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A B S T R A C T   

Fluid-fluid momentum transfer can cause higher flow resistance when fluids flow in opposite directions as 
compared to the same direction. Conventional modelling of flow in porous media using simple, saturation 
dependent relative permeabilities does not account for such variations. 

We consider a generalized theory for multiphase flow in porous media based on mixture theory, where fluid 
mobilities follow from water-rock, oil-rock and water-oil interaction terms defined in momentum equations. 
Under strictly co- or counter-current flow modes, the generalized model produces explicit relative permeability 
expressions dependent on the flow mode, saturations, viscosities and interaction parameters. New expressions for 
counter-current relative permeabilities are derived assuming zero net flux, representative of counter-current 
spontaneous imbibition. These functions are compared to previously derived co-current relative permeabilities 
(assuming equal phase pressure gradients). The functions are incorporated into analytical solutions for forced 
and spontaneous imbibition (FI and SI) using the theory by Buckley and Leverett (1942) and McWhorter and 
Sunada (1990), respectively. 

Our results show that when accounting for viscous coupling; Counter-current relative permeabilities are al-
ways lower than co-current ones, including the end points. Both phase curves are reduced by the same saturation 
dependent coefficient. Increased viscous coupling in the FI case led to a more effective displacement, seen as an 
increased front saturation and average water saturation behind the front. For counter-current SI, increased 
viscous coupling resulted in lower imbibition rate. Increased viscosities reduces both oil and water counter- 
current relative permeabilities, and predict greater reduction in imbibition rate than only modifying the vis-
cosities. The analytical solutions for SI were in agreement with numerical solutions of both a conventional and 
generalized model. The solutions for SI could be scaled exactly to a square root of time curve for arbitrary input 
parameters in the generalized model, especially including the strength of viscous coupling.   

1. Introduction 

Darcy’s law (Darcy, 1856) for flow in porous media was extended to 
two-phase flow by Muskat et al. (1937) by introducing relative perme-
abilities. The common assumption is that the relative permeability is a 
function of saturation only. Consequently, this standard approach does 
not account for the role of fluid-fluid interactions between the flowing 
phases, referred to as viscous coupling. Theory and experimental ob-
servations indicate that fluids travelling in opposite directions (coun-
ter-currently) experience greater flow resistance and hence lower 
mobilities compared to when they both travel in the same direction 

(co-currently) (Babchin et al., 1998; Bentsen and Manai, 1992; Bour-
biaux and Kalaydjian, 1990; Dullien and Dong, 1996). Similar phe-
nomena are induced by variations in fluid velocities and viscosities 
(Armstrong et al., 2017; Ehrlich, 1993; Wang et al., 2006; Odeh, 1959; 
Nejad et al., 2011). The relative permeabilities measured in the labo-
ratory are typically from unsteady state or steady state tests. Both setups 
represent co-current displacements (Geffen et al., 1951; Richardson 
et al., 1952; Bear, 2013) where either just water or both water and oil are 
injected from one side of a core and both phases are produced at the 
other. Due to the mentioned phenomena, the resulting functions may 
not transfer directly to counter-current flow settings. Bourbiaux and 
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Kalaydjian (1990) found that predicting counter-current oil recovery 
using relative permeabilities determined in a co-current setting led to 
overestimation of both recovery rate and ultimate oil recovery. Other 
researchers have demonstrated similar results (Pooladi-Darvish and 
Firoozabadi, 1998; 2000; Standnes, 2004; Karimaie et al., 2006). This is 
particularly relevant when scaling up laboratory results for prediction of 
oil recovery from naturally fractured reservoirs, where both co- and 
counter-current spontaneous imbibition can be important recovery 
mechanisms (Pooladi-Darvish and Firoozabadi, 2000; Mason and 
Morrow, 2013; Andersen, 2019). While there is substantial evidence 
indicating that multiphase flow modelling is more complex than pro-
posed by the simple saturation dependent relative permeability, there is 
still no agreed upon method of predicting relative permeabilities if the 
flow mode is changed. 

In this work, the generalized model for multiphase flow based on 
mixture theory derived previously in Standnes et al. (2017); Qiao et al. 
(2018); Andersen et al. (2019a) will be studied. The model gives fluid 
mobilities that depend on water-rock, oil-rock and water-oil interaction 
terms, defined from momentum equations. Assuming either strictly co- 
or counter-current flow modes, the generalized model gives rise to flow 
mode dependent relative permeability expressions. Such expressions 
have been derived under the assumption of equal magnitude pressure 
gradients with same or opposite direction, respectively, in the stated 
works. Novel to this work, we will derive counter-current relative per-
meabilities under the assumption of equal, but oppositely directed 
fluxes, which is commonly taken representative of SI with all open sides 
exposed to wetting phase Mason and Morrow (2013). These curves will 
be compared to the mentioned co-current relative permeability func-
tions based on equal pressure gradients taken representative of standard 
measurement procedures. These generalized relative permeabilities are 
implemented into analytical solutions for co-current forced imbibition 
as described by Buckley and Leverett (1942) and counter-current 
spontaneous imbibition as described by McWhorter and Sunada 
(1990); Schmid and Geiger (2012), thus extending previous analytical 
solutions to account for viscous coupling. It is noted that the analytical 
solution for counter-current SI assumes a semi-infinite medium and 
hence comparison with a numerical model with closed inner boundary is 
made. The numerical model is based on generalized formulation and is 
hence also used to validate the assumption of a relative permeability 
formulation for that flow regime. Numerical examples are included to 
demonstrate the role of viscous coupling terms on relative permeability 
functions and flow. Finally, we show that the analytical solution which 
previously has been shown to scale SI under arbitrary combinations of 
standard relative permeability and capillary pressure functions also can 
be extended to scale viscous coupling by means of the generalized 
relative permeabilities. 

2. Theory 

2.1. Derivation of generalized model from mixture theory 

In this section we briefly derive the generalized model along the 
same lines as previously presented in Qiao et al. (2018); Andersen et al. 
(2019a). 

2.1.1. Transport equations 
1D mass balance equations for horizontal, incompressible transport 

of water (w) and oil (o) are given by: 

φ
∂si

∂t
þ

∂ui

∂x
¼ 0; ði¼w; oÞ (1)  

and the following equation expresses the relation between Darcy flux 
and interstitial velocity in the mobile domain: 

ui¼φðsi � sirÞvi; (2) 

φ is porosity, si fluid saturation, sir residual fluid saturation and vi is 
interstitial fluid velocity. By introducing effective porosity φe and 
normalized saturation Si: 

φe¼φð1 � sor � swrÞ; Si ¼
si � sir

1 � sor � swr
; ði¼w; oÞ; (3)  

the velocity relation 2 can be reformulated to: 

ui ¼φeSivi; ði¼w; oÞ: (4) 

The saturations must add to unity due to conservation of volume and 
the phase pressures are assumed related by the imbibition capillary 
pressure function: 

swþ so¼ 1; po � pw¼ pcðswÞ: (5) 

These equations are so far in line with conventional modelling. What 
separates the generalized model from the approach based on Darcy’s law 
is the relations between fluxes and pressure gradients. 

Ignoring inertial effects, as is usual for creeping (slow) flow in porous 
media, the mechanical stress balance for a fluid is given by (Ambrosi and 
Preziosi, 2002): 

∂ðSiσiÞ

∂x
þmi ¼ 0; ði¼w; oÞ; (6)  

where σi represents the Cauchy stress tensor and mi represents interac-
tion forces exerted on fluid i by the other constituents of the mixture. In 
1D, the standard expression for the stress term is: 

σi¼ � pi þ τi; ði¼w; oÞ; (7)  

where τi represents viscous stress. The contribution from τi is ignored 
(τi ¼ 0). The interaction forces mi are given by (Preziosi and Farina, 
2002; Ambrosi and Preziosi, 2002): 

mw¼ pw
∂Sw

∂x
� Fow þMwm; mo ¼ po

∂So

∂x
þ Fow þMom; (8)  

where Fow represents the drag force exerted by the water phase on the oil 
phase. The oil must necessarily exert an equal and opposite force, � Fow, 
on the water phase. The terms Mom and Mwm denote interaction forces 
between the fluids and the porous media for oil and water, respectively. 
The terms pw∂Sw=∂x and po∂So=∂x represent interfacial forces arising 
from an averaging process. The drag force and the friction forces be-
tween fluid and rock are modeled as (Preziosi and Farina, 2002; Ambrosi 
and Preziosi, 2002): 

Fow¼Rðvw � voÞ; (9)  

Mim ¼ � Rivi; ði¼w; oÞ; (10) 

Thus, the force exerted between fluid and fluid and between rock and 
fluid is proportional to the difference in their interstitial velocities. The 
coefficients R;Ri, all non-negative, will be specified later. Combination 
of Eqs. (6) through (9), where the chain rule is applied to Eq. (6) and τi ¼

0, results in: 

Sw
∂pw

∂x
¼ � RwvwþRðvo � vwÞ; So

∂po

∂x
¼ � Rovw � Rðvo � vwÞ; (11)  

where the right hand side of the equations represent matrix-fluid and 
fluid-fluid interaction. Solving for the interstitial velocities and inserting 
these into (4), yields: 

uw ¼ � bλww
∂pw

∂x
� bλow

∂po

∂x
; uo ¼ � bλow

∂pw

∂x
� bλoo

∂po

∂x
; (12)  

as generalized flux-pressure gradient relations. Note that we have 
introduced generalized diagonal and cross term mobilities bλww; bλoo and 
bλow defined by: 
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bλww¼
S2

wðRo þ RÞ
RoRw þ RðRo þ RwÞ

φe; (13)  

bλoo¼
S2

oðRw þ RÞ
RoRw þ RðRo þ RwÞ

φe; (14)  

bλow¼
SwSoR

RoRw þ RðRo þ RwÞ
φe: (15) 

Using the capillary pressure relation (5) we can write the phase and 
total fluxes as: 

uw¼ � bλw
∂pw

∂x
� bλow

∂pc

∂x
; (16)  

uo¼ � bλo
∂pw

∂x
� bλoo

∂pc

∂x
; (17)  

uT ¼ uw þ uo ¼ � bλT
∂pw

∂x
� bλo

∂pc

∂x
; (18)  

where the following notation is defined for generalized phase mobilities 
bλw; bλo and total mobility bλT : 

bλw¼ bλwwþ bλwo¼
S2

wRo þ SwR
RoRw þ RðRo þ RwÞ

φe; (19)  

bλo¼ bλowþ bλoo¼
S2

oRw þ SoR
RoRw þ RðRo þ RwÞ

φe; (20)  

bλT ¼ bλoþ bλw¼
S2

wRo þ SoRw þ R
RoRw þ RðRo þ RwÞ

φe: (21) 

From (18), the water pressure gradient can be expressed and used to 
give updated flux expressions: 

∂pw

∂x
¼ �

1
bλT

uT �

�

1 �
bλw

bλT

�
∂pc

∂x
; (22)  

uw¼ uT bfw þW
∂pc

∂x
; (23)  

uo¼ uT bfo � W
∂pc

∂x
; (24)  

bf w is the generalized fractional flow function for water and W is a 
generalized mobility coefficient with definitions: 

bfw ¼
cλw

cλT
¼

S2
wRo þ SwR

S2
wRo þ S2

oRw þ R
; (25)  

WðSwÞ¼ bfw bλo � bλow¼
S2

wS2
oφe

S2
wRo þ S2

oRw þ R
: (26) 

If the water flux from Eq. (23) is inserted into the conservation 
equation for water, (1), we get: 

∂ðφswÞ

∂t
¼ �

∂ðuT bfwÞ

∂x
�

∂
∂x

�

W
∂pc

∂x

�

: (27) 

The oil transport equation can be replaced by the following pressure 
equation which is found by adding the conservation laws in (1) 

∂uT

∂x
¼ 0 (28)  

and using the definition of uT in (18). equations (25)–(28) constitute the 
generalized model. 

2.1.2. Comparison with conventional approach 
The generalized model can be directly compared with a conventional 

Darcy model which can be written as follows: 

∂ðφswÞ

∂t
¼ �

∂ðuT fwÞ

∂x
�

∂
∂x

�

fwλo
∂pc

∂x

�

: (29) 

Here standard definitions of mobility and fractional flow function 
would be used: 

λi¼ kri=μi; λT ¼ λo þ λw; fw ¼ λw=λT (30) 

As long as generalized and conventional mobilities are the same 
(bλw ¼ λw and bλo ¼ λo), the two approaches would give same behavior 
except for the key difference seen by the extra term � bλow that is included 
in W for the generalized model. 

2.1.3. Specification of interaction terms 
Specification of the interaction terms R and Riði¼ w; oÞ is needed to 

obtain explicit analytical expressions for the generalized phase mobil-
ities. The solid-fluid interaction terms should obey Ri∝μiφe=k to be 
consistent with conventional (Darcy) modelling. The following relations 
were included (Standnes et al., 2017; Standnes and Andersen, 2017; 
Qiao et al., 2018): 

Rw¼ IwSα
w
μw

k
φe; Ro ¼ IoSβ

o
μo

k
φe; R ¼ ISoSw

μoμw

k
φe: (31) 

α and β are saturation exponents, Iw and Io are coefficients that 
characterize the magnitude of solid-fluid interaction (friction), while I is 
a coefficient characterizing the magnitude of fluid-fluid coupling (drag) 
and are assumed independent of saturation and properties of the fluids 
and rock. The stated parameters have no dimension, except I which has 
unit (Pa s)-1. 

2.2. Generalized relative permeabilities 

In this section we derive generalized relative permeabilities based on 
the generalized modelling approach. The relative permeability formu-
lation requires that we consider special flow conditions where the fluxes 
or pressure gradients of the two phases can be related. The case for co- 
current flow has been presented previously in Standnes et al. (2017); 
Qiao et al. (2018), but is briefly derived also here in Sec. 2.2.1. The case 
for counter-current flow where opposite fluxes are used for defining the 
flow conditions is derived here for the first time in Sec. 2.2.2. Relations 
between the co- and counter-current relative permeabilities are derived 
in Sec. 2.2.3. 

2.2.1. Co-current flow 
Co-current flow is typical during standard coreflooding experiments. 

We assume oil and water are co-injected in same direction. There is then 
a direct link at steady state (when ∂tsi ¼ 0) between the generalized and 
conventional model allowing generalized relative permeabilities ac-
counting for viscous coupling to be derived (assuming negligible capil-
lary end effects (Rapoport and Leas, 1953; Andersen et al., 2017b) e.g. 
by using high injection rate). The pressure gradient will be identical for 
both phases, yielding the following flux relations from (12): 

uw ¼ � bλw
∂p
∂x
; uo ¼ � bλo

∂p
∂x
: (32) 

The generalized mobilities bλw and bλo then represent mobilities that 
would be measured in a co-current relative permeability measurement. 
From this we obtain generalized co-current relative permeabilities: 

bk
co
rw ¼

μw

k
bλw¼

S2� α
w

�
Io þ IS1� β

o μw

�

IoIw þ I
�
IoSoS1� α

w μo þ IwS1� β
o Swμw

�; (33)  

bk
co
ro ¼

μo

k
bλo¼

S2� β
o

�
Iw þ IS1� α

w μo

�

IoIw þ I
�
IoSoS1� α

w μo þ IwS1� β
o Swμw

�: (34) 

It is evident that the generalized relative permeabilities are not only 
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functions of saturations, but also depend on fluid viscosities when I > 0. 
Viscosity dependence has been suggested previously by several authors 
(Yuster, 1951; Odeh, 1959; Lefebvre du Prey, 1973; Nejad et al., 2011). 
The resulting relative permeability endpoints are 

bk
co
rwðSw¼ 0Þ¼ 0; bk

co
rwðSw¼ 1Þ ¼

1
Iw
; (35)  

bk
co
roðSw¼ 0Þ¼

1
Io
; bk

co
roðSw ¼ 1Þ ¼ 0: (36) 

As a special case, we note that if the fluid-fluid interaction coefficient 
I is set to 0, the co-current relative permeability expressions simplify to 
Corey-type Corey et al. (1954); Brooks and Corey (1964) expressions: 

bk
co
rw ¼

S2� α
w

Iw
; bk

co
ro ¼

S2� β
o

Io
: (37)  

where the end points are as stated above, and the Corey exponents no; nw 
are related to α; β by: 

nw¼ 2 � α; no ¼ 2 � β: (38) 

Assuming Corey exponents typically in the range of 1.5–5, typical 
values of α; β would then be 0.5 to � 3. 

2.2.2. Counter-current flow 
When the flow mode is changed to purely counter-current with no 

net flux in any direction (uT ¼ 0), then due to conservation of volume, 
we have fluxes of equal magnitude, but with opposite directions: 

uw¼ � uo: (39)  

That is the typical case in all-faces-open or one-face-open SI experiments 
Mason and Morrow (2013). The fluxes can be expressed using (12): 

� bλww
∂pw

∂x
� bλow

∂po

∂x
¼ bλow

∂pw

∂x
þ bλoo

∂po

∂x
: (40) 

The pressure gradients are then separated and expressed relative to 
each other: 

∂po

∂x
¼ �

bλw

bλo

∂pw

∂x
;

∂pw

∂x
¼ �

bλo

bλw

∂po

∂x
: (41) 

The pressure gradient expressions above can now be inserted back 
into the flux relations (12) and provide a relation for how a phase’s flux 
is proportional to its own pressure gradient under these flow conditions: 

uw¼ � bλw

�
bλww

bλw
�
bλow

bλo

�
∂pw

∂x
; uo¼ � bλo

�
bλoo

bλo
�
bλow

bλw

�
∂po

∂x
: (42) 

If we now compare equations (42) and (42) to the co-current versions 
(32) and (32), we see that they differ by the factor enclosed in square 
brackets. Further, we again note that the proportionality factor between 
ui and ∂pi=∂x should be � kkri=μi, where (i ¼ w;o). This is used to obtain 
the following generalized relative permeabilities for purely counter- 
current flow: 

bk
cou
rw ¼

μw

k
bλw

�
bλww

bλw
�
bλow

bλo

�

¼ bk
co
rwCw; Cw¼

�
bλww

bλw
�
bλow

bλo

�

; (43)  

bk
cou
ro ¼

μo

k
bλo

�
bλoo

bλo
�
bλow

bλw

�

¼ bk
co
roCo; Co¼

�
bλoo

bλo
�
bλow

bλw

�

: (44) 

As seen, the counter-current relative permeabilities bk
cou
ri are 

expressed using the co-current relative permeabilities bk
co
ri from eqs. (33) 

and (34), multiplied by the factors in square brackets which will be 

denoted Co;Cw. It is equivalent whether we study the properties of bk
cou
ri or 

Ci and we hence choose to focus on Ci for now. 

2.2.3. Relations between co- and counter-current generalized relative 
permeabilities 

The first interesting observation made is that by collecting the terms 
in (43) to one fraction and using the diagonal and cross term mobilities 
we obtain that Cw and Co give identical expressions: 

Cw¼
bλww

bλw
�
bλow

bλo
¼

bλoobλww � bλowbλow

ðbλww þ bλowÞðbλoo þ bλowÞ
(45)  

Co¼
bλoo

bλo
�
bλow

bλw
¼

bλoobλww � bλowbλow

ðbλww þ bλowÞðbλoo þ bλowÞ
(46) 

In other words, the co-current and counter-current relative perme-
abilities are modified by the same factor for a given oil-water saturation 
configuration whether we consider the oil or water phase. Note that this 
holds true for any generalized formulation with equal cross term 
mobilities. 

Note also that if bλow ¼ 0 the expressions simplify to Ci ¼ 1, i.e. the 
co-current and counter-current relative permeabilities are identical. 

If the terms bλoo; bλww; bλow were assigned arbitrary values, it would 
appear that Ci can be negative, which would mean that also the relative 
permeabilities would be negative. It is also not clear what upper limit Ci 
can take. However, by using the definitions in (13) we obtain: 

Ci ¼
SoSwðRwRo þ RðRw þ RoÞÞ

ðSwRo þ RÞðSoRw þ RÞ
(47)  

¼
SoSwRoRw þ SoSwRwRþ SoSwRoR
SoSwRoRw þ SoRwRþ SwRoRþ R2 (48) 

As seen, all terms are positive, indicating that positive counter- 
current relative permeabilities are always obtained. Further, 
comparing term by term in the expanded expression, the denominator is 
always less than the nominator if R 6¼ 0 (equal otherwise) demonstrating 
that Ci � 1 and that the counter-current relative permeabilities must be 
lower or equal to the co-current relative permeabilities. 

Ci ¼
IwIo þ I

�
IwS1� β

o Swμw þ IoSoS1� α
w μo

�

�
Io þ IS1� β

o μw
��

Iw þ IS1� α
w μo

� (49) 

As expected, when setting I ¼ 0 (which results in bλow ¼ 0) we obtain: 

CiðSo; Sw; I¼ 0Þ¼ 1; (50) 

Further, at the end points, Ci consequently gives a non-unity reduc-
tion factor for any I 6¼ 0: 

CiðSw ¼ 0Þ¼
Io

Io þ Iμw
; CiðSw¼ 1Þ ¼

Iw

Iw þ Iμo
; (51)  

which from (35) and (36) gives the following counter-current relative 
permeability end points: 

bk
cou
rw ðSw¼ 0Þ¼ 0; bk

cou
rw ðSw ¼ 1Þ ¼

1
Iw þ Iμo

; (52)  

bk
cou
ro ðSw¼ 0Þ¼

1
Io þ Iμw

; bk
cou
ro ðSw¼ 1Þ ¼ 0: (53)  

2.3. Capillary pressure correlation 

The capillary pressure function will be assumed to follow Leverett J- 
function scaling (Bear, 2013; Leverett, 1941): 

pc¼ σow

ffiffiffi
φ
k

r

JðSwÞ; (54)  

where σow is oil-water interfacial tension and JðSwÞ is a dimensionless 
saturation function. The following expression by Andersen et al. (2017a) 
is used for JðSwÞ: 
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JðSwÞ¼
a1

1þ k1Sw
�

a2

1þ k2ð1 � SwÞ
þ c; (55)  

where a1; a2; k1; k2 > 0 and c are curve-fitting parameters. 

3. Analytical solutions 

3.1. Solution for 1-D, co-current flow 

The analytical solution for two-phase, 1-D, co-current displacement 
was first presented by Buckley and Leverett (1942). It relies on a mass 
balance equation with a saturation dependent advective term only (no 
capillary forces) and the method of characteristics (briefly outlined in 
the following). From the full set of equations we ignore the capillary 
diffusion term in (27) and assume a predefined injected flux uT (we then 
do not need to solve the pressure equation (28)) and obtain: 

φ
∂sw

∂t
¼ � uT

∂bfw

∂x
(56)  

Swðx; t¼ 0Þ¼ 0; Swðx¼ 0; tÞ ¼ 1; (57) 

Water injection is assumed together with initial connate water 
saturation. This corresponds to a Buckley-Leverett system as defined 
above. 

Since Sw ¼ Swðx; tÞ the path of a fixed saturation can be expressed as: 

dSw¼
∂Sw

∂x
dxþ

∂Sw

∂t
dt ¼ 0: (58)  

and substituting this into (56) yields: 
�

dx
dt

�

Sw

¼
uT

φ

�
d bfw

dSw

�

Sw

; xSw ¼
uT t
φ

�
d bfw

dSw

�

Sw
;

�
Sw � Sf

�
; (59)  

where the latter equation follows from integrating the former. 
As noted, this solution is only valid for saturations above a possible 

shock front saturation Sf . Direct application of the frontal advance 
equation (59) over the entire saturation range may produce an 
unphysical solution. In most cases in the literature the fractional flow 
function has a peak in f’ while f’ ¼ 0 at Sw ¼ 0 and Sw ¼ 1. In other 
words, intermediate saturations catch up with low saturations and a 
shock front is formed. The speed and saturation range of the front is 
typically given by mass conservation and flux continuity (continuity 
with the physical solution). If the conditions are as described with a 
unique peak in f’, then Sf can be found at the tangent point on fw drawn 
from Sw ¼ 0 which is equivalent to solving the following equation for Sf , 
Buckley and Leverett (1942): 

d bfw

dSw
jSf
¼
bfw
�
Sf
�

Sf
: (60) 

Hence, the position of the shock (and all saturation in its range) is 

xSw ¼
uT t
φ

�
d bfw

dSw

�

jSf
;

�
0< Sw < Sf

�
: (61) 

Although both standard and generalized problems can give excep-
tions to this rule (e.g. several fronts), we will for simplicity only consider 
cases where it is applicable. 

3.2. Solution for counter-current spontaneous imbibition 

In the case of counter-current spontaneous imbibition, a no-flow 
boundary and (necessarily) zero advective forces implies that the pres-
sure equation is replaced by the constraint uT ¼ 0 and thus uw ¼ � uo. 
The system of consideration is then: 

φ
∂sw

∂t
¼

∂
∂x

�

DðswÞ
∂sw

∂x

�

; (62)  

where a capillary diffusion coefficient DðswÞ has been defined: 

DðswÞ¼ � W
dpc

dsw
: (63) 

Note that the introduction of counter-current relative permeabilities 
also allows to use the conventional definition: 

DðswÞ¼ � bλo bfw
dpc

dsw
¼ � k

bk
cou

ro
bk

cou

rw
μoμw

bk
cou

ro
μo
þ
bk

cou

rw
μw

dpc

dsw
: (64) 

The relevant initial and boundary conditions for a finite system are: 

swðx; t¼ 0Þ¼ swc; (65)  

swðx¼ 0; tÞ¼ seq; (66)  

∂xswjx¼L¼ 0; (67)  

where seq is a fixed saturation at the boundary corresponding to zero 
capillary pressure. In our case seq ¼ 1 � sor, since for a strongly water- 
wet material, a positive capillary pressure exists for the whole mobile 
saturation range. Derivations of analytical solutions to (62) in integral 
form were found in McWhorter and Sunada (1990) and Schmid and 
Geiger (2012), however, their analytical solution was based on a 
semi-infinite porous medium, thus replacing the boundary condition at 
x ¼ L in (67) with: 

swðx¼∞; tÞ ¼ swc: (68) 

Hence, the analytical solution will only be valid for the finite system 
until the imbibition front reaches the closed end boundary. McWhorter 
and Sunada (1990) made no limiting assumptions regarding the func-
tional forms contained in DðswÞ, but specified a boundary condition for 
the inflow at the open end as: 

uw0¼ uwðx¼ 0; tÞ ¼ At� 1=2; (69)  

where A is referred to as the inflow parameter, and for a given system is 
a constant that describes the system’s ability to imbibe water. A can be 
found from: 

A2¼
φ
2

Z seq

swc

ðsw � swcÞDðswÞ

FðswÞ
dsw; (70)  

and is related to the cumulative water imbibed, Qw, by 

QwðtÞ¼
Z t

0
uw0ðtÞdt¼ 2At1=2: (71)  

FðswÞ represents a fractional flow function for counter-current sponta-
neous imbibition and can be regarded as the capillary counterpart to 
fwðswÞ (Schmid and Geiger, 2012). It is defined as: 

Fðx; tÞ ¼
uwðx; tÞ
uw0ðtÞ

; (72)  

meaning it describes the ratio of water flux at some position x to the 
water flux at the inlet, uw0 (i.e. the maximum water flux) at similar times 
t. FðswÞ is obtained by solving the implicit integral equation: 

FðswÞ ¼ 1 �
� Z seq

sw

ðβ � swÞDðβÞ
FðβÞ

dβ
�

⋅
� Z seq

swc

ðsw � swcÞDðswÞ

FðswÞ
dsw

�� 1

; (73)  

where the integration variable β represents water saturations. When 
FðswÞ is known, its derivative can be found from numerical differentia-
tion and A can be found from (70). The solution to (62) with the 
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specified boundary conditions (65), (66) and (68) can then be written in 
terms of the inflow parameter, A, and the derivative of FðswÞ: 

xðsw; tÞ¼
2A
φ

F’ðswÞt1=2 ¼
QwðtÞ

φ
F’ðswÞ: (74) 

This is used to construct saturation profiles and to calculate oil re-
covery, since the volume of produced oil must be equal to the total 
amount of imbibed water in the purely counter-current process 
considered here. 

As mentioned, the analytical solution is only valid as long as the 
saturation front has not reached the closed end boundary x ¼ L. The 
time when the front reaches the end of the core is denoted t� and is 
obtained by setting xðsw; tÞ ¼ L in Eq. (74), (March et al., 2016): 

t� ¼
�

Lφ
2AF’ðswrÞ

�2

: (75) 

Since FðswÞ given by Eq. (73) depends on itself, it has to be computed 
using an iterative procedure (McWhorter and Sunada, 1990; Nooruddin 
and Blunt, 2016). The first step is to calculate the capillary diffusion 
coefficient, DðswÞ from known relative permeabilities and capillary 
pressure curves using (70). The iterative computations are then initiated 
by assuming starting guesses FðswÞ ¼ 1 for all values of sw. Using this first 
guess, the integral in (73) can be computed, and an updated FðswÞ is 
found. The updated FðswÞ can be inserted into the integral in (73) to 
compute the next iteration. The iterative process continues until the 
difference between the updated and previous values satisfies a specified 
tolerance condition for convergence. 

4. Results 

4.1. Base case input parameters 

Numerical solutions for the transient generalized model (27) and 
(28) were validated in Qiao et al. (2018) numerically by comparing 
against solutions from commercial software for co-current flow where 
co-current relative permeabilities could be assumed. The model was 
parameterized in Andersen et al. (2019a); Qiao et al. (2018) by 
matching the experimental results of Bourbiaux and Kalaydjian (1990) 
where viscous coupling could be quantified based on co- and 
counter-current flow under otherwise identical conditions. Particularly, 
accurately measured co-current relative permeabilities, the imbibition 
capillary pressure function and a counter-current SI experiment were 
used to systematically and uniquely determine the parameters involved 
in the generalized model. The same input parameters are applied here 
and listed in Table 1. The only exception is the parameters used to 
generate the capillary pressure curve, where the J-function was stopped 
at the threshold pressure (and the decline to zero at S ¼ 1 was ignored) 
to make a smoother function. The J-function and co-current relative 
permeabilities resulting of these parameters are plotted in Fig. 1. Unless 
otherwise is indicated, the input parameters in Table 1 are assumed. 

4.2. Forced imbibition 

In this section, the effect of viscous coupling on forced imbibition is 
studied. Since this is a purely co-current flow setting, only the general-
ized co-current relative permeabilities are used. 

Conventional relative permeabilities will in the following be defined 
such that a specified value of I and the base case viscosities characterizes 
the viscous coupling of the fluid-rock system when the relative perme-
abilities were measured. A different I is assumed to give different 
measured curves. The conventional assumption is that the measured 
relative permeabilities will not change with flow regime or viscosities. 
The generalized relative permeabilities account for that changing the 
viscosities or flow regime will change the extent of viscous coupling (for 
the given I) and hence change the relative permeabilities. 

In Fig. 2 we present relative permeabilities and corresponding frac-
tional flow functions for different combinations of fluid viscosities 
(where the oil viscosity μo is varied by a factor 1, 10 or 100 from its 
reference value) and fluid-fluid interaction coefficients I equal to 250, 
2500 and 25000 (Pa s)-1. For a given value of I (a given column) it is 
assumed co-current relative permeabilities have been measured at the 
reference oil viscosity and are given by (33) and (34). Using a conven-
tional approach (con) the curves are held fixed and any modifications to 
the conventional fractional flow function (dashed lines) are due to 
changes in viscosity ratio only. 

When the reference oil viscosity is used, the generalized model and 
conventional model yield identical relative permeability functions (red). 
The conventional relative permeabilities are not explicitly plotted since 
they are identical to the generalized relative permeabilities at the base 
viscosity. Varying viscosity will affect the generalized relative perme-
abilities and thus introduce an additional impact on the generalized 
fractional flow function (full lines). 

At a low value of I ¼ 250 (Pa s)-1 (10 times lower than the base 
value) there is little fluid-fluid interaction and hence little sensitivity to 
viscosity on the generalized relative permeability functions which 
remain closely gathered. We note that for low I the generalized relative 
permeability functions approach Corey functions, according to (37). 
However, as seen in both (33), (34) and Fig. 2 the increased fluid vis-
cosities can increase the importance of viscous coupling. At higher 
values of I the impact of fluid viscosities on relative permeabilities is 
more pronounced. When the oil becomes more viscous it will tend to 
travel slow compared to the water. In accordance with momentum 
transfer we note that water then will be decelerated by the oil, while oil 
gets accelerated by the water and in effect oil relative permeability in-
creases while water relative permeability decreases with increasing oil 
viscosity. The effect is greater when I is greater. 

For I ¼ 250 the fractional flow functions are thus also quite similar 
between the conventional and generalized models, but are lifted for a 
given saturation as oil viscosity is increased. At strong viscous coupling 
(high I and viscosity μo) any difference in fluid velocities is suppressed 
and the fractional flow function approaches a straight line indicating 
that the oil and water travel as a single mixture with same velocity. 

The resulting impact on saturation distributions after 0.5 PV injected 
and recovery vs PV injected is shown in Fig. 3. In accordance with 
traditional theory, for fixed relative permeability functions (conven-
tional model) higher oil viscosity lowers the front saturation and the 
saturations behind it, gives earlier water breakthrough and lower re-
covery with PVs injected. However, the impact of viscosity is less sig-
nificant when accounting for viscous coupling. In all cases (except the 
base where there is no difference) the viscous coupling slows down the 
faster moving fluid and accelerates the slow one and gives an overall 
more favorable oil displacement compared to the conventional model. 
For very strong viscous coupling piston-like displacement is obtained 
with all mobile oil recovered before water breakthrough. 

Table 1 
Base case input parameters.  

L 0.29 m Iw  23.3 
φ 0.233 Io  2.15 
swr  0.4 I 2500 ðPa⋅sÞ� 1  

sor  0.425 α � 0.0 
μw  1.2 mPa⋅s  β 1.0 
μo  1.5 mPa⋅s  a1  0.56 
k 118 mD a2  0.66 
σ 15.8 mN/m k1  1.25   

k2  0.08   
c 0.55  
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4.3. Counter-current spontaneous imbibition 

When the flow regime is altered from co-to counter-current the 
relative permeabilities are affected as can be seen by comparing them in 
Fig. 4 for various combinations of fluid-fluid interaction coefficient I and 
oil viscosities μo. For low values of I (when viscous coupling is less 
important) there is little difference between the co- and counter-current 
relative permeabilities, but the difference increases with I and μo. 
Especially, increases in both these parameters reduces the counter- 

current relative permeability across the entire saturation range 
compared to the co-current relative permeabilities. The magnitude of 
the reduction is quantified by the coefficient Ci in (49). Considering (35) 
with (36) and (52) with (53) it follows that increasing the two param-
eters directly lower the counter-current relative permeability end points, 
while the co-current relative permeability end points are not changed. 
That is also reflected in the figure. 

Ci corresponding to the abovementioned cases is plotted in Fig. 5 
showing how much the relative permeabilities are reduced by changing 

Fig. 1. Capillary pressure (left) and co-currently measured relative permeabilities (right) based on experimental data from Bourbiaux and Kalaydjian (1990).  

Fig. 2. Top: Co-current relative permeabilities for different oil viscosities and values of I. For all viscosities, the conventional relative permeabilities correspond to the 
red (generalized) curve (which is not affected by viscosity) obtained at the reference parameters. When viscosities change, the generalized relative permeabilities 
differ from the conventional. Bottom: Corresponding conventional and generalized fractional flow functions. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the Web version of this article.) 
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Fig. 3. Top: Saturation distributions after 0.5 PVs were injected assuming different oil viscosities and values of I. The generalized (gen) model is compared to the 
conventional (con). Bottom: Corresponding recovery vs PVs injected. 

Fig. 4. Comparison of co- and counter-current relative permeabilities for different combinations of I and μo.  
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flow regime. We note that the base case (I ¼ 2500 (Pa s)-1 and μo ¼ μref
o ) 

corresponds to matching experimental data performed by Bourbiaux 
and Kalaydjian (1990), as conducted in Andersen et al. (2019a). With 
our model, both phase relative permeabilities are reduced by a coeffi-
cient ranging from 0.4 to 0.85 when the flow regime is switched from 
co-current to counter-current. In comparison Bourbiaux and Kalaydjian 
(1990) reduced both curves by a constant factor of 0.7, but did not 
provide any justification for reducing them by the same factor for both 
phases and across the entire saturation range. The impact of I and μo is 
also seen on the capillary diffusion coefficient D, in Fig. 5, which is 

significantly lowered using counter-current relative permeabilities 
compared to using the co-current relative permeabilities directly. 

Based on the presented cases in the above figures we now explore the 
behavior of the following transient models:  

� The generalized model with no-flow boundary which is solved 
numerically and accounts for viscous coupling.  
� The conventional model with no-flow boundary which assumes co- 

current relative permeabilities and is solved numerically. It does 
not account for viscous coupling. 

Fig. 5. Top: Coefficient comparing counter-current and co-current relative permeabilities. Bottom: Capillary diffusion coefficient based on co- and counter-current 
relative permeabilities. The cases are based on the relative permeabilities in Fig. 4. 

Fig. 6. Saturation distributions for the base case presented at t ¼ 1=3tco
c ; tco

c ; 3tco
c where tco

c is the time when the front of the model with co-current relative per-
meabilities reaches the no-flow boundary. Analytical solutions based on a semi-infinite axis are compared with numerical solutions with closed inner boundary. 
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� The analytical model using counter-current relative permeabilities 
and thus accounts for viscous coupling, but does not account for the 
no-flow boundary.  
� The analytical model using co-current relative permeabilities and 

does not account for viscous coupling or the no-flow boundary. 

Saturation distributions are shown in Fig. 6 at times t ¼ 0:33tco
c ; tco

c ;

3tco
c , where tco

c is the time when the conventional model water front 
reaches the no-flow boundary. Some key observations are made:  

� For times before the no-flow boundary is met, the two analytical 
solutions (using flow regime dependent relative permeabilities) 
coincide perfectly with the two numerical solutions (the generalized 
model with generalized cross and diagonal mobilities and the con-
ventional model with generalized co-current relative 
permeabilities).  
� The viscous coupling causes a delay in imbibition compared to what 

would be predicted by directly applying the co-current relative 
permeabilities in a standard (conventional) model.  
� After the no-flow boundary is met, the solutions differ significantly 

and the analytical solution is not valid. 

The impact of the parameters I and μo is illustrated on the saturation 
distributions at t ¼ tco

c using the analytical solutions, see Fig. 7. Note that 
tco
c can vary from case to case, but before the infinite-acting period is 

over, the saturation profile is invariant for given input parameters. For 
low I the solutions applying co- and counter-current relative perme-
abilities are very similar, but change with viscosity. Especially, higher 
oil viscosity appears to lower the saturation profile. At higher interac-
tion coefficients the solutions based on counter-current relative per-
meabilities are more significantly delayed and their front is further away 
from the no-flow boundary. 

The corresponding recovery profiles are shown in Fig. 8. For the base 
case the analytical solutions with co- or counter-current relative per-
meabilities are compared with the conventional and generalized nu-
merical solutions, respectively and yield identical results until late times 
when no-flow boundary conditions become significant. At late times the 
analytical solutions optimistically predict the square root of time re-
covery behavior to continue, while the imbibition rate for the numerical 
solutions declines more rapidly. It is seen that the fluid-fluid interaction 
causes the SI process to occur more slowly than predicted by using co- 
current relative permeabilities, in line with the previously shown results. 

4.4. Universal scaling 

Schmid and Geiger (2012) showed that for given relative perme-
ability and capillary pressure functions, the integral solution to 
counter-current SI by McWhorter and Sunada (1990) could be scaled 
using the imbibed volume Qw ¼ 2At1=2 relative to the pore volume φL as 
follows: 

td ¼

�
Qw

φL

�2

¼

�
2A
φL

�2

t¼ t
�

τ; τ¼
�

φL
2A

�2

: (76) 

This equation shows that the fractional recovery of mobile oil should 
be equal vs scaled time as long as square root of time behavior is valid 
(before the no-flow boundaries are encountered). 

To demonstrate whether this scaling procedure can account for 
viscous coupling as done by implementing our counter-current relative 
permeabilities we here run three different cases termed A, B and C, 
where for each case the fluid-fluid interaction coefficient I is varied from 
0 (no viscous coupling) to 10000 (Pa s)-1 (strong viscous coupling). The 
relevant input parameters are listed in Table 2 together with the 
calculated value of τ from (76), while those parameters not specified are 
given by the reference values in Table 1. The generalized model was 
solved numerically (thus accounting for both viscous coupling and no- 
flow boundaries); 200 grid cells were applied. The recovery factor of 
mobile oil is plotted against absolute time t in Fig. 9 (left) for the 
different cases. It is seen that the time to reach a given intermediate 
recovery value spans by roughly one order of magnitude. Especially, for 
a given case the influence of viscous coupling gives a significant varia-
tion in time scales, by up to a factor of 4. The same results are plotted 
against scaled time td ¼ t=τ in Fig. 9 (right). It is seen that the results 
overlap completely until late times where boundary effects affect the 
validity of the scaling assumptions. For precision; the analytical solu-
tions are able to scale (gather) curves:  

� that are not affected by viscous coupling but have different curve 
parameters: cases A, B, C with I ¼ 0  
� that have various degrees of viscous coupling introduced to the same 

curve set: e.g. case A with different values of I.  
� both with different curve parameters and degree of fluid-fluid 

interaction (all curves unify). 

It can be noted that the time scales τ greatly exceed the time scale 
when the validity of the scaling terminates. Consistently with Schmid 
and Geiger (2012) this seems to occur around 0.01 τ with some variation 
(the simulation results were hence plotted until 0.1 τ). The scaling based 

Fig. 7. Saturation distributions calculated for different I and μo with the analytical solution for co- and counter-current relative permeabilities evaluated at t ¼ tco
c 

where tco
c is the time when the front of the model with co-current relative permeabilities reaches the no-flow boundary. 
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on the analytical solution can be used to effectively estimate the 
magnitude of viscous coupling if SI tests are performed using different 
viscosity combinations on porous media where relative permeability 
and capillary pressure is measured under reference conditions. Exam-
ples of such a work using an explicit time scale is demonstrated in 
Standnes and Andersen (2017) where viscous coupling was used to 
explain non-standard experimental trends. 

Although the presented analytical solution is valid only until the no- 
flow boundary is encountered a natural extension could be done 
following March et al. (2016) where an additional time scale was 
applied in an exponential solution overlapping with the analytical 

Fig. 8. Recovery factor calculated for different I and μo with the analytical solution for co- and counter-current relative permeabilities from 0 to 200 h. Note that the 
solutions are extrapolated beyond tc such that the late time behavior is not properly reflecting a closed system. The base case is compared to numerical solutions. 

Table 2 
Input parameters used for scaling example.  

Case α β Iw  Io  I τ  

(� ) (� ) (� ) (� ) ((Pa s)-1) (hrs) 
A 0.5 � 1 20 1 0, 5000, 25000 5130, 7090, 14500 
B � 1 0 10 15 0, 5000, 25000 14100, 16200, 24300 
C 0 � 2 2 2 0, 5000, 25000 3690, 6370, 15600  

Fig. 9. Recovery factor of mobile oil plotted vs time (left) and scaled time (right) for cases A, B, C (see Table 2) with different fluid-fluid interaction coefficients I 
(reported in units (Pa s)-1). 
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solution at the end of the infinite-acting behavior. This is however an 
approximation of recovery behavior only and does not suggest the 
development of the in situ saturation profiles. 

It can also be mentioned that the analytical solution is valid only 
under 1D linear flow. Scaling behavior on more general geometries (e.g. 
core plugs) can be done by replacing the length L with a characteristic 
length LC (Shouxiang et al., 1997): 

LC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vb

Pn
i¼1Ai

�
lAi

s

(77)  

where Vb is the sample bulk volume, Ai the area of a given boundary 
surface, lAi the distance to its nearest no-flow boundary and n the 
number of such surfaces. Meng et al. (2019) used dynamical interpola-
tion between two characteristic lengths to improve the geometrical 
scaling for a 2D system with different boundary conditions. Scaling of 
the full SI process (until ultimate recovery) often assumes a unique time 
scale and relatively similar recovery profiles. This can be based on 
characteristic mobilities Zhou et al. (2002); Standnes and Andersen 
(2017) or averaging the capillary diffusion coefficient. The variation in 
scaled profiles due to geometry and late vs early time regimes is often 
considered negligible compared to unscaled variations where geomet-
rical dimensions, capillary forces and fluid mobilities have the main 
focus. 

5. Discussion 

The viscous coupling mechanism is often overlooked in modelling 
and prediction of multiphase flow processes although derivations from 
momentum equations indicate that friction between fluids flowing 
simultaneously can have an impact. Most simulation approaches rely on 
the extended Darcy model where the relative permeability approach 
Muskat et al. (1937) is used. Our results show that even if generalized 
modelling tools are not available, viscous coupling can be accounted for 
since the generalized model reduces to the conventional relative 
permeability formulation if a dominant co-current or counter-current 
flow regime can be assumed. 

Even with significant viscous coupling; as long as we have co-current 
flow it makes sense to apply the co-current relative permeability 
formulation and if the viscosities are the same the formulas are identical 
under measured and predicted conditions. The same is true for counter- 
current flow although these relative permeabilities are more difficult to 
measure. On the other hand, our simulations have demonstrated that if 
flow conditions being predicted are not the same as used when 
measuring relative permeabilities in the laboratory, viscous coupling 
can lead to significant differences between predicted and true behavior. 
Viscous coupling is not directly measured during most experimental 
programs and is implicitly incorporated into the effective output. This 
underlines the importance of measuring relative permeabilities at 
representative conditions. Missing quantification of the viscous coupling 
is partly because a unique parameterization of a generalized model is 
challenging, perhaps especially under counter-current conditions. 
Experimental conditions and workflows should be planned carefully to 
measure functional relations of generalized mobilities as function of 
saturation and viscosities. If viscous coupling is negligible, viscosity or 
flow direction will not affect the relative permeabilities, while otherwise 
it will have an effect. Darcy approach assumptions are consistent with 
the former behavior, but the presented derivation from momentum 
equations in this work illustrates that one should be open for the pos-
sibility that such a dependence exists. 

In this work we demonstrated that counter-current relative perme-
abilities could be derived under zero net flux conditions. It was shown 
that these functions always were reduced compared to co-current rela-
tive permeabilities derived under equal and same direction phase 
pressure gradient conditions, even at the end points, but remained non- 
negative. Previous works Standnes et al. (2017); Qiao et al. (2018); 

Andersen et al. (2019a) derived counter-current relative permeabilities 
under equal, but opposite directed phase pressure gradients. The curves 
derived under those conditions were shown to become negative at low 
saturations since a strong momentum transfer could lead a phase to 
travel in opposite direction of what its pressure gradient would suggest. 
Also, those conditions implied no change in the end points if the same 
modelling assumptions as here were applied. Standnes et al. (2017) also 
assumed that the fluid-fluid interaction term depended on the absolute 
saturations and not the normalized saturations (as used for the fluid-rock 
terms). The relative permeability end points were still equal between 
flow modes, but depended on the viscosity of the immobile phase and 
the fluid-fluid interaction coefficient (as also obtained here for 
counter-current flow), but specifically depending on the residual satu-
ration indicating how much interface between the fluids there would be 
to interact. Wang et al. (2006) observed experimental trends that could 
suggest viscosity has impact on relative permeability end points. 
Standnes and Andersen (2017) also showed that viscous coupling could 
account for systematic trends in SI time scales with viscosity not 
captured by standard models. 

In addition to strictly co- or counter-current flow regimes, there are 
many cases where forced displacement can be significantly affected by 
capillary forces such as in core flooding (Geffen et al., 1951; Richardson 
et al., 1952; Andersen et al., 2019b). Assuming that the injection rate 
∝ 1ffiffi

t
p , Wang and Sheng (2018) derived analytically that xðswÞ∝G’ðswÞ

ffiffi
t
p

where G is a function that converges to fw in advection dominated cases 
and F in capillary dominated cases. This particular flow regime could be 
a case where the generalized model could be represented using con-
ventional approaches with generalized relative permeabilities. 

The role of viscous coupling depends on the flow mode and how 
conditions change from the reference state. Viscous coupling limits how 
easily fluids can travel past each other. During co-current flow that was 
seen by relative permeabilities being adjusted to produce a straight line 
fractional flow function as viscous coupling increased, indicating that 
both fluids travel as a single mixture with same speed. For displacement 
of oil the viscous coupling effect appears to result in more favorable 
displacement of oil by water flooding. If the viscous coupling in the 
reservoir is strong in the reservoir than in the laboratory, more favorable 
displacement can take place, and vice versa. For counter-current 
displacement stronger viscous coupling generally reduced the imbibi-
tion rate. The impact of flow regime is reflected in lower relative per-
meabilities when switching from co-to counter-current flow. Hence, 
application of relative permeabilities to model SI processes should be 
quality checked and adapted to experimental data. 

6. Conclusions 

Under co-current or counter-current flow conditions have shown that 
generalized models effectively can be reduced to conventional models 
using flow regime-dependent relative permeabilities, so-called general-
ized relative permeabilities. In this work we have extended previous 
formulations of generalized relative permeabilities to cover counter- 
current relative permeabilities based on zero net flux, which is repre-
sentative of counter-current spontaneous imbibition setups. The 
counter-current relative permeabilities were compared with previously 
derived co-current relative permeabilities. The relative permeability 
expressions can be used to construct functions representing the behavior 
of a generalized model if the flow mode is strictly co- or counter-current 
and can transfer curves from one flow mode to the other. It was shown 
that:  

� When viscous coupling is accounted for, the counter-current relative 
permeabilities are always lower than the co-current relative perme-
abilities, and nonnegative. Especially, the end points are also 
reduced depending on fluid viscosities and strength of fluid-fluid 
interaction. In comparison, relative permeabilities derived under 
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equal, but opposite pressure gradients were in Standnes et al. (2017) 
found to have negative values for low saturations and equal end 
points as the co-current relative permeabilities.  
� Both oil and water relative permeabilities were reduced by the same 

saturation dependent coefficient when the flow was changed from 
co-to counter-current. That result does not depend on the specific 
generalized model we have used, but appears to depend on the 
assumed equality of the cross-term mobilities (Onsager’s relation). 

The generalized relative permeabilities were implemented into 
analytical solutions relevant for the flow regimes they were valid for. 
Hence, analytical solutions for forced and spontaneous imbibition were 
presented that account for viscous coupling. It was seen that:  

� Viscous coupling contributes to reduce velocity differences between 
the fluids. During forced imbibition stronger viscous coupling leads 
to more favorable oil displacement. During spontaneous imbibition, 
stronger viscous coupling leads to lower imbibition rate.  

� The analytical model for SI was derived for a semi-infinite medium, 
but validated by comparison with a numerical model with closed 
inner boundary. The solutions were identical until the no-flow 
boundary was met.  
� A universal scaling was developed for SI that accounts for viscous 

coupling and arbitrary generalized model input parameters. Recov-
ery factor results scaled with this solution overlap on a square root of 
time curve until no-flow boundary conditions occur. 
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Nomenclature 

a1;a2; c;k1;k2 Correlation parameters for J-function, - 
A Inflow parameter for spontaneous imbibition, m/s0.5 
Ci Ratio of counter-to co-current relative permeability, - 
D Capillary diffusion coefficient (m2=sÞ
fw Water fractional flow function, - 
F Fractional flow function for capillary flow 
I Oil/water interaction parameter ðPa⋅sÞ� 1 

Io Oil/solid interaction parameter, - 
Iw Water/solid interaction parameter, - 
J Leverett J-function, - 
k Absolute permeability, m2 

kri Relative permeability 
kmax

ri Relative permeability end point 
bk

co
ri Generalized co-current relative permeability for phase, - 
bk

cou
ri Generalized counter-current relative permeability, - 

x Spatial coordinate along reservoir/core (m) 
L, System length, m 
ni Phase Corey exponent, - 
pc Capillary pressure, Pa 
pi Phase pressure, Pa 
QwðtÞ Cumulative 1D volume of water imbibed (m) 
RF Oil recovery, - 
R Oil/water interaction term (Pa⋅s=m2) 
Ro Oil/solid interaction term, Pa⋅s=m2 

Rw Water/solid interaction term, Pa⋅s=m2 

seq Water saturation where pc ¼ 0, - 
Sf Normalized water front saturation, - 
si Phase saturation, - 
Si Normalized phase saturation, - 
sir Phase residual saturation, - 
swc Connate water saturation, - 
t Time, s 
t� Time when imbibition front reaches boundary, s 
ui Phase Darcy velocity, m/s 
uT Total Darcy velocity, m/s 
uw0 Water flux at inlet during spontaneous imbibition, m/s 
vi Phase interstitial velocity, m/s 
W Generalized mobility term for capillary diffusion (m2=ðPa ⋅sÞ)  

Greek 
α Water-solid interaction saturation exponent, - 
β Oil-solid interaction saturation exponent, - 
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θ Contact angle, rad 
λi Phase mobility m2=ðPa ⋅sÞ
bλi Generalized phase mobility, m2=ðPa ⋅sÞ
bλii Generalized diagonal mobilities, m2=ðPa ⋅sÞ
bλow Generalized cross-term mobility, m2=ðPa ⋅sÞ
bλT Generalized total mobility, m2=ðPa ⋅sÞ
λT Total mobility, im2=ðPa ⋅sÞ
μi Phase viscosity, Pa⋅s 
σow Interfacial tension, N/m 
φ Porosity, - 
φe Effective porosity, -  

Indices 
co Co-current 
cou Counter-current 
i Phase index 
o Oil 
w Water 
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