Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

[

Universitetet
i Stavanger

FACULTY OF SCIENCE AND TECHNOLOGY

MASTER'S THESIS

Study programme/specialisation:
Spring, semester, 2019

Risk Management

Author: -
Anatoly Kurman Rivero =

(signature of author)

Programme coordinator:

Supervisor(s): Jon Tdmmeras Selvik External Supervisor(s): @ystein Arild

Title of master's thesis:

Estimation of Expected Lifetime of Highly Reliable Systems using Bayesian
Analysis

Credits: 30

Keywords:
Expected Lifetime Number of pages: 93
Reliability
Maximum Likelihood Estimation + supplemental material/other: 17
Bayesian Analysis

Predictive Prior Distribution
Predictive Posterior Distribution
Highly Reliable Systems

Stavanger, June 14 2019




Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

TABLE OF CONTENTS
TABLE OF FIGURES iii
LIST OF TABLES vi
GLOSSARY OF TERMS viii
ABSTRACT 1
ACKOWLEDGEMENTS 2
CHAPTER 1 3
1.1 Introduction 3
1.2 Background 4
1.3 Objectives 4
1.4 Content 5
CHAPTER 2 6
2.1 Probability Models 6
2.1.1 Exponential Distribution 9
2.1.2 Weibull Distribution 11
2.1.3 Lognormal Distribution 13
2.1.4 Gamma Distribution 16
2.2 Estimation Models 18
2.2.1 Kolmogorov-Smirnov Test 19
2.2.2 Maximum Likelihood Estimation 21
2.2.3 Bayesian Analysis 27
3.1 Reliability Data 38
3.1.1 Random data set 40
3.1.2 Censored data set 50
3.2 Highly Reliable Systems 54
3.2.1 Risk and Uncertainty in Highly Reliable Systems 55
3.2.2 Uncertainty when Estimating Expected Lifetime 56
3.2.3 Modelling using MatlabR2018 58
CHAPTER 4 61
4.1 Server-database for Commercial Use Study Case 61
4.1.1 Modelling with MLE 62
4.1.2 Modelling with BA 70
4.2 Sensitivity Analysis 81
CHAPTER 5 84
5.1 Discussion of Bayesian Analysis Results 84



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

5.1.1 From the Reliability Perspective
5.1.2 From the Risk and Uncertainty Perspective

5.2 Usefulness of Estimation of Expected Lifetime with Bayesian Analysis
CHAPTER 6

6.1 Conclusions

6.2 Recommendations for Future Estimations
REFERENCES
APPENDIX

Appendix Al

Appendix A2

Appendix A3

Appendix A4

Appendix A4

Appendix A6

Appendix A7

Appendix A8

Appendix A9

Appendix A10

Appendix A1l

Appendix Al12

Appendix A13

84
87
89
90
90
90
92
94
94
94
95
97
98
99

100

108

108

108

109

110

110



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

TABLE OF FIGURES

Figure 1.
Figure 2.
Figure 3.
Figure 4.
Figure 5.
Figure 6.
Figure 7.
Figure 8.
Figure 9.

Typical histogram of an Exponential distribution.
Typical plots of PDF for Exponential distributions.
Typical histogram of a Weibull distribution.
Typical plots of PDF for Weibull distributions
Typical Histogram of a Lognormal distribution.
Typical plots of PDF for a Lognormal distributions.
Typical histogram of a Gamma distribution.
Typical plots of PDF for Gamma distributions.

Kolmogorov-Smirnov test for Goodness of Fit for Gamma CDF.

Figure 10. General framework to estimate expected lifetime using Bayesian Analysis.

Figure 11. Combination of Prior, Likelihood and Posterior distributions of a Normal PDF.

Figure 12. Illustrative influence of Prior and Likelihood on Posterior distribution.

Figure 13. Diagram of the acceptance rejection sampling function in Matlab R2018.

Figure 14. Layout of Results tables for predictive posterior with BA Matlab code.

Figure 15. Overview of failure states and degradation levels for reliability assessment.

Figure 16. Expected lifetime without replacement.

Figure 17. BA with Exponential Prior, random data set for tsurvival=5

Figure 18. BA with Weibull Prior, random data set for tsurvival=5

Figure 19. BA with Lognormal Prior, random data set for tsurvival=5

Figure 20. BA with Gamma Prior, random data set for tsurvival=5

Figure 21. MLE results for tsurvival = 1 year of censored dataset.

Figure 22. BA results for tsurvival = 1 year of censored dataset.

Figure 23. Theoretical example of Highly reliable systems for Manufacturing process.

Figure 24. Contributing factors to uncertainty in estimation of expected lifetime with BA.

Figure 25. AKRA Investments Server-database failure entries in .XLSX format.

Figure 26. MLE Histogram for tsurvival of 1 year of AKRA Investments Server-database.

Figure 27. MLE Histogram for tsurvival of 2 years of AKRA Investments Server-database.

Figure 28. MLE Histogram for tsurvival of 3 years of AKRA Investments Server-database.

Figure 29. MLE Histogram for tsurvival of 4 years of AKRA Investments Server-database.

Figure 30. MLE Histogram for tsurvival of 5 years of AKRA Investments Server-database.
Figure 31. PDF based on MLE given the likelihood data of the study case

Figure 32. Reliability based on MLE given the likelihood data of the study case



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

Figure 33. PDF based on BA given an Exponential predictive prior and the likelihood data
of the study case
Figure 34. Reliability based on BA given an Exponential predictive prior and the likelihood
data of the study case
Figure 35. BA results for Exponential predictive prior and tsurvival = 1 year as seen in
Matlab’s command window
Figure 36. BA results for Exponential predictive prior and tsurvival = 5 years as seen in
Matlab’s command window
Figure 37. PDF based on BA given a Weibull predictive prior and the likelihood data of the
study case
Figure 38. Reliability based on BA given a Weibull predictive prior and the likelihood data
of the study case
Figure 39. BA results for Weibull predictive prior and tsurvival = 1 year as seen in
Matlab’s command window
Figure 40. BA results for Weibull predictive prior and tsurvival = 5 years as seen in
Matlab’s command window
Figure 41. PDF based on BA given a Lognormal predictive prior and the likelihood data of
the study case
Figure 42. Reliability based on BA given a Lognormal predictive prior and the likelihood
data of the study case
Figure 43. BA results for Lognormal predictive prior and tsurvival = 1 year as seen in
Matlab’s command window
Figure 44. BA results for Lognormal predictive prior and tsurvival = 5 years as seen in
Matlab’s command window
Figure 45. PDF based on BA given a Gamma predictive prior and the likelihood data of the
study case
Figure 46. Reliability based on BA given a Gamma predictive prior and the likelihood data
of the study case
Figure 47. BA results for Gamma predictive prior and tsurvival = 1 year as seen in
Matlab’s command window
Figure 48. BA results for Gamma predictive prior and tsurvival = 5 years as seen in
Matlab’s command window

Figure 49. Difference between Average time to failure and MLE s MTTF



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

Figure 50. Difference between Average time to failure and risky approach for BA’s MTTF

Figure 51. Difference between MLE’s MTTF and BA’s MTTF for Gamma predictive prior of
censored data set

Figure 52. Rank probability values for goodness of fit as seem on the Matlab’s command
window

Figure Al. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with a cautionary approach to elicit expertknowledge
about initial parameters of predictive prior with Weibull Likelihood data

Figure A2. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with a cautionary approach to elicit expert knowledge
about the initial parameters of predictive prior with

Figure A3. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with an average approach to elicit expert knowledge
about the initial parameters of predictive prior

Figure A4. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with a risky approach to elicit expert knowledge about

the initial parameters of predictive prior



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

LIST OF TABLES

Table 1. Relationships between probability density function, cumulative function, reliability
function, hazard function and cumulative hazard function assuming

Table 2. Summary of MLE estimators for different PDF'’s

Table 3. Summary of ML estimators in MatlabR2018 of different PDF’s

Table 4. Summary of pre-built functions in Matlab to calculate confidence intervals

Table 5. Summary of procedures to generate ¢ for each PDF

Prior

Table 6. Random data set for MLE and BA example

Table 7. Summary Table for MLE of Exponential random data set using Matlab R2018

Table 8. Summary Table for BA of Exponential random data set using Matlab R2018

Table 9. Summary Table for MLE of Weibull random data set using Matlab R2018

Table 10. Summary Table for BA of Weibull random data set using Matlab R2018

Table 11. Summary Table for MLE of Lognormal random data set using Matlab R2018

Table 12. Summary Table for BA of Lognormal random data set using Matlab R2018

Table 13. Summary Table for MLE of Gamma random data set using Matlab R2018

Table 14. Summary Table for BA of Gamma random data set using Matlab R2018

Table 15. Illustrative example of dataset with different types of censoring

Table 16. Integrated Circuit Failure Times in Hours

Table 17. MLE and BA results for Censored data set

Table 18. Types of failure events for Server-Database study case

Table 19. Modified log with failure events of Server-database study case

Table 20. Summary Table for MLE of Weibull random data set using Matlab

Table 21. Results of MLE and BA with Exponential prior predictive for study case

Table 22. Results of MLE and BA with Weibull prior predictive for study case

Table 23. Results of MLE and BA with Lognormal prior predictive for study case

Table 24. Results of MLE and BA with Gamma prior predictive for study case

Table 25. Expected lifetime of Server-database according to different approaches for initial
parameters of the Gamma predictive prior

Table 26. Expected lifetime of Server-database according to different approaches for initial
parameters of the Gamma predictive prior with no likelihood data

Table Al. Example of MLE estimators from different types of censored data

Table A2. 1% scenario with three different elicited expert opinions for prior parameters



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

Table A3. 2" scenario with three different elicited expert opinions for prior parameters

vii



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

GLOSSARY OF TERMS

AFR, Average failure rate
BA, Bayesian analysis
CDF, Cumulative density function.

CHF, Cumulative hazard function.
DF, Distribution function.

IEEE, Institute of Electrical and Electronics Engineers.
[(x), Likelihood distribution.

MC, Monte Carlo algorithms.

MLE, Maximum likelihood estimation.

MTTEF, Mean time to failure

NAN, Non numerical value.

PDF, Probability density function.

PfA, Frequentist probability for the occurrence of an event A.
P(C 1A), Conditional probability that event C will occur, given that event A occurs.
p(d), Prior distribution.

tr, Exact time at failure.

t;, Time to inspection

XLSX, Excel file format.

.BAK, Backup file format.

a, Alpha. Scale parameter of Weibull and Gamma distributions.
B, Beta. Shape parameter of Weibull and Gamma distributions.
A, Lambda. Failure rate parameter of exponential function.

u, Mu. Mean of a Lognormal distribution.

o, Sigma, Standard deviation of a Lognormal distribution.

¢, Parameter(s) to be estimated with BA or MLE.

¢, Estimated parameter(s) of a given distribution.

viii



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

a~

d)prior , Estimated parameter(s) of a prior distribution.

(i)MLE , Estimated parameter(s) of a likelihood distribution.



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

ABSTRACT

Nowadays, increasingly complex systems are critical due to the sectors and enterprises which
they support. These are designed to be highly reliable and they are not expected to fail
frequently. If a failure occurs, the safety, economical and operational consequences can be
severe. Improvements and upgrades generate risk and uncertainty on their future performance.
Therefore, there is a need for a procedure to estimate the expected lifetime of these highly

reliable systems using a methodology based on available information.

The aim of this thesis is to obtain highly accurate reliability estimations for highly reliable
systems using Bayesian analysis when few or no historical data is available. For this purpose,
a model for reliability estimations of expected lifetime based on Bayesian analysis was created
and tested. The model estimates the probability of survival, probability of failure, histograms
and plots for four predefined statistical distributions. The estimations are based on available
historical data of performance and elicited expert knowledge to create posterior sample data of
the system using Montecarlo simulations. Some relevant examples are included to compare the

results with another estimation method such as Maximum Likelihood Estimation.

Two main conclusions are derived; first, Bayesian analysis constitutes a powerful method to
estimate the expected lifetime of highly reliable systems with high accuracy, compared to other
methods such as Maximum Likelihood Estimation. Second, the model for reliability estimates

provides decision support in a risk and operational context for maintenance or replacement.
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CHAPTER 1
1.1 Introduction

Nowadays there is an increase of aging and complex systems in many industries. This creates
a need for them to be highly reliable under the variety of conditions in which they operate.

Therefore, decisive steps to prevent failures that are considered critical must be taken.

One example is the increase of decommissioning and abandonment of wells in the oil and gas
industry. Such systems, considered to be highly reliable, are aging and no monitoring or follow
up of their performance has been systematically done. In addition, the negative consequences

due to oil leakage or gas emission to the environment can be extensive.

These are the main reasons that indicate the need for a reliable method to estimate the expected
lifetime of highly reliable systems. This method must combine available historical performance
data and available expert knowledge. One method is Bayesian analysis.

Based on literature, there are several statistical distributions can be used for modelling the
behaviour of most highly reliable systems. Among them are: Exponential, Weibull,
Lognormal, Gamma, Beta, Poisson, Geometric, Normal and some more. However, this thesis

is limited to the first four.

This thesis intends to give a relevant statistical background of estimation techniques and to
explore the advantages and benefits of using Bayesian analysis as a method to estimate the
expected lifetime of highly reliable systems. A computational tool to perform the estimation of
expected lifetime of two case studies will be presented the corresponding practical model and
results according to the characteristics of each case. The applicability of the methodology will

be demonstrated on two examples with a discussion.

As a result of this report a model was created based on Bayesian analysis method and uses one
of these four distribution methods in case of existing performance data.
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1.2 Background

In the past decades, there has been an increase of complex processes and systems.
Technological components, improved materials and the increasing demand for highly reliable
systems require a methodology to predict the behaviour of such systems. In accordance with
the latter, this report intends to obtain an innovative alternative for this methodology of

statistical inference.

Common knowledge suggests that the expected lifetime of a highly reliable systems depends
of several factors such as, operational techniques, quality of material and surrounding
environment. However, in many cases a methodology to establish the expected lifetime of
highly reliable systems that accounts for these factors has not been fully developed. Whereas

such methodology relies in two fundamental pillars.

Previous expert knowledge of the system and data sets of historical performance. These pillars
are the foundation for modelling behaviour of Bayesian analysis (BA) for systems like plugged
of oil and gas bores, water dams, high voltage isolators in transmission lines or railroads that
are treated as highly reliable.

Both prior knowledge and historical data contribute to determine a posterior statistical
distribution through BA, that will help to predict the behaviour of any system modelled under
these premises. Therefore, the use of BA instead of other methodologies such as Maximum
Likelihood Estimation (MLE") when predicting the expected lifetime gains relevance for cases
where historical data is not available, or the sample data is scarce to be considered

representative.

1.3 Objectives

The main objective of this report is to develop and test a method to estimate the expected
lifetime of highly reliable systems using Bayesian analysis. For that, the following activities

must be performed.

1. Define the assumptions and scope, given the software tool and the type of reliability
data available.

2. Develop the codes for both methods MLE and BA of expected lifetime estimation using
the software tool Matlab R2018.
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3. Obtain the expected lifetime and sensitivity analysis of a study case with MLE and BA
using the developed codes in Matlab R2018 and real data available.

4. Discuss and compare the results of the example and study case.

5. Describe the possible applications of this thesis in real-life cases when estimating
expected lifetime of highly reliable systems.

1.4 Content

This report is divided in six chapters, plus the appendix. The first chapter provides the
background, objectives and content of the thesis. The second chapter presents a theoretical
basis of statistical distributions, specifically for the four types of Probability Density Functions
(PDF) handled throughout this thesis.

The third chapter covers the two estimation models used in this report BA and MLE, including
an example of a random data set used to test the Matlab’s codes. It also describes the types of
reliability data including examples of a random data set and censored data set of failures times
Moreover, a section for considerations of highly reliable systems that contains risk and

uncertainty aspects.

In the fourth chapter, real study case of highly reliable systems is presented, with background,
prior knowledge and historical data for estimation of expected lifetime using both methods BA
and MLE. The results of this study case are presented and discussed in the fifth chapter,

including a comparison between both methods and a sensitivity analysis.

The sixth and final chapter presents the conclusions and recommendations of the two study
cases. Moreover, the applicability of BA to estimate the expected lifetime and other parameters
for many real-life cases is discussed. Finally, several findings are presented for the reader to
assess the relevance, accuracy and practicality of this method when estimating the expected
lifetime and other relevant indicators for performance of highly reliable systems.
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CHAPTER 2
2.1 Probability Models

To maximize system’s performance and use the available resources in the most efficient way,
it is important to predict the occurrence of failures (Modarres, 2010) Therefore, technologies
and systems require lifetime prediction, often with only small samples available and a
considerable degree of uncertainty. Hence, the need to use proven techniques to represent
observations of the phenomena (Tobias, 2012). In addition to these observations, the use of
numerical descriptive measures of a population called parameters, help to build a statistical
function to predict the expected lifetime (Tobias, 2012)

Before discussing the MLE and BA approaches, it is useful to establish some previous
definitions about probability models. Most of them are used for continuous sets of random
variables. These are listed as follows:

e Probability density function

e Cumulative distribution function
e Reliability function

e Unreliability function

e Hazard function

e Cumulative Hazard function

e Average failure number

e Mean time to failure

One of the main definitions which is going to be used through this report is the PDF. A
probability density function is that which satisfies these three conditions for a random set of

continuous variables (Hamada, 2008).

1. f(t) = 0, the function must be greater or equal than zero.

2. —oo <t < oo, the random variable must be real.

3. J7 f(®dt =1, its integral must be equal to 1.

Another important definition is the CDF. The Cumulative Distribution Function expresses the
cumulative probability of failure F(t) and survival R(t) (Hamada A., 2008). F(t)is

interpreted as the probability that a random element from a population fails by ¢t hours. Hence
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that it takes a value equal or less to t (Hamada, 2008). The other interpretation is the fraction

of all units in the population that fail by ¢t hours (Tobias, 2012).

Ft)=P(T<t) = J f(s)ds (1)

A Reliability function R(t) estimates the probability that a system or component will survive
by t hours. Hence, is the complement of F(t). l.e. the fraction of all units in the population that

will survive by t hours, see formula 2 (Tobias, 2012).

Rt)=1—Ft)=P(T>t) = ]mF(s)ds @)

t

Hazard function h(t), is interpreted as the propensity to fail in the next short interval of time,
given that the system or component has survived to time t (Hamada A., 2008). The general
formula for h(t) is shown in formula 3.

_f®

" =%0

@)

CHF, the Cumulative Hazard Function is the integral of the failure rate or conditional PDF of
the component time to failure, given the component has survived to time t hours (Modarres,
2010) (Formula 4).

H(t) = fth(s)ds 4)
0

AFR, the Average Failure Rate specifies failure-rate behaviour of a system over an interval of

time (Tobias, 2012). It is expressed by formula 5.

H(tz,) — H(ty)
by, — tq,

(5)

AFR(tyt,) =

MTTF, the Mean Time to Failure expresses the expected time to failure. Hence the time which
the system is expected to perform its function successfully (Modarres, 2010), See formula 6.

MTTF is also called the expected lifetime of the system.

MTTF = E(t) = f ootf(t)dt (6)

0
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All previous definitions are conditioned by f(t) = 0 for t < 0. Therefore, all the failure times
censored or not must be positive. A summary including the relationships between them in the
reliability setting is presented in Table 1 (Hamada, 2008).

Table 1. Relationships between probability density function, cumulative function, reliability
function, hazard function and cumulative hazard function assuming

f@® F(t) R(D) h(®) HO)
t d
f@® r® o e e Bl | [La] e
F(t) J‘tf(S)ds F(t) 1—R(®) 1 — ol Jinas] 1 — ol-H®)]
0
R(®) fw f(s)ds 1—F(t) R(t) o[ nas] S-H O]
t
- £© Lr@ d, o . ¢,
INSIOLY dr | a RO L H
¢ t
H(t) | —log [1 —f f(s)ds] —log[1—F(®)] log[R(D)] f h(s)ds HO
0 0

From all the PDF's available only four are going to be considered for this report. The selected
PDF's are Exponential, Weibull, Lognormal and Gamma. The main reasons for this choice

are:

1. How well-fitted they are to model a highly reliable system regardless the type of
variation through time it may have.

2. The flexibility in shape and scale parameters for any given historical data, if available,
and prior expert knowledge.

3. The sensitivity when selecting initial values of parameters for predictive prior
distributions.

4. The availability of built-in functions for these four statistical distributions in Matlab
R2018 such as random generated samples, MLE estimators, Goodness of fitness with
Kolmogorov-Smirnov, Anderson-Darling and Chi-square methods, acceptance-

rejection sampling and iterative calculations with PDFand CDF.

An example of a random data set with 100 values within a time range from 0 to 5 years will be
presented in chapter 2. This is used to test how the estimation of expected lifetime is done for
each one of the four statistical distributions. The goal is to run the codes for MLE and BA of

all four PDF’s, and compare the obtained results.
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2.1.1 Exponential Distribution

The exponential distribution is perhaps the most commonly used PDF in reliability assessments
(Tobias, 2012). This can be attributed primarily to its simplicity and to the fact that it provides
a constant failure rate, which is often the case for real life systems (Modarres, 2010). The
notation for an exponential function is E (4, t), where A represents the constant failure rate over

time. The exponential PDF is shown in formula 7 (Tobias, 2012).
f@) =274 (7)
The exponential CDF is shown in formula 8 (Tobias, 2012).
fO)=1-e?t (8

For the exponential hazard function h(t) see formula 9 (Tobias, 2012).

h(t) =2 9

From formula 9 it is obvious that the hazard function is equivalent to a constant failure rate
over time. Hence, when modelling highly reliable systems with an exponential distribution,
one considers them equally likely to fail as survival time increases and in the case of failure
the system will be immediately replaced for a new one with the same properties (Modarres,
2010).

The exponential MTTF is shown in formula 10 (Tobias, 2012).
1
MTTF = E(t) = pl (10)

The lack of memory property of the exponential function can be interpreted as a system that
follows such function does not remember how long it has been operating. Therefore, the
probability of failure for example in the next hour is the same for the system when it is

considered new, recent or when it has been operating for a long time (Tobias, 2012)

In Matlab, there are two ways to define and generate an exponential PDF. It can be done either
by using the prebuilt function y=exppdf (data,lambda), (Magrab, 2011)or by writing the
formula directly y=1ambda . *exp (-lambda.*t) (Chapman, 2004). The latter also applies for
CDF and MTTF.
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A typical Exponential histogram with fixed parameter of failure rate A is displayed in figure 1

for illustrative purposes.

Typical Exponential Histogram
12000 ‘ B B T g I I I

Number of events

[ Time bid

10000

8000

6000

Number of Events

4000

2000

Time t

Figure 1. Typical histogram of an Exponential distribution.

In addition, a theoretical example of a random data set of 100 values between 0 to 5-time units,
is presented in chapter 3. The idea is to test the MLE and BA codes for an Exponential PDF.
Numerical and graphical representation of the results for comparison with other statistical

functions in the scope of this report are also shown on chapter 3.

Typical Exponential plots with different parameters values of A are displayed in Figure 2 for

illustrative purposes. A represents the failure rate for an exponential distribution.

10
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Typical Exponential Distribution

Parameter

* lambda=1
+ lambda=2
+ lambda=3

0.9

o
o

Probability p(t)
) o ) o )
w S o0 > 3

o
N

0.1

Figure 2. Typical plots of PDF for Exponential distributions

2.1.2 Weibull Distribution

Systems that follow this type of statistical functions have one common characteristic; a flexible
failure rate over time. Hence, three types of failures rate are implicit in Weibull distributions
(Tobias, 2012). These are increasing failure rate IFR, decreasing failure rate DFR, and the
already known constant failure rate. Moreover, Weibull distribution is an extreme value
distribution. The latter suggests its applicability when failure is due to the weakest link of many

where failure can occur (Tobias, 2012).

The Weibull PDF is shown in formula 11 (Modarres, 2010).

B-1 B
o =EC @ @

The Weibull CDF is shown in formula 12 (Modarres, 2010).
B
FO)=1—e (@ (12)
For the Weibull hazard function h(t) see formula 13 (Tobias, 2012).

h =2 (3)ﬁ (13)

t\a

11
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The Weibull MTTF is shown in formula 14 (Modarres, 2010)
1+
MTTF = E(t) = al’ <TB> (14)

The parameter g sets the shape of the curve in the Weibull distributions, it has three main

intervals to do so. For 0 < B < 1 the PDF tends to infinite, therefore is decreasing as time

1
increases. For B > 1 the PDF has an IFR up to a maximum value of « [1 - %]”’ (Tobias, 2012).

Finally, for p = 1 the Weibull distribution is equivalent to an exponential distribution with a

constant failure rate of 1 = i (Tobias, 2012).

In Matlab there are two ways to define and generate a Weibull PDF. It can be done either by
the using the prebuilt function y=wblpdf (data,lambda) (Magrab, 2011). Or by writing the
Weibull ~ formula  directly, y=((beta.*t.* (beta-1)) ./ (alpha.*beta)) . *exp (-

(t./alpha) .*beta) (Chapman, 2004). This also applies for CDF and MTTF.

A typical Weibull histogram with fixed scale and shape parameters is displayed in figure 3 for

illustrative purposes.

Typical Weibull Histogram
6000 I yp : g | :

Number of events

[ Time bid

5000

Number of Events
5] 8
8 8

5
8

1000

Figure 3. Typical histogram of a Weibull distribution

12
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In addition, a theoretical example of a random data set of 100 values between 0-5 years is
presented in chapter 3. The idea is to test the MLE and BA codes for a Weibull PDF. Numerical
and graphical representation of the results for comparison with others statistical functions in

the scope of this report are also shown on chapter 3.

Typical Weibull plots with different parameters values of a and £ are displayed in Figure 2 for
illustrative purposes, a and S represent the scale and shape parameters of a Weibull

distribution.

Typical Weibull Distribution

Parameters
+ alpha=1 beta=3
+ alpha= 2 beta=0.5
alpha=1 beta=1

Probability p(t)
=)
(=]
T
ianes-

0.4 /\

0 1 2 3 4 5 6 7 8
Time t

Figure 4. Typical plots of PDF for Weibull distributions

2.1.3 Lognormal Distribution

A simple way to understand the lognormal distribution is to compare with the normal. Where
a random variable X has a normal distribution N (o, , t), another random variable T = e has
a lognormal distribution LogN (o, u, Tse, t) (Hamada, 2008). The flexibility of the lognormal
distribution for skewed data as time increases makes it useful. Moreover, its PDF shape
resembles the Weibull distribution. Hence, a technique to determine which of these
distributions fits better the data is based on the histogram of the logarithm of the data (Tobias,
2012).

The lognormal PDF is shown in formula 15 (Modarres, 2010).
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1
; e [__Z.O'tz.(ln t —#t)Z]
o..t.V2m

f@) = (15)

The lognormal CDF is presented in formula 16 (Modarres, 2010).

1 t1 [_L(zne—ut)Z]
F(t) = Zel 20 d 1
© attmfo 0" W

For the lognormal hazard function h(t) see formula 17 (Modarres, 2010).

1 . [—ﬁ(lnln t —ut)z]

otV2lm

h(t) = (17)

i1 [—ﬁ(lnln ] —ut)z]

1
1-———[ e do
att\/2nf09

The lognormal MTTF is shown in formula 18 (Tobias, 2012).

2

o
MTTF = Tgpez  (18)

The failure rate for this type of distribution increases over time and then decreases. It depends
on the parameters u, and o, the mean and standard deviation respectively (Modarres, 2010).
On the other hand, the parameter Tz, represents the median time of failure for a population of

lognormal lifetimes (Tobias, 2012).

The lognormal PDF, is especially appropriate to model the time to failure of systems which
early failure dominate its overall failure behaviour (Modarres, 2010). Moreover, it is a common

model to represent Prior distributions.

In Matlab there are two ways to define and generate a Lognormal PDF. It can be done by using
the prebuilt function y=1ognpdf (data, lambda) (Magrab, 2011). Or by writing the Lognormal
formula y=((1./(sigma.*t.*sqrt(2*pi))).*exp((-1/(2.*sigma.”*2)) .*log( (t-
mu) .~2))) (Chapman, 2004). The latter also applies for CDF and MTTF.

In Figure 5, a typical histogram of a Lognormal distribution LogN (o, i, T5o, t) with fixed

parameters o and u over time t is displayed for illustrative purposes.

14
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Typical Lognormal Histogram
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Figure 5. Typical Histogram of a Lognormal distribution

In addition, a theoretical example of a random data set of 100 values between 0-5 years is
presented in chapter 3. The idea is to test the MLE and BA codes for a Lognormal PDF.
Numerical and graphical representation of the results for comparison with others statistical

functions in the scope of this report are also shown on chapter 3.

Typical Lognormal plots with different parameters values of ¢ and u are displayed in figure 6
for illustrative purposes. ¢ and u represent the mean and standard deviation parameters of a

Lognormal distribution.
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Typical Lognormal Distribution
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Figure 6. Typical plots of PDF for a Lognormal distributions

2.1.4 Gamma Distribution

This type of distribution is considerably flexible with regards to its parameters g and a. It
contains the Gamma, Weibull and lognormal distributions as special cases (Ye, 2017).
Moreover, from the generalized form when =1 and u =0, it behaves as a Weibull
distribution. The shape of the curve is given by g and the failure rate by « (Hamada, 2008).
The main application in Bayesian Analysis when defining the prior distribution is related to
systems with standby components. Also, for failure times between maintenance, recalibration
and in (Modarres, 2010). In other words, the gamma distribution is often used as a distribution
for waiting times and service times. Nevertheless, there are no closed-form expressions for the
PDF estimators (Ye, 2017). To obtain the estimators for Gamma distributions statisticians rely
in the moment estimators and techniques such as Newton Rapson (Ye, 2017). An additional
feature of a gamma PDF is its skewness to the left side of the curve. Hence to lower time

intervals of survival (Hamada, 2008).

The gamma PDF is shown in formula 19 for «, 5,t > 0 (Hamada, 2008).

1 (-t
f() = mt e( ﬁ) (19)
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The gamma CDF is shown in formula 20 (Modarres, 2010).

1 Lo (X
F(t)=‘80(r(a,)j0 y e( B)dy (20)

For the gamma hazard function h(t) see formula 21 (Modarres, 2010).

t“_le(_%)

h(t) = c (_X) (21)
pe|r(a) — [y e\ Fdy
The gamma MTTF is shown in formula 22 (Ye, 2017).
MTTF = Ba (22)
In Matlab there are two ways to define and generate a Gamma PDF. It can be done by the using
the prebuilt function y=gampdf (data,lambda) (Magrab, 2011). Or just by writing the

Gamma formula, y=(1./(beta.”alpha).*gamma (alpha)).*(t).* (alpha-1).*exp (-
(t./beta))) (Chapman, 2004). Both apply for CDF and MTTF.

The Figure 7 for a typical lognormal distribution Gamma(g, a,t) with fixed parameters

a and B over time t is displayed for illustrative purposes.

Typical Gamma Histogram
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Figure 7. Typical histogram of a Gamma distribution
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In addition, a theoretical example of a random data set of 100 values between 0-5 years is
presented in chapter 3. The idea is to test the MLE and BA codes for a Gamma PDF. Numerical
and graphical representation of the results for comparison with others statistical functions in

the scope of this report are also shown on chapter 3.

Typical Gamma plots with different parameters values of are displayed in Figure 6 for
illustrative purposes, a and S represent the scale and shape parameters of a Weibull

distribution.

Typical Gamma Distribution
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alpha=3 beta=0.5
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=)
[
I

0.1

Figure 8. Typical plots of PDF for Gamma distributions

2.2 Estimation Models

The relevance and amount of historical data determines how accurate the MLE can be. Whereas
expert knowledge and the techniques for elicit it to set a prior distribution determines the
accuracy of Bayesian analysis. Moreover, the selection of prior distributions based on expert

knowledge has an important effect on the posterior distributions (Mickelsson, 2015).

Most estimation models are made by using MC simulations. It is defined as “a process that
generates random number inputs for uncertain values, which are then processed by a

mathematical model, so that many scenarios can be evaluated” (Skinner, 2009).

There are several approaches to determine the parameters and probability distributions of a

phenomena, and they are used according to the elements available (Modarres, 2010). In this
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study two main approaches are going to be tested and compared. These approaches to
determine the parameter ¢, PDF and CDF, are the classical approach based on Maximum
Likelihood Estimation and the Bayesian Analysis approach. These are based on a combination

of prior knowledge and likelihood data. This will be discussed further in this chapter.

Furthermore, to select the proper DF, it is necessary to verify the goodness of fit for the function
with regards of the data if available (Hamada, 2008). There are several feasible techniques to
test the goodness of fit for the selected statistical functions in the scope of this report. Among

them are the following:

e Kolmogorov-Smirnov test
e Anderson-Darling test

e Chi-Square test

For this report the goodness of fit is done with Kolmogorov-Smirnov test for three main
reasons. First, it is one of the easiest tests as it gives a probability value p which indicates how
likely it is for the likelihood data to fit a specific PDF or CDF if needed. Second, it is well
supported in Matlab as a built-in function (Casella, 2002). Third, after many trials of fitting
random data sets to the four PDFs of this report, the outcomes for the indicators of Chi-square
and Anderson Darling tests were not as precise as the Kolmogorov ones. Moreover, in some of
the trials NAN outcomes for these indicators were obtained. A brief explanation for

Kolmogorov-Smirnov test follows in the next section.

2.2.1 Kolmogorov-Smirnov Test

To determine the goodness of fit of a DF on a sample data set it is necessary to measure how
well its predicted values match the observed data (James, 2014). In other words, it is necessary
to quantify the extent to which the predicted response value of a given observation is close to
the outcome value of the selected DF. Kolmogorov-Smirnov proposed a measure of deviation

between these two values (James, 2014).

Given a sample DF defined by formula 23.

0, x < X(1)
r
Sn(x) = n’ Xr) =X < X@r+1) (23)
1, X(n) <x
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Where x, represents time values of the x axis, x(;) t0 x(,,y are the n observation of the sample
data and r the step from one sample value to the next. Then, S,,(x) is the proportion of

observations from the sample data that do not exceed the DF value of x (Kendall, 1987).

For the Kolmogorov-Smirnov test of goodness of fit see the formula 24.

lim P{S,(x) = Fo(x)} =1 (24

As most methods for testing the goodness of fit, Kolmogorov-Smirnov provides better results
when large amount of iterative random sampling is performed. For such cases the probability

value of the sample DF will be closer to 1 (Kendall, 1987).

Matlab calculates the Kolmogorov-Smirnov goodness of fit using two prebuilt functions. The
first one is h=kstest (x) , Which returns a test decision for the null hypothesis when the sample
x(1) 10 x(,) comes from a specified distribution. Using the one-sample Kolmogorov-Smirnov
test, the result of h is 1 if the test rejects the null hypothesis at the 5% significance level, h is 0
if otherwise.

The second one is [h1,pl=kstest (values, 'CDF',cdl, 'alpha',0.01), (Chapman, 2004),
which also returns a probability value P{S,,(x)} of the hypothesis test, using any of the input
arguments such as the type CDF and the degree of confidence in this value. Notice that by
default the degree of confidence is 1%.

An example of the Kolmogorov-Smirnov test for goodness of fit with a typical Gamma CDF

and a random Gamma sample data set of a thousand values is presented in Figure 9.
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Figure 9. Kolmogorov-Smirnov test for Goodness of Fit for Gamma CDF

For this report the probability values of goodness of fit vary from relatively low values
(1x10°2) for the random data set presented in subchapter 3.1.1, to high values according to

other data sets presented in the study cases, which behave more like a predefined CDF.

2.2.2 Maximum Likelihood Estimation

The classical approach of Maximum Likelihood Estimation provides a statistical framework
for assessing wisely the information available in historical data (Eliason, 1993). The goal is to
produce a point estimate ¢; of some population parameter ¢ such that it maximizes the
likelihood of observing the historical data of the phenomena to occur (Eliason, 1993). This
point estimate (estimator) is not expected to estimate ¢ without error. However, it is expected
to be close enough (Walpole, 2016). The procedure to determine the maximum likelihood

estimator of a random variable given historical data is based on the following seven steps:

1. Define the set of independent and identically distributed variables Y = [V;,Y,, ... Y,,]
previously observed.

2. Establish the joint F f(y;; ®), supposed to represent the phenomena.

3. Set the compound product of marginal distributions see formula 25. This is the
likelihood function L(d).

L) = [rond @9
i=1
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4. Apply the logarithm to the likelihood function to reduce computational difficulties and

obtain the log-likelihood function [(¢) see formula 26.

(@) = n[L(®)] = In []_[fm,cb)] =) foud) (@9

5. Maximize the value of the log-likelihood function by taking the 1% derivative 2nIL@®)]}

and setting it equal to zero see formula 27.

d{ln[L(P)]}
¢

6. Solve the equation to find the maximum likelihood estimator ¢.

=0 (27)

7. Take the 2" derivative of the log-likelihood function and verify that it is a maximum
estimator by setting it lower than zero see formula 28.

d*(I(d)}
(1)2

<0 (28)

With the maximum likelihood estimator, any point estimate for the set of independent
distributed variables can be determined with a relatively high degree of accuracy. However,
the latter will depend on the amount and quality of historical data available as the desirable
properties of the MLE are justified only in situations with large sample (Eliason, 1993).

Otherwise, an assessment can be skewed.

The main result of MLE is a function of the unknown parameter, called the likelihood function
(Pawitan, 2001). The parameter itself is called maximum likelihood estimator . (Eliason S,
1993). The information provided from the likelihood function tells where ¢ is likely to fall
with an inherent degree of uncertainty, conveyed (Pawitan, 2001). A formal definition for the
likelihood is provided by (Pawitan, 2001), “Assuming a statistical model parameterized by a
fixed and unknown ¢, the likelihood L () is the probability of the observed data x considered

as a function of ¢ .

From the statistical perspective, the likelihood function is a tool for an objective analysis with
available data. Moreover, when such data incorporates uncertainty due to the limited or

restricted amount of information that it provides (Pawitan, 2001). In addition, ¢ represents a
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way to simplify an analysis when real data analysis is done. One can prefer to handle many ¢'s
instead of their related likelihood functions (Kendall, 1987).

The procedure to obtain ¢ of all four PDFs discussed previously is the same. Therefore, only

the exponential ¢ is going to be shown for illustrative purposes. A summary table with the

results of all the PDF's used in this report is presented in Table 2.

A theoretical example on how to determine the MLE ¢ according to the procedure previously

discussed is presented as follows:

1.

The theoretical set of independent and identically distributed variables Y =

[Y1,Ys, ... Yyl

Establish the joint f(t, 4), supposed to represent the phenomena (Formula 29).
f(t,2) = e (29)

The likelihood function L(1) (Formula 30).
n
L) = I_Ile‘l‘ = me~73it (30
i=1
The log-likelihood function [(4) (Formula 31).
n
1) = Infare 2] =nin@) =2 ) & @D)
1

The 1% derivative and set it equal to zero. See formula 32

Zn: t; = (32)

The maximum likelihood estimator A (Formula 33).

d{in[L(P)]}
¢

d{l(l)}

>~»I3

j=2if (33)
n

Verification that it is a maximum estimator by setting it lower than zero. (Formula 34).

d? {E -2 ti}
AT <0 (34)

Table 2 presents a summary of MLE estimators for each PDF (Hamada, 2008).
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The MLE codes in Matlab for each PDF follow the same procedure described above.
Furthermore, the general MLE code applies for any type of data set as it evaluates the goodness

of fit for each type of PDF, ranks them and selects the best fitted one to perform MLE.

Table 2. Summary of MLE estimators for different PDF’s

Type of —
distribution L MLE ¢
i = —At & Z? ti
Exponential f(©) = 2e 1=%
a4
1w P
BtA-1 1\ a =52 t
Weibull fo) = e (@) &
af _—_—
5 i=1 tl' ln(tl)
p = __—————fr——'-ln(t)
Lt —
i=1%t
riin(t)
f(t) = ol Fotnine - p=
Lognormal - o t\2r 2 Y™ [In(t) — A2
n
1 n
t A
RS FEER o
Gamma f(t)_[?“['(a:)t e 7) na;

Matlab performs MLE with built-in functions presented next:

Steps 1 and 2:

Lambda=rand () *3;
Y=exppdf (data, lambda)

Steps 3 to 6:

phat=mle (data, 'pdf',6 @ (data,lambda)exppdf (data,lambda), 'start', [lambda]l) ;

Where phat is the estimator according to the selected PDF, in this case is Exponential. Lambda
is the initial parameter drawn from a uniform distribution for the MC iterative calculations and

data constitutes the sample data from which phat is going to be estimated.

Step 7: is not necessary as the maximum likelihood estimator already meet the condition.
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Given a real set of sample data, the maximum likelihood estimators for each PDF is obtained
according to Table 3 (Magrab, 2011). In addition, point estimates can be easily found using a

combination of available data and estimator(s) of the selected PDF.

Table 3. Summary of MLE estimators in MatlabR2018 of different PDF'’s

EXponentiaI phat = mle(data, 'distribution', 'exponential');
Weibull phat = mle(data, 'distribution', 'weibull');
Lognormal phat = mle(data, 'distribution', 'lognormal');

Gamma phat = mle(data, 'distribution', 'gamma');

In addition to maximum likelihood estimators, the classical approach requires an interval of
confidence for such parameters, since the probability (Formula 35) that the random variable
will be in this interval is unknown (Hogg, 2006). This interval is called confidence interval and
it is denoted as 100(1 — @)% (Casella, 2002). Where «a accounts, to some extent, for the
uncertainty related to the estimated parameter. Therefore, the larger «a is, the smaller the
confidence interval will be, and vice versa (Hogg, 2006). Hence, given two random variables
A and B such that A < B with probability equal to one, the confidence interval of an estimator

¢ will be [4, B] with a (1 — &) probability (Hasting, 1997).

Pl[pe[ABl]l=1-a (35)

The method used to find a confidence interval for the different PDF is based on finding its
boundaries. It consists on setting a reference and an estimated margin of error for the PDF.
Then assume upper and lower bounds for the estimator ¢ according to the PDF . In many cases

these bounds are symmetrical around ¢ (Hasting, 1997). Moreover, the true value will be
within the confidence interval obtained from a function that includes both estimator and

parameter (Formula 36).

_q)a/z = (l) = +cT)a/2 (36)
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Where the boundaries are = —¢4/, , B = +¢,, and according to Formula 11. The probability

of the estimator being within the confidence interval for symmetrical PDFs is described in
formula 37 (Hasting, 1997).

P[~Za2 Sh($,$), < +Zypo] =1—a  (37)

Where the bounds —Z, , and +Z,/, are the quantiles normally distributed for the confidence

interval, since ¢ is asymptotically normally distributed. Hence, the function is presented in
formula 38 (Walpole, 2016).

-

e

For PDFs where the bounds are not symmetrical to the estimator different types of intervals

h(d,$) =

can be set. The most common one is shown in formula 39 (Walpole, 2016).

P[Wi_aj2 S h(d,d), < Wypp] =1—a (39)
Where the bounds W, _,, and Wy, are the quantiles of the confidence interval.

A summary of all the pre-built functions in Matlab to calculate confidence intervals and setting
the degree of confidence in percentage given a scalar input is presented in Table 4 (Chapman,
2004).

Table 4. Summary of pre-built functions in Matlab to calculate confidence intervals

. [muhat, muci]=expfit (data,degree value)
Exponential i aree-
. [muhat, muci]=wblfit (data,degree value)
Weibull gEee_
[muhat, muci]l=lognfit (data,degree value)
Lognormal J gree-
[muhat, mucil=wblfit (data,degree value)
Gamma gEee_

Notice that the input in Matlab of the degree for the confidence interval must be a decimal

value, because the code is set to USe degree_value=degree/100.
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The specific codes for Exponential, Weibull, Lognormal and Gamma PDF are shown in the

appendix. Furthermore, the general steps that the software follows are:

1. Import the likelihood data set from an external file. The codes only read Microsoft
Excel (.xIsx) format files

2. Generate random values for the initial parameter(s) from a uniform distribution this can
be 4, &, B, fi or &, according to the type of distribution

3. Evaluate the goodness of fit for each PDF by the Kolmogorov Smirnov test and rank

them to select the best fitted one, i.e. the highest p value among them

Estimate the parameter(s) of the selected PDF

Asks for the 1 — a degree of confidence intervals for the parameter(s)

Calculates the confidence interval for each parameter

N o o &

Asks for a desired time tsurvival to evaluate the reliability of the system given the
likelihood data set

8. Calculates the reliability R(t)

9. Calculates the unreliability F(t)

10. Calculates the MTTF

11. Present a summary of the outcomes in a table

12. Generates the plot of R(t)

13. Generates the histogram of R(t)

2.2.3 Bayesian Analysis

Bayesian analysis is based on subjective probability (Hogg, 2006). It can yield more
information from small size samples where classical statistical approaches such as MLE cannot
(Tobias, 2012). Furthermore, it relies on two types of information available to provide a reliable

prediction for future outcomes (Ayyub, 2003). These types of information can be:

e Objective information based on experimental results, observations or historical data
e Subjective information based on prior experience, intuition, similar situation previously

encountered and problem knowledge

To perform BA, four main steps need to be done following the classical approach referred to

as “analytical” in this thesis (Gelman, 2014).
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Assign a prior distribution
Determine a likelihood distribution

Obtain the posterior distribution

S

Find the Bayesian estimator &)Bayes

The other approach to perform BA is by “sampling” large amounts of data points between both
prior and likelihood distributions to obtain the posterior. This is the procedure that is going to

be followed in this thesis.

The Bayesian methodology implies that the PDF of a parameter to model a system's behaviour
can be obtained from the prior and posterior distributions (Modarres, 2010). In addition, more
assumptions must be made for BA than a classical approach, especially to obtain the prior
distribution (Tobias, 2012).

The basis of BA is Bayes theorem, which defines conditional probabilities (Formula 40) (Aven
T., Risk Analysis, 2012).

PC 1) = P(A10).P(A) 40)
PO
Where P(C 1A) is the conditional probability that event C will occur, given the occurrence of
event A. Hence, P(A) characterizes the opposite and will represent the prior distribution. P(C)
characterizes the events that already occurred. Hence, the likelihood distribution (Aven T. ,

Risk Analysis, 2012).

BA heavily relies on the accuracy of the prior and likelihood probability distributions to
produce a suitable posterior distribution. Moreover, the outcome of the posterior depends on
elicited knowledge from experts to assign the prior and the availability of relevant data to
produce the likelihood (Hayakawa, 2001). In general, the probability of a theory becoming
true will increase as supporting data increases (Lindley, 2014).

Once a posterior distribution is obtained, several outcomes are of high interest for risk and

reliability assessments. These are cI)Bay expected lifetime of the system and credibility

es’

interval ¢ for analytical approach. Nevertheless, from the sampling perspective the

Bayes
predictive prior, likelihood and predictive posterior distributions are the relevant ones. Based

on this all the required indicators such as R(t), F(t) and MTTF can be obtained.
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The BA general framework to estimate the expected lifetime is shown in Figure 9.

Expert knowledge for Likelihood data
each case study
Initial prior parameters Initial likelihood
and PDF parameters and PDF
Predictive PRIOR Predictive LIKELIHOOD
POSTERIOR
DISTRIBUTION
R(t),F(t),H(t) ¢| EXPECTED ;;, Credibility
LIFETIME interval
MTTF

Histogram and Plots

LT

Figure 10. General framework to estimate expected lifetime using Bayesian Analysis

A way to interpret BA is that the prior distributions are assigned based on the previous
knowledge with regards to the phenomena. Moreover, BA requires the selection of a PDF and
its initial parameters based on the prior expert knowledge. Likelihood distributions are obtained
from the available historical data. This does not require expert knowledge. Posterior
distributions are established via the data sampling from Prior vs. Likelihood to model the

expected survival and failure behaviours of the system (Tobias, 2012).

The weight that the likelihood and prior distributions will have on the posterior depends on
how relevant and accurate they are. In other words, the posterior will be located closer to the
likelihood or prior distribution according to the weight each one has (Mickelsson, 2015). See
Figure 11 for a typical combination of a prior, likelihood and posterior distributions of a
Normal PDF.
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Figure 11. Combination of Prior, Likelihood and Posterior distributions of a Normal PDF

A brief discussion on the predictive prior distribution, elicitation principles to obtain it and

other related issues will be presented in the next section.

Prior Distributions

Prior distributions are the foundation of Bayesian statistical inference (Gelman, 2014). They
represent the degree of belief that a system will behave according to an assigned PDF based
on the previous knowledge experts can have (Hayakawa, 2001). In other words, it expresses
the degree of uncertainty related to the value of a parameter from which the PDF is based on.
Suppose one needs to establish the relevance of the prior knowledge in BA, then Bayes theorem

can be written in general according to formula 41 (Hayakawa, 2001).
P@ = [ p@KPIO (@)
0

Where K expresses the prior knowledge, p(K) represents the prior distribution and p(¢)

represents the likelihood distribution.

There are three main categories of prior distributions in BA, these are conjugate, proper and
informative, each one has pros and cons (Jurcicek, 2014). The most common category is the

conjugate prior. Nevertheless, for the scope of this study BA is not going to be bounded only
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to these, as any type of prior could be useful to determine a relevant posterior distribution based

on limited data and limited knowledge.

Conjugate prior distributions are distributions with similar shape and form than the likelihood
PDF. Therefore, they form a conjugate family if the posterior density is the one shown in

formula 42 (Lee, 2012). In this case, the posterior PDF is proportional to the conjugate prior.
P(x) o< p(¢). 1(x) (42)

The previous is an advantage of a conjugate prior distribution, because a posterior distribution
can be used as a new prior when updated data is available as the proportionality between both

distributions remains (Jurcicek, 2014).

Informative prior distributions are formed by a population of possible parameter values, from
which the parameter of interest is drawn (Gelman, 2014). Instead of including all possible
values for a parameter, informative priors seek to concentrate in more truthful values around

the true parameter (Gelman, 2014).

Improper prior distributions are extremely small over an infinite range of possible parameter
values and they can be ambiguous with regards to the true parameter value. The uniform
distribution (Formula 43) is a good example of a common distribution to account for prior
knowledge when there is a large degree of uncertainty (Berger, 1985). In addition, it gives
almost no valuable information to increase the probability for the parameter to be in the interval

of the posterior.

r(d)=1 (43

In this thesis posterior distributions are obtained by using Monte Carlo simulations (MC). The
procedure for generating a predictive prior of an exponential distribution in Matlab is presented

as an example:

1. Determine the number of iterations for MC calculations of prior

nprior=input ('Number of iterations for prior Parameters ')

2. Selecting the type of distribution according to the prior knowledge
for i=l:nprior
3. Draw an initial value for the parameter(s) of the PDF from the selected prior
lambda=rand () *5;
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4. Generate a distributed random data set given the initial parameter(s)

estimator=exprnd(lambda,l1l,1);
5. Generate the predictive prior data by repeting step 3 with nprior iterative calculations
and the value of c1>pn.or Bayes

t (i)=exprnd(estimator,1,1);

end

The same procedure applies to the Weibull, Lognormal and Gamma distributions.

Elicitation Principles

Although there is no generic approach to elicit expert knowledge, the elicitation process should
be structured, unbiased and aligned with the statistical model that will be used to incorporate
expert information (Kuhnert, 2010). Several issues must be considered when eliciting
knowledge with regards to how useful this knowledge will be to BA (Albert, 2012). Moreover,
several challenges rise when eliciting knowledge from different experts . This is fundamental

to ensure the closeness of (:I)Prior to &)Bayes and the true parameter value.

Any prior will push the estimate towards the mean of the prior distribution (Mickelsson, 2015).

See Figure 12 to observe the influence of priors and likelihood PDF on the posterior.

Among such issues when eliciting expert knowledge is how to determine if the expert
knowledge can be qualified as strong (Aven T., Risk Analysis, 2012). To evaluate the strength
of knowledge there is a list of five conditions that must be met so the expert knowledge is
considered strong (Aven T., Risk Analysis, 2012). Thus, the elicited information relevant. The

conditions to be met for a strong knowledge are:

e The assumptions made are very reasonable

e Large amount of relevant/reliable data/information is available

e There is a broad agreement among experts

e The phenomena involved are well understood; the models used are known to give

prediction with the required accuracy
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Posterior PDF

(—

Elicitation of Expert
Knowledge

Availability of Failure and
Censored data

Figure 12. Illustrative influence of Prior and Likelihood on Posterior distribution

When there is no broad agreement between several experts and yet all experts’ opinions seem
to be relevant due to their own contributions, an alternative methodology is required
(Samaniego, 2010). Assuming different opinions from k experts where the weight of each

opinion is denoted by a factor a which meets the condition seen on formula 44,

k
:%:cn =1 (44)

Then the proposed ¢ for the prior distribution is denoted by formula 45 (Samaniego,

2010).

Prior

k

bprior = Z a;d, (45)

i=1

This constitute a relatively simple way to approach the consensus problem among experts when
the elicited prior is not necessarily conjugate of the posterior and each expert only consider one
prior for the phenomenon, not a combination of two or more. An example with two scenarios

of expert opinions is provided in the appendix A6.

In practice many opinions for prior of real systems are more complex to examine as the weight

for each one will tend to be similar. Therefore, the closer ¢ will be to a standard mean

Prior
(Samaniego, 2010). In addition, when eliciting expert knowledge for a few reliable sources, is
not common to have such difference between the opinions with regards of prior parameter(s).

The procedure used to estimate ¢ prior O €ach of the four distributions is based on drawing 1)
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from a normally random generated DF. Then cI)PTiOT from its corresponding PDF. Table 5

presents a summary of the procedure used in each case of PDF to generate &)Prior. The initial

values ¢ can be modified easily in the code, according to expert knowledge of the specific

study case.

Table 5. Summary of procedures to generate &)PHOT for each PDF

lambda=rand () *5;

ExponenUaI estimator=exprnd(lambda,1l,1);
alpha=normrnd(1,0.05);
Weibull beta=normrnd (2,0.05) ;
estimator=wblrnd (alpha,beta,l1,2);
mu=0;
Lognormal sigma=0.25;

estimator=lognrnd (mu,sigma,l1l,2);
alpha=rand() *4;
beta=rand () *2;

estimator=gamrnd (alpha,beta,1,2);

Gamma

Posterior Distributions

To determine the posterior distribution directly from Bayes theorem requires computing the
integral for the likelihood distribution (Kruschke, 2015). This can be challenging as the
expression for the posterior distribution can be extremely difficult and time consuming. One
method to address this challenge is using conjugate priors which are similar to posterior and

easier to calculate (Kruschke, 2015).

In most cases, the type of posterior will not be strictly defined for different combinations of
priors vs. likelihood distributions, i.e. the posterior will not behave the same way as a known
PDF as its mathematical form will be similar but not equal to any of them. Therefore, the most
recommended method to obtain the posterior is to generate a predictive posterior with random
sampling. Otherwise, if one follows the analytical approach, the results are impractical and

difficult to process since the possible combinations of priors vs. likelihoods are too many.

As previously mentioned, there are two major disadvantages when obtaining the posterior

distribution following the analytical approach instead of using sampling.

e The types of PDF's for a posterior distribution given all possible combinations of prior

vs likelihoods is too large to include in a single programming code. Hence, to produce
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and sample a posterior for reliability calculations can be time consuming and may
require extensive computational capacity.

e The posterior DFs most likely will not follow any of the know PDF such as
Exponential, Weibull, Lognormal, Gamma, etc. Moreover, it may result in undesired

outcomes such as infinite, negative or extremely large values.

Based on the previous statement, it is better to obtain a predictive posterior distribution by
randomly sampling a large amount of combinations of values with the pre-estimated
parameters. This requires computer algorithms to do the iterative calculations, which are
commonly referred as Monte Carlo simulations MC (Rossi, 2005). The algorithm used in
Matlab is a pre-build function that generates random values which follow the pre-established
condition between p(¢) and L(x). The acceptance rejection sampling is useful to manage any

type of prior other than conjugate in order to obtain a posterior (James, 2014).

In this thesis posterior distributions are obtained by the sampling approach using the prebuilt
function of Matlab called acceptance rejection sampling. This function generates a specific
type of posterior population formed by a fixed amount of data points by sampling the prior and
likelihood distributions (Hanselman, 2012). In other words, the user can define the type of
distribution to randomly generate the data points, the number of iterations or size of this
posterior population and the criteria to accept or reject into the posterior each evaluated data

point.

A code for BA has been written in Matlab following MC. The following is the procedure for

BA that the software performs to obtain the predictive posterior distribution.

1. Presents four options of PDFs, Exponential, Weibull, Lognormal and Gamma, for the
user to select one according to Prior Knowledge

2. Generate random values for the initial parameter(s) from a uniform distribution this can

be A, &, B, i or &, according to the type of distribution. Asks for the number of iterations

nprior to generate prior distribution p(d)

Generates p(¢) and prior parameters

Generates the plot of p(d)

Generates the histogram of p(¢)

o g &~ w

Imports the likelihood data set from an external file. The codes only read Microsoft

Excel (.xlsx) format files
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10.
11.
12.
13.

14.
15.

16.
17.
18.
19.

20.
21.

Evaluates the goodness of fit for each PDF by the Kolmogorov-Smirnov test and rank
them to select the best fitted one, i.e the highest p value among them

Generates random values for the initial parameter(s) from a uniform distribution this
can be 1, &, 3, a or &, according to the selected type of distribution

Asks for the number of iterations nlikelihood to generate likelihood distribution [(x)
Estimates the parameter(s) of the selected likelihood function I(x)

Asks for the 1 — a degree of confidence intervals for the [(x) parameter(s)

Calculates the confidence interval for each parameter

Performs an acceptance rejection sampling between p(&) and [(x). Here the code runs
a predetermined number of iterations nposterior, which for accuracy purposes is equal
to 1x10°

Generates the posterior PDF

Asks for a desired time tsurvival to evaluate the reliability of the system given the
posterior data set.

Calculates the reliability R(t)

Calculates the unreliability F(t)

Calculates the MTTF

Presents a summary of the results in tree tables. The first for types of PDFs, the second
for number of iterations of prior, likelihood, posterior, results of R(t), P(t) and MTTF.
The third table for the details of the MTTF for years as the time unit from the date the
programs is run

Generates the plot of R(t)

Generates the histogram of R(t)

A closer look into step 14" of the procedure for BA that the Matlab is necessary, as this covers

the acceptance rejection sampling for the predictive posterior distribution. The key factor to

obtain a representative predictive posterior are the size of the population data sets, the criteria

to generate the semirandom iterative values and the criteria to accept or reject such value into

the predictive posterior itself. See appendix A8 for the code of the acceptance rejection

sampling function of Matlab. Figure 13 presents a general diagram of the acceptance rejection

sampling function.
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Input predictive prior
f population of size

Input predictive likelihood
g population of size (m, 1)

(m, 1)

Create logical array

of 0’s and 1’s of size
(m,1)

<

Set value for
acceptance criteria ¢

<

Randomly generate
m iterative values
Uep and vy

<

No Yes

Discard u;p, @

é Include u;y, into

posterior predictive

Figure 13. Diagram of the acceptance rejection sampling function in Matlab R2018.

Next is Figure 14 with a layout of the result tables for predictive posterior obtained with the

BA Matlab code.

typeresults =
Prior Likelihood
' Gamma " 'Weibull'
valueresults =
nprior nlikelihood nposterior tsurvival psurvival pfailure mttf
1e405 le+06 le+06 3 0.054628 0.94537 1.4297
mttfresults =
mttf years months days honrs
1.4287 1 5 4 16.38

Figure 14. Layout of Results tables for predictive posterior with BA Matlab code.
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CHAPTER 3
3.1 Reliability Data

Reliability is generally defined as the ability of a system, component or equipment to operate
under specified conditions during a designated period of time or number of cycles (Modarres,
2010). The concept of reliability applies to every element that must perform an activity within

an expected lifetime.

It is feasible to have different degrees of reliability based on the deterioration level of an
element. Deterioration occurs gradually due to different physical and chemical variables which
the elements are exposed to (Lydersen, 1988). Some of these variables for mechanical and

electronical components are listed below.

e Temperature

e Mechanic Stress
e Torque

e Friction

e Water depth

e Pressure
e PH level
e Dust

e Moisture

e Number of operations

To include the level of degradation in a reliability assessment requires a refined analysis of the
multiple variables to be considered and the criticality of each one towards the element/system’s

performance (Lydersen, 1988).

In the scope of this study the main assumption is that system performance is either satisfactory
or unsatisfactory. This proposes a binary measurement system; if the system performs its
required functions it is considered 100% reliable (Tobias, 2012), regardless the conditions
under it operates or the degree of degradation that it may have. Therefore, all the data sets in
this study provide failure times. These express the completely inability of the system to operate

as it is supposed to.
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An overview of failure states and degradation levels for reliability assessment is presented in

Figure 15.

Physical and Human factor Other Factors,
chemical variables Error, negligence sudden events

Degradation levels
None, low, medium, severe, extreme

Include in likelihood
data

Include in prior
assigned parameters

Figure 15. Overview of failure states and degradation levels for reliability assessment.

A list of assumptions as follows for BA:

1.

No replacement is considered. Hence, data sets show failure times or similar
components before being replaced for the first time. See the expected lifetime without
replacement in Figure 16.

The time unit for failures is not fixed, i.e. the software codes do not differentiate
between, hours, days, years, etc. unless required by the user.

For the study case of chapter 3, a large amount of data contains several types of events
that generate the failure of the systems. These events are not categorized nor classified,;
therefore, they are treated in the same way.

Since there is no replacement the time to fix or replace a failed component is not
considered.

The initial values for prior parameters are pseudorandom as they will be the product of
prior knowledge and reasonable numerical intervals. Otherwise, when selecting R(t),
F(t) and MTTF, the outcomes can be extremely large and, in some cases, unrealistic.

The number of iterations for prior, likelihood and posterior DF must be large to increase

the accuracy of the results. The minimum recommended value is 1x10%.

Once the assumptions are established, it is necessary to quantitatively assess the reliability of

a system. Hence, previous data about its behaviour is required. Failure times, types of failure,
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number of failed units, conditions for system’s operations and more constitute the reliability

data (Modarres, 2010).

Bayesian analysis

of Reliability
I | I I
to ty ty th 0
Beginning of 1% Failure 2" Failure nt" Failure
operations

Figure 16. Expected lifetime without replacement.

Reliability data may have different formats to express the previous performance of the systems
under analysis (Meeker, 1998). Among these formats are:

e Histograms

e Plots

e Tables

e Subsets of data

e Databases

As mentioned before, the time unit of the reliability data is not fixed as the program is flexible
to handle any unit. In other words, failure times can be hours, days, months, years, number of
cycles, number of revolutions, etc. Hence, the result’s time unit will be the same as the data
input. Nevertheless, the default time unit for the results is years. MTTF is shown in years,
months, days and hours.

Historical data is required to estimate the expected lifetime through maximum likelihood
parameters of a PDF. However, fitting a given dataset to a distribution model may represent a
challenge (Renyan, 2015). The relevance and importance of such data relies on the amount
available and the main assumption that conditions of operations are maintained through time.

In addition, censoring also influences reliability data (Meeker, 1998).

3.1.1 Random data set

Random data sets do not follow any pattern or statistical distribution as they are generated in

an entirely aleatory process . They are used to represent uncertainty in models, MC simulations,
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iterative calculations, acceptance rejection sampling and others. For practical uses random sets

are limited to upper and lower boundaries.

The rand function is used to generate a random data set in (Hanselman, 2012), where, size of
the array or number of elements to be generated must be specified. By default, the boundaries
of a rand function are within 0 and 1. However, by multiplying a scalar value one can expand

such boundaries to any given interval (Hanselman, 2012).
a=rand (m,n) *scalar

a represents the data set to be created, m the number of columns, n the number of rows and

scalar the upper limit of the data set.

Pseudo random data sets can also be generated in Matlab. These types of data sets follow a
given pattern such as a PDF. The following is an example of a Lognormal data set b that

randomly generates (100,1) elements within a 0 to 4 interval.
b=lognrnd (100,1) *4

Table 6 shows a theoretical example of a random data set, used to compare the results of using
MLE of each PDF used in this report, and BA. The goal is to determine the MTTF, R(t) and

F(t) in each case using Matlab.

A program was created to settle a random distributed data, evaluate it according to the PDF,
obtain the parameters, corresponding confidence intervals, probability of survival P(T > t),

probability of failure P(T < t), produce the histogram and finally MTTF.
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Table 6. Random data set for MLE and BA example

t time values randomly generated within 0 to 5 units interval
131 | 096 | 043 | 460 | 3.71 | 1.95 | 0.83 | 4.34 | 3.78
470 | 231 | 276 | 479 | 429 | 0.14 | 299 | 3.21 | 4.04
454 | 2.88 | 042 | 3.05 | 469 | 3.93 | 3.77 | 351 | 252
490 | 3.07 | 0.03 | 0.71 | 3.59 | 1.99 | 3.26 | 4.47 | 3.65
354 | 433|154 | 191|279 | 324 | 283 | 3.89 | 4.78
0.78 | 391 | 3.08 334|048 | 146 | 1.55 | 498 | 0.48
466 | 212 | 317|079 | 0.75 | 3.95 | 0.17 | 4.74 | 4.83
3.09 | 422 | 341|013 | 229 | 0.22 | 455 | 4.88 | 0.06
0.17 | 453 | 1.58 | 0.08 | 2.00 | 2.52 | 456 | 0.90 | 0.46
260 | 203 | 3.63 | 1.93 | 2.09 | 1.12 | 3.24 | 0.83 | 0.04
372 | 492 | 159 | 388 | 296 | 258 | 1.99 | 3.94 | 131

Exponential Distribution

The results for the example for MLE of Exponential distribution are presented in the summary

Table 7.

Table 7. Summary Table for MLE of Exponential random data set using Matlab.

Data Parameter Confidence Interval T Expected Lifetime
At '%h“t d;g Muci tsurl R(t) | F(t) | MTTF
Fixed n and variable 4, deg and t
1.04 5 2.200 3.259 1 0.070 0.929
2.22 10 2.266 3.151 2 0.005 0.995
100 | 0.09 | 2.651 15 2.311 3.084 3 3x10°3 0.998 0.377
2.01 20 2.346 3.033 4 2.47x10° | 0.999
1.85 25 2.376 2.992 5 1.74x106 1

Table 7, n is the number of observations for each case of tsurvival. Landa (1) is initial value

of the estimated parameter. The failure rate for the exponential PDF. Muhat is the estimated

parameter 1. Muci is the confidence interval with the upper and lower bounds for the estimated
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parameter. deg (a) is the % of freedom for the confidence interval. R(t) represents the

reliability or survival function and F(t) the unreliability given a time value t.

To interpret the results of Table 7 let us take row 2 for example. The number of elements from
the historical data sample is 100. The initial random value generated by the program for the
parameter A is 1.04. The estimated value of parameter A is 2.6518 with a 90% of confidence
that the real value will be within 2.2666 and 3.1517. For a selected time of 2 units the system
has a probability of survival of 0.5% and a probability of failure of 99.5% with a fixed MTTF
of 0.3771.

Table 7 shows the variation of boundaries for the confidence interval of the parameters as the
% of freedom decreases. The higher the % of freedom, the more accurate is the estimated
parameter. In addition, it also shows how R(t) and F(t) complement each other to the total
value of 1. Therefore, whilst one decreases the other increase in the exact proportion. Finally,

the results show a constant value of MTTF regardless of the selected t and estimated parameter.

The results for the example of BA with exponential prior distribution are presented in the
summary Table 8.

Table 8. Summary Table for BA with Exponential Prior and random data set using Matlab.

Data Number of Iterations T Expected Lifetime

n nprio | nlikeli| nposte | tsur| R(t) F(t) MTTF

Fixed n, nprior, nlikelihood vs. variable 1 and tsurvival

1 0.2495 | 0.7505 | 0.7152

0.1468 | 0.8532 | 0.7086

100 | 1x10* | 1x10* | 1x10* 0.0796 | 0.9204 | 0.7187

0.0392 | 0.9608 | 0.7171

gl B~ W N

0.0143 | 0.9857 | 0.7021

Several observations can be drawn from the comparison of results on Tables 7 and 8. First, the
number of iterations for prior and likelihood influence the R(t) and F(t) values as the sample
is random generated. Hence the larger nprior nlikelihood and nposterior the more accurate
will R(t) and F(t) be. Second, R(t) and F(t) tend to decrease as time increases. Third, the
influence of predictive prior on the MTTF. Which now is around 0.71 years instead of 0.377

as shown in Table 7. Fourth, MTTF values in BA for each case are not identical as they are in
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MLE. Nevertheless, all five values are very close to each other. Figure 17 presents the

estimation of R(t), F(t) and MTTF when tsurvival = 5.

Prioxr Likelihood Posterior

'Exponential’ "Weibull® 'Bayesian'

valueresults =

1=6 table

npriox nposterioxr tsurvival psurvival pfailuze mttE

10000 10000 5 0.0143 0.9857 0O.70z201

mttfresults =

1=5 tabkble

mEtE years months days hours

0.70z01 o =] 1z 17.356

Figure 17. BA with Exponential Prior, random data set for tsurvival=5

Weibull Distribution

The results of the example for MLE with Weibull distribution are presented in the summary
table 9.
Table 9. Summary Table for MLE of Weibull random data set using Matlab.

Data Parameters & Confidence Intervals T Expected Lifetime
Estimators

Muhat deg
@ B %
Variable t and deg, fixed n, a, 8

n | a|p Muci tsur| R(t) | F(t) | MTTF

[2.510, | [1.261,
3.305] | 1.778]
[2.575, | [1.296,
3.234] | 1.730]
[2.612, | [1.320,
3.188] | 1.699]
[2.641, | [1.338,
3.153] | 1.6758]
[2.665, | [1.354,
3.125] | 1.656]

19|12 5 1 |0.815|0.184

0105 10 2 | 0.561|0.438

100 |19 1.2 | 2.886 | 1.497 | 15 3 10.346 | 0.653 | 2.605

08|18 20 4 10.195 | 0.804

1.2 |01 25 5 10.102 | 0.897

In Table 9, n is the number of observations for each case of tsurvival.
Alpha (a) and beta (B) are the initial values of the estimated parameters. The scale and shape
for the Weibull PDF. Muhat are the estimated parameters @ and £, respectively. Muci are the

confidence intervals with the upper and lower bounds for the estimated parameters. deg (a) is
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the % of freedom for the confidence intervals. R represents the survival function R(t) given a

time value t.

Table 9 shows the variation of boundaries for confidence interval of the parameters as the %
of freedom decreases. The higher the % of freedom, the more accurate the estimated parameters
@ and #. In addition, Table 9 also shows that R(t) and F(t) complement each other to the total
value of 1. Therefore, whilst one decreases the other increase in the exact proportion. Finally,

it shows a constant value of MTTF regardless of the selected ts and estimated parameter.

To interpret the results of Table 9 let us take row three for example. The number of elements
from the historical data sample is 100. The initial random value generated by the program for
the parameters a and g are 1.96 and 1.25 respectively. The estimated values by the program are
2.886 and 1.497 with a 85% of confidence that real values will be within [2.612, 3.188] and
[1.320, 1.699] accordingly. For a selected time of 2 units the system has a probability of
survival of 34.6% and a probability of failure of 65.3% with a fixed MTTF of 2.605.

The results for the example of BA with Weibull prior distribution are presented in the summary
Table 10.

Table 10. Summary Table for BA with Weibull Prior and random data set using Matlab.

Data

Set Number of Iterations T Expected Lifetime

n nprio | nlikeli| nposte | t R(t) F(t) MTTF

Fixed n, nprior, nlikelihood vs. variable «a,
B and tsurvival
1 0.0730 0.9227 | 0.2173

0.0383 | 0.9617 | 0.2131

100 | 1x10* | 1x10* | 1x10* 0.0150 | 0.9850 | 0.1988

0.0082 | 0.9918 | 0.2066

gl Bl W N

0.0038 | 0.9962 | 0.2212

Several observations can be drawn from the comparison of results on Tables 9 and 10. First,
the number of iterations for prior and likelihood influence the R(t) and F(t) values as the
sample is randomly generated. Therefore, the larger nprior nlikelihood and nposterior the
more accurate will R(t) and F(t) will be. These are fixed to 1x10* iterations for this trial.

Second, R(t) and F(t) tend to decrease for as time increases. Third, the influence of predictive
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prior onthe MTTF, which now is around 0.21 years instead of 2.60 as shown in table 9. Fourth,
MTTF values in BA for each case are not identical as they are in MLE. Nevertheless, all five

values are close enough to each other, so an estimation is feasible.

Figure 18 presents the estimation of R(t), F(t) and MTTF when tsurvival = 5.

"weibull" '"Weibull" 'Bayesian'

wvalueresults =
1x7 table

nprior nlikelihood nposterior tsurvival psurvival pfailure mttf

10000 10000 10000 5 0.003 0.997 0.2097

mttfresults =

1x5 table

mttf years months days hours

0.2097 0 2 15 11.7%¢

MTTEF is estimated from todays date

Figure 18. BA with Weibull Prior, random data set for tsurvival=5

Lognormal Distribution

The results of the example for MLE of Lognormal distribution are presented in the summary
Table 11.

Table 11. Summary Table for MLE of Lognormal random data set using Matlab

Data Parameters Confidence Intervals T Expected Lifetime
d

nlulo ﬁM“h“t& ;9 Muci tsur| R(t) | F(t) | MTTF
(1]

Variable t and deg, fixed n, a, 8

[2.669, | [0.823,
10 0.7 > 3.042] 1.089]
[2.700, | [0.841,
3.011] 1.063]
[2.719, | [0.852,
2.992] | 1.0469]
[2.735, | [0.861,
2.977] 1.034]
[2.747, | [0.869,
2.964] 1.024]

1 |0.998 | 0.001

0704 10 2 10.989 | 0.010

100 | 0.2 | 0.7 | 2.856 | 0.933 | 15 3 10970 |0.029 | 4.415

06|28 20 4 10.942 | 0.057

15]0.2 25 5 10.909 | 0.090

Table 11, n is the number of observations for each case of tsurvival. Mu (1) and Sigma (o)

are the parameters to be estimated. The median and standard deviation for the Lognormal PDF
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are the initial values of the estimates /i and &, respectively. Muci are the confidence intervals
with the upper and lower bounds for the estimated parameters. deg (a) is the % of freedom for
the confidence intervals. R(t) represents the reliability or survival function and F(t) the

unreliability given atime value t.

Table 11 illustrate the variation of boundaries for the confidence intervals of the parameters as
the % of freedom decreases, The higher the % of freedom, the more accurate the estimated
parameters i and . Moreover, Table 11 also shows that R(t) and F(t) complement each other
to the total value of 1. Therefore, whilst one decreases the other increase in the exact proportion.
Finally, table 11 also shows the fixed value for MTTF regardless of the selected ts and

estimated parameter.

To interpret the results of Table 11 let us take row four as an example. The number of elements
from the historical data sample is 100. The initial random value generated by the program for
the parameters p and o are 0.64 and 2.85 respectively. The estimated values by the program for
these parameters are 2.856 and 0.933 with an 80% of confidence that real values will be within
[2.735, 2.977] and [0.861, 1.034] accordingly. For a selected time of two units the system has
a probability of survival of 34.6% and a probability of failure of 65.3% with a fixed MTTF of
2.605.

The results for the example of BA with Lognormal prior distribution are presented in the

summary Table 12.

Table 12. Summary Table for BA with Lognormal Prior and random data set using Matlab.

Data Number of Iterations T Expected Lifetime

n nprio ‘ nlikel ‘ nposte | tsur| R(t) ‘ F(t) | MTTF
Fixed n, nprior, nlikelihood vs. variable tsurvival
1 0.4591 | 0.5409 | 1.3265

0.2722 | 0.7278 | 1.3199

100 | 1x10* | 1x10* | 1x10* 0.1526 | 0.8474 | 1.3394

0.0748 | 0.9252 | 1.3327

g B~ WD

0.0320 | 0.9680 | 1.3192

By comparing the results obtained in Tables 11 and 12, one can draw the following conclusions,
first, R(t) values for BA are lower to its corresponding MLE pair. Second, the tendency of

R(t) to decrease as time increases is more visible for BA, for example the 3" row for time 3
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years R(t) is 0.1526. Therefore, the number of iterations for prior and likelihood influence the
R(t) and F(t) values as the sample is randomly generated. Hence, the larger nprior
nlikelihood and nposterior the more accurate will R(t) and F(t) will be. These are fixed to
1x10* iterations for this trial. Third, the influence of predictive prior on the MTTF, which now
is around 1.32 years instead of 4.41 as shown in Table 9. Fourth, MTTF values in BA for each
case are not identical as they are in MLE. Nevertheless, all five values are close enough to each

other, so an estimation is feasible.

See Figure 19 for estimation of R(t), F(t) and MTTF when tsurvival = 5.

Prior Likelihood Posterior

'Lognormal’ 'Weibull" 'Bayesian’'

valueresults =

1x7 table

nprioxr nlikelihood nposterior tsurvival psurvival pfailure mttf

10000 10000 10000 5 0.032 0.%e68 1.3192

mttfresults =

1x5 table

mttf years months days hours

1.3192 1 3 24 21.839

MTTF is estimated from todays date

Figure 19. BA with Lognormal Prior, random data set for tsurvival=5

Gamma Distribution

The results for the example for MLE of Gamma distribution are presented in the summary
Table 13. Where n represents the observations for each case of the gamma random distributed
data set. Alpha (@) and beta (B) are the initial values of the estimates. The scale and shape
for the gamma PDF are the estimated parameters @ and 3. Muci are the confidence intervals
with the upper and lower bounds for the estimated parameters. deg (o) is the % of freedom for

the confidence intervals. R is the survival function R(t) for a time value t.

To interpret the results of Table 13 let us take row 5 for example. The number of elements from
the historical data sample is the same as previous cases (100). The initial random value

generated by the program for the parameters « and g are 1.40 and 0.49 respectively.
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Table 13. Summary Table for MLE of Gamma random data set using Matlab

Data Parameters Confidence Intervals T Expected Lifetime
n|alBp aM“ha% ‘f/eg Muci tsur| R(t) | F(t) | MTTF
Variable t and deg, fixed n, a,
12103 [2,641, | [0.679,
113 > 4,4982] | 1.206] 1)0.20310.79
18108 [2.204, | [0.559,
5 | g 10 5.389] 1.465] 2 |0.109 | 0.890
1.7 10.2 [2.239, | [0.569,
100 0| s 3.446 | 0.905 | 15 5.305] 1.440] 3 0 1 3.122
05|07 [2.265, | [0.576,
77 20 5.244] | 1.422] 4 0 1
14104 [2.286, | [0.582,
0] 9 25 5.197] 1.408] > 0 L

Table 13 shows the variation of boundaries for confidence interval of the parameters as the %
decreases, which means that to be more confidence of the estimated parameters @ and S, scale
and shape for the Weibull distribution, the interval must enhance. In addition, Table 13 also
shows that R(t) and F(t) complement each other to the total value of 1. Therefore, whilst one
decreases the other increase in the exact proportion. Finally, Table 13 displays the fixed value

of MTTF independently of the selected ts and estimated parameter.

The estimated parameters @ and 8 by the program are 3.446 and 0.905, respectively, with a
75% of confidence that real values will be within [2.286, 5.197 ] and [0.582, 1.408],
accordingly. For a selected time of 2 units the system has a probability of survival of
approximately 11% and a probability of failure of 89% with a fixed MTTF of 3.122.

The results for the example of BA with Gamma prior distribution are presented in the Table 14.

Table 14. Summary Table for BA with Gamma Prior and random data set using Matlab

Data Number of Iterations T Expected Lifetime

n nprio ‘ nlikel ‘ nposte | tsur| R(t) ‘ F(t) | MTTF
Fixed n, nprior, nlikelihood vs. variable tsurvival
1 0.3323 | 0.6677 | 1.3774

0.2722 | 0.7278 | 1.3535

100 | 1x10* | 1x10* | 1x10* 0.2005 | 0.7995 | 1.3680

0.1367 | 0.8633 | 1.3242

gl B~ WO DN

0.0880 | 0.9120 | 1.3405
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By comparing the results in Tables 13 and 14, one can draw the following conclusions.
First, R(t) values for BA are lower to its corresponding MLE pair. Second, the tendency of
R(t) to decrease as time increases is more visible for BA, for example the 5" row for a
tsurvival of 5 years R(t) is equal to 0.0888. Which means that this system has an extremely
low possibility to survive five years. Third, the influence of predictive prior on the MTTF,
which now is around 1.35 years instead of 3.12 as shown in Table 13. Fourth, MTTF values in
BA for each case are not identical as they are in MLE. Nevertheless, all five values are close

enough to each other, so an estimation is feasible.

Figure 20 shows the results for estimation of R(t), F(t) and MTTF when tsurvival = 5.

Further discussions about the pros and cons of both estimation methods will be presented in
following sections of this thesis.

' Gamma " '"Weibull' 'Bayesian'

valueresults =
1=x7 table

npriocx nlikelihood nposteriocxr tsurvival psurvival pfailure mttf

10000 10000 10000 5 0.088 0.912 1.3405

mttfresults =

1x5 table

mttf years months days hours

1.3405 1 4 2 14.086

MTTF is estimated from todays date

Figure 20. BA with Gamma Prior, random data set for tsurvival=5

3.1.2 Censored data set

In this study which includes reliability modelling and expected lifetime estimation the data sets
can be considered censored. Definitions for each type of censored data set are discussed in the

succeeding paragraphs. In addition, an illustrative example is presented.

Censored data partially contains the value of observation (Renyan, 2015). There are three types
of censored data: left censored, right censored and interval censored (Renyan, 2015),

considering the exact time at failure ¢, and the time to inspection ¢;.

e Left censored data occurs when failures are not obvious and can only be detected by

inspections. Hence, 0 < tf < t;
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e Right censored data takes place when the observation process stops before the failure
occurs. Hence, t; <ty < o
e Interval censored data occurs when observational times are planned at some specific

time during inspections. Hence, t; < tf < t,

The following is an illustrative example of a data set from a standard system with the different

types of censoring, according to different times of inspection ¢; in years and number of failures

n;.
Table 15. Hlustrative example of dataset with different types of censoring
Year 1 2 3 4 5 6 7 8 9 10
(;Zfl‘fj rrr:f ol o | o] 0| 0| mn 0 | 0 | np | ng
Observed
Failures 1% 0 0 0 0 0 n,—1 0 0 n, ng
Case
Observed
Failures 2" 0 0 0 0 0 ny 0 0 n, —
Case
Observed
Failures 3™ - - - - - - - 0 n, -
Case

From Table 15 the 1% case represents a left censored data set with a total number of observed
failures equal to n, — 1 + n, + ny and observation period from year 1 to 10. The 2" case
represents a right censored data set with a total of observed failures equal to n; + n, and
observation period from year 1 to 9. Finally, the 3" case shows an interval censored data set
with a total number of observed failures equal to n, and observation period of two years, the
8" and 9" year. The influence of censoring in the data set can be measured, given random
values of the number of failures n,, n, and n; and assigning an PDF to determine the expected

lifetime of such system. See appendix Al.

From the appendix Table Al it is evident that different failure rates will be provide the
censoring of the data set. In this case the interval censoring from the 3" Case has the lowest

estimated parameter §.,r.

In the MLE and BA codes, censoring is expressed by the 2" type, i.e., right censoring from a

given t; according to the theoretical example and study case.
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Table 16 presents the failure times of a component in hours. It will also be used to test the
program for MLE and BA. The outcomes will be the estimated PDF's parameters, expected
lifetime, reliability, probability of failure at any given time, MTTF, and the histogram of the

failures occurred (Meeker, 1998).

Table 16. Integrated Circuit Failure Times in Hours

Failure times t per unit tested
0.10 0.10 0.15 0.60 0.80 0.80

1.20 2.50 3.00 4.00 4.00 6.00

10.00 10.00 12.50 20.00 20.00 43.00

43.00 48.00 48.00 54.00 74.00 84.00

94.00 168.00 263.00 593.00 - -
The test ended at 1370 hours, there were 4128 non-failed units.

MLE and BA results are presented to compare them based on the method of estimation and the
selected prior distribution. The number of iterations for predictive prior, likelihood and

posterior are fixed to 1x10°.

Table 17. MLE and BA results for Censored data set

Method Number of Iterations T Expected Lifetime
MLE nprio ‘ nlikel ‘ nposte | tsur| R(t) ‘ F(t) | MTTF
Fixed n, nprior, nlikelihood vs. variable and tsurvival

Gamma 1x10° | 1x10% | 1x108 1 0.0430 0.9561 | 0.1573
BA nprio | nlikel | nposte | tsur| R(t) F(t) MTTF
Exponential 0.0780 | 0.9219 | 0.9609
Weibull 5 5 5 0 1 0.1986
Lognormal | X107 | 1X10% 1 IX10® 1 G2 T 08508 | 1.9593
Gamma 0.1276 0.8723 | 2.2904

The Gamma PDF has the best goodness of fit. Therefore, it was chosen as the likelihood
distribution used for all the BA cases. In addition, tsurvival is expressed in years. Hence, the
data values were converted from hours to years. (Figure 21), the MTTF is estimated to be 1
month, 26 days and 15 hours to first failure. In the other hand, for BA, the MTTF is estimated
to be 2 years, 3 moths, 14 days and 13 hours, (Figure 22).

Reliability values for both estimations also vary. The most optimistic case takes place with the
Gamma distribution with and R(t) of 14.92%. Whilst the worst case is the product of Weibull
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distribution, where R(t) has such a small value that is considered zero. In other words, the

integrated circuit units will not survive a year of operations.

psurvival =

0.0425%
Probalkility of Failure at a given tsurwvival
pfailure =

0.95861
Mean time to fajilure of MLE Predictiwve Distribution
mtef =

0.1573
Histogram of Weibull Distribution
mttfresults =

1=5 table

mtt=Lf yvears months days hours

0.15731 o} 1 26 15.194

Figure 21. MLE results fortsurvival = 1 year of censored dataset.

The difference between both MTTF is based on the influence of the predictive prior
distribution, as it will modify the scale and shape parameters of the Gamma PDF in this
example. Moreover, the likelihood distribution and parameters are the same for both
estimations. Another factor that influences the estimation of expected lifetime is the number of
elements in the censored data. For this example, 4128 from a total of 4156 failures are right
censored. This represents a source of uncertainty for the obtained results because most values
are censored. Hence, the sample data is not completely representative of the component’s

behaviour.

Prioxr Likelihood Posterior

' Gamma ' 'Gamma ' 'Bayesian'

valueresults =

1x7 table

nprior nlikelihcod nposterior tsurvival psurvival pfailure mttf

le+06 le+06 le+06 1 0.12764 0.87236 2.2904

mttfresults =

1x5 table

mtte years months days hours

2.29%04 2 3 14 13.41

MTTF 1is estimated from todays date

Figure 22. BA results fortsurvival = 1 year of censored dataset.
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3.2 Highly Reliable Systems

A highly reliable systems is a critical system which retain its reliability for prolonged periods
of time as it evolves without incurring in prohibitive costs (Hinchey, 2010).

When discussing highly reliable systems, it is necessary to define several related terms. First
and most important, what is reliability? When do we consider a system reliable? What are the
requirements needed to consider a system highly reliable? And what are the most common

probability distributions to predict the expected lifetime of a system?

These are the questions intended to be answered so the reader can have a clear picture with
regards to highly reliable systems and the methodology used to determine the expected lifetime

of such systems in the domain of this thesis.

First, the term reliability has several definitions depending on the author and context in which
is referred to. One of the most standard definitions is the following: “The ability of an item to
perform a required function under given environmental and operating conditions and for a
stated period of time” (Hamada, 2008). A similar definition about the cycles of operations
states, “The ability of an item (a product or a system) to operate under designated operating

conditions for a designed period of time or number of cycles” (Modarres, 2010).

Second, to quantitatively measure the reliability of an item given a random variable T
mathematically the reliability function R(t) of a component or systems is defined by formula
11 (Hamada, 2008).

In general, highly reliable systems are those which do not require neither maintenance nor
replacement over a long period of time (Pham, 2001). However, certain criteria for types of

systems can help limit the scope of highly reliable systems:

1. Those in which configurations of its components are such that more than one level of
redundancy is present

2. Those in which the specification of its components is oversized to the average
requirements

3. Those designed to avoid bottlenecks

4. Those which have layers of protection against extreme external elements

5. Those designed to outlast the expected time for operations by a considerable amount of

time
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6. Those which allow follow up in a practical and quick way to detect needed maintenance

Consider a theoretical example of a manufacturing process that requires to produce 200 units
per hour with two alternative systems A and B. System A has 4 identical components with
capacity of 100 units per hour disposed in parallel and a monitoring equipment M. Meanwhile
system B has two units of 50 and 150 units per hour. Given the previous criteria System A is
considered to be the highly reliable one as it has two back up components, all its components
are identical, it has a monitoring system and the configuration of components allows

redundancy, (Figure 23).

System A —| 1
= 2
Input ﬁ_" } Output
3
System B
: 4 r 1

_@_ Input Output
2

Figure 23. Theoretical example of Highly reliable systems for Manufacturing process

3.2.1 Risk and Uncertainty in Highly Reliable Systems

All processes and systems have a certain degree of risk and uncertainty in terms of their
performance. The possibility of failure is ever present. Therefore, it becomes a key aspect when
assessing the reliability of such systems. Furthermore, failure probability must be determined
accounting for expert knowledge about the systems, its characteristics, strengths and
weaknesses (Aven T. , Risk Analysis, 2012). Nevertheless, in most cases historical data is also

necessary to complete a reliability assessment (Tobias, 2012).

When to consider a system robust? How likely is that a failure occurs at a specific time? What
consequences derive when the system has a failure? What measures should be taken to prevent
the occurrence of a failure? These among other questions are relevant to perform a reliability
assessment. This thesis focuses on the 2", as the goal is to produce and verify a methodology
for statistical inference of expected lifetime of highly reliable systems. For that purpose, the

following assumptions need to be made.
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e All types and magnitudes of failures from historical data are equal. Hence, partial or
total failures that prevent the system from performing its purposes have the same value
and are equally included in the analysis.

e The negative consequences of a failure are not considered for the analysis. Only the
times in which they occur if observed, or the censored time if not.

e Maintenance times are not included in the analysis, for mainly the expected time to
failure is of relevance for the study.

e Maintenance is assumed to be perfect. Therefore, the system is considered “as good as
new .

e The degree of uncertainty in the elicited expert knowledge is proportional to the overall
uncertainty of the results. Therefore, a high level of accuracy is necessary.

e The risk of an unpredicted failure in a highly reliable system is influenced by the
amount of failure and censored data available when assessing its reliability.

e The occurrence of events that can lead to a failure but given some specific
circumstances did not, are not included in the reliability assessment. In other words,

“near misses” are not accounted for.

The relevance for the estimation of expected lifetime of highly reliable systems from the risk
perspective is based on the potential negative consequences once a failure has occurred and the
complexity of restoring the system’s functionality back to normal (Aven T. , Risk Analysis,
2012). Therefore, the more accurate methodology for assess the reliability of such systems the
better. In addition, analysts can account for uncertainty to some extent by taking a conservative
approach when eliciting prior knowledge about key factors (Albert, 2012). Among them, the
parameters of the prior’s PDF (Albert, 2012). Furthermore, by providing confidence and
credibility intervals for MLE and BA. These allows the analyst and decision makers to have
additional information about the provided values for the system’s reliability so they can take a

better-informed decision.

3.2.2 Uncertainty when Estimating Expected Lifetime

There are several issues to account when estimating the expected lifetime of highly reliable
systems. Particularly when historical data is available. Otherwise, the uncertainty embedded in
the estimation can be too large (Aven T. , Risk Analysis, 2012). The first issue is related to
highly reliable systems with extensive lifetime. In years or decades. For those, the conditions

through their lifetime are not the same. Factors such as human training, technological
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modifications, safety measures, quality of materials and more are very likely to have changed
over time. Thus, to assume that the historical data shows exactly the previous behaviour of the

same system is a bold assumption.

The second issue with regards of estimation of expected lifetime for highly reliable systems
refers to biases in the elicitation of expert knowledge. Different biases can influence the
outcome of the expert knowledge for the prior distribution, such as:

e Personal preferences due to extensive experience on the phenomenon.

e Economic reasons to favour unnecessary replacements at shorter times.

e Misleading reports of previous failures. Specifically, over reporting or under reporting.
e Hidden assumptions from experts regarding conditions of operations and degradation.
e Tendency to use the expected outcome approach without considering unexpected

events.

In relation to the latter, unexpected sudden events are frequently dismissed as their probability
of occurrence is believed to be extremely low. In the next lines a brief description of these

events referred to as “black swans” is presented.

A black swan is a surprising event with extreme consequences that is not believed to occur due
to its low probabilities (Taleb, 2010). A black swan can disrupt the performance of highly
reliable systems regardless of their resilience. It is convenient to take a conservative approach
when estimating expected lifetime of such systems. In BA this can be done through selection
of parameters and prior distributions (Aven T. , Risk Analysis, 2012).

As mentioned in section 3.1, no replacement is considered for estimation of expected lifetime.
Therefore, the uncertainty is focused on the estimation methods, their strengths and
weaknesses. BA has an advantage as a tool to provide decision support, given the input of prior
distributions into the assessment. The latter constitutes the main reason to perform BA to the
study case presented in the next chapter and at the same time compare the results witha MLE of

the same case.

Different factors contribute to uncertainty for the estimation of expected lifetime. These can be
divided according to their origin (Taleb, 2010). Furthermore, they are present in most risk
assessments and reliability studies. To identify which factors, contribute to uncertainty for the

scope of this thesis see Figure 24.
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Relevance of Acceptance & Goodness of fit for
likelihood data Rejection sampling PDF
Elicitation of J} J} J} Black swans &
Prior Knowledge E> UNCERTAINTY <j sudden events

<

Estimation of
Expected Lifetime

Figure 24. Contributing factors to uncertainty in estimation of expected lifetime with BA

Relevance of likelihood data has special importance among all other factors, because features
like the availability, presence and type of censorship, size of sample and its degree of
randomness. An estimation of expected lifetime with the wrong data set or no data at all means
a higher degree of uncertainty in the results of R(t), F(t) and MTTF, regardless of how good

the elicitation of prior knowledge and BA themselves may be.

This has a relevant significance when it comes to take decisions based on such results. Hence
the need to reduce as much as possible all sources of uncertainties present in the analysis.

Furthermore, whenever possible, uncertainty in all results must be recognized (Lindley, 2014).

3.2.3 Modelling using MatlabR2018

The software application used to analyse the data was Matlab version R2018. There are several

reasons for selecting this program, among them are the following:

1. Easy to obtain, install and operate, compared to similar programs.

2. Author’s previous experience with the program.

3. Availability to customize the results for better understanding and illustrative purposes
of sensitivity analysis.

4. Simplicity for importing and exporting data sets to other applications such as Microsoft

excel and Power BI.

The study cases to be modelled are systems considered highly reliable, as the time frame of
performance is at least 5 years. The aim of modelling them is to represent in the most accurate
way possible the behaviour of such systems, so an analyst can predict future outcomes with a
high degree of credibility. For the latter, the used methodology was based on two methods to

estimate the expected lifetime, MLE and BA.
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The list of initial assumptions which define the scope of the four codes for MLE of each type

of statistical distribution are:

e Initial data set is generated randomly with initial predefined values for parameters and
number of elements, every time the code is run.

e Only right censoring of the data was considered. Therefore, data sets with censored data
after a specific time are possible to compute. The time for censor is set by the user.

e The degree of confidence (deg) for the interval of the estimated parameter is set by the
user in scalar number, not in terms of %. For example, to define a 95% of confidence
interval the user must input a value of 0.05. See formula 35.

e The time for probability of survival is defined by the user, it must be a value that meets
the condition 0 < t < 100.

e The results are presented in a histogram and plots for PDF and R(t) with fixed time

scale of x axis.

The following, the list of initial assumptions which define the scope of the code for BA of all

statistical distributions:

e Initial data for Prior is generated randomly based on the type of distribution selected by
the user, with initial values for parameters every time the code is run.

e The number of elements (size) of the prior distribution can be randomly selected by the
user, Nevertheless, it is recommended that it is equal to the number of the data set
imported if possible. Hence, nprior should be equal to nlikelihood.

e Prior parameters and data set are generated according to the predefined initial values
for the parameter of the corresponding distribution.

e The preliminary result of prior predictive is presented as a histogram and plot with fixed
time scale.

e For posterior distribution a real data set can be obtained from a specific file in excel
which has to be called “samplexlIsx”, “samplecensored.xIsx”  or
“samplestudycasel.xlsx” according to the data set being analysed so the software will
search in the “documents/MATLAB” folder and read it (Chapman, 2004).

e To obtain the posterior the real data set is combined with the prior predictive in a
rejection sampling routine, where all the time values of the data set are given a random
value of probability with a predefined maximum which is draw from a uniform
distribution between 0 and 1.
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e The outcomes of prior predictive, rejection sampling and posterior predictive are
presented in independent plots for illustrative purposes.

e The time for probability of survival given the posterior distribution is defined by the
user, it must be a value that meets the condition 0 < t < 100.

e Sensitivity analysis of the outcomes can be done by changing the values of initial
parameter of the Prior predictive, time for probability of survival (tsurvival), or the
number of elements randomly generated in the predictive prior (nprior), likelihood,

(nlikelihood)and predictive posterior (nposterior).

Furthermore, for both methods of estimation the MTTF values are shown in two formats based
on a year: The scalar format and the date format. The scalar format indicates a fraction of a
year(s). For example, an MTTF = 0.5 represent half a year until the failure occurs. Whilst the
date format indicates how many years, months, days, and hours are remaining for the
occurrence of a failure from the exact moment the analysis is done. For example: MTTF =

0.5 represents 0 years, 6 months, 15 days and 12 hours for the failure to take place.

In addition, all samples data randomly generated and obtained from the study cases are assumed
to be reporting only failure and censored times. The type and magnitude of failure is not part
of the scope, i.e. all the input values are treated equally, if they represent a failure that will
prevent the system itself to operate. The latter indicates that for the software, there is no

hierarchy of failure according to their origin, type or consequence.

Another relevant issue when modelling with Matlab is the acceptance-rejection prebuilt
function. This has a numerical value which allow the user to adjust the criteria to accept or
reject every sample value randomly generated. For all the codes this value is fixed at two. In
other words, for an ith iteration to produce an accepted value for the predictive posterior, it has

to be equal or larger than twice the reference value of the sample distribution.
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CHAPTER 4
4.1 Server-database for Commercial Use Study Case

By presenting a brief background of the company which provided the data, one can understand
its nature and the reason for the reliability assessment, moreover the scope for estimation of

expected lifetime of its main equipment.

AKRA Investments c.a. is a logistics company which supplies over 300 clients in 20 different
states in Venezuela. The main target is retail companies of high consumption products. It
provides a platform for inventory, transport, budgeting, ordering and customer service through

an online system which is the study case of concern.

The study case refers to a combination of a main server which handles all cloud, storage and
service operations. The unit works in a semi restricted environment where only authorised users
can access it and the database to perform different actions such as maintenance, update, repairs
and modifications.

The server has several features that allow administrators and users to perform daily operations

for the company. Among them are the following:

e Maintain backup of all inputs and modifications to the main database

e Channel all incoming and outgoing files to cloud platforms and apps such as
e-mails, data transfer between user, transfer of data between company
employees and customers

e Frame remote access to the company’s computers and terminals

e Prevent unauthorised access from external and malicious entities

These are critical operations that require a reliable server-database for the company.

Furthermore, the ability to estimate failure time is critical to avoid negative consequences.

A log for all events occurred is available in the database’s backup files. This allows to filter the
data and elicit failure events from all others. Different types of failures were encountered.
Nevertheless, from the reliability assessment they are all going to be treated as common failure.
Where the time of occurrence is the main concern for this study case. These types of failure
and their corresponding code and possible causes are listed in Table 18, based on the log data

and company’s criteria.
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Table 18. Types of failure events for Server-Database study case

Type of Failure Code | Criticality Possible Causes
Virus or Bug
Partial loss of data PLD 4 Electrical
Other
Virus or Bu
Total loss of data TLD 5 - g
Electrical
) Unauthorised access
Virus or Bug VBF 4 -
Firewall down
Power grid blackout
Electrical ELF 3 g -
Extreme voltage fluctuations
Firewall down
Update UPD 2

No Internet connection
Human error

Other OTH 2 No internet connection

Physical damage to server

Table 18, shows that, one failure can be the cause of others. The criteria for the criticality of
failure is based on a subjective scale from 1 to 5, where 5 represents the most critical type of

failure in terms of its consequences for the company.

In principle a failure can be ranked for its derived consequences. In other words, on how it
impacts the organization when this type of event occurs (Aven T. , Foundations of Risk
Analysis, 2012). For AKRA Investments c.a. there are four main variables to rank types of

failure events.

1. Amount of lost data

2. Server’s down time

3. Delayed time for supplying customers
4

Difficulty and resources needed to repair the failure

4.1.1 Modelling with MLE

There are two main actions required for the estimation of expected lifetime of the Server-
database with MLE'. The first one is to filter the entire data base by some criterion that allows
to retrieve only failure events. The criterion is based on failure events described on Table 18.
Second, once the filtered data is available, one must convert its entries from date format and
create an .XLSX file which represent the likelihood data for MLE.
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The historical record for daily operations and failure events was provided by the company in a
.BAK file. Therefore, to perform both MLE and BA in Matlab R2018, it was modified to a
XLSX format which is the one supported by the written codes. Figure 25 presents AKRA

Investments Server-database failure entries in . XLSX format.

As previously mentioned, all recorded events have a standard date format (dd/mm/yyyy)
including hours, minutes and seconds of occurrence. Hence, all failure times where obtained
by converting those values to a decimal format. This allows to interpret the data and results in
terms of years instead of more large values such as hours. Take rows 1 and 2 of Figure 25 for
example, it shows that the 38" failure occurred on the January the 8" of 2019 at 18 hours, 12

minutes and 00 sec. Then 0.2708 years or 2.372 hours after failure 39" took place.

Table 19 shows the modified log for failure times from the original XLSX format.

Table 19. Modified log with failure times of Server-database study case

t time values in years
0.1322 | 0.4771 | 0.4797 | 0.9233 | 1.0744 | 1.7699 | 1.9969 | 2.6798 | 3.3370
3.6158 | 4.0630 | 4.1664 | 4.2030 | 4.2949 | 4.5668 | 4.7171 | 4.9087 | 5.2217
5.4426 | 5.7553 | 6.3116 | 6.4590 | 6.8103 | 6.8500 | 7.0774 | 7.5751 | 7.6908
7.9202 | 8.1342 | 8.4548 | 9.0708 | 9.3316 | 9.7728 | 10.2183 | 10.5120 | 10.9838
11.2546 - - - - - - - -
The Server-database’s log is ongoing at the time this report was finished.

In order to reduce the uncertainty of the results of MLE from Table 19, the time values in years
are included with four decimals, the variable nlikelihood is fixed at 1x10°, the confidence
intervals for estimated parameters is fixed to 95% and both histograms and Plots are displayed

to compare with numerical values.
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Company: AKRA Investments c.a. Report date: 31/05/2019
Equipment: HP Pavilion 570-p038 PC Initial record: 07/01/2009
RECORD OF FAILURE EVENTS FOR SERVER-DATABASE

Failure Failure Date Failure Time  Hours Between Years Between

Event (dd/mm/yyyy) (hh:mm:ss) Failure Failure
1 OTH 16/01/2008 10:16:20 1158 0.1322
2 UPD 04/03/2008 16:18:32 3021 0.3449
3 ELF 08/07/2008 13:20:53 23 0.0026
4 UPD 09/07/2008 13:01:02 3886 0.4436
5 VBF 18/12/2008 11:24:17 1324 0.1511
6 PLD 11/02/2009 16:03:04 6092 0.6954
7 ELF 23/10/2009 12:18:22 1989 0.2271
8 OTH 14/01/2010 09:32:06 5982 0.6829
9 PLD 20/09/2010 16:03:04 1579 0.1803
10 OTH 25/11/2010 11:52:10 4178 0.4769
11 ELF 18/05/2011 14:04:05 2442 0.2788
12 VBF 28/08/2011 09:03:39 3918 0.4473
13 VBF 07/02/2012 15:18:22 906 0.1034
14 PLD 16/03/2012 10:11:09 320 0.0365
15 OTH 29/03/2012 18:29:13 805 0.0919
16 VBF 02/05/2012 08:02:07 2382 0.2719
17 OTH 09/08/2012 14:14:12 1317 0.1503
18 ELF 03/10/2012 11:52:50 1678 0.1916
19 OTH 14/12/2012 10:29:43 2742 0.3130
20 TLD 05/04/2013 17:05:32 1935 0.2209
21 PLD 25/06/2013 08:47:00 2739 0.3127
22 VBF 17/10/2013 12:04:10 4874 0.5564
23 OTH 08/05/2014 14:45:59 1291 0.1474
24 OTH 01/07/2014 10:23:37 3077 0.3513
25 ELF 06/11/2014 16:02:20 348 0.0397
26 OTH 21/11/2014 04:23:02 1992 0.2274
27 UPD 12/02/2015 17:16:58 4360 0.4977
28 PLD 13/08/2015 09:45:40 1013 0.1156
29 OTH 24/09/2015 14:51:03 2010 0.2295
30 OTH 17/12/2015 09:04:53 1875 0.2140
31 VBF 04/03/2016 13:02:04 2808 0.3205
32 PLD 29/06/2016 13:10:11 5396 0.6160
33 OTH 09/02/2017 10:07:56 2285 0.2608
34 ELF 15/05/2017 15:25:02 3865 0.4412
35 VBF 23/10/2017 16:49:04 3902 0.4454
36 UPD 04/04/2017 07:03:17 2573 0.2937
37 PLD 20/07/2018 13:01:19 4133 0.4718
38 VBF 08/01/2019 18:12:00 2372 0.2708
39 ELF 17/04/2019 15:03:18 * *

Figure 25. AKRA Investments Server-database failure entries in .XLSX format.
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The best fitted PDF to the likelihood data from Table 19 according to Kolmogorov-Smirnov
ranking is Weibull. Therefore, the estimated R(t), F(t) and MTTF are based on @ and f3 the
corresponding scale and shape parameters. These estimations represent the default values for
comparison between MLE and BA. In other words, how does the estimated values are
influenced by the weight of likelihood data in comparison to prior expert knowledge. MLE

results are presented on Table 20.

Table 20. Summary Table for MLE of Weibull random data set using Matlab.

Data Parameters & Confidence Intervals T Expected Lifetime
Estimators
n | a|p Muhat deg Muci tsur| R(t) | F(t) | MTTF
a B %

Variable t, @ and 8 and fixed deg and n

1.3]0.7 1 |0.952 | 0.047
0211 2 10.856 | 0.143

38 109/02]|6.136 | 1.661 | 5 | [4.307, | [1.028, 3 10.737 | 0.262 | 5.484
1114 8.741] 2.683] 4 10.611 | 0.388
08 ]0.7 5 10.490 | 0.509

Table 20 shows an estimated MTTF of 5.484 years given @ and f equal to 6.136 and 1.661
respectively for survival times from one to five years. Moreover, based on the likelihood data R (t) and
F(t) values are decreasing as tsurvival increase. For example, the reliability of the system is

approximately 95% at after one year and 50% after five years of operations.

The histograms for each tsurvival are presented in Figure 26, 27, 28, 29 and 30. It is visible
that all of them have a typical Weibull form with small variations between each time bid.
Moreover, the maximum number of events is around 3.700 and the extreme values from the
tail of the distribution are not beyond 20 years. This is a consequence of the randomly generated

time values for iterations of likelihood distribution.
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Number of Events
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New Weibull Histogram Distribution
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Figure 26. MLE Histogram for tsurvival of 1 year of AKRA Investments Server-database

New Weibull Histogram Distribution
4000 T

Time

Figure 27. MLE Histogram for tsurvival of 2 years of AKRA Investments Server-database
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Figure 28. MLE Histogram for tsurvival of 3 years of AKRA Investments Server-database
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Figure 29. MLE Histogram for tsurvival of 4 years of AKRA Investments Server-database
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New Weibull Histogram Distribution
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Figure 30. MLE Histogram for tsurvival of 5 years of AKRA Investments Server-database

Notice that all 5 histograms of MLE are very similar in shape and scale, both x and y axis are
the same in most cases except for figure which has a max value of event for the y axis is equal
to 3.500 instead of 4.000 as the previous histograms. Furthermore, the only real difference
between these five histograms is the edges from bid to bid, which vary slightly near the mean
values and the tail of the distributions. As mentioned before, the reason for this is the randomly
generated time values for iterations of likelihood distribution. Hence, it seems logical to assume

that the larger nlikelihood is, the smoother these difference between time bid would be.

The plot for the PDF based on the MLE given the likelihood data of the study case is presented
in Figure 31.
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PDF for Server-Database study case
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Figure 31. PDF based on MLE given the likelihood data of the study case
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The plot for R(t) based on the MLE given the likelihood data of the study case is presented in

Figure 32.

Reliability for Server-Database study case
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Figure 32. Reliability based on MLE given the likelihood data of the study case
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Figure 32 confirms the results of Table 20 for reliability for different values of tsurvival from

1 to 5 years. For example, at the 1% year R(t) is close to 95% and at the 5" year R(t) is

approximately 50%. As mentioned before these results are based only on the estimated

parameter of a Weibull distribution given the likelihood data of the study case. For further

assessments BA is presented in the next section.
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4.1.2 Modelling with BA

In addition to the likelihood data of failures times provided in Table 19, all four PDF's will be
used as predictive prior distributions for BA, based on the same prior parameters used for
estimations performed according to Table 5 for the random and censored data sets. A sensitivity
analysis for the most suitable result is presented with three variations of these parameters to
account for the three most common approaches: cautionary, average and risky.

The parameters for each approach are obtained by simulating disagreement among experts on
common prior parameters with different weight for each one. Following the procedure shown

on appendix A6.

For an exponential predictive prior distribution, the results of BA are presented for
tsurvival equal to 1 and 5 years in Table 21. Furthermore, Figures 33 and 34 show the
predictive posterior PDF and R(t) plots respectively. In addition, Figures 35 and 36 present

the BA results for both values of tsurvival as seen in Matlab’s command window.

Table 21 confirms that reliability values decrease for larger times. It also shows that
MTTF values are equal to 5.484 years for all trials of MLE. Furthermore, for all trials of BA it
is approximately 0.94 years. There is a very small difference between the two BA trials. In
addition, R(t) is considerable smaller for any trial of BA compared with its corresponding MLE
trial. Take tsurvival equal to 1 year for example, the R(t) for MLE is 95%, whilst for BA is
20%. This is equivalent to less than a quarter. The opposite occurs with F(t) as it is a

complementary function.

Table 21. Results of MLE and BA with Exponential prior predictive for study case

Method of Estimation Number of Iterations | T Expected Lifetime

MLE nprio ‘ nlikel‘ nposte| tsur | R(t) ‘ F(t) | MTTF

Fixed n, nprior, nlikelihood vs. variable and tsurvival

Prior Likelihood 5 5 6| 1 0.952 0.047 | 5.484
None Weibull | X107 | X107 IX10% =5 290 T 0.500 | 5.484
BA nprio | nlikel| nposte| tsur | R(t) F(t) MTTF

Prior | Likelihood . . < | 1 | 02061 | 0.7938 | 0.9409
Exponential | Weibull | X0 | D07 10T o 6707 1 0.9202 | 0.9360

Figure 33 shows the predictive posterior PDF in a fixed time scale of 20 years. Notice the
period from O to 2 years where the maximum probability of failure value is aproximately 0.028

to occur in half a year of operations.
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Bayesian Predictive Posterior PDF Y4
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Figure 33. PDF based on BA given an Exponential predictive prior and the likelihood data
of the study case

Figure 34 shows R (t) of a BA for the study case assuming an Exponential prior with the default
failure rate. In addition, it confirms the results obtained in Tabe 21, Figures 35 and 36.

Moreover, R(t) after 1 and 5 years of operations is equal to 20% and 7% respectively.

Figure 35 and 36 confirm that MTTF for the study case assuming an Exponential prior with the
default failure rate is between 11 months 8 days and 18 hours and 11 months 6 days and 23
hours. This slight difference is a consequence of the difference between 0.9409 and 0.9360

years.
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; Bayesian Predictive Posterior Reliability
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Figure 34. Reliability based on BA given an Exponential predictive prior and the likelihood
data of the study case

Priocr Likelihood Posterior
'Exponential' "Weibull' 'Bayesian'
valueresults =
1=7 table
nprioxr nlikelihood nposterior tsurvival psurvival pfailure mttf
le+0é let+06 let+0€ 1 0.20614 0.75938¢6 0.%4098
mttfresults =
1=5 table
mttf years months days hours
0.94098 0 11 8 18.093

MTTF is estimated from todays date

Figure 35. BA results for Exponential predictive prior and tsurvival = 1 year as seen in
Matlab’s command window
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Prior Likelihood Posterior

'Exponential’ 'Weibull' 'Bayesian'

valueresults =

1x7 table

nprior nlikelihood nposterior tsurvival psurvival pfailure mttf

let06 let06 let06 5 0.070755 0.92924 0.93607

mttfresults =

1x5 table

mEtf years months days hours

0.93607 0 11 23.602

MTTF is estimated from todays date

Figure 36. BA results for Exponential predictive prior and tsurvival = 5 years as seen in
Matlab’s command window

For a Weibull predictive prior distribution, the results of BA are presented for
tsurvival equal to 1 and 5 years in Table 22. Furthermore, Figures 37 and 38 show the
predictive posterior PDF and R(t) plots respectively. In addition, Figures 39 and 40 present

the BA results for both values of tsurvival as seen in Matlab’s command window.

Table 22. Results of MLE and BA with Weibull prior predictive for study case

Method of Estimation
MLE

Number of Iterations | T Expected Lifetime
npri ‘ nlikel‘ nposte| tsur | R(t) ’ F(t) | MTTF
Fixed n, nprior, nlikelihood vs. variable and tsurvival

Prior Likelihood 6 6 6| 1 0.952 | 0.047 | 5.484
None Weibull | 210" | X107 XA0% e e T 0.500 | 5.484
BA npri | nlikel| nposte| tsur | R(t) F(t) MTTF

Prior Likelihood . . < | 1 | 00529 | 00471 | 0.2174
Weibull Weibull | 207 | X20% 1 DA0® e 4 T 0.9857 | 02175

Table 22 confirms that reliability values decrease for larger times and shows that
MTTEF values are equal to 5.484 years for all trials of MLE. While for BA it is approximately
0.21 years. There is a very small difference between the two BA trials. Also,
R(t) is considerable smaller for any trial of BA compared with its corresponding MLE trial.
Take tsurvival equal to 1 year for example, the R(t) for MLE is 95%, whilst for BA is 5%.
Here the influence of prior parameters is notorious. The opposite occurs with F(t) values as it

is a complementary function.
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Figure 37 shows the predictive posterior PDF in a fixed time scale of 1 year. This is due to the
extremely low time for to reach the maximum probability value. Notice the period from 0 to
0.1 years where the maximum probability of failure value is aproximately 0.042 to occur in

half a year of operations.
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Figure 37. PDF based on BA given a Weibull predictive prior and the likelihood data of the
study case
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Figure 38. Reliability based on BA given a Weibull predictive prior and the likelihood data
of the study case
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Figure 38 shows R(t) of a BA for the study case assuming an Weibull prior with the default
failure rate. In addition, it confirms the results obtained in Table 22, Figures 39 and 40.

Moreover, R(t) after 1 and 5 years of operations is equal to 5% and 1,5 % respectively.

Figures 39 and 40 confirm that MTTF for the study case assuming a Weibull prior with the
default failure rate is between 2 months 18 days and 4 hours and 2 months 18 days and 7 hours.

This slight difference is a consequence of the difference between 0.2172 and 0.2175 years.

Priocr Likelihood Posterior

'"Weibull"' '"Weibull"' 'Bayesian'

valueresults =
1x7 table

npriocr nlikelihood nposteriocr tsurvival psurvival pfailure mttf

le+06 le+06 le+06 1 0.052687 0.94731 0.21722

mttfresults =
1x5 table

mttf years months days hours

0.21722 0 2 18 4.7391

Figure 39. BA results for Weibull predictive prior and tsurvival = 1 year as seen in
Matlab’s command window

Prior Likelihood Posterior

"Weibull"' "Weibull"' 'Bayesian'

wvalueresults =
1=7 table

nprior nlikelihood nposterior tsurvival psurvival pfailure mtts

le+06 le+06 le+06 5 0.014288 0.98571 0.21751

mttfresults =
1x5 table

mttf years months days hours

0.21751 o} 2 18 7.2637

MTTF is estimated from todays date

Figure 40. BA results for Weibull predictive prior and tsurvival = 5 years as seen in
Matlab’s command window

For a Lognormal predictive prior distribution, the results of BA are also presented for

tsurvival equal to 1 and 5 years in Table 23. Furthermore, Figures 41 and 42 show the
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corresponding predictive posterior PDF and R(t) plots. In addition, Figures 43 and 44 present

the results of BA for both values of tsurvival as seen in Matlab’s command window.

Table 23. Results of MLE and BA with Lognormal prior predictive for study case

Method of Estimation Number of Iterations | T Expected Lifetime

MLE nprio] nlikel npostd tsur| R(t) | F(t) | MTTF
Fixed n, nprior, nlikelihood vs. variable and tsurvival

Prior Likelihood 6 6 6| 1 0.952 0.047 | 5.484
None Weibll | X0 | DA0" ) A0 o0 200 T 0500 | 5.484
BA nprioj nlikel nposte tsur | R(t) F(t) MTTF
Prior Likelihood ] ] s | 1 [03907 | 06092 | 1.802
Lognormal | Weibull | X1 | DX10° 1 IX10% e s T 0.8625 | 1797

Table 23 also confirms that reliability values decrease for larger times and unreliability values
increase. Moreover, it shows that MTTF values are equal to 5.484 years for all trials of MLE,
and approximately 1.8 years for BA. There is a very small difference between the two BA trials.
In addition, R(t) is smaller for any trial of BA compared with its corresponding MLE value.
For tsurvival equal to 1 year, the R(t) for MLE is 95%, whilst for BA is 39%. Here the
influence of prior parameters is notorious. The opposite occurs with F(t) values as it is a

complementary function.

Figure 41 shows the predictive posterior PDF in a fixed time scale of 1 year. This is due to the
extremely low time for to reach the maximum probability value. Notice the period from 0 to
0.1 years where the maximum probability of failure value is aproximately 0.025 to occur in
less than half a year of operations.
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Figure 41. PDF based on BA given a Lognormal predictive prior and the likelihood data of
the study case
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Figure 42. Reliability based on BA given a Lognormal predictive prior and the likelihood
data of the study case

Figure 42 shows R(t) of a BA for the study case assuming an Lognormal prior with the default
failure rate. In addition, it confirms the results obtained in Table 23. Figures 43 and 44.

Moreover, R(t) after 1 and 5 years of operations is equal to 39% and 13 % respectively.
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Prior Likelihood Posterior

'Lognormal’ 'Weibull' 'Bayesian'

valueresults =

1x7 table
nprior nlikelihocod nposterior tsurvival psurvival pfailure mttf
le+06 le+06 le+06 1 0.3%071 0.€0929%9 1.802
mttfresults =
1x5 table
mttf years months days hours
1.802 1 9 18 17.0&7

MTTF is estimated from todays date

Figure 43. BA results for Lognormal predictive prior and tsurvival = 1 year as seen in
Matlab’s command window

Figure 43 and 44 confirm that MTTF for the study case assuming a Lognormal prior with the
default failure rate is between 1 year 9 months 18 days and 17 hours and 1 year 9 months 16
days and 23 hours. This slight difference is a consequence of the difference between 1.802 and

1.797 years.

Prior Likelihood Posterior

'Lognormal’ '"Weibull" 'Bayesian'

valueresults =

1x7 table
nprior nlikelihood nposterior tsurvival psurvival pfailure mttf
le+06 le+06 le+0é 5 0.13745 0.86255 1.7972
mttfresults =
1x5 table
mttf years months days hours
1.7972 1 9 1l¢e 23.785

MTTF is estimated from todays date

Figure 44. BA results for Lognormal predictive prior and tsurvival = 5 years as seen in
Matlab’s command window

Finally, for a Gamma predictive prior distribution, the results of BA are presented for
tsurvival equal to 1 and 5 years in Table 24. Furthermore, Figures 45 and 46 show the
corresponding predictive posterior PDF and R(t) plots. In addition, Figures 47 and 48 display

the results of BA for both values of tsurvival as seen in Matlab’s command window.
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Table 24. Results of MLE and BA with Gamma prior predictive for study case

Method of Estimation Number of Iterations | T Expected Lifetime

MLE nprim\ nlikel\ nposte tsur | R(t) \ F(t) |MTTF

Fixed n, nprior, nlikelihood vs. variable and tsurvival

Prior Likelihood 6 6 6| 1 0.952 0.047 | 5.484

None Weibull | 20 | XI0% | A0 e T 0.500 | 5.484

BA nprioj nlikel npost¢ tsur | R(t) F(t) MTTF

Prior Likelihood S S o | 1 | 0.2361 | 0.7638 | 2.2048

Gamma weipull | X307 | DXA0% 1 X0 e 0 T 07897 | 2.2054

Table 24 confirms the decrease of reliability values for larger times. Moreover, it shows that
MTTF values are equal to 5.484 years for all trials of MLE. It is approximately 2.205 years

for BA. There is a very small difference between the two BA trials.

In addition, R(t) is smaller for any trial of BA compared with its corresponding MLE value.
Take tsurvival equal to 1 year for example, the R(t) for MLE is 95%, whilst for BA is 23 %.
Here the influence of prior parameters is notorious. The opposite occurs with F(t) values as it

is a complementary function.

a6 x10® Bayesian Predictive Posterior PDF
: T T I
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Predictive Posterior
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Figure 45. PDF based on BA given a Gamma predictive prior and the likelihood data of the
study case

79



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis
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Figure 46. Reliability based on BA given a Gamma predictive prior and the likelihood data
of the study case

Prior Likelihood Posterior
' Gamma ' 'Weibull" 'Bayesian'
valueresults =
1x7 table
nprior nlikelihood nposterior tsurvival psurvival pfailure mttf
le+06 le+06 le+06 1 0.2361¢é 0.76384 2.2048
mttfresults =
1x5 table
mttf years months days hours
2.2048 2 2 13 17.25¢6

MTTF is estimated from todays date

Figure 47. BA results for Gamma predictive prior and tsurvival = 1 year as seen in
Matlab’s command window

Figure 43 and 44 confirm that MTTF for the study case assuming a Gamma prior with the
default failure rate is between 2 years 2 months 13 days and 17 hours and 2 years 2 months 13
days and 17 hours. This slight difference is a consequence of the difference between 2.2048
and 2.2054 years.
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Prior Likelihood Posterior

'Gamma ' 'Weibull® 'Bayesian'

valueresults =

1x7 table

npriocr nlikelihocod nposterior tsurvival psurvival pfailure mttf

le+06 le+06 le+06 5 0.21024 0.78976 2.2054

mttfresults =

1x5 table

mttf years months days hours

2.2054 2 2 13 22.381

MTTF is estimated from todays date

Figure 48. BA results for Gamma predictive prior and tsurvival = 5 years as seen in
Matlab’s command window

Once the four PDF's have been evaluated as predictive priors for the same likelihood data, the
most suitable is the Gamma predictive prior. According to the values of MTTF, R(t) and F(t),
the predictive posterior for a Gamma predictive prior and the likelihood data has the larger

values. Hence, the highest reliability among all others.
4.2 Sensitivity Analysis

Three different initial parameters for Gamma predictive prior are used to account for the three
most common approaches: cautionary, average and risky. The idea is to have an overview of
the influence that the elicited initial parameters of predictive priors have on the predictive
posterior distribution. In other words, how do they affect the values of MTTF, R(t) and F(t)

for the Server-database study case in combination with the likelihood data.

The elicitation of initial parameters is done for a conservative and risky perspective, and the
default initial parameters and used on the previous result are going to be taken as the average
perspective. Table 25 shows the expected lifetime for the Server-database study case according
to different approaches for initial parameters of the Gamma predictive prior for sensitivity

analysis.
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Table 25. Expected lifetime of Server-database according to different approaches for initial
parameters of the Gamma predictive prior

Method of Initial Parameters of o
L . . Expected Lifetime
Approach | Estimation BA | Predictive Prior a and -
Prior B R(t) | F(t) | MTTF

To generate nprior times éPrbr estimator=gamrnd (alpha,beta,1,2);
alpha=rand() *2;

bepta=rand() 1 0.0211 |0.9788 | 0.2165
alpha=rand() *4;
beta=rand () *2;
alpha=rand() *6;
beta=rand() *4;

Cautionary

Average | Gamma | Weibull 0.2106 | 0.7893 | 2.2089

Risky 0.5031 | 0.4968 | 5.4351

Table 25 has a fixed number of 1x10° iterations, tsurvival of 5 years and procedure to
generate @Prior. Under these conditions the three approaches show very different results for

the three indicators of expected lifetime such as R(t), F(t) and MTTF. For example, the
cautionary approach has a probability of surviving 5 years of 2% and a mean time to failure of
0.21 years, or 2 months, 18 days and 1 hour. Whilst the risky approach has a probability of
surviving 5 years of 50% and its mean time to failure is 5 years, 3 months, 3 days and 10 hours.
The results for cautionary and average approach as seen in Matlab’s command window are

available on appendix A9 and A10 respectively.

The latter indicates the influence of initial parameters of prior predictive distributions on the
predictive posterior even in presence of likelihood data, which is the case for the Server-
database study case. Furthermore, it seems logical to assume that this influence will be even
greater when there is no likelihood data available as all the weight of the estimation of expected

lifetime relies on the elicited expert knowledge. This scenario is presented next.

A scenario to perform sensitivity analysis for the Server-database study case with no likelihood
data is convenient to determine the influence of such historical data on the predictive posterior
and the deviation of the results from each approach of the elicited expert knowledge regarding

the initial parameter of the predictive prior.

Table 26 shows the expected lifetime for the Server-database study case according to different
approaches for initial parameters of the Gamma predictive prior for sensitivity analysis, for the
case when there is no likelihood data available.
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Table 26. Expected lifetime of Server-database according to different approaches for initial
parameters of the Gamma predictive prior with no likelihood data

Method of Initial Parameters of P
. . . Expected Lifetime
Approach | Estimation BA | Predictive Prior a and P
Prior B R(t) | F(t) | MTTF

~

To generate nprior times ¢ estimator=gamrnd (alpha,beta, 1,2);

0.0182 | 0.9817 | 0.4428

Prior
alpha=rand () *2;
beta=rand () *1;
alpha=rand () *4;
beta=rand () *2;
alpha=rand () *6;
beta=rand () *4;

Cautionary

Average | Gamma | None 0.2857 | 0.7174 | 7.1328

0.6007 | 0.3992 | 63.988

Risky

Table 26 has also a fixed number of 1x10° iterations, tsurvival of 5 years and procedure to

generate ¢ . With BA done based only on predictive prior distribution, the three approaches

Prior
show completely different results for the three indicators of expected lifetime such as R(t),
F(t) and MTTF. For example, the cautionary approach has a probability of surviving 5 years
of 1.8% and a mean time to failure of 0.44 years or 5 months, 9 days and 9 hours. The Average
approach has a probability of surviving the 5™ year of 28% a mean time to failure of 7.1328

years which is equivalent to 7 years, 1 month, 17 days and 19 hours.

The risky approach has a probability of surviving 5 years of 60% and its mean time to failure
is an unrealistic 63.988 or 63 years, 11 months, 25 days and 17 hours. The results as seen in

Matlab’s command window are available on appendix A10, A11 and A12 respectively.
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CHAPTER 5

5.1 Discussion of Bayesian Analysis Results

As a basis for the discussion, it is important to mention the reasons why the Server-database

study case was selected in chapter 4.

1. The size of the historical data is relatively small, specifically thirty-nine failure times.
Therefore, it has some influence into the predictive posterior but not enough to override

the predictive prior influence.

2. The historical data contains only failure times of one system. Hence, the frequency of
different types of failure occurred in such system does not have to be accounted for. In
other words, they are treated as the same type.

3. The system has been operating for nearly 11 years, without major modifications or

replacement. Thus, it can be considered highly reliable.

4. There are several factors to be considered when eliciting expert knowledge about the

prior distribution.

5. Since the Server-database it is composed of electronic equipment, the selected PDF’s
for this report are suitable to some extent to model the lifetime according to its

characteristics.

6. The results can be considerable useful to the company for establishing an improved

maintenance program. Moreover, decision support for future upgrading or replacement.

The discussion is based on two main perspectives: the reliability perspective and risk and

uncertainty perspective.
5.1.1 From the Reliability Perspective

An empirical way of estimating the expected time of failure based on historical data is to
calculate the average of such data, then assume that the system will behave exactly in the future
as it did in the past. However, easy and quick it is to implement this measure does not reflect

entirely the “reality” of the system and its surrounding environment. Nevertheless, it can be
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used a reference to compare estimation of expected lifetime with more advanced methods,

especially when it comes to highly reliable systems.

The average of the study case data presented on Figure 25 for years between failure is 5.555
years. At the same time the estimated MTTF according to the MLE method is 5.484 years. The
difference is considerably small; 0.071 years which is the equivalent to 0 years, 0 months, 25

days and 13 hours as presented to Figure 49.

mttfresults =
1=x5 table
mttf years months days hours
0.071 0 0 25 13.44

MTTF is estimated from todays date

Figure 49. Difference between Average time to failure and MLE’s MTTF

Based on BA results of Table 25, the MTTF has three values according to the approach of
elicited prior knowledge and likelihood data. These are 0.2165 years, 2.2089 years and 5.4351
years for the corresponding cautionary, average and risky approach. Notice that the closest
result to the MLE’s MTTF and the average failure time is the MTTF of the risky approach. The

difference between these two is only 0.049 years according to the displayed result of figure 50.

mttfresults =
1x5 table
mttf years months days hours
0.049 0 0 17 15.36

MTTF is estimated from todays date
Figure 50. Difference between Average time to failure and risky approach for BA’s MTTF

The previous indicates that both estimation methods produced very similar results for the
Server-database study case, when considering a risk approach when eliciting expert knowledge

regarding the initial parameter of predictive prior.
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Whit regards to the reliability and unreliability results, BA method is sensitive to relatively
small changes in the initial parameters of predictive prior and to the availability of relevant
likelihood data. This is evident after observing the differences of R(t) and F(t) between MLE
and BA estimates. For example, when comparing their values presented in the average
approach of Tables 25 and 26 for a fixed tsurvival of 5 years. R(t) varies from 21% to 28.5%,
F(t) varies from 78.9% to 71.7% and even the MTTF varies from 2.2 years to 7.13 years.

The previous results appear to be a direct consequence of the variation of the initial parameters
for the Weibull predictive prior « and g. Furthermore, a consequence of likelihood data

availability for the Server-database study case.

Another factor to consider when an analyst needs to interpret MLE and BA results from the
reliability perspective is the censorship of the data. For the study case, the company provided
the full set of data. Therefore, no censorship was considered. Nevertheless, the results for the
censored data set of presented on Table 17 indicate a significant difference between MLE and
BA according to the code for each estimation of expected lifetime. That case produced a MLE’s
R(t) equal to 4.3% and BA’s R(t) equal to 12.7% for the Gamma distribution, which was the
one that best fitted the censored data set of Integrated Circuit Failure Times.

Furthermore, the censored data set presents a difference between the MLE’s MTTF equal to
0.1573 years and the BA’s MTTF equal to 2.2904 for a Gamma predictive prior. This is
equivalent to 2.1331 years or 2 years, 1 month, 17 days and 22 hours (Figure 51).

mttfresults =
1=x5 table
mttf years months days hours
2.1331 2 1 17 21.984

MTTF is estimated from todays date

Figure 51. Difference between MLE’s MTTF and BA’s MTTF for Gamma predictive prior of
censored data set

The final issue to consider from the reliability perspective is the nature of the predictive
posterior as it is not a fixed known distribution. Predictive posteriors are the result of a

combination between the attributes of predictive prior and predictive likelihoods. Therefore,

86



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

according to the nature of the latter, predictive posterior can take different forms as known
statistical distributions or completely different ones. This is accounted with rejection sampling
in this report. Otherwise the statistical and computational complexity would had been
considerable, as there would had been a unique distribution for every combination of priors
and likelihood.

Through acceptance and rejection sampling the codes generate randomly a predefined number
of values to create a representative sample of the predictive posterior values, which meet the
acceptance conditions. As mentioned in chapter 3, This sample is based on a nposterior

number of iterations.
5.1.2 From the Risk and Uncertainty Perspective

From the risk and uncertainty perspective, there are several factors to be aware of when
estimating expected lifetime using Bayesian analysis. Moreover, when is done with a software
such as Matlab for this report. These are classified according to their context.

For prior distributions

There is uncertainty on the elicited initial parameters, since s they may not represent completely
the true nature on the systems behaviour. Taking the sensitivity analysis of section 3.2.3 it is
normal that variations in these parameters affect considerably the results. Furthermore, they

can be misleading if not elicited properly.

In addition, uncertainty is present when performing acceptance-rejection sampling, as it does
not provide 100% accurate results every time it is performed. The latter is especially true if
nprior is relatively small or the time range from which random values are generated is too

wide.

Based on results presented on Table 24, it is visible that MTTF values are not identical, for
tsurvival of 1 year is equal to 2.2048 and for tsurvival of 5 years is 2.2054, but they are
very similar. That small deviation from value to the other is a consequence of the acceptance-
rejection sampling criteria and the size of nprior, which in the study case is fixed to 1x10°
iterations. For demanding maintenance programs larger difference can represent a large source

of uncertainty.
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For prior and likelihood distributions

A source of risk and uncertainty can be the method used to test the goodness of fitness for the
CDF to the likelihood data. For the study cases the probability value of the selected fitting the
data is 0.7423. In other words, approximately 74% of the data fits the scale and shape of a
Weibull CDF.

As shown in Figure 52 the rank probability values for goodness of fit as seen in Matlab’s
command window, vary for each CDF, from 0.0308 for an Exponential, 0.0720 for a
Lognormal and 0.3127 for a Gamma. Therefore, the higher value of the variable “rank” is
selected. The lower the probability for goodness of fit is, the higher the risk of using and

inappropriate CDF.

rank =

0.0308 0.7423 0.0720 0.3127

likelihood =
0.7423

Number of iterations for likelihood Parameters

Figure 52. Rank probability values for goodness of fit as seem in the Matlab’s command
window

A different source of risk and uncertainty is the probability of an extreme event to occur. Most
of the time this factor is not reflected into the predictive likelihood data. Moreover, for
predictive likelihood with a small size of historical data. The estimated parameters may not be
entirely representative of the systems previous behaviour. The reason is that a small historical
may not record a sudden event as it is unlikely to occur in a frequent basis. Nevertheless, a
large nlikelihood will increase the confidence in the intervals for such estimated parameters

and to some extent compensate for the implied uncertainty.

The results present for the study case had a 95% of confidence in the estimated likelihood
parameters. Compare to the results present on Tables 7, 9, 11 and 13 where the confidence
interval changed from 95% to 75%, precisely to demonstrate the variation of such intervals for

the estimated parameters.
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Finally, it is necessary to clarify how to interpret the results in a risk context to avoid
uncertainty. All R(t) and F(t) results are probability values, and they are interpreted as
conditional probabilities according to the knowledge behind them. Based on the results
presented in Table 24, it is understood that the Server-database system has a 23.61% of
surviving the 1% year given the previous knowledge of the system and that it has already

survived. The same applies for the probability of failure before the 1% year.

If an analyst interprets these results differently, for example, by taking a frequentist

interpretation, it may be misleading when presented to the decision makers. See appendix Al4.
5.2 Usefulness of Estimation of Expected Lifetime with Bayesian Analysis

To estimate the expected lifetime and other reliability indicators is considerable relevant. Given
the results for the different examples of data sets and the study case presented in this report, an
analyst may be able to assess the system behaviour with a higher degree of confidence.
Moreover, it represents a powerful tool for statistical inference, particularly for cases where
non relevant historical data is available, cases where the degree of uncertainty on the available

historical data is extremely significant or for cases where strong expert knowledge is available.

Referring to the Server-database study case, results such as the ones presented in Tables 21,
22, 23 and 24 constitute a useful way to estimate critical indicators of system considered to be
highly reliable. Especially, when the consequences can be severe in terms of economic losses,
human safety, technological performance and environmental damage. For those situations it
IS necessary to estimate with a high degree of accuracy the expected lifetime, probability of

surviving and probability of failure at any given time. BA provides such required estimations.

According to Table 18 most of the failures represent critical events for AKRA Investments c.a.
Hence, their necessity for an updated maintenance and replacement program. With highly
accurate estimates of MTTF, R(t) and F(t). An unpredicted failure in the Server-database can
create considerable economical losses, logistical problems, reduction or interruption of daily
operations, unnecessary risks to personnel and loss of data among others. Finally, MLE and
BA codes are suitable to estimate the expected lifetime of different types of systems besides

highly reliable and the results valid if some predefine conditions are met.
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CHAPTER 6

6.1 Conclusions

Several conclusions can be made after carrying out MLE and BA for the examples and study

case presented in this report. They are listed as follows:

1. BA becomes relevant to estimate expected lifetime when there is no likelihood data, or

the available historical data of a system’s performance is limited.

2. BA represents a powerful method to estimate the expected lifetime of highly reliable
systems with a higher degree of accuracy in comparison to MLE and other estimation

methods.

3. The acceptance-rejection sampling constitutes a valid method to create predictive

posterior based on large samples of randomly generated data for BA.

4. To obtain more accurate estimations, extensive and strong expert knowledge is required
to elicit the parameters for prior distributions.

5. In BA through MC methods, the number of iterations for sampling data of predictive
prior, likelihood and posterior must be large enough, at least 1x10°, to have accurate

estimates.

6. BA estimates of R(t), F(t) and MTTF provide decision support in a risk and

operational context, to perform the required maintenance or replacement when needed.

7. There are more than one sources of uncertainty in BA estimates. These can influence
negatively the relevance of such estimates. The most critical are the lack of historical
failure data, extensive censorship in the historical failure data and the occurrence of a

black swan in the future.
6.2 Recommendations for Future Estimations

This section provides some recommendations to improve the estimations of expected lifetime

and other performance indicators of highly reliable systems presented in this study.
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e Include additional prebuilt function from the software to account for different initial
parameters of predictive prior distributions following the methodology presented in the
elicitation principles section. Specifically, by implementing formula 45.

e Edit the software to present the results of R(t), F(t) and MTTF in a % format instead
of decimals. For example, instead of R(t) = 0.2857 the result should be displayed as
R(t) = 28.57% In that way it will be more practical to interpret for decision makers.

e Increase the number of PDFs available for prior and likelihood distributions with the
following: Normal, Beta, Inverse Gaussian and Birnbaum-Sanders distributions.

e Asses the feasibility to incorporate replacement into the BA, so the estimates can be
produced including that option, which is common in other types of systems than highly
reliable.

e Incorporate the option of estimating the time for a specific R(t) and F(t) predefined
value, required by a decision maker. For example, to estimate the expected time ¢t for
the system to have a given value or R(t). This can be particularly useful for entities
with predefined maintenance and replacement politics. In which given that the system
has a R(t) equal or lower than certain value, the system will be replaced regardless its
condition.

e Compare the estimations of reliability indicators of different study cases with other
computational codes if available. In addition, a sensitivity analysis is recommended in
such codes as well.

e Perform a cost-benefit analysis of estimating the expected lifetime of highly reliable
systems with the code for BA used in this thesis. Moreover, it should be focused on the
code’s accuracy, simplicity to implement and relevance of results in terms of

maintenance and reliability policies.
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APPENDIX

Appendix Al

Example of &,z estimators from theoretical censored data set.

From Table 15, assuming random values to the number of failuresn; = 4, n, = 6 and n; =

2 and an exponential PDF. The maximum likelihood estimator ¢, for each case is

presented in Table 15. According to the formula.

Xt

n

EISMLE = /1 =

Table Al. Example of MLE estimators from different types of censored data

Observed Failures 1% Case ~ a2 _m—1l+ny+ng 11
byt = Agst = Aty 12 0,9166
Observed Failures 2" Case ~ s _ ng+ny 10
byna = Ayna = it 12 0,8333
-~ ~ _ n, __fi__
Observed Failures 3" Case byra = Ayra = nt+n,+n; 12 0,50

El\)3rd < El\)znd < El\)lst

Appendix A2

Code for MLE of an Exponential random data set in Matlab R2018.

$UNIVERSITY OF STAVANGER

%$RISK MANAGEMENT

$MLE OF EXPECTED LIFETIME FOR EXPONENTIAL DATA SET
SANATOLY KURMAN RIVERO

clear

clc

disp ('MLE for Exponential Data')

%$Random Data set Exponentially distributed
disp('Press any key to adquire the data set ")
pause

data=xlsread('sample.xlsx")

%$Parameter Estimate

disp('Press any key for parameter estimates')
pause

lambda=rand () *3;

y=exppdf (data, lambda)

phat=mle (data, 'pdf', @ (data, lambda) exppdf (data, lambda), 'start', [lambdal) ;

mleexp=phat
%Confidence Intervals
disp('Confidence intervals 100 (l-alpha)$%"')
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o)

degree=input ('Set the degree in % for the 100 (l-degree) Confidence
Intervals ")
if degree < 0

disp('The degree for Confidence interval must be a positive integer')

[

degree=input ('Set the % for the 100 (l-degree) Confidence Intervals ")

end

degree value=degree/100;

[muhat, muci]=expfit (data,degree value);

muci

%$New Exponential Distribution

t=rand (1000,1)*2;

mleexpdata = mleexp.*exp(-mleexp.*t);

$Probability of Survival P(T>tsurvival) and Failure P (T<=tsurvival)
given time tsurvival

disp('Reliability at a given time tsurvival')
tsurvival=input ('Set the time tsurvival for Reliability psurvival
T = mleexpdata>mleexpdata (tsurvival) ;

survival=mleexpdata (T) ;

length (survival) ;

pfailure = l-exp(-mleexp.*tsurvival);

disp ('Probability of Survival at a given tsurvival');
psurvival=l-pfailure;

disp('Mean time to failure of MLE Predictive Distribution ),
mttfexp=1/mleexp;

disp ('Press any key to see the table of results');

pause
results = table(lambda,mleexp,tsurvival,psurvival,pfailure,mttfexp)
filename = 'MLEExponentialEstimation.xlsx';

writetable (results, filename, 'Sheet',1, 'Range', 'Al")
reliability = exp(-mleexp.*t);

unreliability = l-exp(-mleexp.*t);

%$Plotting the distributions and Histogram

plot (t,unreliability, "b*");

title('Unreliability p(t<=tsurvival) Distribution')
ylabel ('Probability'")

xlabel ('Time")

pause

clf

plot(t,reliability, "b*");

title('Reliability p(t>tsurvival) Distribution')
ylabel ('Probability'")

xlabel ('Time")

pause

hist (mleexpdata, 10);

title ('New Exponential Histogram Distribution')
ylabel ('Number of Events')

xlabel ('Time")

disp('End of script')

Appendix A3

Code for MLE of a Weibull random data set in Matlab R2018.

SUNIVERSITY OF STAVANGER

$RISK MANAGEMENT

$SMLE OF EXPECTED LIFETIME FOR WEIBULL DATA SET
$SANATOLY KURMAN RIVERO

clear

clc

disp ('MLE for Weibull Data')

at any

")

95



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

%$Random Data set Weibull distributed
disp ('Press any key to adquire the data set ")
pause
data=xlsread('samplestudycasel.xlsx"')
$Parameter Estimate
disp ('Press any key for parameter estimates')
pause
alpha=rand () *2;
beta=rand () *2;
y=wblpdf (data, alpha,beta);
phat = mle(data, 'distribution’', 'weibull")
mlewbll=phat(1,1);
mlewbl2=phat (1,2);
%$Confidence Intervals
disp('Confidence intervals 100 (l-alpha)%"')
degree=input ('Set the degree in % for the 100 (l-degree) Confidence
Intervals ")
if degree < 0
disp ('The degree for Confidence interval must be a positive integer')
degree=input ('Set the % for the 100 (l-degree) Confidence Intervals
")
end
degree value=degree/100;
[muhat,muci]=wblfit (data,degree value);
muci
$New Weibull Distribution
t=rand (100000,1) ;
mlewbldata = ((phat(l,2).*t.”(phat(1,2)-1))./(phat(1,1)."phat(1,2))).*exp (-
(t./phat(1,1)).%phat(1,2));
mlewblplot = wblrnd(phat(l,1),phat(1,2),100000,1);
%$Probability of Survival P(T>tsurvival) and Failure P (T<=tsurvival) at any
given time tsurvival
disp('Reliability at a given time tsurvival')
tsurvival=input ('Set the time tsurvival for Reliability psurvival ")
T = mlewbldata>mlewbldata (tsurvival);
survival=mlewbldata (T);
length (survival) ;
pfailure = l-exp (- (tsurvival./phat(1l,1))."phat(1,2));
disp('Probability of Survival at a given tsurvival');
psurvival=l-pfailure;
disp('Mean time to failure of MLE Predictive Distribution ")
mttfwbl=phat (1,1) .*gamma ( (1+phat(1,2))./phat(1,2));
disp('Press any key to see the table of results');

pause
results =

table (alpha,beta,mlewbll, mlewbl2, tsurvival,psurvival,pfailure, mttfwbl)
filename = 'MLEExponentialEstimation.xlsx';

writetable (results, filename, 'Sheet',1, 'Range', 'A1l")
reliability = exp(-(t./phat(l,1))."phat(1,2));
unreliability = l-exp(-(t./phat(1l,1)).%phat(1,2));
%Plotting the distributions and Histogram

plot (£t*1000,unreliability, 'b*");
title('Unreliability p(t<=tsurvival) Distribution')
ylabel ('Probability'")

xlabel ('Time")

pause

clf

plot (t*10,mlewbldata, "b*");

title('Reliability p(t>tsurvival) Distribution')
ylabel ('Probability'")

xlabel ('Time")
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pause
hist (mlewblplot,100);

title('New Weibull Histogram Distribution')
ylabel ('Number of Events')

xlabel ('Time")

disp ('End of script')

Appendix A4

Code for MLE of a Lognormal random data set in Matlab R2018.

SUNIVERSITY OF STAVANGER
$RISK MANAGEMENT
$MLE OF EXPECTED LIFETIME FOR LOGNORMAL DATA SET
$ANATOLY KURMAN RIVERO
clear
clf
clc
disp ('MLE for Lognormal Data')
%$Random Data set lognormally distributed
disp ('Press any key to adquire the data set ")
pause
data=xlsread('sample.xlsx")
%Parameter Estimate
disp ('Press any key for parameter estimates')
pause
mu=round (rand () *5) ;
sigma=round (rand() *5) ;
phat=mle (data, "pdf', @ (data,mu, sigma) lognpdf (data,mu, sigma), 'start', [mu, sigm
all);
mlelogn=phat
%Confidence Intervals
disp('Confidence intervals 100 (l-alpha)%')
degree=input ('Set the % for the 100 (l-degree) Confidence Intervals ")
if degree < 0
disp('The degree for Confidence interval must be a positive integer')
degree=input ('Set the % for the 100 (l-degree) Confidence Intervals
")
end
degree value=degree/100;
[muhat,muci]=lognfit (data,degree value);
muci
%New Lognormal Distribution
t=rand (1000000, 1) *20;
mlelogndata=((1./ (mlelogn(1l,2).*t.*sqgrt (2*pi))) .*exp ((-
1/(2.*mlelogn(1,2).72)).*log((t-mlelogn(1l,1)).%2)));
$Probability of Survival P(T>tsurvival) and Failure P (T<=tsurvival) at any
given time tsurvival
disp('Reliability at a given time tsurvival')
tsurvival=input ('Set the time for Reliability p(T>tsurvival) ")
T = mlelogndata>tsurvival;
survival=mlelogndata (T) ;
length (survival) ;
psurvival=length (survival)/length (mlelogndata)
pause
disp ('Probability of Failure at a given tsurvival')
pfailure=l-psurvival
pause
disp('Mean time to failure of MLE Predictive Distribution ")
mttflogn=mlelogn(1l,1) *exp((mlelogn(1l,2)"2)/2)
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disp ('Histogram of Lognormal Distribution')
pause

%$Ploting the histogram

hist (mlelogndata, 50)

title('New Lognormal Histogram Distribution')
ylabel ('Events')

xlabel ('time'")

pause

plot (t,mlelogndata, "b*")

title('New Lognormal Plot Distribution')
ylabel ('Probability")

xlabel ('time'")

disp('End of script')

Appendix A4

Code for MLE of a Gamma random data set in Matlab R2018.

$UNIVERSITY OF STAVANGER
$RISK MANAGEMENT
$MLE OF EXPECTED LIFETIME FOR GAMMA DATA SET
$ANATOLY KURMAN RIVERO
clear
clf
clc
disp ('MLE for Gamma Data')
%$Random Data set Gamma distributed
disp ('Press any key to adquire the data set ")
pause
data=xlsread('samplel.xlsx")
%$Parameter Estimate
disp('Press any key for parameter estimates')
pause
alpha=round (rand() *5) ;
beta=round (rand () *5) ;
[phat,pci] = gamfit(data,0.05);
mlegam=phat
%Confidence Intervals
disp('Confidence intervals 100 (l-alpha)%')
degree = input('Set the % for the 100 (l-degree) Confidence Intervals ")
if degree < 0
disp('The degree for Confidence interval must be a positive integer')
degree=input ('Set the % for the 100 (l-degree) Confidence Intervals
")
end
degree value=degree/100;
[muhat,muci]=gamfit (data,degree value);
muci
%New Gamma Distribution
t=rand (10000,1)*5;
mlegamdata=(1l./ (mlegam(l,2) . mlegam(1l,1)) .*gamma (mlegam(1l,1))).*(t).” (mlega
m(l,1)-1).*exp(-(t./mlegam(1,2)));
$Probability of Survival P(T>tsurvival) and Failure P (T<=tsurvival) at any
given time tsurvival
disp('Reliability at a given time tsurvival')
tsurvival=input ('Set the time for Reliability p(T>tsurvival) ")
T = mlegamdata>tsurvival;
survival=mlegamdata (T) ;
length (survival) ;
psurvival=length (survival) /length (mlegamdata)
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pause

disp('Probability of Failure at a given tsurvival')
pfailure=l-psurvival

pause

disp('Mean time to failure of MLE Predictive Distribution ")
mttf=mlegam(1l,1) *mlegam(1l,2)/(365)

disp('Histogram of Weibull Distribution')

pause

$Ploting the histogram

hist (mlegamdata, 50)

title ('New Gamma Histogram Distribution')

ylabel ('Events")

xlabel ("time"')

pause

plot (t,mlegamdata, 'b*")

title('New Gamma Plot Distribution')

ylabel ('Probability'")

xlabel ('time'")

years=fix (mttf) ;

months=fix ((mttf-fix (mttf))*12);

days=fix ((((mttf-fix(mttf))*12)-fix((mttf-fix(mttf))*12))*30);
hours=((((mttf-fix(mttf))*12)-fix((mttf-fix(mttf))*12))*30-fix ((((mttf-
fix(mttf))*12)-fix ((mttf-fix (mttf))*12))*30))*24;
mttfresults=table (mttf, years,months,days, hours)

disp ('MTTF is estimated from todays date')

today=datetime ('today")

disp ('End of script')

Appendix A6

Example of elicited Example of &)pn-or estimators from different expert opinions.

Table A2 contains the 1% scenario has three different elicited expert opinions for the parameter

of the same exponential PDF. To estimate cT;miorby using formula #.

Table A2. 1% scenario with three different elicited expert opinions for prior parameters

Expert | Expert’s opinion | Expert’s | Aprior — & |
weight a; Estimator Prior — %y
1% 0.5 2 0.6
2n 0.3 3 0.4
3" 0.2 3.5 0.9

3
(l)Prior = Z a; * cl)i
i=1
Aprior = Q1 % Ay + @y % Ay + az * A3
Aprior =05%24+0.3%3+0.2%3.5

Cl)Prior = 2.6

99



Estimation of Expected Lifetime of Highly Reliably Systems using Bayesian Analysis

Table contains the 2" scenario has also different expert opinions for the parameter of the

same exponential PDF. To estimate @)priorby using formula #.

Table A3. 2" scenario with three different elicited expert opinions for prior parameters

Expert’s opinion | Expert’s 5 2
Expert weight a; Es'gmator [Aprior = &|
1% 0.4 5 0.24
2n 0.3 4.2 0.56
3" 0.3 4.6 0.16

Aprior = 04 %5+ 0.3 % 4.4+ 0.3 % 4.6
(l)Prior =4.76

Notice that the values of Ap,;o; — cI;i is smaller as the weights of the expert’s opinions and the

elicited prior parameters are closer to each other.

Appendix A7
Code for Bayesian Analysis of predictive posterior in Matlab R2018.

SUNIVERSITY OF STAVANGER
$RISK MANAGEMENT
SESTIMATION OF EXPECTED LIFETIME OF HIGHLY RELIABLE SYSTEMS USING BAYESIAN
ANALYSIS
SANATOLY KURMAN RIVERO
clear
clc
SAVAILABILITY OF DATA
%$If There is data available press 1 for YES
%$If there is no data available press 0 for NO
disp ('ESTIMATION OF EXPECTED LIFETIME OF HIGHLY RELIABLE SYSTEMS WITH
BAYESIAN ANALYSIS');
disp('Is there any likelihood data available ")
decision=input ('l Yes 0 No ),
if decision ==
disp('There is NO likelihood data only PRIOR');
$PRIOR DISTRIBUTION
disp('Select the prior PDF acccording to Expert Knowledge')
prior=input ('l Exponential 2 Weibull 3 Lognormal 4 Gamma )
switch prior
case 1
$Exponential Prior
Prior={'Exponential'};
disp('Prior PDF is Exponential');
% Assume that prior is Exponential with lambda a random number between

% Assume that the data is exponential

nprior=input ('Number of iterations for prior Parameters )
for i=l:nprior

lambda=rand () *5;

estimator=exprnd (lambda,1l,1);

t (i)=exprnd(estimator,1,1);
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end

case 2

%$Weibull Prior

Prior={'Weibull'};

disp('Prior PDF is Weibull');

% Assume that prior is Weibull with alpha and beta random numbers
between 0-2

% Assume that the data is Weibull

nprior=input ('Number of iterations for prior Parameters )

for i=l:nprior

alpha=normrnd(1,0.05);

beta=normrnd (2,0.05);

estimator=wblrnd(alpha,beta,l,?2);

t(i)=wblpdf (estimator(l,1),estimator(1l,2));

end

case 3

$Lognormal Prior

Prior={'Lognormal'};

disp('Prior PDF is Lognormal');

% Assume that prior is Lognormal with mu and sigma random numbers
between 0-2

% Assume that the data is Lognormal

nprior=input ('Number of iterations for prior Parameters )
for i=l:nprior
mu=0;

sigma=0.25;
estimator=lognrnd (mu, sigma,l1,2);
t(i)=lognrnd(estimator(l,1),estimator(1,2),1,1);
end
otherwise 4
%$Gamma Prior
Prior={'Gamma'};
disp('Prior PDF is Gamma');
% Assume that prior is Gamma with alpha and beta random numbers between
% Assume that the data is Gamma
nprior=input ('Number of iterations for prior Parameters )
for i=l:nprior
alpha=rand() *4;
beta=rand() *2;
estimator=gamrnd (alpha,beta,1,2);
t (i)=gamrnd (estimator(1l,1),estimator(1,2),1,1);
end
end
%$Probability of Survival P (T>tsurvival) and Failure P (T<=tsurvival) at any
given time tsurvival
disp('Reliability at a given time tsurvival')
tsurvival = input('set the time for evaluate the reliability p(T>tsurvival)
")
T = t > tsurvival;
survival=t (T) ;
length (survival) ;
psurvival=length (survival)/length (t);
disp('Probability of Failure at a given tsurvival');
pfailure=l-psurvival;
disp('Mean time to failure of Bayesian Predictive Distribution )
mttf=mean (t) ;
disp('Press any key to display the Histogram, PDF, Reliability and
Unreliability funtions')
pause
histogram(t,100)
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title('Bayesian Prior Predictive Histogram')

ylabel ('Number of Events')

xlabel ('Data')

$SRESULTS BAYESIAN PRIOR PREDICTIVE

nposterior=0;

Likelihood={"'None'};

Posterior={'Bayesian'};

typeresults=table (Prior,Likelihood, Posterior)

valueresults=table (nprior,nposterior, tsurvival,psurvival,pfailure, mttf)
years=fix (mttf);

months=fix ((mttf-fix (mttf))*12);

days=fix ((((mttf-fix(mttf))*12)-fix((mttf-fix(mttf))*12))*30);
hours=((((mttf-fix (mttf))*12)-fix((mttf-fix(mttf))*12))*30-fix ((((mttf-
fix(mttf))*12)-fix ((mttf-fix (mttf))*12))*30))*24;
mttfresults=table (mttf, years,months, days, hours)

disp ('MTTF is estimated from todays date')

today=datetime ('today"')

end

$LIKELIHOOD PRIOR AND POSTERIOR DISTRIBUTIONS % % ks ok sk sk ook ook ook skook sk ook okokokoke ok
if decision ==

disp('There is likelihood data and PRIOR');

$POSTERIOR DISTRIBUTION

$Imput of Data sets

disp ('Press any key to adquire data set');

pause

data=xlsread('samplestudycasel.xlsx"')

values=data(:,1);

disp('Press any key to evaluate the goodness of fit of each PDF for the
data sample')

pause

cdl=fitdist (data, "exponential');

[hl,fitexp] = kstest(values, 'CDF',cdl, 'alpha',0.01)
cd2=fitdist (data, "weibull'");

[h2, fitwbl] = kstest(values, 'CDF',cd2, 'alpha',0.01)
cd3=fitdist (data, 'lognormal');

[h3,fitlogn] = kstest(values, 'CDF',cd3, "alpha',0.01)
cd4=fitdist (data, '"gamma') ;

[h4,fitgam] = kstest (values, 'CDF',cd4, 'alpha',0.01)
rank=[fitexp, fitwbl, fitlogn, fitgam]

likelihood=max (rank)

nlikelihood=input ('Number of iterations for likelihood Parameters )
nposterior=input ('Set in the number of iterations for Posterior Parameters
")

switch likelihood

%**************************************************************************

For Exponential Likelihood
case rank(1,1);
disp('The selected PDF for the likelihood data is Exponential');
Likelihood={'"'Exponential'};
disp('Select the prior PDF acccording to Expert Knowledge')

prior=input ('l Exponential 2 Weibull 3 Lognormal 4 Gamma )
nprior=input ('Number of iterations for prior Parameters )
switch prior
case 1

Prior={'Exponential'};

for i=l:nprior
lambda=rand () *5;
estimator=exprnd(lambda,1l,1);
t (i)=exprnd(estimator,1,1);
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end

phat = mle(data, 'distribution’', 'exponential');
for i=1:nlikelihood

x (1) =exprnd(phat,1,1);

end

f=Q(t)t;

g=@ (x) x;

B = acceptance(t,x,2,1,nposterior);

case 2

Prior={'Weibull'};

for i=l:nprior

alpha=normrnd(1,0.05);

beta=normrnd(2,0.05);
estimator=wblrnd(alpha,beta,l,?2);

t (1)=wblpdf (estimator (1,1),estimator(1l,2));
end

phat = mle(data, 'distribution’', 'exponential');
for i=1:nlikelihood

x (1) =exprnd(phat,1,1);

end

f=Q@(t)t;

g=@ (x) x;

B = acceptance(t,x,2,1,nposterior);

case 3

Prior={'Lognormal'};

for i=l:nprior

mu=0;

sigma=0.25;

estimator=lognrnd (mu, sigma,l1l,2);
t(i)=lognrnd(estimator(l,1),estimator(1,2),1,1);
end

phat = mle(data, 'distribution', 'exponential');
for i=1:nlikelihood

x (1) =exprnd(phat,1,1);

end

f=Q(t)t;

g=@ (x) x;

B = acceptance(t,x,2,1,nposterior);

otherwise 4

Prior={'Gamma'};

for i=l:nprior

alpha=rand () *4;

beta=rand () *2;

estimator=gamrnd (alpha,beta,l1l,?2);

t (i)=gamrnd (estimator(1l,1),estimator(1,2),1,1);
end

phat = mle(data, 'distribution', 'exponential');
for i=l:nlikelihood

x (1) =exprnd(phat,1,1);

end

f=@(t) t;

g=0@ (x) x;

B = acceptance(t,x,2,1,nposterior);

end

%***************************************‘k‘k*‘k*‘k**‘k*‘k************************
For Weibull data
case rank(1,2);
disp('The selected PDF for the likelihood data is Weibull') ;
Likelihood={"'Weibull"'};
disp('Select the prior PDF acccording to Expert Knowledge')
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prior=input ('l Exponential 2 Weibull 3 Lognormal 4 Gamma )
nprior=input ('Number of iterations for prior Parameters ")
switch prior
case 1
Prior={'Exponential'};
for i=l:nprior
lambda=rand () *5;
estimator=exprnd(lambda,1l,1);
t (i)=exprnd(estimator,1,1);
end
phat = mle(data, 'distribution', 'weibull');
for i=l:nlikelihood
x (i)=wblrnd(phat(1,1),phat(1,2),1,1);
end
f=Q@(t)t;
g=@ (x) x;
B = acceptance(t,x,2,1,nposterior);
case 2
Prior={'Weibull'};
for i=l:nprior
alpha=normrnd(1,0.05);
beta=normrnd (2, 0.05);
estimator=wblrnd(alpha,beta,l,?2);
t(i)=wblpdf (estimator(l,1),estimator(1l,2));
end
phat = mle(data, 'distribution', 'weibull'");
for i=1l:nlikelihood
x (i)=wblrnd(phat(1,1),phat(1,2),1,1);
end
f=Q@(t)t;
g=@ (x) x;
B = acceptance(t,x,2,1,nposterior);
case 3
Prior={'Lognormal'};
for i=l:nprior
mu=0;
sigma=0.25;
estimator=lognrnd (mu, sigma,l1l,2);
t(i)=lognrnd(estimator(l,1),estimator(1,2),1,1);
end
phat = mle(data, 'distribution', 'weibull');
for i=1l:nlikelihood
x (i)=wblrnd(phat (1,1),phat(1,2),1,1);
end
f=@(t)t;
g=0(x) x;
B = acceptance(t,x,2,1,nposterior);
otherwise 4
Prior={'Gamma'};
for i=l:nprior
alpha=rand () *4;
beta=rand () *2;
estimator=gamrnd (alpha,beta,l1l,2);
t (i)=gamrnd(estimator(l,1),estimator(1,2),1,1);
end
phat = mle(data, 'distribution', 'weibull');
for i=l:nlikelihood
x (i) =gamrnd (phat (1,1),phat(1,2),1,1);
end
=0 (t) t;
g=@ (x) x;
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end

B = acceptance(t,x,2,1,nposterior);

%**************************************************************************

For Logn
case
disp
Like
disp
prio
npri

swi

ormal data
rank (1, 3);
('"The selected PDF for the likelihood data is Lognormal');
lihood={"'Lognormal'};
('Select the prior PDF acccording to Expert Knowledge')
r=input ('l Exponential 2 Weibull 3 Lognormal 4 Gamma
or=input ('Number of iterations for prior Parameters )
tch prior
case 1
Prior={'Exponential'};
for i=l:nprior
lambda=rand () *5;
estimator=exprnd(lambda,l,1);
t (i)=exprnd(estimator,1,1);
end
phat = mle(data, 'distribution’', 'lognormal');
for i=1l:nlikelihood
x (i)=lognrnd(phat(1,1),phat(1,2),1,1);
end
f=Q@(t) t;
g=0 (x) x;
B = acceptance(t,x,2,1,nposterior);
case 2
Prior={'Weibull'};
for i=l:nprior
alpha=normrnd(1,0.05);
beta=normrnd (2,0.05);
estimator=wblrnd (alpha,beta,l1,2);
t (i)=wblpdf (estimator(l,1),estimator(1l,2));
end
phat = mle(data, 'distribution', 'lognormal');
for i=1l:nlikelihood
x (i)=wblrnd(phat(1,1),phat(1,2),1,1);
end
f=Q(t)t;
g=@ (x) x;
B = acceptance(t,x,2,1,nposterior);
case 3
Prior={'Lognormal'};
for i=l:nprior
mu=0;
sigma=0.25;
estimator=lognrnd (mu, sigma,l1,2);
t(i)=lognrnd(estimator(l,1),estimator(1,2),1,1);
end
phat = mle(data, 'distribution', 'lognormal');
for i=l:nlikelihood
x (i)=lognrnd (phat (1,1),phat(1,2),1,1);
end
f=Q@(t)t;
g=@ (%) x;
B = acceptance(t,x,2,1,nposterior);
otherwise 4
Prior={"'Gamma'};
for i=l:nprior
alpha=rand () *4;
beta=rand () *2;

")
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end

estimator=gamrnd (alpha,beta,1,2);

t (i)=gamrnd(estimator(1l,1),estimator(1,2),1,1);
end

phat = mle(data, 'distribution', 'lognormal');
for i=l:nlikelihood

x (i)=gamrnd (phat(1,1),phat(1,2),1,1);

end

f=0@(t) t;

g=0 (x) x;

B = acceptance(t,x,2,1,nposterior);

%**************************************************************************

For Gamm
othe
disp
Like
disp
prio
npri

swi

a data

rwise rank(1l,4);

('The selected PDF for the likelihood data is Gamma') ;
lihood={"'Gamma"'};

('"Select the prior PDF acccording to Expert Knowledge')
r=input ('l Exponential 2 Weibull 3 Lognormal 4 Gamma

or=input ('Number of iterations for prior Parameters )

tch prior

case 1

Prior={'Exponential'};

for i=l:nprior

lambda=rand () *5;
estimator=exprnd(lambda,l,1);

t (i) =exprnd(estimator,1,1);

end

phat = mle(data, 'distribution', '"gamma') ;
for i=1l:nlikelihood

x (i)=gamrnd (phat (1,1),phat(1,2),1,1);
end

f=Q(t)t;

g=0 (x) x;

B = acceptance(t,x,2,1,nposterior);

case 2

Prior={'Weibull'};

for i=l:nprior

alpha=normrnd(1,0.05) ;

beta=normrnd (2,0.05);

estimator=wblrnd (alpha,beta,l1,2);

t (1)=wblpdf (estimator (1,1),estimator(1,2));
end

phat = mle(data, 'distribution', "gamma') ;
for i=1l:nlikelihood

x (i)=wblrnd(phat(1,1),phat(1,2),1,1);
end

f=Q(t)t;

g=@ (x) x;

B = acceptance(t,x,2,1,nposterior);

case 3

Prior={'Lognormal'};

for i=l:nprior

mu=0;

sigma=0.25;
estimator=lognrnd (mu, sigma,l1,2);
t(i)=lognrnd(estimator(l,1),estimator(1,2),1,1);
end

phat = mle(data, 'distribution', "gamma') ;
for i=l:nlikelihood

x (i)=gamrnd (phat (1,1),phat(1,2),1,1);

")
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end
end
$Probab
given ti

disp('Reliability at a given time tsurvival');

end

f=Q(t)t;

g=0 (x) x;

B = acceptance(t,x,2,1,nposterior);
otherwise 4

Prior={"'Gamma'};

for i=l:nprior

alpha=rand () *4;

beta=rand () *2;

estimator=gamrnd (alpha,beta,1,2);

t (i)=gamrnd(estimator(1l,1),estimator(1l,2),

end

phat = mle(data, 'distribution', 'gamma') ;
for i=1:nlikelihood

x (i)=gamrnd (phat (1,1),phat(1,2),1,1);
end

f=Q@(t)t;

g=@ (x) x;

B = acceptance(t,x,2,1,nposterior);

ility of Survival P (T>tsurvival) and Failure P (T<=tsurvival)

me tsurvival

1,1);

tsurvival=input ('set the time for evaluate the reliability

p (T>tsur
T =
surv
leng
psur
pfai
mttf

disp('Press any key to display the Histogram,

Unreliab
paus
hist

vival) )
B > tsurvival;
ival=B(T) ;
th (survival) ;
vival=length (survival) /length (B) ;
lure=l-psurvival;
=mean (B) ;

ility funtions')
e
ogram(B,100)

PDF,

title('Bayesian Posterior Predictive Histogram')

Reliability and

at any

ylabel ('Number of events')
xlabel ('Time")
$SRESULTS BAYESIAN POSTERIOR PREDICTIVE
Posterior={'Bayesian'};
typeresults=table (Prior,Likelihood, Posterior)
valueresults=table (nprior,nlikelihood, nposterior, tsurvival,psurvival,pfailu
re,mttf)
years=fix (mttf);
months=fix ((mttf-fix(mttf))*12);
days=fix ((((mttf-fix(mttf))*12)-fix((mttf-fix (mttf))*12))*30);
hours=((((mttf-fix(mttf))*12)-fix((mttf-fix(mttf))*12))*30-fix ((((mttf-

fix(mttf))*12)-fix((mttf-fix(mttf))*12))*30))*24;

mttfresu
disp ('MT
today=da
end

disp ('En

lts=table(mttf, years,months, days, hours)
TF is estimated from todays date')
tetime ('today')

d of Script')
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Appendix A8

Acceptance rejection sampling function in Matlab R2018. Where c is the variable to adjust the

acceptance or rejection limit.

function B = acceptance(t,x,c,m,n)

B = zeros(m,n); % Preallocate memory
for i=l:m*n

accept = false;

u=rand() ;

if x (i) *u*c <= t (i)

B(i)=x(1i);

accept = true;

end
end

mttf=mean (B)

Appendix A9

Figure Al presents the results as seen on Matlab’s command window for estimation of
expected lifetime of Server-database study case with a cautionary approach to elicit expert

knowledge about the initial parameters of predictive prior.

Prioxr Likelihood Posterior

'Gamma' 'Weibull®' 'Bayesian'

wvalueresults =

1=7 table

nprior nlikelihood nposterior tsurvival psurvival pfailure mttf

le+06 le+06 le+06 5 0.02112 0.97888 0.21662

mttfresults =

1x5 table

mttf years months days houzrs

0.21662 o} 2 17 23.595

MTTF is estimated from todays date

Figure Al. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with a cautionary approach to elicit expert knowledge about
the initial parameters of predictive prior with likelihood data

Appendix A10

Figure A2 presents the results as seen on Matlab’s command window for estimation of
expected lifetime of Server-database study case with an average approach to elicit expert

knowledge about the initial parameters of predictive prior.
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Prior Likelihood Posterior

'Gamma "' 'Weibull" 'Bayesian'

valueresults =

1x7 table

nprior nlikelihood nposterior tsurvival psurvival pfailure mttE

le+06 le+06€ le+06 5 0.50245 0.49755 5.4262

mttfresults =

1x5 table

mttE yeazs months days hours

5.4262 5 5 3 10.0386

MTTF is estimated from todays date

Figure A2. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with an average approach to elicit expert knowledge about the
initial parameters of predictive prior with Weibull likelihood data

Appendix A1l

Figure A3 presents the results as seen on Matlab’s command window for estimation of
expected lifetime of Server-database study case with a average approach to elicit expert

knowledge about the initial parameters of predictive prior and no likelihood data available.

Prior Likelihood Posterior

'Gamma " "None' "Bayesian'
valueresults =
1x6 table
nprior nposterior tsurvival psurvival pfailure mttf
le+06 0 5 0.28257 0.71743 7.1328
mttfresults =
1x5 table
mttf years months days hours
7.1328 7 1 17 15.482

MTTF is estimated from todays date

Figure A3. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with an average approach to elicit expert knowledge about the
initial parameters of predictive prior
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Appendix A12

Results as seen on Matlab’s command window for estimation of expected lifetime of Server-
database study case with a risky approach to elicit expert knowledge about the initial
parameters of predictive prior and no likelihood data available.

Prior Likelihood Posterior

' Gamma " "None" 'Bayesian"

wvalueresults =

1=xé table

nprior nposterior tsurvival psurviwval pfailure mttf

le+06& (o} 5 0.60078 0.39922 ©3.8288
mttfresults =
1x5 table|
mttf years months days hours
€63.988 63 11 25 17.905

MTTF is estimated from todays date

Figure A4. Results as seen on Matlab’s command window for estimation of expected lifetime
of Server-database study case with a risky approach to elicit expert knowledge about the
initial parameters of predictive prior

Appendix A13

A frequentist probability of an event A is denoted PfA and it is defined as the fraction of times
an event A occurs if the trail is repeated hypothetically an infinite number of times (Aven T.
R., 2013). Pf A is equal to the limit of the ratio between the number of times the event A occurs
n. divided by the total amount of times the trial is performed under similar conditions. It is

assumed that the output is a good estimate of the true probability of the event to occur.

Given that an infinite number of trials under similar conditions is impossible to conduct, the

frequentist interpretation for probabilities is thus a mind constructed quantity.
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