. (6.65)

Now we work with only one time dimension and no space dimensions. In this
case we do not need γ-matrices or the Majorana conjugate for the theory to be
Lorentz invariant, which we will see. We find the equations of motion for this
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Lagrangian density:

δS =

∫
δφi

(
∂L

∂φi
− ∂t

∂L

∂φ̇i

)
+ δψi

(
∂L

∂ψi
− ∂t

∂L

∂ψ̇

)
=

∫
δφi∂tφ̇+ δψi

(
1

2
ψ̇i − ∂t(−

1

2
ψi)

)
=

∫
δφiφ̈i + δψiψ̇i.

Thus, the equations of motion are φ̈i = 0 and ψ̇i = 0. In subsection 6.2 we
showed that this is invariant under both Poincaré and conformal transforma-
tions.

In supersymmetry we want a way to be able to transform bosonic fields to
fermionic fields. We try the simple transformations

δεφi = εψi, (6.66)

δεψi = εφi, (6.67)

where ε is infinitesimal. Let us see if these transformations keeps the action
invariant:

δεS =

∫
δεφiφ̈i + δεψiψ̇i =

∫
εψiφ̈i + εφiψ̇i.

We notice immediately that this will not vanish. We need should have an extra
derivative in the last term. We instead try the following transformations:

δεφi = εψi, (6.68)

δεψi = εφ̇i. (6.69)

Under these transformations, the action gives

δεS =

∫
δεφiφ̈i + δεψiψ̇i =

∫
εψiφ̈i + εφ̇iψ̇i =

∫
εψiφ̈i − εφ̈iψi = 0.

Hence, the transformations (6.68) and (6.69) are supersymmetry transforma-
tions keeping (6.65) invariant.

A more involving Lagrangian will be investigated next,

(6.70)L(φ, ψ, ψ̃) = −1

2
φ̇2i +

1

2
ψiψ̇i +

1

2
ψ̃i

˙̃
ψi +

1

2
∂iW∂iW + (∂i∂jW )ψiψ̃j ,

with ∂i = ∂
∂φi . W = W (φ) is the potential of the bosonic field. By the principle

of least action,

δS =

∫
δφi

(
∂L

∂φi
− ∂t

∂L

∂(∂tφi)

)
+ δψi

(
∂L

∂ψi
− ∂t

∂L

∂(∂tψi)

)
+ δψ̃i

(
∂L

∂ψ̃i
− ∂t

∂L

∂(∂tψ̃i)

)
=

∫
δφi

(
φ̈i + ∂i∂jW + ∂i∂j∂kWψjψ̃k

)
+ δψi

(
ψ̇i + ∂i∂jWψ̃j

)
+ δψ̃i

(
˙̃
ψi − ∂i∂jWψj

)
.

The equations of motion are

φ̈i + ∂jW∂i∂jW + ∂i∂j∂kWψjψ̃k = 0, (6.71)

ψ̇i + ∂i∂jWψ̃j = 0, (6.72)

˙̃
ψi − ∂i∂jWψj = 0. (6.73)

38



7 LIE SUPERALGEBRAS

Under the transformations (6.68), (6.69) and

δεψ̃i = ε∂iW, (6.74)

the action becomes

δεS =

∫
εψi∂t∂tφi + ε∂tφi∂tψi + ε∂iW∂tψ̃i + ∂iW∂i∂jWεψj

+ ∂i∂jW (ψiε∂jW + ε∂tφiψ̃j) + ∂i∂j∂kWεψkψiψ̃j

= ε

∫
ψi∂t∂tφi + ∂tφi∂tψi + ∂iW∂tψ̃i + ∂iW∂i∂jWψj

− ∂i∂jWψi∂jW + ∂i∂jW∂tφjψ̃i + ∂i∂j∂kWψkψiψ̃j

= ε

∫
∂t(ψi∂tφi)− ∂tψi∂tφi + ∂tφi∂tψi

+ ∂iW∂tψ̃i + ∂i∂tWψ̃i − ∂i∂j∂kWψiψkψ̃j

= ε

∫
+∂iW∂tψ̃i + ∂t(∂iWψ̃i)− ∂iW∂tψ̃i − ∂k∂j∂iWψiψkψ̃j

= ε

∫
−∂i∂j∂kWψkψiψ̃j

Since the only term left is equal to itself multiplied by −1, δεS = 0.

The Lagrangian (6.70) is symmetric under φ→ φ, ψ → ψ̃ and ψ̃ → −ψ,

L → −1

2
φ̇i +

1

2
ψ̃i

˙̃
ψi +

1

2
ψiψ̇i +

1

2
∂iW∂iW − ∂i∂jWψ̃iψj︸ ︷︷ ︸

−∂i∂jWψj ψ̃i=−∂i∂jWψiψ̃j

= L.

Thus, we have another set of supersymmetry transformations,

δε̃φi = ε̃ψ̃i, (6.75)

δε̃ψ̃i = ε̃φ̇i, (6.76)

δε̃ψi = −ε̃∂iW. (6.77)

In the next section we will consider the algebra describing the supersymme-
try. This is not described by a Lie algebra, but rather by a Lie superalgebra.
We will see how this differs from the Lie algebra.

7 Lie Superalgebras

In this section we formally introduce Lie superalgebras, which is due to Haag,
 Lopuszański and Sohnius [6]. Coleman and Mandula [4] said that Lie algebras
cannot relate bosons and fermions, but Haag,  Lopuszański and Sohnius found
that if one made some changes to the definition of the Lie algebra, one really
could relate bosons and fermions. The algebra they created is now known as
a Lie superalgebra. Lie superalgebras are not some kind of a Lie algebra, it
is a different type of algebra, which contains the Lie algebra, as well as some
more. Algebras are vector spaces with some additional operator. Superalgebras
contain two types of elements, bosons and fermions. Therefore, a superalgebra
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has been constructed as a Z2-graded vector space (with an operator defined
below), or a super vector space

V := V0 ⊕ V1. (7.1)

V0 and V1 are two vector spaces. The elements in V0 and V1 are called homo-
geneous. Let X be an element in Vi, i ∈ Z2. The parity of X, denoted |X|, is
0 when X ∈ V0, and 1 when X ∈ V1. The elements of parity 0 are called even,
while those of parity 1 are called odd. The even elements are bosonic generators,
while the odd elements are fermionic generators. The formal definition of Lie
superalgebras follows.

Definition 7.1. A Lie superalgebra consists of the direct sum of two vector
spaces, g = g0 ⊕ g1, together with the Z2-graded bracket, defined as [−,−] :
gi × gj → gi+j , where i and j are added modulo 2. It satisfies

1. Bilinearity:
[αX + βY, Z] = α[X,Z] + β[Y,Z], [X,αY + βZ] = α[X,Y ] + β[X,Z] ∀
α, β ∈ K, and ∀ X,Y, Z ∈ g,

2. Super skew symmetry:
[X,Y ] = −(−1)|X||Y |[Y,X] ∀ X,Y ∈ g,

3. Super Jacobi identity:
[X, [Y,Z]] + (−1)|Z|(|X|+|Y |)[Y, [Z,X]] + (−1)|X|(|Y |+|Z|)[Z, [X,Y ]] = 0 ∀
X,Y, Z ∈ g.

From the definition we see that the bracket of two even elements X,Y is
again an even element, since [X,Y ] : g0 × g0 → g0+0 = g0. Doing this for each
of the three different cases gives:

[g0, g0] ⊂ g0, [g0, g1] ⊂ g1, [g1, g1] ⊂ g0.

Furthermore, super skew symmetry tells us that [g0, g0] and [g0, g1] are both
skew symmetric, while [g1, g1] is symmetric. Using this, we may find other
representations of the Jacobi identity. Let [000] denote that there are only even
elements present, [001] denote that there are two even and one odd element, and
so on. Furthermore, let Latin letters correspond to even elements, and Greek
letters correspond to odd elements. Then, for any X,Y, Z ∈ g0 and α, β, γ ∈ g1,

[000] : [X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0. (7.2)

This is the Jacobi identity, as seen for Lie algebras.

[001] :[X, [Y, α]] + (−1)0(0+1)[Y, [α,X]] + (−1)1(0+0)[α, [X,Y ]]

= [X, [Y, α]] + [Y, [α,X]] + [α, [X,Y ]] (7.3)

= [X, [Y, α]]− [Y, [X,α]]− [[X,Y ], α] = 0.

Hence, g1 is a representation of of g0

[011] :[X, [α, β]] + (−1)0(1+1)[α, [β,X]] + (−1)1(0+1)[β, [X,α]]

= [X, [α, β]] + [α, [β,X]]− [β, [X,α]] (7.4)

= [X, [α, β]]− [α, [X,β]]− [[X,α], β] = 0.
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[111] :[α, [β, γ]] + (−1)1(1+1)[β, [γ, α]] + (−1)1(1+1)[γ, [α, β]]

= [α, [β, γ]] + [β, [γ, α]] + [γ, [α, β]] = 0. (7.5)

Choosing α = β = γ, we get
[α[α, α]] = 0. (7.6)

Actually, this implies (7.5).

(7.7)

0 = [α+ β + γ, [α+ β + γ, α+ β + γ]]

= [α+ β + γ, [α, α] + [β, β] + [γ, γ] + [α, β] + [α, γ]

+ [β, α] + [β, γ] + [γ, α] + [γ, β]]

= [α, [α, α]] + [α, [β, β]] + [α, [γ, γ]] + [α, [α, β]] + [α, [α, γ]]

+ [α, [β, α]] + [α, [β, γ]] + [α, [γ, α]] + [α, [γ, β]]

+ [β, [α, α]] + [β, [β, β]] + [β, [γ, γ]] + [β, [α, β]] + [β, [α, γ]]

+ [β, [β, α]] + [β, [β, γ]] + [β, [γ, α]] + [β, [γ, β]]

+ [γ, [α, α]] + [γ, [β, β]] + [γ, [γ, γ]] + [γ, [α, β]] + [γ, [α, γ]]

+ [γ, [β, α]] + [γ, [β, γ]] + [γ, [γ, α]] + [γ, [γ, β]].

Noticing that

0 = [α+ β, [α+ β, α+ β]] = [α, [β, β] + 2[α, β]] + [β, [α, α] + 2[α, β]], (7.8)

0 = [α− β, [α− β, α− β]] = [α, [β, β]− 2[α, β]]− [β, [α, α]− 2[α, β]], (7.9)

where (7.6) has been used. Subtracting (7.9) from (7.8), we find

[α, [α, β]] = [α, [β, α]] = −1

2
[β, [α, α]]. (7.10)

Substituting (7.10) in (7.7) we find

[α, [β, γ]] + [β, [γ, α]] + [γ, [α, β]] = 0, (7.11)

which is (7.5). Hence, the super Jacobi identity for three odd elements can be
written

[α[α, α]] = 0. (7.12)

In the next section we will find a simple Lie superalgebra.

7.1 A First Superalgebra

In subsection 6.5 we found the following supersymmetry transformations ((6.68),
(6.69) and (6.74)):

δεφi = εψi, δεψi = εφ̇i, δεψ̃i = ε∂iW. (7.13)

Let Q be the generator of these transformations, with δεϕ = εQ. Then (7.13)
gives

Qφi = ψi, Qψi = ∂tφi, Qψ̃i = ∂iW.
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Applying Q twice gives

QQφi = Qψi = ∂tφi, (7.14)

QQψi = Q∂tφi = ∂tψi, (7.15)

QQψ̃i = Q∂iW = ∂i∂jWQφj = ∂tψ̃i, (7.16)

where (6.73),
˙̃
ψi = ∂i∂jWψj , has been used in (7.16). Thus QQ = ∂t = P0 =:

H, H being the Hamiltonian. We have Q ∈ g1 and H ∈ g0. The brackets are

[H,H] = HH −HH = 0, (7.17)

[Q,H] = QH −HQ = 0, (7.18)

[Q,Q] = QQ+QQ = 2H. (7.19)

This is a Lie superalgebra. Bilinearity follows as usual, and (7.17) and (7.18)
are skew-symmetric, while (7.19) is antisymmetric. The super Jacobi identities
are:

[000] :[H, [H,H]] + [H, [H,H]] + [H, [H,H]] = [H, 0] + [H, 0] + [H, 0]

= 0, (7.20)

[001] :[H, [H,Q]]− [H, [H,Q]]− [[H,H], Q] = [H, 0]− [H, 0]− [0, Q]

= 0, (7.21)

[011] :[H, [Q,Q]]− [Q, [H,Q]]− [[H,Q], Q] = [H, 2H]− [Q, 0]− [0, Q]

= 0, (7.22)

[111] :[[Q,Q], Q] = [2H,Q] = 0. (7.23)

It was also discovered that there is another set of supersymmetry transfor-
mations ((6.75), (6.76) and (6.77)):

δε̃φi = ε̃ψ̃i, δε̃ψ̃i = ε̃φ̇i, δε̃ψi = −ε̃∂iW. (7.24)

These generate another supercharge Q̃, satisfying

Q̃φi = ψ̃i, Q̃ψi = −∂iW, Q̃ψ̃i = ∂tφi.

Applying Q̃ twice gives

Q̃Q̃φi = Q̃ψ̃i = ∂tφi, (7.25)

Q̃Q̃ψi = −Q̃∂iW = −∂i∂jWQ̃φj = −∂i∂jWψ̃j = ∂tψi, (7.26)

Q̃Q̃ψ̃i = Q̃∂tφi = ∂tψ̃i, (7.27)

Where (6.72), ψ̇i = −∂i∂jWψ̃j , has been used in (7.26). This supercharge, as

with Q, satisfy Q̃Q̃ = ∂t = H. We have also Q̃ ∈ g1.

The vectorspace {H,Q, Q̃} is a Lie superalgebra. The brackets are (7.17),
(7.18) and (7.19) along with

[Q̃,H] = Q̃H −HQ̃ = 0, (7.28)

[Q̃, Q̃] = Q̃Q̃+ Q̃Q̃ = 2H. (7.29)
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We will see how Q̃ acts with Q on the different fields:

Q̃Qφi = Q̃ψi = −∂iW, QQ̃φi = Qψ̃i = ∂iW

Q̃Qψi = Q̃φ̇i =
˙̃
ψi, QQ̃ψi = −Q∂iW = − ˙̃

ψi,

Q̃Qψ̃i = Q̃∂iW = −ψ̇i, QQ̃ψ̃i = Qφ̇i = ψ̇i.

The last bracket can then be computed as

[Q̃,Q] = Q̃Q+QQ̃ = 0. (7.30)

These brackets are all bilinear, and (7.28) is skew-symmetric, while (7.29) and
(7.30) are both symmetric. The Jacobians are, in addition to (7.20) - (7.23),

[001] :[H, [H, Q̃]]− [H, [H, Q̃]]− [[H,H], Q̃] = [H, 0]− [H, 0]− [0, Q̃]

= 0, (7.31)

[011] :[H, [Q̃, Q̃]]− [Q̃, [H, Q̃]]− [[H, Q̃], Q̃] = [H, 2H]− [Q̃, 0]− [0, Q̃]

= 0, (7.32)

[011] :[H, [Q̃,Q]]− [Q̃, [H,Q]]− [[H, Q̃], Q] = [H, 0]− [Q̃, 0]− [0, Q]

= 0, (7.33)

[111] :[[Q̃, Q̃], Q̃] = [2H, Q̃] = 0. (7.34)

Thus, the algebra consisting of H,Q, Q̃ is a superalgebra.

In the final part of the thesis we consider two supersymmetry models, namely
the Wess-Zumino model and supersymmetric gauge theories. In our discussion
of the Wess-Zumino model, we will compute the Poincaré- and conformal su-
peralgebra.
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8 THE WESS-ZUMINO MODEL

Part III

Supersymmetry Models

8 The Wess-Zumino Model

The Wess-Zumino model is a simple four-dimensional supersymmetric field the-
ory, consisting of a real scalar field φ with mass m1, a real pseudo-scalar field φ̃
with mass m2, and a real Majorana spinor ψ with mass m3. A pseudo-scalar is a
scalar which changes sign under parity inversion, P . That is, for xµ = (t, ~x),
then xµP = (t,−~x). φ̃ will interact with γ5, and since changing the orientation

changes sign of γ5, φ̃ must also change sign to keep the action invariant, and
hence φ̃ must be a pseudo-scalar.

8.1 Free massless Wess-Zumino Model

We will first consider the Wess-Zumino model without mass and interactions,

Lkin = −1

2
(∂φ)2 − 1

2
(∂φ̃)2 − 1

2
ψ̄/∂ψ. (8.1)

In subsection 6.2 we found the equations of motion for each of these terms (the
pseudoscalar term is similar to the scalar term)

δS =

∫
δφ�φ+ δφ̃�φ̃− δψ̄/∂ψ. (8.2)

We also found that this action is invariant under infinitesimal Poincaré trans-
formations. We want to check if this is invariant under supersymmetry trans-
formations as well. [10] gives us the following supersymmetry transformations:

δεφ = ε̄ψ, δεφ̃ = ε̄γ5ψ, δεψ = /∂(φ+ φ̃γ5)ε. (8.3)

ε is a constant Majorana spinor. In (8.2) we have δψ̄ rather than δψ. Re-
membering that (Cγµ)t = Cγµ and (Cγµγ5)t = −Cγµγ5, we rewrite the latter
supersymmetry transformation:

δεψ̄ = /∂(φ+ φ̃γ5)ε = γµ∂µφε+ γµ∂µφ̃γ5ε = ∂µφγµε+ ∂µφ̃γµγ5ε

= ∂µφ(γµε)tC + ∂µφ̃(γµγ5ε)
tC = −∂µφεt(γµ)tCt − ∂µφ̃εtγt5(γµ)tCt

= −∂µφεt(Cγµ)t − ∂µφ̃εt(Cγµγ5)t = −∂µφεtCγµ + ∂µφ̃ε
tCγµγ5

= −ε̄/∂φ+ ε̄/∂φ̃γ5 = −ε̄/∂(φ− φ̃γ5) = −ε̄(φ+ φ̃γ5)
←−
/∂ ,

where
←−
/∂ means that the derivative acts on the fields to the left, (φ+ φ̃γ5)

←−
/∂ =

∂µ(φ+ φ̃γ5)γµ. The change of sign is due to /∂ = γµ∂µ and γµγ5 = −γ5γµ. Let
us now apply (8.3) to (8.2):

δεS =

∫
δεφ�φ+ δεφ̃�φ̃− δεψ̄/∂ψ =

∫
ε̄ψ�φ+ ε̄γ5ψ�φ̃+ ε̄/∂(φ− φ̃γ5)/∂ψ

=

∫
ε̄ψ�φ+ ε̄γ5ψ�φ̃− ε̄/∂∂µ(φ− φ̃γ5)γµψ =

∫
ε̄ψ�φ+ ε̄γ5ψ�φ̃− ε̄/∂∂µγµ(φ+ φ̃γ5)γµψ

=

∫
ε̄ψ�φ+ ε̄γ5ψ�φ̃− ε̄/∂

2
(φ+ φ̃γ5)γµψ.
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We notice that

/∂
2

= γµ∂µγ
ν∂ν =

1

2
γµγν(∂µ∂ν + ∂ν∂µ) =

1

2
γµγν∂µ∂ν +

1

2
γνγµ∂µ∂ν

=
1

2
(γµγν + γνγµ)∂µ∂ν =

1

2
(2ηµν1)∂µ∂ν = ∂µ∂

µ = �. (8.4)

Then we see that δεS = 0.

The supersymmetry transforamtions (8.3) are generated by a supercharge
Q. We should check whether or not the Lie superalgebra consisting of Pµ, Mµν

and Q is closed. The infinitesimal transformation generated by Q is

δεϕ = ε̄Qϕ. (8.5)

From the supersymmetry transformation (8.3) we read off that

Qφ = ψ, Qφ̃ = γ5ψ.

It is convenient to write the spinor indices when we find how Q act on the spinor
field ψ:

δεψ = ε̄Qψ = /∂(φ+ φ̃γ5)ε.

We rewrite the two last equalities with spinor indices:

ε̄Qψa = εbCbcQ
cψa = −εbQcCcbψa = −εbQbψa,

/∂(φ+ φ̃γ5)εa = (γµ)ab∂µφε
b + (γµγ5)ab∂µφ̃ε

b.

Equating these two, and multiplying with Cac, recalling that (γµ)ab = −Cac(γµ)cb,
gives

−εbQbψc = Cac((γ
µ)ab∂µφ+ (γµγ5)ab∂µφ̃)εb

= −Cca((γµ)ab∂µφ+ (γµγ5)ab∂µφ̃)εb = ((γµ)cb∂µφ+ (γµγ5)cb∂µφ̃)εb.

Then we have, letting b→ a and c→ b

Qaψb = −(γµ)ba∂µφ− (γµγ5)ba∂µφ̃.

Remembering that (γµ)ba = (γµ)ab and (γµγ5)ab = −(γµγ5)ba,

Qaψb = −(γµ)ab∂µφ+ (γµγ5)ab∂µφ̃. (8.6)

All of the transformations are then

Qaφ = ψa, Qaφ̃ = (γ5)a
b
ψb, Qaψb = −(γµ)ab∂µφ+ (γµγ5)ab∂µφ̃. (8.7)

The brackets defining the Poincaré superalgebra, in addition to (4.24),
(4.25) and (4.26), are

[Pµ, Qa] = 0, (8.8)

[Mµν , Qa] = (Σµν)a
b
Qb, (8.9)

[Qa, Qb] = 2(γµ)abPµ. (8.10)
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They have been computed in Appendix B.2. In the [Qa, Qb] bracket, the equa-
tions of motion for ψ has been used, hence the Poincaré superalgebra is only
closed on-shell. The action (8.2) is then invariant under the Poincaré superal-
gebra.

In subsection 6.2 we also saw that (8.2) is invariant under the conformal
algebra. We should check if the algebra generated by the generators of the
conformal algebra and Q is closed. Only [D,Q] and [Kµ, Q] are missing. These
have been computed in Appendix B.4. There it was discovered that [Kµ, Q] does
not correspond to any of the other generators we have seen so far. Therefore,
we need to introduce a new fermionic operator, Sa. It is defined as

[Kµ, Qa] = (γµ)a
b
Sb. (8.11)

In Appendix B.4 we have also found how Sa acts on the fields, namely

Saφ = xµγµψa, Saφ̃ = xµγµγ5ψa,

Saψb = (xµ∂µ + 2)(−φCab + φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab).

From this and δζϕ = ζ̄Sϕ, ζ being an anticommuting Majorana spinor, we can
find the infinitesimal supersymmetry transformations generated by S. The first
two can simply be read off as

δζφ = xµγµψ, δζ φ̃ = xµγµγ5ψ.

For the last one we rewrite Saψb

Saψb = (xµ∂µ + 2)(−φCab + φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)

= −(xµ∂µ + 2)(−φCba + φ̃(γ5)ba)− xµ∂ν(−φ(γνµ)ba + φ̃(γνµγ5)ba)

= −(xµ∂µ + 2)(−φCba + φ̃(γ5)ba)

− xµ∂ν(−φ(γνγµ − ηµν)ba + φ̃((γνγµ − ηµν)γ5)ba)

= −(xµ∂µ + 2)(−φCba + φ̃(γ5)ba)− xµ∂ν(−φ(γνγµ)ba + φ̃(γνγµγ5)ba)

+ xµ∂µ(−φCba + φ̃(γ5)ba)

= 2(φCba − φ̃(γ5)ba) + xµ∂ν(φ(γνγµ)ba + φ̃(γνγ5γ
µ)ba).

If we multiply −ζa on both sides, the left hand side is −ζaSaψb = δζψb. Fur-
thermore, raising the b index with ψb = ψcCcb, we have

δζψ
cCcb = −2(φCba − φ̃(γ5)caCcb)ζ

a − xµ∂ν(φ(γνγµ)caCcb + φ̃(γνγ5γ
µ)caCcb)ζ

a.

Multiplying both sides by (Ccb)
−1 = −Ccb,

δζψ
c = −2(−φCbaCcb − φ̃(γ5)ca)ζa − xµ∂ν(φ(γνγµ)ca + φ̃(γνγ5γ

µ)ca)ζa.

We notice that CbaC
cbζa = −CcbζaCab = −Ccbζb = −ζc. Then,

δζψ
c = −2(φζc − φ̃(γ5)caζ

a)− xµ∂ν(φ(γνγµ)ca + φ̃(γνγ5γ
µ)ca)ζa

= −2(φ(1)ca − φ̃(γ5)ca)ζa − xµ(γν)cd∂ν(φ(γµ)da + φ̃(γ5)de(γ
µ)ea)ζa.
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Without indices,

δζψ = −2(φ− φ̃γ5)ζ − xµγν∂ν(φγµ + φ̃γ5γ
µ)ζ.

Thus, we have found that the infinitesimal supersymmetry transformations gen-
erated by S are

δζφ = ζ̄xµγµψ, δζ φ̃ = ζ̄xµγµγ5ψ, δζψ = −/∂(φ+ φ̃γ5)xµγµζ − 2(φ− φ̃γ5)ζ.
(8.12)

As always, we need δζψ̄:

δζψ̄ = −/∂(φ+ φ̃γ5)xµγµζ − 2(φ− φ̃γ5)ζ

= −∂νφxµγνγµζ + ∂ν φ̃x
µγ5γνγµζ − 2φζ̄ + 2φ̃γ5ζ

= −∂νφxµ(γνγµζ)tC + ∂ν φ̃x
µ(γ5γ

νγµζ)tC − 2ζ̄φ+ 2φ̃(γ5ζ)tC

= −∂νφxµζtγtµγν
tC + ∂ν φ̃x

µζtγtµγ
νtγt5C − 2ζ̄φ+ 2φ̃ζtγt5C

= ∂νφx
µζtγtµ(Cγν)t − ∂ν φ̃xµζtγtµγν

t(Cγ5)t − 2ζ̄φ− 2φ̃ζt(Cγ5)t

= ∂νφx
µζtγtµCγ

ν + ∂ν φ̃x
µζtγtµγ

νtCγ5 − 2ζ̄φ+ 2φ̃ζtCγ5

= −∂νφxµζt(Cγµ)tγν − ∂ν φ̃xµζtγtµ(Cγν)tγ5 − 2ζ̄φ+ 2φ̃ζ̄γ5

= −∂νφxµζtCγµγν − ∂ν φ̃xµζtγtµCγνγ5 − 2ζ̄φ+ 2ζ̄φ̃γ5

= −∂νφxµζ̄γµγν + ∂ν φ̃x
µζt(Cγµ)tγνγ5 − 2ζ̄φ+ 2ζ̄φ̃γ5

= −ζ̄∂νφxµγµγν + ∂ν φ̃x
µζtCγµγ

νγ5 − 2ζ̄φ+ 2ζ̄φ̃γ5.

Thus,

δζψ̄ = −ζ̄xµγµ(φ+ φ̃γ5)
←−
/∂ − 2ζ̄(φ− φ̃γ5). (8.13)

The varying action under these supersymmetry transformations is then

δζS =

∫
δζφ�φ+ δζ φ̃�φ̃− δζψ̄/∂ψ

=

∫
ζ̄xµγµψ�φ+ ζ̄xµγµγ5ψ�φ̃+ ζ̄xµγµ/∂(φ− φ̃γ5)/∂ψ + 2ζ̄(φ− φ̃γ5)/∂ψ

=

∫
ζ̄xµγµψ�φ+ ζ̄xµγµγ5ψ�φ̃

− ζ̄(δµν + xµ∂ν)γµ/∂(φ− φ̃γ5)γνψ − 2ζ̄∂ν(φ− φ̃γ5)γνψ

=

∫
ζ̄xµγµψ�φ+ ζ̄xµγµγ5ψ�φ̃− ζ̄γν/∂γν(φ+ φ̃γ5)ψ

− ζ̄xµγµ/∂γν∂ν(φ+ φ̃γ5)ψ − 2ζ̄γν∂ν(φ+ φ̃γ5)ψ

=

∫
ζ̄xµγµψ�φ+ ζ̄xµγµγ5ψ�φ̃− ζ̄γνγµγν∂µ(φ+ φ̃γ5)ψ

− ζ̄xµγµ�(φ+ φ̃γ5)ψ − 2ζ̄ /∂(φ+ φ̃γ5)ψ

=

∫
2ζ̄γµ∂µ(φ+ φ̃γ5)ψ − 2ζ̄ /∂(φ+ φ̃γ5)ψ

= 0,

where we have used (5.29) γνγ
µγν = −2γµ.
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We now need to check if the superalgebra generated by Pµ, Mµν , D, Kµ,
Q and S is closed. This has been done in B.4, were it was discovered that the
bracket [Q,S] generated another bosonic operator, R, defined on-shell by

[Qa, Sb] = 2DCab − 2R(γ5)ab − (γµν)abMµν . (8.14)

R acts on the fields as

Rφ = φ̃, Rφ̃ = −φ, Rψ =
1

2
γ5ψ. (8.15)

We find the infinitesimal transformations generated by R. They are given
by δeϕ = eRϕ, where e is an infinitesimal bosonic parameter.

δeφ = eφ̃, δeφ̃ = −eφ, δeψ =
1

2
eγ5ψ. (8.16)

Then we find the transformation for ψ̄,

δeψ̄ =
1

2
eγ5ψ =

1

2
e(γ5ψ)tC = −1

2
eψtγt5C

t = −1

2
eψt(Cγ5)t =

1

2
eψtCγ5 =

1

2
eψ̄γ5.

The varying action, over the infinitesimal transformations generated by R, is

δeS =

∫
δeφ�φ+ δeφ̃�φ̃− δeψ̄/∂ψ =

∫
eφ̃�φ− eφ�φ̃− 1

2
eψ̄γ5/∂ψ

=

∫
eφ̃�φ− e�φφ̃− 1

2
eψa(γ5γ

µ)ab∂µψ
b = −1

2

∫
eψa(γ5γ

µ)ab∂µψ
b.

The last term vanishes:∫
eψa(γ5γ

µ)ab∂µψ
b = −

∫
e∂µψ

a(γ5γ
µ)abψ

b =

∫
eψb(γ5γ

µ)ab∂µψ
a

=

∫
eψa(γ5γ

µ)ba∂µψ
b = −

∫
eψa(γ5γ

µ)ab∂µψ
b = 0.

Hence, δeS = 0.

With the inclusion of R, the conformal superalgebra closes. The brackets
defining the on-shell conformal superalgebra in four dimensions are

[Mµν , Pρ] = ηνρPµ − ηµρPν , [Mµν ,Mρσ] = ηµ[ρMσ]ν − ην[ρMσ]µ,

[Pµ, D] = Pµ, [Kµ, D] = −Kµ,

[Pµ,Kν ] = 2ηµνD − 2Mµν , [Mµν ,Kρ] = ηνρKµ − ηµρKν ,

[Mµν , Qa] = −(Σµν)a
b
Qb, [Qa, Qb] = 2(γµ)abPµ,

[Kµ, Qa] = (γµ)a
b
Sb, [Mµν , Sa] = (Σµν)a

b
Sb,

[Pµ, Sa] = −(γµ)a
b
Qb, [Sa, Sb] = 2(γµ)abKµ,

[Qa, Sb] = 2CabD − 2(γ5)abR+ (γµν)abMµν , [R,Qa] = −1

2
(γ5)a

b
Qb,

[R,Sa] =
1

2
(γ5)a

b
Sb, [D,Qa] =

1

2
Qa,

[D,Sa] = −1

2
Sa.

We have shown that the free massless Wess-Zumino model is invariant under
this algebra. Let us next consider the Wess-Zumino model with mass terms.
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8.2 Massive Wess-Zumino Model

Let us now add masses, so that the Lagrangian becomes

L = −1

2
(∂φ)2 − 1

2
(∂φ̃)2 − ψ̄/∂ψ − 1

2
m2

1φ
2 − 1

2
m2

2φ̃
2 −m3ψ̄ψ. (8.17)

We have seen that also this Lagrangian is Poincaré invariant. We also saw that
is is not invariant under conformal transformations. The equations of motion
were found to be

δS =

∫
δφ(�−m2

1)φ+ δφ̃(�−m2
2)φ̃− δψ̄(/∂ +m3)ψ. (8.18)

The supersymmetry transformations incorporating the mass are in [10] stated
as

δεφ = ε̄ψ, δεφ̃ = ε̄γ5ψ, δεψ = (/∂ −m3)(φ+ φ̃γ5)ε. (8.19)

We find δεψ̄. Recall that (Cγ5)t = −Cγ5.

δεψ̄ = (/∂ −m3)(φ+ φ̃γ5)ε = /∂(φ+ φ̃γ5)ε−m3(φ+ φ̃γ5)ε

= −ε̄/∂(φ− φ̃γ5)−m3φε̄−m3φ̃γ5ε = −ε̄/∂(φ− φ̃γ5)− ε̄m3φ−m3φ̃(γ5ε)
tC

= −ε̄/∂(φ− φ̃γ5)− ε̄m3φ+ εtm3φ̃(Cγ5)t = −ε̄/∂(φ− φ̃γ5)− ε̄m3φ− ε̄m3φ̃γ5

= −ε̄
(
/∂(φ− φ̃γ5) +m3(φ+ φ̃γ5)

)
= −ε̄(φ+ φ̃γ5)(

←−
/∂ +m3).

Let us now apply (8.19) to (8.18).

δεS =

∫
δεφ(�−m2

1)φ+ δεφ̃(�−m2
2)φ̃− δεψ̄(/∂ +m3)ψ

=

∫
ε̄ψ(�−m2

1)φ+ ε̄γ5ψ(�−m2
2)φ̃+ ε̄

(
/∂(φ− φ̃γ5) +m3(φ+ φ̃γ5)

)
(/∂ +m3)ψ

=

∫
ε̄ψ(�−m2

1)φ+ ε̄γ5ψ(�−m2
2)φ̃+ /∂(φ− φ̃γ5)/∂ψ − /∂(φ− φ̃γ5)m3ψ

+m3(φ+ φ̃γ5)/∂ψ +m2
3(φ+ φ̃γ5)ψ

=

∫
ε̄ψ(�−m2

1)φ+ ε̄γ5ψ(�−m2
2)φ̃− /∂2(φ+ φ̃γ5)ψ − (φ+ φ̃γ5)m3/∂ψ

+m3(φ+ φ̃γ5)/∂ψ +m2
3(φ+ φ̃γ5)ψ

=

∫
ε̄ψ(�−m2

1)φ+ ε̄γ5ψ(�−m2
2)φ̃−�(φ+ φ̃γ5)ψ +m2

3(φ+ φ̃γ5)ψ.

δεS vanishes when m1 = m2 = m3. Thus, all fields must have the same mass,
for the theory to be invariant under the Poincaré superalgebra.

8.3 Interacting Wess-Zumino Model

Lastly we add interactions. The interaction terms in the Wess-Zumino model
takes the form

Lint = −λ
(
ψa(φCab − φ̃(γ5)ab)ψ

b +
1

2
λ(φ2 + φ̃2)2 +mφ(φ2 + φ̃2)

)
, (8.20)
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so the Lagrangian describing the Wess-Zumino model is given by

LWZ =− 1

2
(∂φ)2 − 1

2
(∂φ̃)2 − ψ̄/∂ψ − 1

2
m2φ2 − 1

2
m2φ̃2 −mψ̄ψ

− λ
(
ψ̄(φ− φ̃γ5)ψ +

1

2
λ(φ2 + φ̃2)2 +mφ(φ2 + φ̃2)

)
. (8.21)

In subsection 6.4 it was discovered that bosonic fields to any power are invariant
under the Poincaré algebra, while in 4 dimensions, we can only have interaction
terms to power 4, for it to be conformally invariant. This is okay in this case,
since the term containing φ3 is connected to the mass, and we know that this
is not present in theories which are invariant under conformal transformations.
Therefore, only the first term needs to be checked for Poincaré and conformal
invariance. Let us first find the equations of motion for the interaction part:

δSint =

∫
δφ
∂Lint

∂φ
+ δφ̃

∂Lint

∂φ̃
+ δψa

∂Lint

∂ψa
+ δψb

∂Lint

∂ψb

= −λ
∫
δφ
(
ψaCabψ

b + 2λ(φ2 + φ̃2)φ+m(φ2 + φ̃2 + 2mφ2
)

+ δφ̃
(
−ψa(γ5)abψ

b + 2λ(φ2 + φ̃2)φ̃+ 2mφφ̃
)

+ δψa(φCab − φ̃(γ5)ab)ψ
b − δψbψa(φCab − φ̃(γ5)ab)

= −λ
∫
δφ
(
ψ̄ψ + 2λ(φ3 + φφ̃2) +m(3φ2 + φ̃2)

)
+ δφ̃

(
−ψ̄γ5ψ + 2λ(φ2φ̃+ φ̃3) + 2mφφ̃)

)
+ δψ̄(φ− φ̃γ5)ψ + δψbψa(φCba − φ̃(γ5)ba)

= −λ
∫
δφ
(
ψ̄ψ + 2λ(φ3 + φφ̃2) +m(3φ2 + φ̃2)

)
+ δφ̃

(
−ψ̄γ5ψ + 2λ(φ2φ̃+ φ̃3) + 2mφφ̃)

)
+ 2δψ̄(φ− φ̃γ5)ψ.

Then the varying action for the full Lagrangian density is

δSWZ =

∫
δφ
[
�φ−m2φ− λ

(
ψ̄ψ + 2λ(φ2 + φ̃2)φ+m(3φ2 + φ̃2)

)]
+δφ̃

[
�φ̃−m2φ̃− λ

(
−ψ̄γ5ψ + 2λ(φ2 + φ̃2)φ̃+ 2mφφ̃

)]
(8.22)

−δψ̄
[
/∂ +m+ 2λ(φ− φ̃γ5)

]
ψ.

The terms we need to check for Poincaré invariance are the ones containing
different fields, for example both φ and φ̃. The remaining terms are

δSr = −λ
∫
δφ(ψ̄ψ + 2λφφ̃2 +mφ̃2) + δφ̃(−ψ̄γ5ψ + 2λφ̃φ2 + 2mφφ̃)

+ 2δψ̄(φ− φ̃γ5)ψ. (8.23)

50



8.3 Interacting Wess-Zumino Model 8 THE WESS-ZUMINO MODEL

Let us first check for Poincaré invariance. We recall the infinitesimal Poincaré
transformations:

δaφ = aµ∂µφ, δbφ = bµν(xµ∂ν − xν∂µ)φ,

δaφ̃ = aµ∂µφ̃, δbφ̃ = bµν(xµ∂ν − xν∂µ)φ̃,

δaψ = aµ∂µψ, δbψ = bµν(xµ∂ν − xν∂µ + Σµν)ψ.

Since we need δa,bψ̄, we rewrite the last two equations:

δaψ̄ = aµ∂µψ̄, δbψ̄ = bµν((xµ∂ν − xν∂µ)ψ̄ + ψ̄Σνµ),

as in subsection 6.2. δSr acted upon by these transformations becomes

δaSr = −λ
∫
aµ∂µφ(ψ̄ψ + 2λφφ̃2 +mφ̃2) + aµ∂µφ̃(−ψ̄γ5ψ + 2λφ̃φ2 + 2mφφ̃)

+ 2aµ∂µψ̄(φ− φ̃γ5)ψ

= λ

∫
aµφ∂µ(ψ̄ψ + 2λφφ̃2 +mφ̃2) + aµφ̃∂µ(−ψ̄γ5ψ + 2λφ̃φ2 + 2mφφ̃)

− 2aµ∂µψ̄(φ− φ̃γ5)ψ.

We notice that∫
∂µ(ψ̄ψ) =

∫
(∂µψ̄ψ + ψaCab∂µψ

b) =

∫
(∂µψ̄ψ − ∂µψbCabψa)

=

∫
(∂µψ̄ψ + ∂µψ

bCbaψ
a) = 2

∫
∂µψ̄ψ. (8.24)

The same is true if we include γ5,
∫
∂µ(ψ̄γ5ψ) = 2

∫
∂µψ̄γ5ψ, since (γ5)ab =

−(γ5)ba. Then, we are left with

δaSr = λ

∫
aµφ∂µ(2λφφ̃2 +mφ̃2) + aµφ̃∂µ(2λφ̃φ2 + 2mφφ̃).

The terms linear in λ2 are∫
aµ
(
φ∂µ(φφ̃2) + φ̃∂µ(φ̃φ2)

)
=

∫
aµ
(
φφ̃2∂µφ+ 2φ2φ̃∂µφ̃+ φ̃φ2∂µφ̃+ 2φ̃2φ∂µφ

)
= 3

∫
aµ(∂µφ(φφ̃2) + ∂µφ̃(φ̃φ2)).

Comparing this with what we had in the beginning, we see that the terms linear
in λ2 vanish. Only the terms linear in m remains:∫

aµ(φ∂µ(φ̃2) + 2φ̃∂µ(φφ̃)) =

∫
aµ(2φφ̃∂µφ̃− 2φφ̃∂µφ̃) = 0.

We also need to check δbSr:

δbSr = −λ
∫
bµν(xµ∂ν − xν∂µ)

(
φ(ψ̄ψ + 2λφφ̃2 +mφ̃2)

+ φ̃(−ψ̄γ5ψ + 2λφ̃φ2 + 2mφφ̃) + 2ψ̄(φ− φ̃γ5)ψ
)

+ 2bµνψ̄Σνµ(φ− φ̃γ5)ψ.
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All terms in the big parenthesis vanish in the same way as for δaSr. Only the
last term remains:

δbSr = −2λ

∫
bµνψ̄Σνµ(φ− φ̃γ5)ψ = −λ

∫
bµνψa(φ(γνµ)ab − φ̃(γνµγ5)ab)ψ

b

= λ

∫
bµνψb(φ(γνµ)ab − φ̃(γνµγ5)ab)ψ

a = λ

∫
bµνψb(φ(γνµ)ba − φ̃(γνµγ5)ba)ψa

= 2λ

∫
bµνψ̄Σνµ(φ− φ̃γ5)ψ = 0.

Hence, the Wess-Zumino model is Poincaré invariant.

We should next check if the Wess-Zumino model is invariant under the
Poincaré superalgebra. [10] gives us the following supersymmetry transforma-
tions

δεφ = ε̄ψ, δεφ̃ = ε̄γ5ψ, δεψ =
[
/∂ −m− λ(φ+ φ̃γ5)

]
(φ+ φ̃γ5)ε. (8.25)

Let us first see if δSWZ is invariant under these transformation. δεψ̄ is computed:

δεψ̄ =
[
/∂ −m− λ(φ+ φ̃γ5)

]
(φ+ φ̃γ5)ε

= (/∂ −m)(φ+ φ̃γ5)ε− λ(φ+ φ̃γ5)2ε

= −ε̄(φ+ φ̃γ5)(
←−
/∂ +m)− λ(φ2 + 2φφ̃γ5 − φ̃2)ε.

The result from subsection 8.2 has been used. In the last barred term there
are two terms in which the bar only do anything for ε. This simply becomes
−ε̄λ(φ2 − φ̃2). The last part is

2λφφ̃γ5ε = 2λφφ̃γ5ε = 2λφφ̃(γ5ε)
tC = −2λφφ̃εtγt5C

t

= −2εtλφφ̃(Cγ5)t = 2ε̄λφφ̃γ5.

Hence,

δεψ̄ = −ε̄(φ+ φ̃γ5)(
←−
/∂ +m)− ε̄λ(φ2 − φ̃2)− 2ε̄λφφ̃γ5

= −ε̄(φ+ φ̃γ5)(
←−
/∂ +m)− ε̄λ(φ+ φ̃γ5)2

= −ε̄
[
(φ+ φ̃γ5)(

←−
/∂ +m+ λ(φ+ φ̃γ5))

]
.

Now we can apply the transformations (8.25) to (8.22):

δεSWZ =

∫
ε̄ψ
[
�φ−m2φ− λ

(
ψ̄ψ + 2λ(φ3 + φφ̃2) +m(3φ2 + φ̃2)

)]
+ε̄γ5ψ

[
�φ̃−m2φ̃− λ

(
−ψ̄γ5ψ + 2λ(φ2φ̃+ φ̃3) + 2mφφ̃

)]
+ε̄
[
(φ+ φ̃γ5)(

←−
/∂ +m+ λ(φ+ φ̃γ5))

] [
/∂ +m+ 2λ(φ− φ̃γ5)

]
ψ.

The results from the free massive part tells us that the part containing both
/∂’s cancel the � terms, and also that all m2 terms cancel each other. We also
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saw that the terms with m/∂ in the last line vanishes. Let us consider the terms
(ε̄ψ)(ψ̄ψ) and (ε̄γ5ψ)(ψ̄γ5ψ). We can write these as

(ε̄ψ)(ψ̄ψ)− (ε̄γ5ψ)(ψ̄γ5ψ) = ε̄(ψψ̄ − γ5ψψ̄γ5)ψ.

Applying the Fierz identity (A.31), we have

ψψ̄ = −1

4
(ψ̄ψ)1+

1

4
(ψ̄γ5ψ)γ5 −

1

4
(ψ̄γµψ)γµ +

1

4
(ψ̄γµγ5)γµγ5 +

1

8
(ψ̄γµνψ)γµν ,

γ5ψψ̄γ5 = γ5(−1

4
(ψ̄ψ)1+

1

4
(ψ̄γ5ψ)γ5 −

1

4
(ψ̄γµψ)γµ +

1

4
(ψ̄γµγ5)γµγ5 +

1

8
(ψ̄γµνψ)γµν)γ5

= −1

4
(ψ̄ψ)1γ25 +

1

4
(ψ̄γ5ψ)γ35 +

1

4
(ψ̄γµψ)γµγ

2
5 −

1

4
(ψ̄γµγ5)γµγ

3
5 +

1

8
(ψ̄γµνψ)γµνγ

2
5

=
1

4
(ψ̄ψ)1− 1

4
(ψ̄γ5ψ)γ5 −

1

4
(ψ̄γµψ)γµ +

1

4
(ψ̄γµγ5)γµγ5 −

1

8
(ψ̄γµνψ)γµν .

Subtracting these, we get

(ε̄ψ)(ψ̄ψ)− (ε̄γ5ψ)(ψ̄γ5ψ) =
1

2
ε̄

(
−(ψ̄ψ)1+ (ψ̄γ5ψ)γ5 +

1

2
(ψ̄γµνψ)γµν

)
ψ

The last term vanishes:

ψ̄γµνψ = ψa(γµν)abψ
b = −ψb(γµν)abψ

a = −ψb(γµν)baψ
a = −ψ̄γµνψ = 0.

We are left with

(ε̄ψ)(ψ̄ψ)− (ε̄γ5ψ)(ψ̄γ5ψ) = −1

2
ε̄
(
(ψ̄ψ)1− (ψ̄γ5ψ)γ5

)
ψ

= −1

2
(ε̄ψ)(ψ̄ψ)− 1

2
(ε̄γ5ψ)(ψ̄γ5ψ) = 0.

Thus, also the terms (ε̄ψ)(ψ̄ψ) and (ε̄γ5ψ)(ψ̄γ5ψ) vanish from δεSWZ. The
remaining terms are

δεSWZ =

∫
−ε̄ψλ

(
2λ(φ2 + φ̃2)φ+m(3φ2 + φ̃2)

)
− ε̄γ5ψλ

(
2λ(φ2 + φ̃2)φ̃+ 2mφφ̃

)
+ε̄λ

(
2λ(φ+ φ̃γ5)(φ2 + φ̃2) + 2/∂(φ− φ̃γ5)(φ− φ̃γ5)

+ 2m(φ+ φ̃γ5)(φ− φ̃γ5) + (φ+ φ̃γ5)2/∂ + (φ+ φ̃γ5)2m
)
ψ

The first term in each of the brackets cancel each other. The mass terms in the
final bracket can be rewritten

2m(φ+ φ̃γ5)(φ− φ̃γ5)ψ + (φ+ φ̃γ5)2mψ = 2m(φ2 + φ̃2)ψ + (φ2 + 2φφ̃− φ̃2)mψ

= m(3φ2 + φ̃ψ) + 2mφφ̃ψ,

so all the mass terms cancel each other. We are left with

2/∂(φ− φ̃γ5)(φ− φ̃γ5)ψ + (φ+ φ̃γ5)2/∂ψ

= 2/∂(φ− φ̃γ5)(φ− φ̃γ5)ψ − 2∂µ(φ+ φ̃γ5)(φ+ φ̃γ5)γµψ

= 2/∂(φ− φ̃γ5)(φ− φ̃γ5)ψ − 2∂µγ
µ(φ− φ̃γ5)(φ− φ̃γ5)ψ = 0.
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Thus, δSWZ = 0.

From subsection 6.3 we know that a massive Lagrangian cannot be invari-
ant under conformal transformations. Let us now consider the massless Wess-
Zumino model

LmWZ = −1

2
(∂φ)2 − 1

2
(∂φ̃)2 − ψ̄/∂ψ − λ

(
ψ̄(φ− φ̃γ5)ψ +

1

2
λ(φ2 + φ̃2)2

)
.

(8.26)

The varying action is

(8.27)
δSmWZ =

∫
δφ
[
�φ− λψ̄ψ − 2λ2(φ3 + φφ̃2)

]
+δφ̃

[
�φ̃+λψ̄γ5ψ−2λ2(φ̃3 +φ2φ̃)

]
−δψ̄

[
/∂+2λ(φ− φ̃γ5)

]
ψ.

We should check that this is invariant under infinitesimal conformal transforma-
tions. We only need to check either using the dilations or the special conformal
transformations, due to [Pµ,Kν ] = 2ηµνD−2Mµν . We check the dilations, since
these are the simplest ones,

δcφ = c(xµ∂µ + 1)φ, δcφ̃ = c(xµ∂µ + 1)φ̃, δcψ = c(xµ∂µ +
3

2
)ψ.

The transformation for ψ̄ is simply δcψ̄ = c(xµ∂µ + 3
2 )ψ̄. For the same reasons

as above, the only remaining terms to be checked are

δSr = −λ
∫
δφ(ψ̄ψ + 2λφφ̃2) + δφ̃(−ψ̄γ5ψ + 2λφ̃φ2)

+ 2δψ̄(φ− φ̃γ5)ψ. (8.28)

Then, acting on the action with the infinitesimal dilation transformations yield

δcSr = −λ
∫
c(xµ∂µ + 1)

(
φ(ψ̄ψ + 2λφφ̃2) + φ̃(−ψ̄γ5ψ + 2λφ̃φ2

)
+ 2c(xµ∂µ +

3

2
)ψ̄(φ− φ̃γ5)ψ.

The terms linear in λ are

δcSr = λ

∫
−(xµ∂µ + 1)φψ̄ψ + (xµ∂µ + 1)φ̃ψ̄γ5ψ − 2(xµ∂µ +

3

2
)ψ̄(φ− φ̃γ5)ψ

= λ

∫
−ψ̄(xµ∂µ + 1)(φ− φ̃γ5)ψ − 2(xµ∂µ +

3

2
)ψ̄(φ− φ̃γ5)ψ

= λ

∫
xµ∂µψ̄(φ− φ̃γ5)ψ + ψ̄(φ− φ̃γ5)xµ∂µψ + (δµµ − 1)(φ− φ̃γ5)ψ̄ψ

− 2(xµ∂µ +
3

2
)ψ̄(φ− φ̃γ5)ψ

= 0.

By a similar computation, the terms linear in λ2 vanish. Hence, the massless
Wess-Zumino model is invariant under the conformal algebra.
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Doing the same calculations as in subsection 8.1, we find the supersymmetry
transformations generated by S to be

δζφ = ζ̄xµγµψ,

δζ φ̃ = ζ̄xµγµγ5ψ, (8.29)

δζψ = −(/∂ − λ(φ+ φ̃γ5))(φ+ φ̃γ5)xµγµζ − 2(φ− φ̃γ5)ζ.

We find δζψ̄. The only additional term to the one we found in subsection 8.1 is

λ(φ+ φ̃γ5)2xµγµζ = λ(φ2 + 2φφ̃γ5 − φ̃2)xµγµζ. This becomes

λ(φ2 + 2φφ̃γ5 − φ̃2)xµγµζ = λφ2xµγµζ + 2λφφ̃xµγ5γµζ − λφ̃2xµγµζ
=λφ2xµ(γµζ)tC+2λφφ̃xµ(γ5γµζ)tC−λφ̃2xµ(γµζ)tC

= −λφ2xµζtγtµCt− 2λφφ̃xµζtγtµγ
t
5C

t +λφ̃2xµζtγtµC
t

= −λφ2xµζt(Cγµ)t − 2λφφ̃xµζt(Cγ5γµ)t

+ λφ̃2xµζt(Cγµ)t

= −λφ2xµζtCγµ + 2λφφ̃xµζtCγ5γµ + λφ̃2xµζtCγµ

= −ζ̄λφ2xµγµ − 2ζ̄λφφ̃xµγµγ5 + ζ̄λφ̃2xµγµ

= −ζ̄λxµγµ(φ2 + 2φφ̃γ5 − φ̃2)

= −ζ̄λxµγµ(φ+ φ̃γ5)2.

Then

δζψ̄ = −ζ̄xµγµ(φ+ φ̃γ5)(
←−
/∂ + λ(φ+ φ̃γ5))− 2ζ̄(φ− φ̃γ5).

Let us now see if LmWZ is invariant under these transformations:

δζSmWZ =

∫
ζ̄xµγµψ

[
�φ− λψ̄ψ − 2λ2(φ3 + φφ̃2)

]
+ ζ̄xµγµγ5ψ

[
�φ̃+ λψ̄γ5ψ − 2λ2(φ̃3 + φ2φ̃)

]
+
[
ζ̄xµγµ(φ+ φ̃γ5)(

←−
/∂ + λ(φ+ φ̃γ5)) + 2ζ̄(φ− φ̃γ5)

] [
/∂ + 2λ(φ− φ̃γ5)

]
ψ.

We know from subsection 8.1 that terms not including any factors of λ cancel
each other. By a trivial extension of how we found that the terms ε̄ψψ̄ψ and
ε̄γ5ψψ̄γ5ψ vanish in the massive case, also ζ̄γµψψ̄ψ and ζ̄γµγ5ψψ̄γ5ψ vanish.
Hence, we are left with

δζSmWZ = λ

∫
ζ̄xµγµψ

[
−2λ(φ2 + φ̃2)φ

]
+ ζ̄xµγµψ

[
−2λ(φ̃2 + φ2)φ̃γ5

]
+ ζ̄
[
xµγµ

(
2(φ− φ̃γ5)/∂(φ− φ̃γ5) + (φ+ φ̃γ5)2/∂ + 2λ(φ+ φ̃γ5)2(φ− φ̃γ5)

)
+ 4(φ− φ̃γ5)2

]
ψ.
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The terms linear in λ2 cancel. Let us now consider the terms linear in λ.∫
2xµγµ(φ− φ̃γ5)/∂(φ− φ̃γ5)ψ + xµγµ(φ+ φ̃γ5)2γν∂νψ + 4(φ− φ̃γ5)2ψ

=

∫
2xµγµ(φ− φ̃γ5)/∂(φ− φ̃γ5)ψ − δµν γµ(φ+ φ̃γ5)2γνψ

− xµγµ∂ν(φ+ φ̃γ5)2γνψ + 4(φ− φ̃γ5)2ψ

=

∫
2xµγµ(φ− φ̃γ5)/∂(φ− φ̃γ5)ψ − γµγµ(φ− φ̃γ5)2ψ

− 2xµγµ(φ− φ̃γ5)γν∂ν(φ− φ̃γ5)ψ + 4(φ− φ̃γ5)2ψ

=

∫
−4(φ− φ̃γ5)2ψ + 4(φ− φ̃γ5)2ψ = 0.

Thus LmWZ is invariant under the infinitesimal transformations generated by S.

As we discovered in subsection 8.1 there is one more generator in the confor-
mal superalgebra, namely R. We need to check that LmWZ is invariant under
the infinitesimal transformations generated by R. We recall the transformations:

δeφ = eφ̃, δeφ̃ = −eφ, δeψ̄ =
1

2
eγ5ψ̄.

Let us apply these transformations to δSmWZ:

δeSmWZ =

∫
eφ̃
[
�φ− λψ̄ψ − 2λ2(φ3 + φφ̃2)

]
− eφ

[
�φ̃+ λψ̄γ5ψ − 2λ2(φ̃3 + φ2φ̃)

]
− 1

2
eγ5ψ̄

[
/∂ + 2λ(φ− φ̃γ5)

]
ψ.

It is easy to see that all terms cancel. Thus, the Wess-Zumino model is invariant
under the conformal superalgebra.

In the next section we will investigate gauge theories. The bosonic field in
gauge theories are not scalar fields φ, which are spin-0. They are instead spin-1
gauge fields Aµ, which are vector fields.

9 Supersymmetric Gauge Theories

Here we will consider gauge theories. In a gauge theory, one can remove redun-
dant degrees of freedom in the Lagrangian by gauge transformations. The gauge
transformations are symmetries of the Lagrangian. Gauge theories are built on
Lie groups. Let G be a Lie group with Lie algebra g. Let {Ti} be a basis for g.
Then g satisfies [Ti, Tj ] = fij

kTk, where fij
k are the structure constant, which

are anti-symmetric. If [Ti, Tj ] = 0, we have an Abelian gauge theory, which we
will see an example of, namely electromagnetism.

9.1 Super-Electromagnetism

The non-supersymmetry parts are taken from [7], chapter 1.8.
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Let us start by recalling the Maxwell equations representing the laws of
electromagnetism. Let a bold faced letter represent three-vectors, where EEE =
(Ex, Ey, Ez) is the electric field and BBB = (Bx, By, Bz) is the magnetic field. Let
VVV be a three-vector, then ∇ · VVV is the divergence of VVV , defined as

∇ · VVV := ∂xVx + ∂yVy + ∂zVz.

∇× VVV is the curl of VVV , defined as

∇× VVV := (∂yVz − ∂zVy)i− (∂xVz − ∂zVx)j + (∂xVy − ∂yVx)k,

where i, j and k are the standard basis vectors. Furthermore, let ρ be the electric
charge density, and jjj be the electric current density. The Maxwell equations
are then

∇ ·EEE = ρ, (9.1)

∂tEEE −∇×BBB = −jjj, (9.2)

∇ ·BBB = 0, (9.3)

∂tBBB +∇×EEE = 0. (9.4)

Let Aµ be the four-vector consisting of the electric potential φ and the magnetic
potential AAA, Aµ = (φ,AAA). Then, EEE and BBB are expressed in terms of Aµ as

EEE = ∇φ− ∂tAAA, (9.5)

BBB = ∇×AAA. (9.6)

Here ∇φ = (∂xφ, ∂yφ, ∂zφ) is the gradient of φ. Let us define the electromag-
netic field tensor Fµν := ∂µAν − ∂νAµ. This is invariant under a gauge
transformation

Aµ → Aµ + ∂µα, (9.7)

where α is any function. This is obvious since derivatives commute. We imme-
diately see that Fµν = −Fνµ. Then there are only 6 independent elements in
this matrix. They are F01, F02, F03, F12, F13 and F23. Let us calculate them
using (9.5) and (9.6). Let i, j, k run from 1 to 3, then

F0i = ∂0Ai − ∂iA0 = ∂tAi −∇φ = −Ei,
Fij = ∂iAj − ∂jAi = ∂iAj − ∂jAi = εij

kBk,

where εij
k = 1. Then we have F01 = −Ex, F02 = −Ey, F03 = −Ez, F12 = Bz,

F13 = −By and F 23 = Bx. Hence,

Fµν =


0 −Ex −Ey −Ez
Ex 0 Bz −By
Ey −Bz 0 Bx
Ez By −Bx 0

 . (9.8)
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Raising the indices changes the sign on the EEE-components:

(9.9)

Fµν = ηµρF
ρσησν

=


−1

1
1

1




0 −Ex −Ey −Ez
Ex 0 Bz −By
Ey −Bz 0 Bx
Ez By −Bx 0



−1

1
1

1



=


0 Ex Ey Ez
−Ex 0 Bz −By
−Ey −Bz 0 Bx
−Ez By −Bx 0

 .

We notice that

∂0F
00 + ∂1F

01 + ∂2F
02 + ∂3F

03 = ∂xEx + ∂yEy + pzEz = ∇ ·EEE,
∂0F

10 + ∂1F
11 + ∂2F

12 + ∂3F
13 = −∂tEx + ∂yBz − pzBy = −∂tEx + (∇×BBB)x,

∂0F
20 + ∂1F

21 + ∂2F
22 + ∂3F

23 = −∂tEy − ∂xBz + pzBx = −∂tEy + (∇×BBB)y,

∂0F
30 + ∂1F

31 + ∂2F
32 + ∂3F

33 = −∂tEz + ∂xBy − pyBx = −∂tEz + (∇×BBB)z.

Thus, if we let jµ := (ρ, jjj), we can write two of the Maxwell equations, (9.1)
and (9.2), as one equation,

∂νF
µν = jµ. (9.10)

We also notice that

∂0F12 + ∂1F20 + ∂2F01 = ∂tBz + ∂xEy − ∂yEx = ∂tBz + (∇×EEE)z,

∂0F31 + ∂3F10 + ∂1F03 = ∂tBy + ∂zEx − ∂xEz = ∂tBy + (∇×EEE)y,

∂0F23 + ∂2F30 + ∂3F02 = ∂tBx + ∂yEz − ∂zEy = ∂tBx + (∇×EEE)x,

∂1F23 + ∂2F31 + ∂3F12 = ∂xBx + ∂yBy + ∂zBz = ∇ ·BBB.

Thus, we can write the final two Maxwell equations, (9.3) and (9.4), as one
equation,

∂ρFµν + ∂µFνρ + ∂νFρµ = 0. (9.11)

This is a Bianchi identity, which can be written compactly as ∂[ρFµν] = 0. If
any of ρ, µ and ν are identical, the Bianchi identity follows trivially.

The Lagrangian of the electromagnetic fields is

LEM = −1

4
FµνF

µν +Aµj
µ. (9.12)

The first term can be expanded as

FµνF
µν = (∂µAν − ∂νAµ)(∂µAν − ∂νAµ)

= (∂µAν)2 − ∂µAν∂νAµ − ∂νAµ∂µAν + (∂νAµ)2

= (∂µAν)2 − ∂µ(Aν∂
νAµ) +Aν∂

ν∂µA
µ

− ∂ν(Aµ∂
µAν) +Aµ∂

µ∂νA
ν + (∂µAν)2

= 2(∂µAν)2 − ∂µ(Aν∂
νAµ) + ∂ν(Aν∂µA

µ)− ∂νAν∂µAµ

− ∂ν(Aµ∂
µAν) + ∂µ(Aµ∂νA

ν)− ∂µAµ∂νAν

= 2(∂µAν)2 − 2(∂µA
µ)2

− ∂µ(Aν∂
νAµ) + ∂ν(Aν∂µA

µ)− ∂ν(Aµ∂
µAν) + ∂µ(Aµ∂νA

ν).
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All terms in the last line are total derivatives which vanish in the Lagrangian.
Thus, the Lagrangian can be written

LEM = −1

2
(∂µAν)2 +

1

2
(∂µA

µ)2 +Aµj
µ. (9.13)

We find the equations of motion:

δS =

∫
δAµ

(
∂L

∂Aµ
− ∂ν

∂L

∂(∂νAµ)

)
=

∫
δAµ(jµ + ∂ν∂

νAµ − ∂µ(∂νA
ν))

=

∫
δAµ(jµ + ∂ν(∂νAµ − ∂µAν)) =

∫
δAµ(jµ + ∂νF

νµ). (9.14)

We have used that

∂ν
∂(∂ρA

ρ)2

∂(∂νAµ)
= ∂ν

(
2(∂ρA

ρ)
∂(∂σAλ)

∂(∂νAµ)
ηλσ
)

= ∂ν
(
2(∂ρA

ρ)δνσδ
µ
λη

λσ
)

= 2∂µ(∂ρA
ρ).

Thus, the equations of motion are jµ + ∂νF
νµ = 0. This can be rewritten as

∂νF
µν = jµ, which is one of the Maxwell equations found above.

Let us now check if LEM is invariant under the Poincaré algebra. We try
applying the obvious transformations

δaAµ = aν∂νAµ, δbAµ = bρσ(xρ∂σ − xσ∂ρ)Aµ (9.15)

to (9.14). Then,

δaS =

∫
δaAµ(jµ + ∂νF

νµ) =

∫
aρ∂ρAµ(jµ + ∂ν(∂νAµ − ∂µAν))

= −
∫
aρ(−∂ρAµjµ + (∂ν∂

νAµ∂ρA
µ − ∂ν∂µAµ∂ρAν))

= −
∫
aρ(−∂ρAµjµ + (∂ν∂

νAµ∂ρAµ − ∂µ∂νAν∂ρAµ))

= −
∫
aρ(−∂ρAµjµ + ∂ν(∂νAµ − ∂µAν)∂ρAµ)

= −
∫
aρ∂ρAµ(−jµ + ∂νF

νµ).

This does not vanish unless we have jµ = 0. Let us choose jµ = 0 from now on.

δbS =

∫
δbAµ∂νF

νµ =

∫
bρσ(xρ∂σ − xσ∂ρ)Aµ∂ν(∂νAµ − ∂µAν)

= −
∫
bρσ(ηνρ∂σ + xρ∂σ∂ν)Aµ(∂νAµ − ∂µAν)− (ρ↔ σ)

= −
∫
bρσ
(
∂σAµ(∂ρA

µ − ∂µAρ)− ησρAµ(∂νAµ − ∂µAν)

− ∂νAµxρ∂σ(∂νAµ − ∂µAν)
)
− (ρ↔ σ).

The ∂σAµ∂ρA
µ term, and the terms including ησρ vanishes since we subtract
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with the same term where ρ and σ change places. Then

δbS = −
∫
bρσ
(
− ∂σAµ∂µAρ − ∂νAµxρ∂σ(∂νAµ − ∂µAν)

)
− (ρ↔ σ)

= −
∫
bρσ
(
Aρ∂σ∂

µAµ + (δνρ + xρ∂
ν)∂νAµ∂σA

µ

− (δµρ + xρ∂
µ)∂νAµ∂σA

ν
)
− (ρ↔ σ)

= −
∫
bρσ
(
Aρησµ∂ν∂

µAν + ∂ρAµ∂σA
µ + xρ∂ν∂

νAµ∂σA
µ − ∂νAρ∂σAν

− xρ∂ν∂µAµ∂σAν
)
− (ρ↔ σ)

= −
∫
bρσ
(
Aρησµ∂ν∂

µAν + xρ∂ν∂
νAµ∂σAµ +Aρησµ∂ν∂

µAν

− xρ∂µ∂νAν∂σAµ
)
− (ρ↔ σ)

= −
∫
bρσ
(

2Aρησµ∂ν∂
µAν + xρ∂σAµ∂ν(∂νAµ − ∂µAν)

)
− (ρ↔ σ).

∂ρAµ∂σA
µ cancels due to the same reasons as above. Thus, acting with δb on

(9.14) gives

δbS =

∫
bρσ(xρ∂σ − xσ∂ρ)Aµ∂ν(∂νAµ − ∂µAν)

= −
∫
bρσ
(

(xρ∂σ − xσ∂ρ)Aµ∂ν(∂νAµ − ∂µAν)

+ 2Aρησµ∂ν∂
µAν − 2Aσηρµ∂ν∂

µAν
)
.

Hence δbS does not vanish. We need to modify the δbAµ transformation for the
electromagnetic Lagrangian density to be Lorentz invariant. Let us try

δbAµ = bρσ ((xρ∂σ − xσ∂ρ)Aµ −Aρησµ +Aσηρµ) . (9.16)

Then, applying this transformation to the varying action leads to

δbS =

∫
bρσ
(
(xρ∂σ − xσ∂ρ)Aiµ −Aiρησµ +Aiσηρµ

)
∂ν(∂νAµi − ∂

µAνi )

= −
∫
bρσ
(
(xρ∂σ − xσ∂ρ)Aiµ − 2Aiρησµ + 2Aiσηρµ +Aiρησµ −Aiσηρµ

)
× ∂ν(∂νAµi − ∂

µAνi )

= −
∫
bρσ
(
(xρ∂σ − xσ∂ρ)Aiµ −Aiρησµ +Aiσηρµ

)
∂ν(∂νAµi − ∂

µAνi ) = 0.

Thus, (9.12) is invariant under the following infinitesimal Poincaré transforma-
tions:

δaAµ = aν∂νAµ,

δbAµ = bρσ ((xρ∂σ − xσ∂ρ)Aµ −Aρησµ +Aσηρµ) .

Let us now introduce a fermionic field Ψ, where the Lagrangian takes the
form

L =
1

2
Ψ̄/∂Ψ. (9.17)
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In subsection 6.2 we found that the varying action is

δS = −
∫
δΨ̄/∂Ψ, (9.18)

and we saw that the Lagrangian is invariant under the following infinitesimal
Poincaré transformations

δaΨ = aµ∂µΨ, (9.19)

δbΨ = bµν(xµ∂ν − xν∂µ + Σµν)Ψ. (9.20)

It is also invariant under a global transformation

Ψ→ eαγ5Ψ, (9.21)

where α ∈ R. The exponential of a matrix X is defined as

eX =

∞∑
k=0

Xk

k!
. (9.22)

Then,

eαγ5 = 1+ αγ5 +
1

2
α2γ25 +

1

6
α3γ35 + . . .

= 1+ αγ5 −
1

2
α21− 1

6
α3γ5 + . . . .

That is, for even powers of γ5, we get ±1, while for odd powers of γ5 we get
±γ5. We recall that

cos(x) =

∞∑
k=0

(−1)k

2k!
x2k, sin(x) =

∞∑
k=0

(−1)k

(2k + 1)!
x2k+1. (9.23)

Thus, we can identify
eαγ5 = cos(α)1+ sin(α)γ5. (9.24)

We find how Ψ̄ transforms:

Ψ̄→ eαγ5Ψ = (eαγ5Ψ)tC = −Ψt(eαγ5)tCt = −Ψt(Ceαγ5)t

= −Ψt(C(cos(α)1+ sin(α)γ5))t = ΨtC(cos(α)1+ sin(α)γ5)

= Ψ̄eαγ5 .

Hence, the Lagrangian density transforms as

L =
1

2
Ψ̄/∂Ψ→ 1

2
Ψ̄eαγ5γµ∂µ(eαγ5Ψ) =

1

2
Ψ̄(cos(α)1+ sin(α)γ5)γµeαγ5∂µΨ

=
1

2
Ψ̄γµ(cos(α)1− sin(α)γ5)eαγ5∂µΨ

=
1

2
Ψ̄γµe−αγ5(eαγ5∂µΨ) =

1

2
Ψ̄/∂Ψ.

Let us couple the fermionic Lagrangian with LEM, to construct the La-
grangian of supersymmetric electromagnetism:

LSEM = −1

4
FµνF

µν + Ψ̄/∂Ψ. (9.25)
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The varying action is

δSSEM =

∫
δAµ∂νF

νµ − δΨ̄/∂Ψ. (9.26)

We have already shown that this is invariant under the Poincaré algebra. We
should check that it is also invariant under supersymmetry. [10] gives us the
following supersymmetry transformations:

δεAµ = ε̄γµΨ, (9.27)

δεΨ = −1

2
Fµνγ

µνε. (9.28)

We find the transformation on Ψ̄:

δεΨ̄ = −1

2
Fµνγµνε = −1

2
Fµν(γµνε)tC =

1

2
Fµνε

t(γµν)tCt =
1

2
Fµνε

t(Cγµν)t

=
1

2
Fµνε

tCγµν =
1

2
ε̄Fµνγ

µν .

Then, applying the infinitesimal supersymmetry transformation to (9.26), we
get

δεSSEM =

∫
ε̄γµΨ∂νF

νµ − 1

2
ε̄Fµνγ

µν/∂Ψ.

Let us look at the last term:

−1

2

∫
ε̄Fµνγ

µνγρ∂ρΨ =
1

2

∫
ε̄∂ρFµν(γµνρ + ηρνγµ − ηρµγν)Ψ. (9.29)

The term including γµνρ can be rewritten

∂ρFµνγ
µνρ =

1

3
(∂ρFµνγ

µνρ + ∂µFνργ
νρµ + ∂νFρµγ

ρµν)

=
1

3
(∂ρFµνγ

µνρ + ∂µFνργ
µνρ + ∂νFρµγ

µνρ)

=
1

3
(∂ρFµν + ∂µFνρ + ∂νFρµ)γµνρ = 0.

This vanishes due to the Bianchi identity (9.11), which we derived above. The
last two terms in (9.29) are

1

2

∫
ε̄∂ρFµν(ηρνγµ − ηρµγν)Ψ =

1

2

∫
ε̄(∂ρF

µργµ − ∂ρF ρνγν)Ψ = −
∫
ε̄∂νF

νµγµΨ,

which cancel the first term in δεSSEM. Hence, δεSSEM = 0, and LSEM is invari-
ant under the supersymmetry transformations.

Using the supersymmetry transformations

δεAµ = ε̄γµΨ, δεΨ = −1

2
Fµνγ

µνε, (9.30)
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and δεϕ = ε̄Qϕ = −εaQaϕ we find how the supercharge Q acts on the two
fields. On Aµ it is easily seen that QaAµ = −(γµ)a

b
Ψb. On Ψ it is slightly more

complicated:

δεΨ
a = −εbQbΨa = −1

2
Fµν(γµν)abε

b.

Lowering the a index with Cac gives

−QbΨc = −1

2
Fµν(γµν)abCac = −1

2
Fµν(γµν)cb.

Relabelling, and using (γµν)ab = (γµν)ba, we find

QaAµ = −(γµ)a
b
Ψb, QaΨb =

1

2
Fµν(γµν)ab.

We calculate the brackets [Qa, Qb]ϕ, beginning with ϕ = Aµ:

[Qa, Qb]Aµ = Qa(−(γµ)b
c
Ψc) +Qb(−(γµ)a

c
Ψc) = −(γµ)b

c 1

2
Fνρ(γ

νρ)ac − (γµ)a
c 1

2
Fνρ(γ

νρ)bc

= −1

2
Fνρ((γµ)b

c
(γνρ)ca + (γµ)a

c
(γνρ)cb = −1

2
Fνρ((γµγ

νρ)ba + (γµγ
νρ)ab).

We use (5.9) to find

(γµγ
νρ)ba = (γµ

νρ + δνµγ
ρ − δρµγν)ab = −(γµ

νρ − δνµγρ + δρµγ
ν)ab

Then,

[Qa, Qb]Aµ = −1

2
Fνρ((γµγ

νρ)ba + (γµγ
νρ)ab)

= −1

2
Fνρ(−(γµ

νρ − δνµγρ + δρµγ
ν)ab + (γµ

νρ + δνµγ
ρ − δρµγν)ab)

= −1

2
Fνρ(2δ

ν
µ(γρ)ab − 2δρµ(γν)ab) = (γν)abFνµ − (γρ)abFµρ

= (γν)abFνµ + (γν)abFνµ = 2(γν)abFνµ.

By the definition of Fνµ we have

[Qa, Qb]Aµ = 2(γν)ab∂νAµ − 2(γν)ab∂µAν = 2(γν)abPνAµ − 2(γν)ab∂µAν .
(9.31)

Recognising the last term as a gauge transformation, ∂µAν = 0, (9.31) agrees
with the Poincaré superalgebra found in subsection 8.1.

In the calculation of the other bracket, [Qa, Qb]Ψc, we use (B.4):

[δε1 , δε2 ]Ψ = εa1ε
b
2[Qa, Qb]Ψ. (9.32)

63



9.1 Super-Electromagnetism 9 SUPERSYMMET-
RIC GAUGE THEORIES

By using the supersymmetry transformations, we get

[δε1 , δε2 ]Ψ = δε1(−1

2
Fµνγ

µνε2)− (1↔ 2)

= −1

2
γµνε2(∂µ(δε1Aν)− ∂ν(δε1Aµ))− (1↔ 2)

= −1

2
γµνε2(∂µ(ε̄1γνΨ)− ∂ν(ε̄1γµΨ))− (1↔ 2)

= −1

2
γµνε2ε̄1(γν∂µΨ− γµ∂νΨ)− (1↔ 2)

=
1

2
γµν(ε1ε̄2 − ε2ε̄1)(γν∂µΨ− γµ∂νΨ)

=
1

2
γµν

(
1

2
(ε̄1γ

ρε2)γρ −
1

4
(ε̄1γ

ρσε2)γρσ

)
(γν∂µΨ− γµ∂νΨ),

where we have used the Fierz identity (A.32) in the last line. Furthermore, since
γµνγµ∂ν = γνµγν∂µ = −γµνγν∂µ, we get

[δε1 , δε2 ]Ψ =

(
1

2
(ε̄1γ

ρε2)γµνγρ −
1

4
(ε̄1γ

ρσε2)γµνγρσ

)
γν∂µΨ.

The γ-matrices in the first term gives

γµνγργν =
1

2
(γµγν − γνγµ)γργν .

Using (5.29) γνγµγν = −2γµ, (5.30) γργµνγρ = 0 and γµγµ = δµµ = 41, this
becomes

γµνγργν = −γµγρ −
1

2
ηµσγν(γσρ + ησρ)γν = −(γmuρ + δµρ )− 1

2
δµρ γ

νγν

= −(−γρµ + δµρ )− 2δµρ = (γργ
µ − δµρ )− 3δµρ = γργ

µ − 4δµρ .

In the second term, the γ-matrices are

γµνγρσγν =
1

2
(γµγν − γνγµ)γρσγν = −1

2
ηµλγνγλγρσγν

= −1

2
ηµλγν (γλρσ + ηλργσ − ηλσγρ) γν

= −1

2
ηµλ

(
γν(ελρσδγ

δγ5γν − 2ηλργσ + 2ηλσγρ
)

= −1

2
ηµλ

(
−γν(ελρσδγ

δγνγ5 − 2ηλργσ + 2ηλσγρ
)

= −1

2
ηµλ

(
2ελρσδγ

δγ5 − 2ηλργσ + 2ηλσγρ
)

= −εµρσδγδγ5 + δµρ γσ − δµσγρ.

Rewriting the first term

εµρσδγ
δγ5 = γµρσ = γρσ

µ = γρσγ
µ − δµσγρ + δµρ γσ.

We are left with only −γρσγµ. Thus,

[δε1 , δε2 ]Ψ = −
(

1

2
(ε̄1γ

ρε2)(γργ
µ − 4δµρ )− 1

4
(ε̄1γ

ρσε2)γρσγ
µ

)
∂µΨ

= −
(

1

2
(εa1(γρ)abε

b
2)(γρ/∂ − 4∂ρ)−

1

4
(εa1(γρσ)abε

b
2)γρσ/∂

)
Ψ (9.33)
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Equating (9.32) and (9.33)

εa1ε
b
2[Qa, Qb]Ψ = −εa1εb2

(
1

2
(γρ)ab(γρ/∂ − 4∂ρ)−

1

4
(γρσ)abγρσ/∂

)
Ψ.

Thus,

[Qa, Qb]Ψ = 2(γρ)abPρΨ−
1

2
(γρ)abγρ/∂Ψ +

1

4
(γρσ)abγρσ/∂Ψ. (9.34)

Applying the equations of motion /∂Ψ = 0, (9.34) agrees with the Poincaré su-
peralgebra on-shell.

We also check for conformal invariance. The fermionic Lagrangian is already
know to be invariant under the conformal algebra, so we only need to check LEM.
Checking invariance under the dialtions is enough. We try the transformation

δcAµ = cxν∂νAµ. (9.35)

Then,

δcSEM =

∫
cxρ∂ρA

i
µ∂νF

νµ
i = −

∫
c
(
δρρA

i
µ∂νF

νµ
i + xρAiµ∂ρ∂νF

νµ
i

)
= −

∫
c
(
4Aiµ∂νF

νµ
i − (δρν + xρ∂ν)Aiµ∂ρ(∂

νAµi − ∂
µAνi

)
= −

∫
c
(
3Aiµ∂νF

νµ
i − x

ρ∂νA
i
µ∂ρ(∂

νAµi − ∂
µAνi

)
= −

∫
c
(
3Aiµ∂νF

νµ
i + (ηρν + xρ∂ν)∂νA

i
µ∂ρA

µ
i − (ηρµ + xρ∂µ)∂νA

i
µ∂ρA

ν
i

)
= −

∫
c
(
3Aiµ∂νF

νµ
i + ∂νA

i
µ∂

νAµi − ∂νA
i
µ∂

µAνi + xρ∂ν∂νA
i
µ∂ρA

µ
i − x

ρ∂µ∂νA
i
µ∂ρA

ν
i

)
= −

∫
c
(
3Aiµ∂νF

νµ
i + ∂νA

i
µ(∂νAµi − ∂

µAνi ) + xρ∂ν∂νA
i
µ∂ρA

µ
i − x

ρ∂ν∂µA
i
ν∂ρA

µ
i

)
= −

∫
c
(
3Aiµ∂νF

νµ
i + ∂νA

i
µF

νµ
i + xρ∂ρA

i
µ∂ν(∂νAµi − ∂

µAνi )
)

= −
∫
c
(
3Aiµ∂νF

νµ
i −A

i
µ∂νF

νµ
i + xρ∂ρA

i
µ∂νF

νµ
i

)
= −

∫
c
(
xρ∂ρ + 2Aiµ

)
∂νF

νµ
i 6= 0.

We see that if we instead choose the transformation

δcAµ = cxν∂νAµ +Aµ, (9.36)

δcSEM = 0. Hence, SEM is invariant under the conformal algebra.

Let us now check for invariance under the conformal superalgebra. [10] gives
the following transformations:

δζAµ = ζ̄xνγνγµΨ, δζΨ =
1

2
xρFµνγ

µνγρζ. (9.37)
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We find the transformation on Ψ̄:

δζΨ̄ =
1

2
xρFµνγµνγρζ =

1

2
xρFµν(γµνγρζ)tC = −1

2
xρFµνζ

t(γρ)t(γµν)tCt

= −1

2
xρFµνζ

t(γρ)tCγµν =
1

2
xρFµνζ

tCγργµν =
1

2
ζ̄xρFµνγ

ργµν . (9.38)

Applying these supersymmetry transformation to δSSEM gives

δζSSEM =

∫
δζAµ∂νF

νµ − δζΨ̄/∂Ψ =

∫
ζ̄xργργµΨ∂νF

νµ − 1

2
ζ̄xρFµνγ

ργµνγσ∂σΨ

=

∫
ζ̄xργργµΨ∂νF

νµ +
1

2
ζ̄ησρFµνγ

ργµνγσΨ +
1

2
ζ̄xρ∂σFµνγ

ργµνγσΨ.

The second term vanishes since γργµνγρ = 0. In the last term we can rewrite

γµνγσ = γµνσ + ησνγµ − ησµγν .

The γµνσ part vanish due to the Bianchi identity, while the ησνγµ− ησµγν part
cancel the final term in δζSSEM. Hence, δζSSEM = 0. Before we can conclude
that δSSEM is invariant under the conformal superalgebra we need to check
R-symmetry. [10] tells us how R acts on the fields:

RAµ = 0, RΨ =
1

2
γ5Ψ. (9.39)

Using δeϕ = eRϕ, we find

δeAµ = 0, δeΨ =
1

2
eγ5Ψ,δeΨ̄ =

1

2
eΨ̄γ5 (9.40)

Thus,

δeSSEM =

∫
δeAµ∂νF

νµ − δeΨ̄/∂Ψ = −1

2

∫
eΨ̄γ5γ

µ∂µΨ

=
1

2

∫
eΨa(γµγ5)ab∂µΨb = −1

2

∫
e∂µΨa(γµγ5)abΨ

b

=
1

2

∫
eΨb(γµγ5)ab∂µΨa = −1

2

∫
eΨb(γµγ5)ba∂µΨa = 0.

We have shown that SSEM is invariant under the conformal superalgebra.
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Part IV

Summary
The thesis started out with computing the Poincaré and conformal algebra from
Killing vector fields. This was done in arbitrary dimensions. The Clifford al-
gebra was also computed in arbitrary dimensions, but some of the important
results from that section was restricted to four dimensions, among them the
charge conjugation matrix.

We also computed several examples, kinetic- massive- and interaction La-
grangians, and check whether or not the Poincaré and conformal algebra were
symmetries of these. We found that the massive Lagrangian was not invariant
under the conformal algebra, and that in four dimensions, only interactions of
fourth power could be symmetric under the conformal algebra. It should be
pointed out that the last point only applies to terms like φ4, we saw in the
Wess-Zumino model section that also terms like φ2φ̃2 can be symmetric under
the conformal algebra.

We have also seen how the algebra proposed by Haag,  Lopuszański and
Sohnius, superalgebras, can generate symmetries of Lagrangians. We saw that
in the Wess-Zumino model, the Poincaré superalgebra closed on-shell, and so
did the confomral superalgebra. In the gauge theory electromagnetism, we also
needed a gauge transformation for the superalgebras to close.
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A SOME PROOFS

Appendices

A Some Proofs

In this Appendix we give proofs of identities and other things we have had a
need for.

A.1 Clifford Algebras

This section is taken from [9], and shows how Table 1 was made.

A real Clifford algebra over the field R, Cl(p, q), is an associative algebra
containing the unit, 1. It has generators Γi, such that

ΓiΓj + ΓjΓi = 2ηij1, (A.1)

where ηij = Diag(−1, . . . ,−1︸ ︷︷ ︸
p

,+1, . . . ,+1︸ ︷︷ ︸
q

). We may rewrite (A.1) as

Γi
2 = ηii1, (A.2)

ΓiΓj = −ΓjΓi, (A.3)

where i 6= j. We begin with looking at the Clifford algebra in dimensions 0, 1,
and 2.

Dimension 0 is trivial. We have both p = q = 0, thus only the identity is
contained in the algebra, Cl(0, 0) = {1} ∼= R.

Dimension 1 is more interesting. We first consider p = 1, q = 0. Since p is
negative in the Minkowski metric we have the generator Γ satisfying Γ2 = −1.
Then Γ is complex, and Cl(1, 0) = {1,Γ | Γ2 = −1} ∼= C. The other possibility
is p = 0, q = 1. Now we have Γ2 = 1, so that Γ is real. Cl(0, 1) = {1,Γ | Γ2 =
1} ∼= R⊕R.

Now we look at dimension 2. We start with p = 2, q = 0. Now there are two
generators, Γ1 and Γ2. They satisfy Γ2

1 = Γ2
2 = −1, Γ1Γ2 = −Γ2Γ1. We may

choose

Γ1 =

(
0 1
−1 0

)
, Γ2 =

(
0 i
i 0

)
. (A.4)

We also need to see whether these anticommute or not.

Γ1Γ2 =

(
i 0
0 −i

)
= −Γ2Γ1. (A.5)

We may relate these generators with the quaternions, Γ1 ↔ i, Γ2 ↔ j and
Γ1Γ2 ↔ k. Thus, we have the isomorphism Cl(2, 0) ∼= H. Next we look
at the case p = q = 1. Now the generators must satisfy Γ1

2 = −Γ2
2 = 1,

Γ1Γ2 = −Γ2Γ1. A possible choice of Γ-matrices is

Γ1 =

(
0 1
1 0

)
, Γ2 =

(
0 1
−1 0

)
, Γ1Γ2 =

(
−1 0
0 1

)
= −Γ2Γ1. (A.6)
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These generators generate the real (2 × 2)-matrices, thus Cl(1, 1) ∼= Mat2(R).
Only the case p = 0, q = 2 remains. The generators satisfy Γ1

2 = Γ2
2 = 1,

Γ1Γ2 = −Γ2Γ1. One choice of generators is

Γ1 =

(
1 0
0 −1

)
, Γ2 =

(
0 1
1 0

)
, Γ1Γ2 =

(
0 1
−1 0

)
= −Γ2Γ1. (A.7)

Thus, 1,Γ1,Γ2,Γ1Γ2 are the generators of Cl(2, 0). These matrices are all real,
and together they generate the real (2× 2)-matrices, Cl(0, 2) ∼= Mat2(R).

To find the rest of the Clifford algebra we will take use of further isomor-
phisms, shown in Lemma A.1.

Lemma A.1. The following isomorphisms hold:

Cl(0, d)⊗ Cl(2, 0) ∼= Cl(d+ 2, 0), (A.8)

Cl(d, 0)⊗ Cl(0, 2) ∼= Cl(0, d+ 2), (A.9)

Cl(p, q)⊗ Cl(1, 1) ∼= Cl(p+ 1, q + 1). (A.10)

Proof. We prove (A.8) first. Let γ1, . . . , γd be the generators of Cl(0, d) and let
σ1, σ2 be the generators of Cl(2, 0). We have the following relations:

γiγj + γjγi = 2δij1,

σiσj + σjσi = −2δij1.

We define a new matrix as

Γi =

{
γi ⊗ σ1σ2 , 1 6 i 6 d,

1⊗ σi−d , i = d+ 1, d+ 2.
(A.11)

We need to know if these Γi satisfy ΓiΓj + ΓjΓi = 2ηij1.

ΓiΓj + ΓjΓi

=


(γi ⊗ σ1σ2)(γj ⊗ σ1σ2) + (γj ⊗ σ1σ2)(γi ⊗ σ1σ2) , 1 6 i, j 6 d, 1

(γi ⊗ σ1σ2)(1⊗ σj−d) + (1⊗ σj−d)(γi ⊗ σ1σ2) , 1 6 i 6 d, j = d+ 1, d+ 2, 2

(1⊗ σi−d)(γj ⊗ σ1σ2) + (γj ⊗ σ1σ2)(1⊗ σi−d) , i = d+ 1, d+ 2, 1 6 j 6 d, 3

(1⊗ σi−d)(1⊗ σj−d) + (1⊗ σj−d)(1⊗ σi−d) , i, j = d+ 1, d+ 2. 4

Prior to the calculations of equations 1 - 4 , we make the following observa-
tions. Let us first recall the matrices generating Cl(2, 0),

σ1 =

(
0 1
−1 0

)
, σ2 =

(
0 i
i 0

)
, σ1σ2 =

(
i 0
0 −i

)
= −σ2σ1. (A.12)

Since i = d + 1, d + 2 in σi−d, we have σi−d = σ1, σ2. Now, we find σ1σ2σi−d
and σi−dσ1σ2.

σ1σ2σi−d =

{
σ2 , i = d+ 1,

−σ1 , i = d+ 2.
σi−dσ1σ2 =

{
−σ2 , i = d+ 1,

σ1 , i = d+ 2.

This means that σ1σ2σi−d + σi−dσ1σ2 = 0. It is also useful to note that
σ1σ2σ1σ2 = −1.
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Equation 1 gives

(γiγj)⊗ (σ1σ2σ1σ2) + (γjγi)⊗ (σ1σ2σ1σ2)

= (γiγj + γjγi)⊗ (σ1σ2σ1σ2)

= 2δij1⊗−1
= −2δij1.

2 gives

(γi1)⊗ (σ1σ2σj−d) + (1γi)⊗ (σj−dσ1σ2)

= γi ⊗ (σ1σ2σj−d + σj−dσ1σ2)

= 0.

3 gives

(1γj)⊗ (σi−dσ1σ2) + (γj1)⊗ (σ1σ2σi−d)

= γj ⊗ (σi−dσ1σ2 + σ1σ2σi−d)

= 0.

4 gives
σi−dσj−d + σj−dσi−d = −2δij1.

Thus, ΓiΓj + ΓjΓi = −2δij1, and Γi generates the algebra Cl(d + 2, 0). The
proof of (A.9) is similar, with only some changes of sign.

(A.10) mixes the two above. The procedure is similar, but more complicated.
Let γ1, . . . , γp and γ̃1 . . . γ̃q generate Cl(p, q), and σ1 and σ2 generate Cl(1, 1).
These generators satisfy

γiγj + γjγi = −2δij1, γ̃iγ̃j + γ̃j γ̃i = 2δij1, γiγ̃j + γ̃jγi = 0,

σ1
2 = −1, σ2

2 = 1, σ1σ2 + σ2σ1 = 0.

This time we define two matrices

Γi =

{
γi ⊗ σ1σ2 , 1 ≤ i ≤ p,
1⊗ σ1 , i = p+ 1.

, Γ̃i =

{
γ̃i ⊗ σ1σ2 , 1 ≤ i ≤ q,
1⊗ σ2 , i = q + 1.

(A.13)

We recall that the generators of Cl(1, 1) are

σ1 =

(
0 1
−1 0

)
, σ2 =

(
0 1
1 0

)
, σ1σ2 =

(
1 0
0 −1

)
= −Γ2Γ1. (A.14)

This gives

σ1σ2σi−d =

{
σ2 , i = d+ 1,

σ1 , i = d+ 2.
σi−dσ1σ2 =

{
−σ2 , i = d+ 1,

−σ1 , i = d+ 2.

We also find that σ1σ2σ1σ2 = 1.

Looking at the two matrices in (A.13) separately they are almost identical to
those seen in the first part of the proof. Therefore, only when the two matrices
mix will be considered. One investigates in the same way as in the first part,
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and find that all are zero. Letting Γ1, . . . ,Γp+q denote all the generators, where

Γ̃i are Γp+1, . . . ,Γp+q, the Γ-matrices satisfy

ΓiΓj + ΓjΓi = 2ηij1. (A.15)

We may, then, find that

Cl(0, 0)⊗ Cl(0, 2) ∼= Cl(0, 2) ∼= Mat2(R),

Cl(0, 2)⊗ Cl(2, 0) ∼= Cl(4, 0) ∼= Mat2(H),

Cl(4, 0)⊗ Cl(0, 2) ∼= Cl(0, 6) ∼= Mat4(H),

Cl(0, 6)⊗ Cl(2, 0) ∼= Cl(8, 0) ∼= Mat16(R), . . .

We see that when we reach Cl(8, 0) the process may start over again, thus
Cl(0, 0), Cl(0, 2), Cl(4, 0) and Cl(0, 6) has periodicity 8. We also notice that
Cl(0, 0) and Cl(0, 2) are both real matrices, while Cl(4, 0) and Cl(0.6) are
both quaternionic matrices. Thus it seems that for p − q = 0, 6 (mod 8), the
matrices are real and of dimension 2d/2, where d = p+q, and that for p−q = 4, 6
(mod 8), the matrices are quaternionic and of dimension 2(d−2)/2.

Cl(0, 0)⊗ Cl(2, 0) ∼= Cl(2, 0) ∼= H,

Cl(2, 0)⊗ Cl(0, 2) ∼= Cl(0, 4) ∼= Mat2(H),

Cl(0, 4)⊗ Cl(2, 0) ∼= Cl(6, 0) ∼= Mat8(R),

Cl(6, 0)⊗ Cl(0, 2) ∼= Cl(0, 8) ∼= Mat16(R), . . .

These are again periodic of periodicity 8. These satisfy the same conditions as
above.

Cl(0, 1)⊗ Cl(2, 0) ∼= Cl(3, 0) ∼= H⊕H,
Cl(3, 0)⊗ Cl(0, 2) ∼= Cl(0, 5) ∼= Mat2(H)⊕Mat2(H),

Cl(0, 5)⊗ Cl(2, 0) ∼= Cl(7, 0) ∼= Mat8(R)⊕Mat8(R),

Cl(7, 0)⊗ Cl(0, 2) ∼= Cl(0, 9) ∼= Mat16(R)⊕Mat16(R), . . .

Also Cl(0, 1), Cl(3, 0), Cl(0, 5) and Cl(7, 0) are periodic of periodicity 8. For
p− q = 7 (mod 8) they are a direct sum of real matrices of dimension 2(d−1)/2,
and for p − q = 3 (mod 8), a direct sum of quaternionic matrices of dimension
2(d−3)/2.

Cl(1, 0)⊗ Cl(0, 2) ∼= Cl(0, 3) ∼= Mat2(C),

Cl(0, 3)⊗ Cl(2, 0) ∼= Cl(5, 0) ∼= Mat4(C), . . .

Cl(1, 0) and Cl(0, 3) are periodic of periodicity 4. We may, however, extend
the periodicity to 8, so that it matches with the periods found above. Then, for
p− q = 1, 5 (mod 8), we have complex matrices of dimension 2(d−1)/2.

We have now found the Clifford algebra over the field Rp,q where either p, q
or both are 0. By induction we can prove that the results found above is true for
any choice of p and q. We first notice that the direct product of p Cl(1, 1)s is
isomorphic to Cl(p, p) ∼= Mat2p(R). Then we have that Cl(p, q)⊗ Cl(n, n) ∼=
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Cl(p+ n, q + n) for any p, q, n ∈ R. We can write any number p as q + a+ 8n,
p, q, n ∈ R, 0 ≤ a ≤ 7. Then we find that Cl(p, q) = Cl(q + a + 8n, q) ∼=
Cl(a+ 8n, 0)⊗Cl(q, q) ∼= Cl(a+ 8n, 0)⊗Mat2q (R). This means that Cl(p, q)
is just a direct product between Cl(a + 8n, 0), which we already know how
looks like, and Mat2q (R), which raises the the dimension of the matrix from
Cl(a+ 8n) by 2q. Then Table 1 follows.

p− q mod 8 Cl(p, q) N

0,6 MatN (R) 2d/2

2,4 MatN (H) 2(d−2)/2

1,5 MatN (C) 2(d−1)/2

3 MatN (H)⊕MatN (H) 2(d−3)/2

7 MatN (R)⊕MatN (R) 2(d−1)/2

Table 3: Classification of Clifford algebras.

A.2 Proof of (5.9)

The proof of (5.9)

(A.16)
γµ1µ2...µnγν = γµ1µ2...µnν + ηνµnγµ1µ2...µn−1

− ηνµn−1
γµ1µ2...µ̂n−1µn

+ . . .+ (−1)n−1ηνµ1
γµ2µ3...µn .

follows.
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Proof.

γµ1µ2...µnγν =
1

n!

∑
σ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n−1)

(γµσ(n)
γν + γνγµσ(n)

)

− γµσ(1)γµσ(2) . . . γµσ(n−1)
γνγµσ(n)

)
=

1

n!

∑
σ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n−1)

(γµσ(n)
γν + γνγµσ(n)

)

− γµσ(1)γµσ(2) . . . γµσ(n−2)
(γµσ(n−1)

γν + γνγµσ(n−1)
)γµσ(n)

+ γµσ(1)γµσ(2) . . . γµσ(n−2)
γνγµσ(n−1)

γµσ(n)

)
= · · ·
=

1

n!

∑
σ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n−1)

(γµσ(n)
γν + γνγµσ(n)

)

− γµσ(1)γµσ(2) . . . γµσ(n−2)
(γµσ(n−1)

γν + γνγµσ(n−1)
)γµσ(n)

+ γµσ(1)γµσ(2) . . . γµσ(n−2)
γνγµσ(n−1)

γµσ(n)
+ · · ·

+ (−1)n−1(γµσ(1)γν + γνγµσ(1))γµσ(2) . . . γµσ(n)

+ (−1)nγνγµσ(1)γµσ(2) . . . γµσ(n)

)
=

1

n!

∑
σ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n−1)

ηνµσ(n)

− γµσ(1)γµσ(2) . . . γµσ(n−2)
ηνµσ(n−1)

γµσ(n)
+ · · ·

+ (−1)n−1ηνµσ(1)γµσ(2) . . . γµσ(n)

)
+

1

n!

1

2

∑
σ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n−1)

(γµσ(n)
γν + γνγµσ(n)

)

− γµσ(1)γµσ(2) . . . γµσ(n−2)
(γµσ(n−1)

γν + γνγµσ(n−1)
)γµσ(n)

+ · · ·
+ (−1)n−1(γµσ(1)γν + γνγµσ(1))γµσ(2) . . . γµσ(n)

+ (−1)n2γνγµσ(1)γµσ(2) . . . γµσ(n)

)
.

(A.17)

In the first sum of the last equality in (A.17) there are n terms, and each term is
permuted once, and it changes sign for each permutation. Therefore, that sum
can be written

1

n!

∑
σ ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n−1)

ηνµσ(n)

− γµσ(1)γµσ(2) . . . γµσ(n−2)
ηνµσ(n−1)

γµσ(n)
+ · · ·

+ (−1)n−1ηνµσ(1)γµσ(2) . . . γµσ(n)

)
=

1

(n− 1)!

∑
σ∈S

sign(σ)γµσ(1)γµσ(2) . . . γµσ(n−1)
ηνγµσ(n)

= ηνµnγµ1µ2...µ(n−1) − ηνµ(n−1)
γµ1µ2...µ̂(n−1)µn

+ · · ·+ (−1)n−1ηνµ1
γµ2µ3...µn .

(A.18)
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The other sum can be rewritten as

1

n!

1

2

∑
σ ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n−1)

(γµσ(n)
γν + γνγµσ(n)

)

− γµσ(1)γµσ(2) . . . γµσ(n−2)
(γµσ(n−1)

γν + γνγµσ(n−1)
)γµσ(n)

+ · · ·+ (−1)n−1(γµσ(1)γν + γνγµσ(1))γµσ(2) . . . γµσ(n)

+ (−1)n2γνγµσ(1)γµσ(2) . . . γµσ(n)

)
=

1

n!

1

2

∑
σ∈S

sign(σ)
(
γµσ(1)γµσ(2) . . . γµσ(n)

γν + (−1)nγνγµσ(1)γµσ(2) . . . γµσ(n)

)
=

1

n!

1

2

∑
σ∈S

sign(σ)

(
2

n+ 1
γµσ(1)γµσ(2) . . . γµσ(n)

γν

+
n− 1

n+ 1
γµσ(1)γµσ(2) . . . γµσ(n−1)

(γµσ(n)
γν + γνγµσ(n)

)

− n− 1

n+ 1
γµσ(1)γµσ(2) . . . γµσ(n−1)

γνγµσ(n)

+ (−1)n
2

n+ 1
γνγµσ(1)γµσ(2) . . . γµσ(n)

+ (−1)n
n− 1

n+ 1
(γνγµσ(1) + γµσ(1)γν)γµσ(2) . . . γµσ(n)

+ (−1)n−1
n− 1

n+ 1
γµσ(1)γνγµσ(2) . . . γµσ(n)

)
=

1

n!

1

2

∑
σ∈S

sign(σ)

(
2

n+ 1
(γµσ(1)γµσ(2) . . . γµσ(n)

γν

− γµσ(1)γµσ(2) . . . γµσ(n−1)
γνγµσ(n)

+ (−1)nγνγµσ(1)γµσ(2) . . . γµσ(n)

+ (−1)n−1γµσ(1)γνγµσ(2) . . . γµσ(n)
)

− n− 3

n+ 1
(γµσ(1)γµσ(2) . . . γµσ(n−2)

(γµσ(n−1)
γν + γνγµσ(n−1)

)γµσ(n)

− γµσ(1)γµσ(2) . . . γµσ(n−2)
γνγµσ(n−1)

γµσ(n)

− (−1)n−1γµσ(1)(γνγµσ(2) + γµσ(2)γν)γµσ(3) . . . γµσ(n)

+ (−1)n−2γµσ(1)γµσ(2)γνγµσ(3) . . . γµσ(n)
)

)
= · · ·
=

1

n!

1

2

∑
σ∈S

sign(σ)
2

n+ 1
(γµσ(1)γµσ(2) . . . γµσ(n)

γν

− γµσ(1)γµσ(2) . . . γµσ(n−1)
γνγµσ(n)

+ · · ·+ (−1)nγνγµσ(1)γµσ(2) . . . γµσ(n)
)

=
1

(n+ 1)!

∑
σ∈S

sign(σ)γµσ(1)γµσ(2) . . . γµσ(n)
γσ(ν)

= γµ1µ2...µnν .

(A.19)

If n is odd, there will eventually only remain two 2
n+1 terms, while if n is even,

there will be two 1
n+1 terms, one positive and the other negative, since one is

multiplied with (−1)n−n/2 = (−1)n/2 and the other has to go through n/2− 1
permutations, so it is multiplied with (−1)n/2−1. Adding the two last equations,
we get the desired result.
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A.3 Proof of Proposition 5.2

This is the proof of Proposition 5.2

Proposition A.2. Let γ = γ1...p(p+1)...n where ηµν = Diag(−1, . . . ,−1︸ ︷︷ ︸
p

,+1, . . . ,+1︸ ︷︷ ︸
q

)

and n = p+ q. Then γ satisfies the following identities:

γµγ = (−1)n−1γγµ, (A.20)

γ2 = (−1)n(n+1)/2−q. (A.21)

In Minkowski space, γ = γ5 satisfies

γµνγ5 = −1

2
εµνρσγ

ρσ, (A.22)

γµνρ = εµνρσγ
σγ5, (A.23)

γµνρσ = −εµνρσγ5. (A.24)

where ε0123 = −ε0123 = 1.

Proof. We first prove (A.20). Since µ ∈ {1 . . . n} we can choose µ = i. For all
i ∈ {1 . . . n} we can show

γiγ1 . . . γi . . . γn = (−1)i−1γ1 . . . γ
2
i . . . γn. (A.25)

Similarly, we find

γ1 . . . γi . . . γnγi = (−1)n−iγ1 . . . γ
2
i . . . γn. (A.26)

Then (−1)i−1(A.25) = (−1)n−i(A.26). Multiplying both sides with (−1)i−1

gives the desired result,

γiγ1 . . . γi . . . γn = (−1)i−1(−1)n−iγ1 . . . γi . . . γnγi

= (−1)n−1γ1 . . . γi . . . γnγi.

We continue with (A.21).

γ2 = γ1 . . . γpγp+1 . . . γnγ1 . . . γpγp+1 . . . γn

= (−1)n−1η11γ2 . . . γpγp+1 . . . γnγ2 . . . γpγp+1 . . . γn

= · · ·
= (−1)n+(n−1)+···+(n−p+1)γp+1 . . . γnγp+1 . . . γn

= (−1)n+(n−1)+···+(n−p+1)(−1)q−1ηqqγp+2 . . . γnγp+2 . . . γn

= (−1)n+(n−1)+···+(n−p+1)(−1)(q−1)+(q−2)+···+1

= (−1)n(n+1)/2−q.

The last four identities are only proved for four-dimensional space time. 0
is used for the time-component, while 1, 2, 3 are used for the space-components.
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First out is (A.22),

γµνγ5 =γ5γµν =
1

2
γ5(γµγν − γνγµ)

=
(
η3[µγ012 − η2[µγ013 + η1[µγ023 − η0[µγ123

)
γν]

=η3[µ
(
γ012ν] + ην]2γ01 − ην]1γ02 + ην]0γ12

)
− η2[µ

(
γ013ν] + ην]3γ01 − ην]1γ03 + ην]0γ13

)
+ η1[µ

(
γ023ν] + ην]3γ02 − ην]2γ03 + ην]0γ23

)
− η0[µ

(
γ123ν] + ην]3γ12 − ην]2γ13 + ην]1γ23

)
=γ01

(
η3[µην]2 − η2[µην]3

)
− γ02

(
η3[µην]1 − η1[µην]3

)
+ γ12

(
η3[µην]0 − η0[µην]3

)
+ γ03

(
η2[µην]1 − η1[µην]2

)
− γ13

(
η2[µην]0 − η0[µην]2

)
+ γ23

(
η1[µην]0 − η1[µην]0

)
+ η3[µγ012ν] − η2[µγ013ν] + η1[µγ023ν] − η0[µγ123ν]

=2γρσ(η0[ρησ]1η3[µην]2 − η0[ρησ]2η3[µην]1 + η1[ρησ]2η3[µην]0

− η0[ρησ]3η2[µην]1 + η1[ρησ]3η2[µην]0 − η2[ρησ]3η1[µην]0)

=− 1

2
εµνρσγ

ρσ.

The last equality follows since

εµνρσ = η0[µην]1η2[ρησ]3 − η0[µην]2η1[ρησ]3 + η1[µην]2η0[ρησ]3
− η3[µην]1η2[ρησ]0 + η3[µην]2η1[ρησ]0 − η3[µην]0η1[ρησ]2

Another thing to be pointed out is how the η3[µγ012ν] terms vanish. The van-
ish unless µ = ν. Then all terms but the one in question vanishes on the
right hand side. The left hand side vanishes as well since γµµ = 0. Thus
η3[µγ012ν] − η2[µγ013ν] + η1[µγ023ν] − η0[µγ123ν] = 0.

Next is (A.23). For this we may consider all possibilities separately, there
are only

(
4
3

)
= 4 of them:

ε012σγ
σγ5 = ε0120γ

0γ5 + ε0121γ
1γ5 + ε0122γ

2γ5 + ε0123γ
3γ5

= −γ3γ5 = γ5γ3 = γ012γ3γ3 = γ012(γ33 + η33) = γ012,

ε013σγ
σγ5 = ε0130γ

0γ5 + ε0131γ
1γ5 + ε0132γ

2γ5 + ε0133γ
3γ5

= γ2γ5 = −γ5γ2 = −γ0123γ2 = −γ01232 − η23γ012 + η22γ013 − η21γ023 + η20γ123 = γ013,

ε023σγ
σγ5 = ε0230γ

0γ5 + ε0231γ
1γ5 + ε0232γ

2γ5 + ε0233γ
3γ5

= −γ1γ5 = γ5γ1 = γ0123γ1 = γ01231 + η13γ012 − η12γ013 + η11γ023 − η10γ123 = γ023,

ε123σγ
σγ5 = ε1230γ

0γ5 + ε1231γ
1γ5 + ε1232γ

2γ5 + ε1233γ
3γ5

= −γ0γ5 = −γ0γ0γ123 = −(γ00 + η00)γ123 = γ123.

Finally, (A.24). Here there is only one (non-zero) possibility:

−ε0123γ0123 = ε0123γ0123 = γ0123.
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A.4 Proof of (5.18)

The proof of (5.18)

(A.27)γtµ1µ2...µn = (−1)n(n+1)/2Cγµ1µ2...µnC
−1

follows. We first look at how one term changes,

(A.28)γtµ1
γtµ2

. . . γtµn = (−Cγµ1
C−1)(−Cγµ2

C−1) . . . (−CγµnC−1)

= (−1)nCγµ1γµ2 . . . γµnC
−1.

Then, the collection of all of the terms become

(A.29)

γtµ1µ2...µn =
∑
σ∈S

sign(σ)(γµσ(1)γµσ(2) . . . γµσ(n)
)t

=
∑
σ∈S

sign(σ)γtµσ(n)
. . . γtµσ(2)γ

t
µσ(1)

= (−1)nC

(∑
σ∈S

sign(σ)γµσ(n)
. . . γµσ(2)γµσ(1)

)
C−1.

There are
∑n
i=1(n−i) permutations needed to go from γµ1

γµ2
. . . γµn to γµn . . . γµ2

γµ1
.

Thus

(A.30)
γtµ1µ2...µn = (−1)n+

∑n
i=1(n−i)γµ1µ2...µn

= (−1)
∑n
i=0(n−i)γµ1µ2...µn

= (−1)n(n+1)/2γµ1µ2...µn .

A.5 Fierz identity

The Fierz identity for fermionic spinors ε1 and ε2 is

ε1ε̄2 = −1

4
(ε̄2ε1)1+

1

4
(ε̄2γ5ε1)γ5 −

1

4
(ε̄2γ

µε1)γµ +
1

4
(ε̄2γ

µγ5ε1)γµγ5 +
1

8
(ε̄2γ

µνε1)γµν .

(A.31)

This is an important identity in supersymmetry computations. A special case
we have a use for is ε1ε̄2 − ε2ε̄1:

ε1ε̄2 − ε2ε̄1 = −1

4
(ε̄2ε1 − ε̄1ε2)1+

1

4
(ε̄2γ5ε1 − ε̄1γ5ε2)γ5 −

1

4
(ε̄2γ

µε1 − ε̄1γµε2)γµ

+
1

4
(ε̄2γ

µγ5ε1 − ε̄1γµγ5ε2)γµγ5 +
1

8
(ε̄2γ

µνε1 − ε̄1γµνε2)γµν .

Using Cab = −Cba, (γ5)ab = −(γ5)ba, (γµ)ab = (γµ)ba, (γµγ5)ab = −(γµγ5)ba
and (γµν)ab = (γµν)ba, we find

ε1ε̄2 − ε2ε̄1 =
1

2
(ε̄1γ

µε2)γµ −
1

4
(ε̄1γ

µνε2)γµν . (A.32)

B Computation of Algebras

In this section we compute the commutation relations describing the Poincaré-
and conformal (super)algebra. At the end of the Appendix B.3 we also show
that the conformal algebra on Rp,q is isomorphic to so(p+ 1, q + 1).
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B.1 The Poincaré Algebra

The calculations leading to the Poincaré algebra (4.24), (4.25) and (4.26) follows.
We recall that Pµ = ∂µ and Mµν = xµ∂ν − xν∂µ. Then the commutation
relations are

[Pµ, Pν ] = [∂µ, ∂ν ] = ∂µ∂ν − ∂ν∂µ = 0,

[Mµν , Pρ] = [xµ∂ν − xν∂µ, ∂ρ] = [xµ∂ν , ∂ρ]− [xν∂µ, ∂ρ]

= xµ∂ν(∂ρ)− ∂ρ(xµ∂ν)− xν∂µ(∂ρ) + ∂ρ(xν∂µ)

= xµ∂ν∂ρ − ηρµ∂ν − xµ∂ρ∂ν − xν∂µ∂ρ + ηρν∂µ + xν∂ρ∂µ

= ηρν∂µ − ηρµ∂ν = ηρνPµ − ηρµPν ,

[Mµν ,Mρσ] = [xµ∂ν − xν∂µ, xρ∂σ − xσ∂ρ]
= [xµ∂ν , xρ∂σ]− [xµ∂ν , xσ∂ρ]− [xν∂µ, xρ∂σ] + [xν∂µ, xσ∂ρ]

= (xµ∂ν(xρ∂σ)− xρ∂σ(xµ∂ν))

− (ρ↔ σ)− (µ↔ ν) + (µ↔ ν, ρ↔ σ)

= (xµηνρ∂σ + xµxρ∂ν∂σ − xρησµ∂ν − xρxµ∂σ∂ν)

− (ρ↔ σ)− (µ↔ ν) + (µ↔ ν, ρ↔ σ)

= (ηνρxµ∂σ − ησµxρ∂ν)− (ηνσxµ∂ρ − ηρµxσ∂ν)

− (ηµρxν∂σ − ησνxρ∂µ) + (ηµσxν∂ρ − ηρνxσ∂µ)

= ηρν(xµ∂σ − xσ∂µ)− ησµ(xρ∂ν − xν∂ρ)
− ησν(xµ∂ρ − xρ∂µ) + ηρµ(xσ∂ν − xν∂σ)

= ηρνMµσ − ησµMρν − ησνMµρ + ηρµMσν .

Thus, the commutation relations describing the Poincaré algebra is

[Pµ, Pν ] = 0, (B.1)

[Mµν , Pρ] = ηνρPµ − ηµρPν , (B.2)

[Mµν ,Mρσ] = ηνρMµσ − ηµσMρν − ηνσMµρ + ηµρMσν . (B.3)

B.2 The Poincaré Superalgebra

We compute the Poincaré superalgebra. The generators act on the fields as:

Pµφ = ∂µφ, Mµνφ = (xµ∂ν − xν∂µ)φ, Qaφ = ψa,

Pµφ̃ = ∂µφ̃, Mµν φ̃ = (xµ∂ν − xν∂µ)φ̃, Qaφ̃ = (γ5)a
b
ψb,

Pµψ = ∂µψ, Mµνψ = (xµ∂ν − xν∂µ + Σµν)ψ, Qaψb = −(γµ)ab∂µφ+ (γµγ5)ab∂µφ̃.

We find the brackets defining the Poincaré superalgebra.

[Pµ, Qa]φ = Pµψa −Qa∂µφ = ∂µψa − ∂µψa = 0,

[Pµ, Qa]φ̃ = Pµγ5ψa −Qa∂µφ̃ = γ5∂µψ − ∂µ(γ5ψ) = 0,

[Pµ, Qa]ψb = Pµ(−(γν)ab∂νφ+ (γνγ5)ab∂ν φ̃)−Qa∂µψb
= −(γν)ab∂ν∂µφ+ (γνγ5)ab∂ν∂µφ̃− ∂µ(−(γν)ab∂νφ+ (γνγ5)ab∂ν φ̃) = 0.
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Hence, [Pµ, Qa] vanishes.

[Mµν , Qa]φ = Mµνψa −Qa(xµ∂ν − xν∂µ)φ = (Σµν)a
b
ψb = (Σµν)a

b
Qbφ

[Mµν , Qa]φ̃ = Mµνγ5ψa −Qa(xµ∂ν − xν∂µ)φ̃ = γ5(Σµν)a
b
ψb = (Σµν)a

b
Qbφ̃

[Mµν , Qa]ψb = Mµν

(
−(γρ)ab∂ρφ+ (γργ5)ab∂ρφ̃

)
−Qa ((xµ∂ν − xν∂µ)ψb + (Σµν)b

c
ψc)

= −(γρ)ab∂ρ(xµ∂ν − xν∂µ)φ+ (γργ5)ab∂ρ(xµ∂ν − xν∂µ)φ̃

− (xµ∂ν − xν∂µ)
(
−(γρ)ab∂ρφ+ (γργ5)ab∂ρφ̃

)
− (Σµν)b

c
(
−(γρ)ac∂ρφ+ (γργ5)ac∂ρφ̃

)
= −(γρ)ab(ηρµ∂ν − ηρν∂µ)φ+ (γργ5)ab(ηρµ∂ν − ηρν∂µ)φ̃

+ (Σµν)b
c
(

(γρ)ca∂ρφ+ (γργ5)ca∂ρφ̃
)
.

Let us consider only the last line:

(Σµν)b
c
(γρ)ca =

1

2
(γµνγ

ρ)ba =
1

2
(γµν

ρ + δρνγµ − δρµγν)ba

= −1

2
(γµν

ρ − δρνγµ + δρµγν)ab

= −1

2
((γµνγ

ρ − δρνγµ + δρµγν)− δρνγµ + δρµγν)ab

= −(Σµνγ
ρ − δρνγµ + δρµγν)ab.

In the same way,

(Σµν)b
c
(γργ5)ca = (Σµνγ

ργ5 − δρνγµγ5 + δρµγνγ5)ab.

Then,

[Mµν , Qa]ψb = −(γρ)ab(ηρµ∂ν − ηρν∂µ)φ+ (γργ5)ab(ηρµ∂ν − ηρν∂µ)φ̃

− (Σµνγ
ρ − δρνγµ + δρµγν)ab∂ρφ+ (Σµνγ

ργ5 − δρνγµγ5 + δρµγνγ5)ab∂ρφ̃

= −(Σµνγ
ρ)ab∂ρφ+ (Σµνγ

ργ5)ab∂ρφ̃ = −(Σµν)a
c
(γρcb∂ρφ+ (γργ5)cb∂ρφ̃)

= (Σµν)a
c
Qcψb.

Hence, [Mµν , Qa] = (Σµν)a
b
Qb.

[Qa, Qb]φ = Qaψb +Qbψa

= −(γµ)ab∂µφ+ (γµγ5)ab∂µφ̃− (γµ)ba∂µφ+ (γµγ5)ba∂µφ̃ = −2(γµ)ab∂µφ,

[Qa, Qb]φ̃ = Qa(γ5)b
c
ψc +Qb(γ5)a

c
ψc

= (γ5)b
c
(−(γµ)ac∂µφ+ (γµγ5)ac∂µφ̃) + (γ5)a

c
(−(γµ)bc∂µφ+ (γµγ5)bc∂µφ̃)

= (γ5)b
c
(−(γµ)ca∂µφ− (γµγ5)ca∂µφ̃) + (γ5)a

c
(−(γµ)cb∂µφ− (γµγ5)cb∂µφ̃)

= (γµγ5)ba∂µφ+ (γµγ25)ba∂µφ̃) + (γµγ5)ab∂µφ+ (γµγ25)ab∂µφ̃ = −2(γµ)ab∂µφ̃, .

We use another method to see [Qa, Qb]ψc. Since δεϕ = ε̄Qϕ,

[δε1 , δε2 ]ϕ = [ε̄1Q, ε̄2Q]ϕ = (ε̄1Qε̄2Q− ε̄2Qε̄1Q)ϕ = (εa1Qaε
b
2Qb − εb2Qbεa1Qa)ϕ

= εa1ε
b
2(QaQb +QbQa)ϕ = εa1ε

b
2[Qa, Qb]ϕ (B.4)
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We will take use of the Fierz identity (A.32)

ε1ε̄2 − ε2ε̄1 =
1

2
(ε̄1γ

µε2)γµ −
1

4
(ε̄1γ

µνε2)γµν (B.5)

Now, computing (B.4) by applying the supersymmetry transformations

δεφ = ε̄ψ, δεφ̃ = ε̄γ5ψ, δεψ = /∂(φ+ φ̃γ5)ε, (B.6)

we get

[δε1 , δε2 ]ψ = δε1(/∂(φ+ φ̃γ5)ε2)− (ε1 ↔ ε2) = /∂(ε̄1ψ + ε̄1γ5ψγ5)ε2 − (ε1 ↔ ε2)

= γµε2ε̄1∂µψ + γµγ5ε2ε̄1γ5∂µψ − (ε1 ↔ ε2)

= γµ((ε2ε̄1 − ε1ε̄2) + γ5(ε2ε̄1 − ε1ε̄2)γ5)∂µψ

= −γµ
{(1

2
(ε̄1γ

νε2)γν −
1

4
(ε̄1γ

νρε2)γνρ

)
+ γ5

(
1

2
(ε̄1γ

νε2)γν −
1

4
(ε̄1γ

νρε2)γνρ

)
γ5

}
∂µψ,

where we have applied the Fierz identity (B.5) in the last step. Let us compute
this as two separate terms. Consider first (ε̄1γ

µε2)-terms:

γµ(ε̄1γ
νε2)γν + γµγ5(

1

2
(ε̄1γ

νε2)γνγ5 = γµ(ε̄1γ
νε2)γν − γµ(

1

2
(ε̄1γ

νε2)γνγ
2
5

= 2γµ(ε̄1γ
νε2)γν .

The (ε̄1γ
νρε2)-terms are

γµ(ε̄1γ
νρε2)γνρ + γµγ5(ε̄1γ

νρε2)γνργ5 = γµ(ε̄1γ
νρε2)γνρ + γµ(ε̄1γ

νρε2)γνργ
2
5

= 0.

Thus, only the terms of the first kind contribute. Using the Clifford condition
γµγν + γνγµ = 2ηµν1, we find

[δε1 , δε2 ]ψ = −γµ(ε̄1γ
νε2)γν∂µψ = −(ε̄1γ

νε2)γµγν∂µψ

= −(ε̄1γ
νε2)(2δµν − γνγµ)∂µψ = −2εa1ε

b
2(γµ)ab∂µψ + εa1ε

b
2(γµ)abγµ/∂ψ.

(B.7)

Then equating (B.4) and (B.7), we find

εa1ε
b
2[Qa, Qb]ψ = −2εa1ε

b
2(γµ)ab∂µψ + εa1ε

b
2(γµ)abγµ/∂ψ.

Thus, we have, with ∂µ = Pµ,

[Qa, Qb]ψ = −2(γµ)abPµψ + εa1ε
b
2(γµ)abγµ/∂ψ.

Using the equations of motion for ψ, /∂ψ = 0, we get

[Qa, Qb]ψ = −2(γµ)abPµψ.

This is the same type as [Qa, Qb] on φ and φ̃. Hence, [Qa, Qb] = −2(γµ)abPµ.

The brackets defining the Poincaré superalgebra, in addition to the brack-
ets found in Appendix B.1, are

[Pµ, Qa] = 0, (B.8)

[Mµν , Qa] = −(Σµν)a
b
Qb, (B.9)

[Qa, Qb] = 2(γµ)abPµ. (B.10)
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B.3 The Conformal Algebra

The calculations leading to the conformal algebra (4.45) - (4.50) follows. We
recall that Pµ = ∂µ, Mµν = xµ∂ν −xν∂µ, D = xµ∂µ and Kµ = 2xµx

ν∂ν −x2∂µ,
where x2 = xνx

ν . Then,

[Pµ, D] = [∂µ, x
ν∂ν ] = ∂µ(xν∂ν)− xν∂ν(∂µ) = δνµ∂ν = ∂µ = Pµ,

[Pµ,Kν ] = [∂µ, 2xνx
ρ∂ρ − x2∂ν ] = 2[∂µ, xνx

ρ∂ρ]− [∂µ, x
2∂ν ]

= 2(∂µ(xνx
ρ∂ρ)− xνxρ∂ρ∂µ)− ∂µ(x2∂ν) + x2∂ν∂µ

= 2(ηµνx
ρ∂ρ + xνδ

ρ
µ∂ρ + xνx

ρ∂µ∂ρ − xνxρ∂ρ∂µ)− 2xµ∂ν

− x2∂µ∂ν + x2∂ν∂µ

= 2ηµνx
ρ∂ρ + 2xν∂µ − 2xµ∂ν = 2ηµνD + 2Mνµ,

[D,D] = [xµ∂µ, x
ν∂ν ] = 0,

[D,Mµν ] = [xρ∂ρ, xµ∂ν − xν∂µ] = [xρ∂ρ, xµ∂ν ]− [xρ∂ρ, xν∂µ]

= xρ∂ρ(xµ∂ν)− xµ∂ν(xρ∂ρ)− (µ↔ ν)

= xρηρµ∂ν + xρxµ∂ρ∂ν − xµδρν∂ρ − xµxρ∂ν∂ρ − (µ↔ ν)

= xµ∂ν − xµ∂ν − (µ↔ ν) = 0,

[D,Kµ] = [xρ∂ρ, 2xµx
ν∂ν − x2∂µ] = 2[xρ∂ρ, xµx

ν∂ν ]− [xρ∂ρ, x
2∂µ]

= 2(xρ∂ρ(xµx
ν∂ν)− xµxν∂ν(xρ∂ρ))− xρ∂ρ(x2∂µ) + x2∂µ(xρ∂ρ)

= 2(xρ(ηρµx
ν + xµδ

ν
ρ + xµx

ν∂ρ)∂ν − xµxν(δρν + xρ∂ν)∂ρ)

− xρ(2xρ + x2∂ρ)∂µ + x2(δρµ + xρ∂µ)∂ρ

= 2(xµx
ν∂ν + xνxµ∂ν + xρxµx

ν∂ρ∂ν)− 2(xµx
ρ∂ρ − xµxνxρ∂ν∂ρ)

− 2x2∂µ − x2xρ∂ρ∂µ + x2∂µ + x2xρ∂ρ∂µ

= 2xµx
ν∂ν − x2∂µ = Kµ,

[Mµν ,Kρ] = [xµ∂ν − xν∂µ, 2xρxσ∂σ − x2∂ρ]
= [xµ∂ν , xρx

σ∂σ]− [xµ∂ν , x
2∂ρ]− (µ↔ ν)

= xµ∂ν(xρx
σ∂σ)− xρxσ∂σ(xµ∂ν)− xµ∂ν(x2∂ρ) + x2∂ρ(xµ∂ν)− (µ↔ ν)

= xµ(ηνρx
σ + xρδ

σ
ν + xρx

σ∂ν)∂σ − xρxσ(ησµ + xµ∂σ)∂ν

− xµ(2xν + x2∂ν)∂ρ + x2(ηρµ + xµ∂ρ)∂ν − (µ↔ ν)

= ηνρxµx
σ∂σ + xµxρ∂ν + xµxρx

σ∂σ∂ν − xρxµ∂ν − xρxµxσ∂σ∂ν
− 2xµxν∂ρ − x2xµ∂ν∂ρ + ηρµx

2∂ν + x2xµ∂ν∂ρ − (µ↔ ν)

= ηνρxµx
σ∂σ − 2xµxν∂ρ + ηρµx

2∂ν − (µ↔ ν)

= ηνρxµx
σ∂σ − 2xµxν∂ρ + ηρµx

2∂ν − (ηµρxνx
σ∂σ − 2xνxµ∂ρ + ηρνx

2∂µ)

= ηρν(xµx
σ∂σ − x2∂µ)− ηρµ(xνx

σ∂σ − x2∂ν) = ηρνKµ − ηρµKν ,
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[Kµ,Kν ] = [2xµx
ρ∂ρ − x2∂µ, 2xνxσ∂σ − x2∂ν ]

= 4[xµx
ρ∂ρ, xνx

σ∂σ]− 2[xµx
ρ∂ρ, x

2∂ν ]− 2[x2∂µ, xνx
σ∂σ] + [x2∂µ, x

2∂ν ]

= 4[xµx
ρ∂ρ, xνx

σ∂σ]− 2([xµx
ρ∂ρ, x

2∂ν ]− (µ↔ ν)) + [x2∂µ, x
2∂ν ]

= 4(xµx
ρ∂ρ(xνx

σ∂σ)− xνxσ∂σ(xµx
ρ∂ρ))

− 2(xµx
ρ∂ρ(x

2∂ν)− x2∂ν(xµx
ρ∂ρ)− (µ↔ ν)) + x2∂µ(x2∂ν)− x2∂ν(x2∂µ)

= 4(xµx
ρ(ηρνx

σ + xνδ
σ
ρ + xνx

σ∂ρ)∂σ − xνxσ(ησµx
ρ + xµδ

ρ
σ + xµx

ρ∂σ)∂ρ

− 2(xµx
ρ(2xρ + x2∂ρ)∂ν − x2(ηνµx

ρ + xµδ
ρ
ν + xµx

ρ∂ν)∂ρ − (µ↔ ν))

+ x2(2xµ∂ν + x2∂µ∂ν − 2xν∂µ − x2∂ν∂µ)

= 4(xµxνx
σ∂σ + xµxνx

σ∂σ − xνxµxρ∂ρ − xνxµxρ∂ρ)
− 2(2x2xµ∂ν + x2xµx

ρ∂ρ∂ν − ηνµx2xρ∂ρ − x2xµ∂ν − x2xµxρ∂ρ∂ν − (µ↔ ν))

+ x2(2xµ∂ν − 2xν∂µ)

= −2x2(xµ∂ν − ηνµxρ∂ρ − (xν∂µ − ηµνxρ∂ρ) + 2x2(xµ∂ν − xν∂µ)

= −2x2(xµ∂ν − xν∂µ) + +2x2(xµ∂ν − xν∂µ) = 0.

We have found that the non-vanishing commutation relations describing the
conformal algebra are given by

[Pµ, D] = Pµ, (B.11)

[Pµ,Kν ] = 2 (ηνµD +Mνµ) , (B.12)

[D,Kµ] = Kµ, (B.13)

[Mµν , Pρ] = ηνρPµ − ηµρPν , (B.14)

[Mµν ,Mρσ] = ηνρMµσ − ηµσMρν − ηνσMµρ + ηµρMσν , (B.15)

[Mµν ,Kρ] = ηνρKµ − ηµρKν . (B.16)

We also show that on Rp,q the conformal algebra is isomorphic to so(p +
1, q + 1). This algebra is the Lorentz algebra of dimension p+ q + 2,

so(p+ 1, q + 1) := {X ∈ Matp+q+2 | Xηµν = −ηµνXt}, (B.17)

where t denotes the transpose. It has (p+q+2)2−(p+q+2)
2 = (p+q+2)(p+q+1)

2 gen-

erators. In subsection 4.3 we found that the conformal algebra has (m+2)(m+1)
2

generators, where m = p + q is the space-time dimension, so the number of
generators in each algebra is the same. Let us see why the conformal algebra is
isomorphic to so(p+ 1, q + 1).

Proof. Let the generators of so(p+1, q+1) be denoted Zµν , with µ, ν = 1, . . . , p+
q + 2, and Zµν = 0 when µ = ν. The generators satisfies (4.26):

(B.18)[Zµν , Zρσ] = ηνρZµσ − ηµσZρν − ηνσZµρ + ηµρZσν .

The signature of the Minkowski metric on Rp,q is (−, · · · ,−︸ ︷︷ ︸
p+1

,+, · · · ,+︸ ︷︷ ︸
q+1

).

Let i, j = 1, . . . , p, p + 2, . . . p + q + 1. The generators, Zµν , can be written
as a set of four different generators,

Zµν = {Zij , ZiA, ZiB , ZAB}.
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Here A has been used instead of (p+1), and B instead of (p+q+2). It should be
mentioned that there is nothing special with the choice of A and B, only that one
of them should be negative, and the other positive in the Minkowski signature.
We rewrite the generators as Q = ZAB , Si = ZiA − ZiB , and Ti = ZiA + ZiB .
The commutation relations are

[Zij , Q] = [Zij , ZAB ] = ηjAZiB − ηiBZAj − ηjBZiA + ηiAZBj = 0,

[Zij , Sk] = [Zij , ZkA − ZkB ] = [Zij , ZkA]− [Zij , ZkB ]

= ηjkZiA − ηkAZij − ηjAZik + ηikZAj − ηjkZiB + ηiBZkj + ηjBZik − ηikZBj
= ηjkZiA + ηikZAj − ηjkZiB − ηikZBj = ηjk (ZiA − ZiB)− ηik (ZjA − ZjB)

= ηjkSi − ηikSj ,

[Zij , Tk] = [Zij , ZkA + ZkB ] = [Zij , ZkA] + [Zij , ZkB ]

= ηjkZiA − ηiAZkj − ηjAZik + ηikZAj + ηjkZiB − ηiBZkj − ηjBZik + ηikZBj

= ηjkZiA + ηikZAj + ηjkZiB + ηikZBj = ηjk (ZiA + ZiB)− ηik (ZjB + ZjA)

= ηjkTi − ηikTj ,

[Q,Q] = [ZAB , ZAB ] = 0,

[Q,Si] = [ZAB , ZiA − ZiB ] = [ZAB , ZiA]− [ZAB , ZiB ]

= ηBiZAA − ηAAZiB − ηBAZAi + ηAiZAB − ηBiZAB + ηABZiB + ηBBZAi − ηAiZBB
= ZiB + ZAi = ZiB − ZiA = −Si,

[Q,Ti] = [ZAB , ZiA + ZiB ] = [ZAB , ZiA] + [ZAB , ZiB ]

= ηBiZAA − ηAAZiB − ηBAZAi + ηAiZAB + ηBiZAB − ηABZiB − ηBBZAi + ηAiZBB

= ZiB − ZAi = ZiB + ZiA = Ti,

[Si, Sj ] = [ZiA − ZiB , ZjA − ZjB ] = [ZiA, ZjA]− [ZiA, ZjB ]− [ZiB , ZjA]︸ ︷︷ ︸
=−[ZjA,ZiB ]

+[ZiB , ZjB ]

= ηAjZiA − ηiAZjA − ηAAZij + ηijZAA − ηAjZiB + ηiBZjA + ηABZij − ηijZBA
+ ηAiZjB − ηjBZiA − ηABZji + ηjiZBA + ηBjZiB − ηiBZjB − ηBBZij + ηijZBB

= Zij + ηijZAA − ηijZBA + ηjiZBA − Zij + ηijZBB = 0,

[Si, Tj ] = [ZiA − ZiB , ZjA + ZjB ] = [ZiA, ZjA] + [ZiA, ZjB ]− [ZiB , ZjA]︸ ︷︷ ︸
=−[ZjA,ZiB ]

−[ZiB , ZjB ]

= Zij + ηijZBA + ηjiZBA + Zij = 2(Zij + ηijZBA) = 2(Zij − ηijQ)

= −2(ηijQ+ Zji),
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[Ti, Tj ] = [ZiA + ZiB , ZjA + ZjB ] = [ZiA, ZjB ] + [ZiA, ZjB ] + [ZiB , ZjA]︸ ︷︷ ︸
=−[ZjA,ZiB ]

+[ZiB , ZjB ]

= Zij + ηijZAA + ηijZBA − ηjiZBA − Zij + ηijZBB = 0.

The commutation relations are

[Zµν , Zρσ] = ηνρZµσ − ηµσZρν − ηνσZµρ + ηµρZσν , (B.19)

[Zij , Sk] = ηjkSi − ηikSj , (B.20)

[Zij , Tk] = ηjkTi − ηikTj , (B.21)

[Q,Si] = −Si, (B.22)

[Q,Ti] = Ti, (B.23)

[Si, Tj ] = −2(ηjiQ+ Zji). (B.24)

Above we found that the conformal algebra is given by

[Pµ, D] = Pµ, (B.25)

[Pµ,Kν ] = 2 (ηνµD +Mνµ) , (B.26)

[D,Kµ] = Kµ, (B.27)

[Mµν , Pρ] = ηνρPµ − ηµρPν , (B.28)

[Mµν ,Mρσ] = ηνρMµσ − ηµσMρν − ηνσMµρ + ηµρMσν , (B.29)

[Mµν ,Kρ] = ηνρKµ − ηµρKν . (B.30)

We see that the commutation relations (B.19) - (B.24) are equal to the
commutation relations describing the conformal algebra, (B.25) - (B.30), except
that (B.24) is equal to minus (B.26), and (B.22) is equal to minus (B.25). Then
we can relate Zµν = αMµν , Si = βPµ, Q = γD, and Ti = δKµ. Choosing
α = γ = 1, and either β = 1 and δ = −1 or β = −1 and δ = 1 gives an
isomorphism.

B.4 The Conformal Superalgebra

We compute the brackets describing the conformal superalgebra.

We recall the infinitesimal transformations for D from subsection 6.2:

δcφ = c(xµ∂µ + 1)φ, δcφ̃ = c(xµ∂µ + 1)φ̃, δcψ = c(xµ∂µ +
3

2
)ψ.

We find how D acts on the field from δcϕ = cDϕ:

Dφ = (xµ∂µ + 1)φ, Dφ̃ = (xµ∂µ + 1)φ̃, Dψ(xµ∂µ +
3

2
)ψ.
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We can now find [D,Qa]:

[D,Qa]φ = Dψa −Qa(xµ∂µ + 1)φ = (xµ∂µ +
3

2
)ψa − (xµ∂µ + 1)ψa

=
1

2
ψa =

1

2
Qaφ,

[D,Qa]φ̃ = Dγ5ψa −Qa(xµ∂µ + 1)φ̃ = γ5(xµ∂µ +
3

2
)ψa − (xµ∂µ + 1)γ5ψa

=
1

2
γ5ψa =

1

2
Qaφ̃,

[D,Qa]ψb = D(−(γµ)ab∂µφ+ (γµγ5)ab∂µφ̃)−Qa(xν∂ν +
3

2
)ψb

= −(γµ)ab∂µ((xν∂ν + 1)φ) + (γµγ5)ab∂µ((xν∂ν + 1)φ̃)

− (xν∂ν +
3

2
)
(
−(γµ)ab∂µφ+ (γµγ5)ab∂µφ̃

)
= −(γµ)ab(δ

ν
µ∂ν + xν∂ν∂µ + ∂µ)φ+ (γµγ5)ab(δ

ν
µ∂ν + xν∂ν∂µ + ∂µ)φ̃

+ (γµ)abx
ν∂ν∂µφ− (γµγ5)abx

ν∂ν∂µφ̃−
3

2
Qaψb

= −2(γµ)ab∂µφ+ 2(γµγ5)ab∂µφ̃−
3

2
Qaψb

= 2Qaψb −
3

2
Qaψb =

1

2
Qaψb.

Hence, [D,Qa] = 1
2Qa.

The infinitesimal transformation for Kµ are

δdφ = dµ(2xµx
ν∂ν − xνxν∂µ + 2xµ)φ, δdφ̃ = dµ(2xµx

ν∂ν − xνxν∂µ + 2xµ)φ̃,

δdψ = dµ(2xµx
ν∂ν − xνxν∂µ + 3xµ − xνγνµ)ψ.

We find how Kµ acts on the field from δdϕ = dµKµϕ:

Kµφ = (2xµx
ν∂ν − xνxν∂µ + 2xµ)φ, Kµφ̃ = (2xµx

ν∂ν − xνxν∂µ + 2xµ)φ̃,

Kµψ = (2xµx
ν∂ν − xνxν∂µ + 3xµ − xνγνµ)ψ.
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We can now find [Kµ, Qa]:

[Kµ, Qa]φ = Kµψa −Qa(2xµx
ν∂ν − xνxν∂µ + 2xµ)φ

= (2xµx
ν∂ν − xνxν∂µ + 3xµ − xνγνµ)ψa − (2xµx

ν∂ν − xνxν∂µ + 2xµ)ψa

= (xµ − xνγνµ)ψa,

[Kµ, Qa]φ = Kµγ5ψa −Qa(2xµx
ν∂ν − xνxν∂µ + 2xµ)φ

= γ5(2xµx
ν∂ν − xνxν∂µ + 3xµ − xνγνµ)ψa − (2xµx

ν∂ν − xνxν∂µ + 2xµ)γ5ψa

= γ5(xµ − xνγνµ)ψa,

[Kµ, Qa]ψb = Kµ(−(γρ)ab∂ρφ+ (γργ5)ab∂ρφ̃)−Qa(2xµx
ν∂ν − xνxν∂µ + 3xµ)ψb

−Qa(−xν(γνµ)b
c
)ψc

= ∂ρ(2xµx
ν∂ν − xνxν∂µ + 2xµ)(−φ(γρ)ab + φ̃(γργ5)ab)

− (2xµx
ν∂ν − xνxν∂µ + 3xµ)∂ρ(−φ(γρ)ab + φ̃(γργ5)ab)

+ xν(γνµ)b
c
∂ρ(−φ(γρ)ac + φ̃(γργ5)ac)

= (2ηρµ(xν∂ν + 1) + 2xµ∂ρ − 2xρ∂µ)(−φ(γρ)ab + φ̃(γργ5)ab)

− xµ∂ρ(−φ(γρ)ab + φ̃(γργ5)ab) + xν(γνµ)b
c
∂ρ(−φ(γρ)ca + φ̃(γργ5)ca)

= (2ηρµ(xν∂ν + 1) + xµ∂ρ − 2xρ∂µ)(−φ(γρ)ab + φ̃(γργ5)ab)

+ xν∂ρ(−φ(γνµγ
ρ)ba − φ̃(γνµγ

ργ5)ba).

Hence, [Kµ, Qa] does not correspond to any of the previous generators. We
therefore introduce a new fermionic operator Sa. It seems we must multiply
this generator with (γµ)a

b
, since we have µ-subscript and γ-matrices. Then we

have
[Kµ, Qa] = (γµ)a

b
Sb. (B.31)

Let us find how Sa acts on the fields. We will use the following two identities:

γµγ
µ = γµη

µνγν =
1

2
(ηµνγµγν + ηνµγµγν) =

1

2
ηµν(γµγν + γνγµ)

= ηµνηµν1 = d1, (B.32)

and

γµγνµ =
1

2
γµ(γνγµ − γµγν) =

1

2
γµ(γνγµ + γµγν − 2γµγν)

=
1

2
γµ(2ηµν1− 2γµγν) = (1− d)γν . (B.33)

With d = 4 they are γµγ
µ = 41 and γµγνµ = −3γν . Then we have

γµSaφ = (xµ − xνγνµ)ψa.

We multiply both sides with 1
4γ

µ from left:

Saφ =
1

4
γµ(xµ − xνγνµ)ψa =

1

4
(xµγ

µ + 3xνγν)ψa = xµγµψa.

The next one is similar:

Saφ̃ =
1

4
γµγ5(xµ − xνγνµ)ψa = −1

4
γ5(xµγ

µ + 3xνγν)ψa = xµγµγ5ψa.
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We will do some extra work on [Kµ, Qa]ψb. We rewrite the last line

xν∂ρ(−φ(γνµγ
ρ)ba − φ̃(γνµγ

ργ5)ba)

= xν∂ρ(−φ(γνµρ + ηρµγν − ηρνγµ)ba − φ̃((γνµρ + ηρµγν − ηρνγµ)γ5)ba)

= xν∂ρ(φ(γνµρ − ηρµγν + ηρνγµ)ab − φ̃((γνµρ − ηρµγν + ηρνγµ)γ5)ab)

= xν∂ν(φ(γµ)ab − φ̃(γµγ5)ab)− xν∂µ(φ(γν)ab − φ̃(γνγ5)ab)

+ xν∂ρ(−φ(γµνρ)ab + φ̃(γµνργ5)ab).

We find Saψb = 1
4 (γµ)a

c
[Kµ, Qc]ψb:

1

4
(γµ)a

c
[Kµ, Qc]ψb =

1

4

{
(2ηρµ(xν∂ν + 1) + xµ∂ρ − 2xρ∂µ)(−φ(γµγρ)ab + φ̃(γµγργ5)ab)

+ xν∂ν(φ(γµγµ)ab − φ̃(γµγµγ5)ab)− xν∂µ(φ(γµγν)ab − φ̃(γµγνγ5)ab)

+ xν∂ρ(−φ(γµγµνρ)ab + φ̃(γγµµνργ5)ab)
}
.

Using Proposition 5.2 and

εµνρσε
µνλδ = −2(δλρ δ

δ
σ − δδρδλσ),

we notice that

γµγµνρ = γµεµνρσγ
σγ5 = εµνρσ(γµσ + ηµσ)γ5 =

1

2
(εµνρσ(γµσ + ηµσ) + εσνρµ(γσµ + ησµ))γ5

=
1

2
(εµνρσ(γµσ + ηµσ)− εµνρσ(−γµσ + ηµσ))γ5 = εµνρσγ

µσγ5 = −1

2
εµνρσε

µσλδγλδ

= −1

2
εµσνρε

µσλδγλδ = −1

2
(−2δλν δ

δ
ρ − δδνδλρ )γλδ = γνρ − γρν = 2γνρ.

Then

1

4
(γµ)a

c
[Kµ, Qc]ψb] =

1

4

{
(2ηρµ(xν∂ν + 1) + xµ∂ρ − 2xρ∂µ)(−φ(γµρ + ηµρ)ab + φ̃((γµρ + ηµρ)γ5)ab)

+ 4xν∂ν(φCab − φ̃(γ5)ab)− xν∂µ(φ(γµν + ηµν)ab − φ̃((γµν + ηµν)γ5)ab)

+ 2xν∂ρ(−φ(γνρ)ab + φ̃(γνργ5)ab)
}
.

We again rewrite some of the terms:

2ηρµ(xν∂ν + 1)(−φ(γµρ + ηµρ)ab + φ̃((γµρ + ηµρ)γ5)ab)

= 2(xν∂ν + 1)(−φ(γµµ)ab + φ̃(γµµγ5)ab) + 2(xν∂ν + 1)(−4φCab + 4φ̃(γ5)ab)

= 8(xν∂ν + 1)(−φCab + φ̃(γ5)ab),
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(xµ∂ρ − 2xρ∂µ)(−φ(γµρ + ηµρ)ab + φ̃((γµρ + ηµρ)γ5)ab)

= (xµ∂ρ − 2xρ∂µ)(−φ(γµρ)ab + φ̃(γµργ5)ab)

+ (xµ∂ρ − 2xρ∂µ)ηµρ(−φCab + φ̃(γ5)ab)

= xµ∂ρ(−φ(γµρ)ab + φ̃(γµργ5)ab)− 2xρ∂µ(−φ(γµρ)ab + φ̃(γµργ5)ab)

+ (xµ∂
µ − 2xρ∂

ρ)(−φCab + φ̃(γ5)ab)

= xµ∂ρ(−φ(γµρ)ab + φ̃(γµργ5)ab)− 2xµ∂ρ(−φ(γρµ)ab + φ̃(γρµγ5)ab)

− xµ∂µ(−φCab + φ̃(γ5)ab)

= xµ∂ρ(−φ(γµρ)ab + φ̃(γµργ5)ab) + 2xµ∂ρ(−φ(γµρ)ab + φ̃(γµργ5)ab)

− xµ∂µ(−φCab + φ̃(γ5)ab)

= 3xµ∂ρ(−φ(γµρ)ab + φ̃(γµργ5)ab)− xµ∂µ(−φCab + φ̃(γ5)ab),

xν∂µ(φ(γµν + ηµν)ab − φ̃((γµν + ηµν)γ5)ab)

= xµ∂ν(φ(γνµ)ab − φ̃(γνµγ5)ab) + xµ∂µ(φCab − φ̃(γ5)ab)

= xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)− xµ∂µ(−φCab + φ̃(γ5)ab).

Then Sa acts on ψb as

Saψb =
1

4

{
8(xν∂ν + 1)(−φCab + φ̃(γ5)ab) + 3xµ∂ρ(−φ(γµρ)ab + φ̃(γµργ5)ab)

− xµ∂µ(−φCab + φ̃(γ5)ab) + 4xν∂ν(φCab − φ̃(γ5)ab)

− xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab) + xµ∂µ(−φCab + φ̃(γ5)ab)

+ 2xν∂ρ(−φ(γνρ)ab + φ̃(γνργ5)ab)
}

= (xµ∂µ + 2)(−φCab + φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab).

Now we have found how the generator S acts on the fields. We summarise it
below:

Saφ = xµγµψa, Saφ̃ = xµγµγ5ψa,

Saψb = (xµ∂µ + 2)(−φCab + φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab).

We have to compute the brackets containing S, to see if the algebra is now
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closed:

[Pµ, Sa]φ = Pµx
νγνψa − Sa∂µφ = xνγν∂µψa − ∂µ(xνγνψa) = −δνµγνψa

= −γµψa = −(γµ)a
b
Qbφ,

[Pµ, Sa]φ̃ = Pµx
νγνγ5ψa − Sa∂µφ̃ = xνγν∂µγ5ψa − ∂µ(xνγνγ5ψa) = −δνµγνγ5ψa

= −γµγ5ψa = −(γµ)a
b
Qbφ̃,

[Pµ, Sa]ψb = Pµ

(
(xν∂ν + 2)(−φCab + φ̃(γ5)ab) + xν∂ρ(−φ(γνρ)ab + φ̃(γνργ5)ab)

)
− Sa∂µψb

= (xν∂ν + 2)∂µ(−φCab + φ̃(γ5)ab) + xν∂ρ∂µ(−φ(γνρ)ab + φ̃(γνργ5)ab)

− ∂µ
(

(xν∂ν + 2)(−φCab + φ̃(γ5)ab) + xν∂ρ(−φ(γνρ)ab + φ̃(γνργ5)ab)
)

= ∂µ(−φCab + φ̃(γ5)ab)− ∂ρ(−φ(γµ
ρ)ab + φ̃(γµ

ργ5)ab)

= ∂µ(−φCab + φ̃(γ5)ab)− ∂ρ(−φ(γµγ
ρ − δρµ)ab + φ̃((γµγ

ρ − δρµ)γ5)ab)

= −(γµ)a
c
∂ρ(−φ(γρ)cb + φ̃(γργ5)cb) = −(γµ)a

c
Qcψb.

Hence, [Pµ, Sa] = −(γµ)a
b
Qb.

[Mµν , Sa]φ = Mµνx
ρ(γρ)a

b
ψb − Sa(xµ∂ν − xν∂µ)φ

= xρ(γρ)a
b
((xµ∂ν − xν∂µ)ψb + (Σµν)b

c
ψc)− (xµ∂ν − xν∂µ)xρ(γρ)a

b
ψb

= xρ(γρΣµν)a
b
ψb − (xµ(γν)a

b − xν(γµ)a
b
)ψb

=
1

2
xρ(γργµν)a

b
ψb − (xµ(γν)a

b − xν(γµ)a
b
)ψb

=
1

2
xρ(γρµν + ηρµγν − ηρνγµ)a

b
ψb − (xµ(γν)a

b − xν(γµ)a
b
)ψb

=
1

2
xρ(γµνρ − ηρµγν + ηρνγµ)a

b
ψb

=
1

2
xρ(γµνγρ − ηρνγµ + ηρµγν − ηρµγν + ηρνγµ)a

b
ψb

=
1

2
xρ(γµνγρ)a

b
ψb =

1

2
(γµν)a

b
xρ(γρ)b

c
ψc = (Σµν)a

b
Sbφ,

[Mµν , Sa]φ̃ = Mµνx
ρ(γργ5)a

b
ψb − Sa(xµ∂ν − xν∂µ)φ̃

= xρ(γργ5)a
b
((xµ∂ν − xν∂µ)ψb + (Σµν)b

c
ψc)− (xµ∂ν − xν∂µ)xρ(γργ5)a

b
ψb

=
1

2
(γµν)a

b
xρ(γργ5)b

c
ψc = (Σµν)a

b
Sbφ̃,
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[Mµν , Sa]ψb = Mµν

[
(xρ∂ρ + 2)(−φCab + φ̃(γ5)ab) + xρ∂σ(−φ(γρσ)ab + φ̃(γρσγ5)ab)

]
− Sa((xµ∂ν − xν∂µ)ψb + (Σµν)b

c
ψc)

=
[
(xρ∂ρ + 2)(xµ∂ν − xν∂µ)(−φCab + φ̃(γ5)ab)

+ xρ∂σ(xµ∂ν − xν∂µ)(−φ(γρσ)ab + φ̃(γρσγ5)ab)
]

−
(

(xµ∂ν − xν∂µ)
[
(xρ∂ρ + 2)(−φCab + φ̃(γ5)ab) + xρ∂σ(−φ(γρσ)ab

+ φ̃(γρσγ5)ab)
]

+ (Σµν)b
c
[
(xρ∂ρ + 2)(−φCac + φ̃(γ5)ac)

+ xρ∂σ(−φ(γρσ)ac + φ̃(γρσγ5)ac)
])

=
(
xρηρµ∂ν(−φCab + φ̃(γ5)ab) + xρησµ∂ν(−φ(γρσ)ab + φ̃(γρσγ5)ab)

− xµδρν∂ρ(−φCab + φ̃(γ5)ab) + ηνρ∂σ(−φ(γρσ)ab + φ̃(γρσγ5)ab)
)
− (µ↔ ν)

− (Σµν)b
c
[
(xρ∂ρ + 2)(−φCac + φ̃(γ5)ac) + xρ∂σ(−φ(γρσ)ac + φ̃(γρσγ5)ac)

]
The first term in the first and second line cancel each other. Furthermore, in
the calculation of [Mµν , Qa]ψb, we saw that (Σµν)b

c
(γρ)ca = −(Σµνγ

ρ− δρνγµ +
δρµγν)ab. Similarly, we have

(Σµν)b
c
(γρσ)ac = −(Σµνγ

ρσ + δσν γµ
ρ − δσµγνρ − δρνγµσ + δρµγν

σ)ab,

(Σµν)b
c
(γρσγ5)ac = ((−Σµνγ

ρσ + δσν γµ
ρ − δσµγνρ − δρνγµσ + δρµγν

σ)γ5)ab.

The terms not containing Σµν cancel with the remaining term in [Mµν , Sa]ψb,
thus

[Mµν , Sa]ψb = (Σµν)a
c
Scψb

Hence, [Mµν , Sa] = (Σµν)a
b
Sb.

[D,Sa]φ = Dxµγµψa − Sa(xν∂ν + 1)φ = xµγµ(xν∂ν +
3

2
)ψa − (xν∂ν + 1)xµγµψa

=
1

2
xµγµψa − xµγµψa = −1

2
xµγµψa,

[D,Sa]φ̃ = Dxµγµγ5ψa − Sa(xν∂ν + 1)φ̃ = xµγµγ5(xν∂ν +
3

2
)ψa − (xν∂ν + 1)xµγµγ5ψa

= −1

2
xµγµγ5ψa,
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[D,Sa]ψb = D
(

(xµ∂µ + 2)(−φCab + φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)
)

− Sa(xρ∂ρ +
3

2
)ψb

= (xµ∂µ + 2)(xρ∂ρ + 1)(−φCab + φ̃(γ5)ab) + xµ∂ν(xρ∂ρ + 1)(−φ(γµν)ab + φ̃(γµνγ5)ab)

− (xρ∂ρ +
3

2
)
(

(xµ∂µ + 2)(−φCab + φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)
)

= (xµ∂µ + xµ∂µ + 2− xρ∂ρ −
3

2
xµ∂µ − 3)(−φCab + φ̃(γ5)ab)

+ (2xµ∂ν − xµ∂ν −
3

2
xµ∂ν)(−φ(γµν)ab + φ̃(γµνγ5)ab)

= −(
1

2
xµ∂µ + 1)(−φCab + φ̃(γ5)ab)−

1

2
xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab).

Hence, [D,Sa] = − 1
2Sa.

[Kµ, Sa]φ = Kµx
ργρψa − Sa(2xµx

ν∂ν − x2∂µ + 2xµ)φ

= xργρ(2xµx
ν∂ν − x2∂µ + 3xµ − xνγνµ)ψa − (2xµx

ν∂ν − x2∂µ + 2xµ)xργρψa

= xργρ(xµ − xνγνµ)ψa − (2xµx
νγν − x2γµ)ψa

= −xµxνγνψa + x2γµψa −
1

2
xρxνγρ(γνγµ − γµγν)ψa

= −xµxνγνψa + x2γµψa −
1

2
xρxν((γρν + ηρν)γµ − (γρµ + ηρµ)γν)ψa

= −xµxνγνψa + x2γµψa

− 1

2
xρxν(γρνµ + ηµνγρ − ηµργν + ηρνγµ − γρµν − ηνµγρ + ηνργµ + ηρµγν)ψa

= −xµxνγνψa + x2γµψa − xρxν(ερνµσγ
σγ5 − ηµργν + ηρνγµ)ψa

= −xρxνερνµσγσγ5ψa = −xνxρενρµσγσγ5ψa = xνxρερνµσγ
σγ5ψa = 0,

[Kµ, Sa]φ̃ = Kµx
ργργ5ψa − Sa(2xµx

ν∂ν − x2∂µ + 2xµ)φ

= xργργ5(2xµx
ν∂ν − x2∂µ + 3xµ − xνγνµ)ψa − (2xµx

ν∂ν − x2∂µ + 2xµ)xργργ5ψa

= 0,

[Kµ, Sa]ψb = Kµ

(
(xρ∂ρ + 2)(−φCab + φ̃(γ5)ab) + xρ∂σ(−φ(γρσ)ab + φ̃(γρσγ5)ab)

)
− Sa(2xµx

ν∂ν − x2∂µ + 3xµ − xνγνµ)ψb = · · · = 0.

Hence, [Kµ, Sa] = 0.

[Sa, Sb]φ = Sax
µ(γµ)b

c
ψc + Sbx

µ(γµ)a
c
ψc

= xµ
{

(xν∂ν + 2)
[
−φ
(

(γµ)b
c
Cac + (γµ)a

c
Cbc

)
+ φ̃

(
(γµ)b

c
(γ5)ac + (γµ)a

c
(γ5)bc

)]
+ xν∂ρ

[
−φ
(

(γµ)b
c
(γνρ)ac + (γµ)a

c
(γνρ)bc

)
+ φ̃

(
(γµ)b

c
(γνργ5)ac + (γµ)a

c
(γνργ5)bc

)]}
= xµ

{
(xν∂ν + 2)

[
φ
(

(γµ)b
c
Cca + (γµ)a

c
Ccb

)
− φ̃

(
(γµ)b

c
(γ5)ca + (γµ)a

c
(γ5)cb

)]
+ xν∂ρ

[
−φ
(

(γµ)b
c
(γνρ)ca + (γµ)a

c
(γνρ)cb

)
+ φ̃

(
(γµ)b

c
(γνργ5)ca + (γµ)a

c
(γνργ5)cb

)]}
= xµ

{
(xν∂ν + 2)

[
φ
(

(γµ)ba + (γµ)ab

)
− φ̃

(
(γµγ5)ba + (γµγ5)ab

)]
+ xν∂ρ

[
−φ
(

(γµγ
νρ)ba + (γµγ

νρ)ab

)
+ φ̃

(
(γµγ

νργ5)ba + (γµγ
νργ5)ab

)]}
.
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We notice that all terms containing φ̃ vanishes. The first one is simply due to
(γµγ5)ab = −(γµγ5)ba. The other one is slightly more complicated. We use
Proposition 5.2, so that γνργ5 = − 1

2ε
νρσλγσλ. Then,

(γµγ
νργ5)ba + (γµγ

νργ5)ab = −1

2
ενρσλ [(γµγσλ)ba + (γµγσλ)ab] .

We can then, using (5.9), rewrite

γµγσλ =
1

2
γµ(γσγλ − γλγσ) =

1

2
((γµσ + ηµσ)γλ − (γµλ + ηµλ)γσ)

=
1

2
(γµσλ + ηλσγµ − ηλµγσ + ηµσγλ − γµλσ − ησλγµ + ησµγλ − ηµλγσ)

= γµσλ + ηµσγλ − ηµλγσ. (B.34)

Then, using (γµνρ)ab = −(γµνρ)ba and (γµ)ab = (γµ)ba,

(γµγ
νργ5)ba + (γµγ

νργ5)ab = −1

2
ενρσλ [(γµσλ + ηµσγλ − ηµλγσ)ba + (γµσλ + ηµσγλ − ηµλγσ)ab]

= −1

2
ενρσλ [(−γµσλ + ηµσγλ − ηµλγσ)ab + (γµσλ + ηµσγλ − ηµλγσ)ab]

= −ενρσλ(ηµσγλ − ηµλγσ)ab = −ενρσληµσ(γλ)ab + ενρσληµλ(γσ)ab

= −ενρσληµσ(γλ)ab + ενρλσηµσ(γλ)ab

= −ενρσληµσ(γλ)ab − ενρσληµσ(γλ)ab = −2ενρσληµσ(γλ)ab.

Now, the whole term including φ̃ is

−2xµxν∂ρε
νρσληµσ(γλ)ab = −2xµxν∂ρε

νρµλ(γλ)ab.

This vanishes since

2xµxνε
νρµλ = xµxνε

νρµλ + xνxµε
µρνλ = xµxνε

νρµλ − xνxµενρµλ = 0.

Thus, [Sa, Sb]φ consists of only terms involving φ:

[Sa, Sb]φ = xµ
{

(xν∂ν + 2)φ
(

(γµ)ba + (γµ)ab

)
− xν∂ρφ

(
(γµγ

νρ)ba + (γµγ
νρ)ab

)}
.

We again use (B.34). However this time the Minkowski metric is the Kronecker
delta

[Sa, Sb]φ = xµ
{

(xν∂ν + 2)φ
(

(γµ)ab + (γµ)ab

)
− xν∂ρφ

(
(γµ

νρ + δνµγ
ρ − δρµγν)ba + (γµ

νρ + δνµγ
ρ − δρµγν)ab

)}
= xµ

{
2(xν∂ν + 2)φ(γµ)ab

− xν∂ρφ
(

(−γµνρ + δνµγ
ρ − δρµγν)ab + (γµ

νρ + δνµγ
ρ − δρµγν)ab

)}
= xµ

{
2(xν∂ν + 2)φ(γµ)ab − 2xν∂ρφ(δνµγ

ρ − δρµγν)ab

}
= 2xµ(xν∂ν + 2)φ(γµ)ab − 2xνxν∂ρφ(γρ)ab + 2xµxν∂µ(γν)ab

= 2xµ(xν∂ν + 2)φ(γµ)ab − 2xνxν∂µφ(γµ)ab + 2xνxµ∂ν(γµ)ab

= 2(γµ)ab
(
xµx

ν∂ν + 2xµ − x2∂µ + xµx
ν∂ν
)
φ = 2(γµ)abKµφ.
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Similarly one finds [Sa, Sb]φ̃ = 2(γµ)abKµφ̃. For [Sa, Sb]ψ we use (B.4):

[δζ1 , δζ2 ]ψ = ζaζb[Sa, Sb]ψ.

Applying the supersymmetry transformations, we get

[δζ1 , δζ2 ]ψ = xµxνγργµ(ζ1ζ̄2 − ζ2ζ̄1)γν∂ρψ + xµxνγργ5γµ(ζ1ζ̄2 − ζ2ζ̄1)γνγ5∂ρψ

+2xµ(ζ1ζ̄2 − ζ2ζ̄1)γµψ + 2xµγ5(ζ1ζ̄2 − ζ2ζ̄1)γµγ5ψ.

Applying the Fierz identity (A.32), we get, where we have used the equations
of motion /∂ψ = 0,

[Sa, Sb]ψ = 2(γµ)abKµψ.

Hence, [Sa, Sb] = 2(γµ)abKµ.

[Qa, Sb]φ = Qax
µ(γµ)b

c
ψc + Sbψa

= xµ(γµ)b
c
∂ν(−φ(γν)ac + φ̃(γνγ5)ac) + (xµ∂µ + 2)(−φCba + φ̃(γ5)ba)

+ xµ∂ν(−φ(γµν)ba + φ̃(γµνγ5)ba)

= xµ(γµ)b
c
∂ν(−φ(γν)ca − φ̃(γνγ5)ca) + (xµ∂µ + 2)(φCab − φ̃(γ5)ab)

+ xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)

= xµ∂ν(−φ(γµγν)ba − φ̃(γµγνγ5)ba) + (xµ∂µ + 2)(φCab − φ̃(γ5)ab)

+ xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)

= xµ∂ν(−φ(γµν + ηµν)ba − φ̃((γµν + ηµν)γ5)ba) + (xµ∂µ + 2)(φCab − φ̃(γ5)ab)

+ xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)

= xµ∂ν(−φ(γµν − ηµν)ab − φ̃((γµν − ηµν)γ5)ab) + (xµ∂µ + 2)(φCab − φ̃(γ5)ab)

+ xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)

= xµ∂ν(−φ(γµν)ab − φ̃(γµνγ5)ab) + xµ∂µ(φCab + φ̃(γ5)ab)

+ (xµ∂µ + 2)(φCab − φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)

= −2xµ∂νφ(γµν)ab + 2(−φCab − φ̃(γ5)ab) + 2xµ∂µφCab

= − (xµ∂ν(γµν)ab + xν∂µ(γνµ)ab)φ+ 2(φCab − φ̃(γ5)ab) + 2xµ∂µφCab

= − (xµ∂ν(γµν)ab − xν∂µ(γµν)ab)φ+ 2(φCab − φ̃(γ5)ab) + 2xµ∂µφCab

= −(xµ∂ν − xν∂µ)γµν)abφ+ 2(xµ∂µ + 1)φCab − 2φ̃(γ5)ab

= −(γµν)abMµνφ+ 2DφCab − 2φ̃(γ5)ab,

93



B.4 The Conformal Superalgebra B COMPUTATION OF ALGEBRAS

[Qa, Sb]φ̃ = Qax
µ(γµγ5)b

c
ψc + Sb(γ5)a

c
ψc

= xµ(γµγ5)b
c
∂ν(−φ(γν)ac + φ̃(γνγ5)ac) + (γ5)a

c
(

(xµ∂µ + 2)(−φCbc + φ̃(γ5)bc)

+ xµ∂ν(−φ(γµν)bc + φ̃(γµνγ5)bc)
)

= xµ(γµγ5)b
c
∂ν(−φ(γν)ca − φ̃(γνγ5)ca) + (γ5)a

c
(xµ∂µ + 2)(φCcb − φ̃(γ5)cb)

+ xµ∂ν(−φ(γµν)cb + φ̃(γµνγ5)cb)

= xµ∂ν(φ(γµγνγ5)ba + φ̃(γµγνγ25)ba) + (xµ∂µ + 2)(φ(γ5)ab + φ̃Cab)

+ xµ∂ν(−φ(γµνγ5)ab − φ̃(γµν)ab)

= xµ∂ν(φ((γµν + ηµν)γ5)ba − φ̃(γµν + ηµν)ba) + (xµ∂µ + 2)(φ(γ5)ab + φ̃Cab)

+ xµ∂ν(−φ(γµνγ5)ab − φ̃(γµν)ab)

= xµ∂ν(φ((γµν − ηµν)γ5)ab − φ̃(γµν − ηµν)ab) + (xµ∂µ + 2)(φ(γ5)ab + φ̃Cab)

+ xµ∂ν(−φ(γµνγ5)ab − φ̃(γµν)ab)

= xµ∂ν(φ(γµνγ5)ab − φ̃(γµν)ab) + xµ∂µ(−φ(γ5)ab + φ̃Cab)

+ (xµ∂µ + 2)(φ(γ5)ab + φ̃Cab) + xµ∂ν(−φ(γµνγ5)ab − φ̃(γµν)ab)

= −2xµ∂ν φ̃(γµν)ab) + 2(φ(γ5)ab + φ̃Cab) + 2xµ∂µφ̃Cab

= −(xµ∂ν − xν∂µ)γµν)abφ̃+ 2(xµ∂µ + 1)φ̃Cab + 2φ(γ5)ab

= −(γµν)abMµν φ̃+ 2Dφ̃Cab + 2φ(γ5)ab.

For the last one, we use (B.4):

[δε, δζ ]ψ = εaζb[Qa, Sb]ψ.

Applying the supersymmetry transformations gives

[δε, δζ ]ψ = −xµγνγµζε̄∂νψ − xµγνγ5γµζε̄γ5∂νψ
− 2ζε̄ψ + 2γ5ζε̄γ5ψ

− γνζεζ̄γµ∂ν(xµψ)− γνγ5ζεζ̄γµγ5∂ν(xµψ).

Applying the Fierz identity (A.31), and using ζ̄ε = ε̄ζ, ζ̄γ5ε = ε̄γ5ζ, ζ̄γµε =
−ε̄γµζ, ζ̄γµγ5ε = ε̄γµγ5ζ and ζ̄γµνε = −ε̄γµνζ, we find that

[Qa, Sb]ψ = −(γµν)abMµν φ̃+ 2Dφ̃Cab
1

2
(γ5)abψ.

Hence, we need an extra bosonic generator, let us call it R, which acts on
the fields as

Rφ = φ̃, Rφ̃ = −φ, Rψ =
1

2
γ5ψ. (B.35)

Then we have [Qa, Sb] = 2DCab − 2R(γ5)ab − (γµν)abMµν .

We should also find the additional brackets:

[Pµ, R]φ = Pµφ̃−R∂µφ = ∂µφ̃− ∂µφ̃ = 0,

[Pµ, R]φ̃ = −Pµφ−R∂µφ̃ = −∂µφ+ ∂µφ = 0,
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[Pµ, R]ψ = Pµ
1

2
γ5ψ −R∂µψ =

1

2
γ5∂µψ − ∂µ

1

2
γ5ψ = 0.

Hence, [Pµ, R] = 0.

[Mµν , R]φ = Mµν φ̃−R(xµ∂ν − xν∂µ)φ = (xµ∂ν − xν∂µ)φ̃− (xµ∂ν − xν∂µ)φ̃ = 0,

[Mµν , R]φ̃ = −Mµνφ−R(xµ∂ν − xν∂µ)φ̃ = −(xµ∂ν − xν∂µ)φ+ (xµ∂ν − xν∂µ)φ = 0,

[Mµν , R]ψ = Mµν
1

2
γ5ψ −R(xµ∂ν − xν∂µ + Σµν)ψ

=
1

2
γ5(xµ∂ν − xν∂µ + Σµν)ψ − (xµ∂ν − xν∂µ + Σµν)

1

2
γ5ψ = 0.

Hence, [Mµν , R] = 0.

[D,R]φ = Dφ̃−R(xµ∂µ + 1)φ = (xµ∂µ + 1)φ̃− (xµ∂µ + 1)φ̃ = 0,

[D,R]φ̃ = −Dφ−R(xµ∂µ + 1)φ̃ = −(xµ∂µ + 1)φ+ (xµ∂µ + 1)φ = 0,

[D,R]ψ = D
1

2
γ5ψ −R(xµ∂µ +

3

2
)ψ =

1

2
γ5(xµ∂µ +

3

2
)ψ − (xµ∂µ +

3

2
)ψ

1

2
γ5ψ = 0.

Hence, [D,R]φ = 0.

[Kµ, R]φ = Kµφ̃−R(2xµx
ν∂ν − x2∂µ + 2xµ)φ

= (2xµx
ν∂ν − x2∂µ + 2xµ)φ̃− (2xµx

ν∂ν − x2∂µ + 2xµ)φ̃ = 0,

[Kµ, R]φ̃ = −Kµφ−R(2xµx
ν∂ν − x2∂µ + 2xµ)φ̃

= −(2xµx
ν∂ν − x2∂µ + 2xµ)φ+ (2xµx

ν∂ν − x2∂µ + 2xµ)φ = 0,

[Kµ, R]ψ = Kµ
1

2
γ5ψ −R(2xµx

ν∂ν − x2∂µ + 3xµ − xνγνµ)ψ

=
1

2
γ5(2xµx

ν∂ν − x2∂µ + 3xµ − xνγνµ)ψ − (2xµx
ν∂ν − x2∂µ + 3xµ − xνγνµ)

1

2
γ5ψ

=
1

2
(2xµx

ν∂ν − x2∂µ + 3xµ − xνγνµ)γ5ψ − (2xµx
ν∂ν − x2∂µ + 3xµ − xνγνµ)

1

2
γ5ψ

= 0.

Hence, [Kµ, R] = 0.

[R,Qa]φ = Rψa −Qaφ̃ =
1

2
(γ5)a

b
ψb − (γ5)a

b
ψb = −1

2
(γ5)a

b
ψb = −1

2
(γ5)a

b
Qbφ,

[R,Qa]φ̃ = R(γ5)a
b
ψb +Qaφ =

1

2
(γ5)a

b
(γ5)b

c
ψc + ψa =

1

2
(γ5)a

b
(γ5)b

c
ψc − (γ5)a

b
(γ5)b

c
ψc

= −1

2
(γ5)a

b
(γ5)b

c
ψc = −1

2
(γ5)a

b
Qbφ̃,
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[R,Qa]ψb = R∂µ(−φ(γµ)ab + φ̃(γµγ5)ab)−Qa
1

2
(γ5)b

c
ψc

= ∂µ(−φ̃(γµ)ab − φ(γµγ5)ab)−
1

2
(γ5)b

c
∂µ(−φ(γµ)ac + φ̃(γµγ5)ac)

= ∂µ(−φ̃(γ5γ
µγ5)ab + φ(γ5γ

µ)ab)−
1

2
(γ5)b

c
∂µ(−φ(γµ)ca + φ̃(γµγ5)ca)

= −(γ5)a
c
∂µ(−φ(γµ)cb + φ̃(γµγ5)cb)−

1

2
∂µ(φ(γµγ5)ba − φ̃(γµ)ba)

= −(γ5)a
c
Qcψb −

1

2
∂µ(−φ(γµγ5)ab − φ̃(γµ)ab)

= −(γ5)a
c
Qcψb −

1

2
∂µ(φ(γ5γ

µ)ab − φ̃(γ5γ
µγ5)ab)

= −(γ5)a
c
Qcψb +

1

2
(γ5)a

c
∂µ(−φ(γµ)cb + φ̃(γµγ5)cb) = −(γ5)a

c
Qcψb +

1

2
(γ5)a

c
Qcψb

= −1

2
(γ5)a

c
Qcψb.

Hence, [R,Qa] = − 1
2 (γ5)a

b
Qb.

[R,Sa]φ = Rxµ(γµ)a
b
ψb − Saφ̃ = xµ(γµ)a

b 1

2
(γ5)b

c
ψc − xµ(γµγ5)a

b
ψb = −1

2
xµ(γµγ5)a

b
ψb

=
1

2
xµ(γ5γµ)a

b
ψb =

1

2
(γ5)a

b
xµ(γµ)b

c
ψc =

1

2
(γ5)a

b
Sbφ,

[R,Sa]φ̃ = Rxµ(γµγ5)a
b
ψb + Saφ = xµ(γµγ5)a

b 1

2
(γ5)b

c
ψc + xµ(γµ)a

b
ψb

= −1

2
xµ(γ5γµγ5)a

b
ψb + xµ(γ5γµγ5)a

b
ψb =

1

2
xµ(γ5γµγ5)a

b
ψb

=
1

2
(γ5)a

b
xµ(γµγ5)b

c
ψc =

1

2
(γ5)a

b
Sbφ̃,
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[R,Sa]ψb = R
[
(xµ∂µ + 2)(−φCab + φ̃(γ5)ab) + xµ∂ν(−φ(γµν)ab + φ̃(γµνγ5)ab)

]
− Sa

1

2
(γ5)b

c
ψc

=
[
(xµ∂µ + 2)(−φ̃Cab − φ(γ5)ab) + xµ∂ν(−φ̃(γµν)ab − φ(γµνγ5)ab)

]
− 1

2
(γ5)b

c
[
(xµ∂µ + 2)(−φCac + φ̃(γ5)ac) + xµ∂ν(−φ(γµν)ac + φ̃(γµνγ5)ac)

]
=
[
(xµ∂µ + 2)(−φ(γ5)ab + φ̃(γ25)ab) + xµ∂ν(−φ(γ5γ

µν)ab + φ̃(γ5γ
µνγ5)ab)

]
− 1

2
(γ5)b

c
[
(xµ∂µ + 2)(φCca − φ̃(γ5)ca) + xµ∂ν(−φ(γµν)ca + φ̃(γµνγ5)ca)

]
= (γ5)a

c
[
(xµ∂µ + 2)(−φCcb + φ̃(γ5)cb) + xµ∂ν(−φ(γµν)cb + φ̃(γµνγ5)cb)

]
− 1

2

[
(xµ∂µ + 2)(φ(γ5)ba + φ̃Cba) + xµ∂ν(−φ(γµνγ5)ba − φ̃(γµν)ba)

]
= (γ5)a

c
Scψb

− 1

2

[
(xµ∂µ + 2)(−φ(γ5)ab − φ̃Cab) + xµ∂ν(−φ(γµνγ5)ab − φ̃(γµν)ab)

]
= (γ5)a

c
Scψb

− 1

2

[
(xµ∂µ + 2)(−φ(γ5)ab + φ̃(γ25)ab) + xµ∂ν(−φ(γ5γ

µν)ab + φ̃(γ5γ
µνγ5)ab)

]
= (γ5)a

c
Scψb

− 1

2
(γ5)a

c
[
(xµ∂µ + 2)(−φCcb + φ̃(γ5)cb) + xµ∂ν(−φ(gammaµν)cb + φ̃(γµνγ5)cb)

]
= (γ5)a

c
Scψb −

1

2
(γ5)a

c
Scψb =

1

2
(γ5)a

c
Scψb.

Hence, [R,Sa] = 1
2 (γ5)a

b
Sb.
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