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ABSTRACT 

This paper presents a new convenient and easy-to-use method to analyze and calculate measurable 
quantities in 1-D counter-current (COUC) spontaneous imbibition (SI) processes. Cumulative water 
imbibed vs time can be calculated both up to and after the water has contacted the no-flow boundary as 
well as the time required to contact the no-flow boundary. The model’s applicability for the whole 
process is a big advantage compared to other models which only are valid before this event. The method 
is developed based on a hypothesis that a frontal advance equation (FAE) also can be established for 1-
D COUC SI processes in line with the Buckley – Leverett method for forced water imbibition. A 
relationship between distance travelled, x, by a diffusing water saturation, Sw, and time of the form, 
x ~ �D(Sw)t, is identified from microscopic theory for diffusion. The proportionality factor between 
distance and time is the square root of the capillary diffusion coefficient, assumed to be constant for a 
given water saturation, Sw. The corresponding cumulative water volume diffusing into the medium for 
the same water saturation, Sw, is calculated from the diffusion equation using the same constant 
capillary diffusion coefficient D(Sw). The final step to establish the FAE is to recalculate the cumulative 
volume of water imbibed to an equivalent distance (ED) waterfront, i.e. the distance travelled by the 
imbibing water phase having the same cumulative volume water imbibed as calculated from the 
diffusion equation. The FAE is similar to the water saturation characteristics in the BL method. The 
results for cumulative water imbibed vs. time is giving a highly accurate approximation when compared 
to analytical solutions (i.e. the McWhorter and Sunada solution), deviating slightly from the correct 
value due to the use of constant diffusion coefficients. The difference can be corrected by a factor in 
the range 1.0-1.24 for the four datasets considered. The conclusion obtained by comparing the FAE 
method result to the only experiment dataset in the literature where all input data are available GVB-3 
(Bourbiaux and Kalaydjian, 1990), is that the new FAE cannot be falsified within the input parameter 
uncertainty range. The FAE method is qualitatively corroborated by the results from four 1-D COUC 
SI cases using synthetic input data as well comparison with many other test results reported in the 
literature. 

 

1. INTRODUCTION 
1.1. Background and Aim. Spontaneous imbibition (SI) of a wetting fluid phase (simply referred to 

as water) into a porous medium saturated with a non-wetting phase (simply referred to as oil but gas is 
also occurring herein) takes place due to capillary action on the pore level1-3. The non-wetting phase 
can in general be any non-aqueous phase liquid not miscible with the aqueous phase. The curvature of 
the non-wetting/wetting interface is decreasing upon increasing volume fraction (saturation) of the 
imbibing wetting phase such that the chemical potential of the total system decreases towards a fluid 
saturation distribution where the average curvature of the water – oil interface is zero. The process is 
spontaneous without any influence of external potentials so the reduction in internal chemical potential 
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on the way towards equilibrium is balanced by viscous dissipation in the flowing fluids. SI can occur 
in two different flow modes referred to as co-current and counter-current (COUC). In the former, the 
imbibing water and displaced oil are moving in the same direction whereas in the latter case, both phases 
are always moving in opposite direction. COUC SI is an important process1-26 occurring in nature and 
in many technical processes ranging from extraction of crude oil from subterranean reservoirs, transfer 
of ink to paper in printers and the use of porous media for clean-up, absorption of non-aqueous phase 
liquid, CO2 sequestration and the relative movement of water and air in soils.  

We briefly describe the main features related to 1-D COUC SI test which is the focus of this work. 
Tests are normally performed using oil as the non-wetting phase and water as the wetting phase2,11-16 

according to the set-up in Fig. 1. Many papers also report experiments where gas was used as the non-
wetting phase17-20. Some researchers have also used oil as the imbibing wetting phase together with air 
as the non-wetting phase19. The main modelling assumptions related to the 1-D COUC SI setup in the 
literature and in this work are as follows: The geometry considered is a horizontal rock sample with no-
flow boundaries both opposite the entry face and laterally meaning that the imbibing water always is 
flowing in the opposite direction of the expelled oil. The porous medium is assumed homogenous with 
constant porosity and absolute permeability. The fluids as well as the rock are considered 
incompressible and the fluids totally immiscible. All cases are assumed to take place under isothermal 
conditions, so the fluid viscosities and densities, interfacial tensions and rock wettabilities are constant 
throughout the process. It is furthermore assumed that the rock sample is initially saturated with a high 
fraction of the non-wetting phase equivalent to a water saturation, Swi, is totally submerged in the 
wetting phase at t = 0. Hence, the spontaneous flow of wetting phase into the porous medium is taking 
place in such a way that the volume of wetting phase imbibed exactly equals the non-wetting phase 
expelled out due to the incompressibility conditions mentioned above. The height of the rock sample is 
assumed short, so the impact of gravity is assumed negligible. The water saturation in the porous 
medium when the capillary forces have vanished is Ss. It will be assumed for simplicity that this 
saturation is identical to maximum mobile water saturation (1 - Sor), as obtained after a subsequent 
forced displacement. 

 

 

Figure 1. Geometry for the 1-D counter-current spontaneous imbibition process where water is 
imbibing through the open boundary from left to right expelling oil the opposite way. The initial water 
saturation is Swi and final saturation after SI has ceased is Ss. The length of the rock sample from the 
entrance face to the no-flow boundary is LR and the cross-sectional area is ACR.  

 

In all tests, cumulative water imbibed or as a fraction of maximum water imbibed typically increases 
proportional to square root of time until the water contacts the no-flow boundary at which time the 
cumulative water imbibed rate decreases significantly. That is, cumulative volume of water or expressed 
as fraction of maximum water imbibed (or fractional recovery of non-wetting phase) is a straight line 
when plotted vs. square root of time during the pre-contact period. It is important to note that the fraction 
of cumulative water imbibed when the imbibing water first contacts the no-flow boundary typically is 
in the range from approximately 0.7 (absolute saturation value) and above for very strongly water-wet 
porous media18,19,21-26. The fractional volume imbibed is even higher, close to unity, if gas is used as the 
non-wetting phase due to its very low viscosity causing an almost piston-like displacement of this phase 
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by water18. Deviation from the straight line when plotting fractional volume of water imbibed vs. square 
root of time is observed when the water contacts the no-flow boundary, whereupon the rate of water 
imbibition is significantly reduced. The time required for the imbibing water phase to contact the no-
flow boundary and the corresponding water saturation in the rock sample at that time, are two very 
important quantities in 1-D COUC SI tests since they are directly measurable. The period required to 
expel the remaining non-wetting phase in the post-contact period can be considerable compared to the 
time required to transport the imbibing water to the no-flow boundary.  

The theoretical models developed to describe 1-D COUC SI, all suffer from the limitations that 
they only are valid up to the point when the imbibing waterfront contacts the no-flow boundary. This 
also includes the method developed by McWhorter and Sunada9 (MS) based on McWhorter10, recently 
improved by Schmid and Geiger6. This solution has become the standard for the two-phase 1-D COUC 
SI process with some recent significant improvement in terms of boundary condition interpretation6 and 
numerical solution efficiency27. Specifically, the MS approach assumed a boundary condition for the 
inlet water flux qw as qw(x = 0, t) = At−

1
2 where A is a constant. This assumption is still valid even 

for non-linear diffusion28 for the initial and boundary condition for the 1-D COUC SI process. Schmid 
et al.29 showed that this condition was not a restriction, but consistent with the mathematical equations 
and fixed saturation boundary condition used to model COUC SI. They derived an effective fractional 
flow function F(Sw) such that each saturation was displaced with time given by x(Sw) = 2A

ϕ
F′(Sw)t

1
2  

and the cumulative imbibed water Qw was then given by Qw(t) = 2ACSAt
1
2. Here ACS is the cross-

sectional area of the medium. F(Sw) can be calculated from an implicit integral equation involving 
D(Sw), while A then can be calculated from F(Sw) (see APP. for a description of the algorithm used). 
Other authors have also provided solutions under different conditions11,30-33 or by simulations34-36. A 
semi-analytical method was developed by Abd et al.1, where the square root of time scaling was 
proposed ad hoc to derive an equation to describe counter-current imbibition numerically. More 
sophisticated models for COUC SI also accounting for non-equilibrium effects have been proposed, see 
e.g.23,37. Now, the phenomenon of diffusion is per definition a non-equilibrium process driven by 
gradients in chemical potential and quantified by the magnitude of the diffusion coefficient. For the 
case of imbibition, changes in chemical potential are caused by reduction of interfacial energy stored in 
the oil-water interface originally established by applying external energy to the system (a drainage 
process). It is therefore assumed herein that standard diffusion theory is applicable to describe the 
spontaneous imbibition process until empirical data indicate otherwise (principle of Occam’s razor).  

The aim of the current paper is to present a new convenient and easy-to-use method referred to as 
the frontal advance equation (FAE) method to interpret and estimate measurable quantities in 1-D 
COUC SI processes. These quantities include e.g. cumulative water imbibed vs. time, the time and 
water saturation when water contacts the no-flow boundary and the decline in rate of imbibition in the 
post-contact period. The new FAE method is developed based on that 1-D COUC SI is described by a 
diffusion-like equation and the hypothesis that a FAE can be identified for this process in line with the 
Buckley – Leverett (BL) method for forced imbibition38. The method bears similarity to the MS method, 
i.e. there should be a function G such that x(Sw) = G(Sw)t1/2. A relationship between distance 
travelled, x, by a diffusing substance and time can according to microscopic theory for diffusion be 
expressed as, x ~ �DMt, where DM is the diffusion coefficient for the actual process considered (see 39 
or any other book in statistical physics). For the case of 1-D COUC SI, the relationship becomes, 
x ~ �D(Sw0)t, in which D(Sw0) is the capillary diffusion coefficient (see eq. (4) later). The capillary 
diffusion coefficient, D(Sw0) appearing in the proportionality factor is assumed to be constant for a 
given value of the water saturation, Sw0. On the other hand, 1-D COUC SI processes are on the 
macroscopic level (see eq. (1) later) described by a diffusion equation with fixed initial and boundary 
conditions. The solution of the diffusion equation using the fixed diffusion coefficient, D(Sw0), gives a 
distribution of imbibing water phase in space and time from which cumulative water imbibed for a 
particular water saturation, Sw0, can be determined analytically by integration. The cumulative water 
volume for the specific water saturation, Sw0, is used to give an equivalent distance (ED) xED, i.e. the 
distance travelled if the saturation profile has the uniform value of the imbibing water saturation Sw0. 



4 

 

This provides a characteristic (distance-time relation with constant saturation) for each mobile 
saturation with a positive capillary pressure. Hence, the FAE concept is equivalent to the water 
saturation characteristics concept used in the conventional BL method. Thus, similar calculation 
procedures as used for the conventional BL method will also apply when using the FAE for 1-D COUC 
SI processes. Especially, a front saturation is derived from mass conservation and a continuous 
saturation profile behind the front is produced. The time to reach the no-flow boundary is estimated. 
The model is also used to assess the development of the water saturation profile after the waterfront has 
contacted the no-flow boundary based on BL principles assuming that each characteristic travel 
undisturbed until it reaches the no-flow boundary. The semi-analytical MS method will be used for 
reference to calculate exactly the cumulative water imbibed vs. time in 1-D COUC SI process. Due to 
the proportionality with square root of time (of both profiles and production), a correction factor can be 
introduced to bring our presented approximate solution in complete agreement with the exact solution.  

The rest of the paper is organized in the following way. Following this subsection, another 
subsection follows which describes in more detail the idea, hypothesis and framework related to the 
FAE concept. The theory section follows where all details about the FAE method development will be 
outlined. In the Results and Discussion section, results from using the FAE method for four synthetic 
dataset cases will be presented. Additionally, the FAE method will be used to match experimental 1-D 
COUC SI behavior for the only complete datasets in the literature where all input data are available for 
model testing and comparisons (Bourbiaux and Kalaydjian12). The status of the main hypothesis will be 
assessed therefrom, falsified/corroborated. A discussion of the main uncertainties related to the new 
FAE method is presented in the discussion before the conclusions from the work is listed in the last 
paragraph.  
 

1.1 Mathematical formulation of the 1-D COUC SI problem. The problem we wish to solve is the 
nonlinear diffusion equation: 
∂Sw
∂t

= ∂
∂x
�D(Sw) ∂Sw

∂x
�         (1) 

with initial condition:Sw(x, t = 0) = Swi      (2) 

and boundary conditions: 

Sw(x = 0, t) = SS 𝜕𝜕𝑥𝑥Sw = 0 at (x = LR)      (3) 

In the above, Sw is water saturation, t time, x spatial coordinate and D(Sw) the capillary diffusion 
coefficient given by: 

D(Sw) = −K
ϕ
kro
μo

f(Sw) dPc
dSw

        (4) 

Here K is absolute permeability, ϕ porosity, kro relative permeability to oil, μo oil viscosity and Pc 
capillary pressure conventionally defined as the pressure in the oil phase minus pressure in the water 
phase. Furthermore, f(Sw) is the fractional flow function known from BL two-phase displacement 
theory given by: 

f(Sw) =
krw
μw

krw
μw

+kroμo
         (5) 

where krw is relative permeability to water and μw water phase viscosity.  
 

1.2. Idea, Hypothesis and Method Framework. A major feature of the BL method is that it can quantify 
the development of the water saturation in a confined oil reservoir, initially containing oil and water, 
throughout the whole process. Water is injected into the reservoir and oil and water can be produced 
from a production well. 100 % oil is produced until water breakthrough occurs. The water saturation in 
the production well at water breakthrough is equal to the water shock front saturation. The BL method 
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can additionally quantify the development of the oil and water production after water breakthrough to 
the point in time where only water is produced. This is possible since the BL frontal advance equation 
given as, 

x = q
ACSϕ

� df
dSw

� ∙ t           (6) 
 
describes the distance each water saturation is moving along each water saturation characteristic vs. 
time. Since each water saturation characteristic is moving with its own velocity, the arrival time and 
hence the development of the water saturation in the production well can be calculated at any point in 
time. It should be noted that the injected water and displaced oil are moving in the same direction, so-
called co-currently, when considering forced imbibition. In eq. (6), x is the position of a particular water 
saturation characteristic at time t, ACS the cross-sectional area of the reservoir, q is water volume 
injection rate and � df

dSw
� is the dimensionless velocity for a given water saturation.  

The FAE method developed in this paper is based on the idea that the phenomenon of diffusion, 
i.e. spreading of matter caused by gradients in the chemical potential, on the microscopic level is 
described by Brownian motion theory. From this theory, the mean displacement of a diffusing Brownian 
particle is given by39, 

x ~ �2DM ∙ √t           (7) 

Here, DM is the diffusion coefficient for the process considered and it determines the propagation 
velocity of the diffusing substance. It is therefore hypothesized that eq. (7) can be used to establish a 
relationship between distance travelled and time for a 1-D COUC SI process in line with the BL frontal 
advance equation (eq. (6)), although the dependency in eq. (7) is proportional to square root of time 
instead of time. The idea is that the distance travelled by a given water saturation in a 1-D COUC SI 
setting is given by the magnitude of the corresponding capillary diffusion coefficient evaluated at that 
water saturation. In the BL method, the distance travelled by the water saturation is proportional to the 
dimensionless velocity, � df

dSw
�. In analogy, the distance travelled by the water saturation in 1-D COUC 

SI is proportional to the square root of the capillary diffusion coefficient, D(Sw). The main gain by 
establishing an analogy to the BL method is that the new FAE method will describe the development 
of water saturation for all times. Furthermore, well-established BL calculation procedures are 
immediately available to calculate cumulative water imbibed vs. time throughout the whole SI process.  

Now, eq. (7) describes the relationship between distance travelled and time for a substance 
diffusing with a diffusion coefficient DM. To quantify the relationship between distance travelled and 
the cumulative volume of water imbibed, a relationship between cumulative water imbibed and time is 
required. 1-D COUC SI obeys a diffusion-type equation4,6,35,40,41 on the macroscopic level with 
appropriate initial and boundary conditions given by eqs. (1)-(3). Eq. (1) describes non-linear diffusion 
since the capillary diffusion coefficient D(Sw) given in eq. (4) obviously is depending on water 
saturation through the saturation dependent flow functions41 krw, kro and dPc

dSw
. The idea now is to use 

the diffusion equation in eq. (1) to calculate cumulative water imbibed into the porous medium for each 
water saturation in the mobile saturation range. Because eq. (1) is non-linear, its solution can only be 
given semi-analytically by e.g. the MS solution procedure. To obtain an analytical expression for 
cumulative water imbibed where the relationship between all parameters involved is shown explicitly, 
the linear version of eq. (1) (constant capillary diffusion coefficient) will be used since an analytical 
solution exists for this case. The use of a constant diffusion coefficient evaluated for each separate water 
saturation Sw0 such that, Swi < Sw0 < SS, is evaluated to give explicit solutions which are recombined 
to give a solution to the general problem eq. (1). The details are explained in the next section. As will 
be seen this approach gives quite accurate results for cumulative water imbibed but induces an error 
compared to the exact solution which depends on the shape of the capillary diffusion coefficient vs. 
water saturation. Hence, a correction factor N will be introduced to bring the cumulative water imbibed 
according to the new FAE method in complete agreement with the exact water volume imbibed 
calculated using the MS solution procedure, if accurate results are required.  
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2. DEVELOPMENT OF FRONTAL ADVANCE METHOD TO INTERPRET 1-D COUNTER-CURRENT 
SPONTANEOUS IMBIBITION PROCESSES 

The main development steps of the solution procedure will be outlined in these sections. The 
development of the new FAE method comprises two main steps. We first establish a new characteristic, 
i.e. a functional relation between distance and time for a specific water saturation. This will be based 
on the mean distance xED water would have diffused with fixed inlet saturation Sw0 and constant 
diffusion coefficient D(Sw0). These combined saturation vs. distance profiles give explicit expressions 
for cumulative water volume imbibed, saturation profile and front, breakthrough time and behavior 
before and after reaching the boundary. In other words, a FAE for 1-D COUC SI processes. 

2.1. The Relationship between Distance Travelled, Volume Imbibed, Equivalent Distance and the 
Capillary Diffusion Coefficient.  

Diffusion processes are fundamentally the consequence of molecular level processes which can 
be described phenomenological on the microscopic level by Brownian motion theory42-44. Hence, eq. 
(7) above gives the relationship between a representative distance travelled, x(t, Sw0), for a specific 
water saturation value, Sw0, diffusing into a porous medium as a function of time as,  

x(t, Sw0) =  C�D(Sw0)t         (8) 

Displacement length, x, is here only a function of time since the value of D(Sw0) is determined for a 
given fixed value of the water saturation Sw0. C is a proportionality factor which will be determined 
later. Hence, distance travelled, x(t, Sw0), by each water saturation in the mobile water saturation range 
assumed to be in the range from Swi = 0.2 to Ss = 0.68 herein where D(Sw0) ≥ 0, is proportional to 
respective values on the curve given in Fig. 2. Now, to calculate analytically cumulative water imbibed 
into the porous medium for each water saturation, Sw0 in the range from Swi to SS, the linear version of 
the diffusion eq. (1) will be used given as, 
∂Sw
∂t

= D(Sw0) ∂
2Sw
∂x2

          (9) 

 

 
Fig. 2. Mobile water saturations 0.2 – 0.68 plotted vs. square root of the capillary diffusion coefficient 
defined by eq. (4).  

 

The analytical solution to eq. (9) describes how the water saturation, Sw(x, t), varies in space and time 
away from a source with constant fixed water saturation value, Sw0, higher than the initial water 
saturation, Swi. It is given as a complementary error function (erfc)28, 
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Sw(x, t) = (Sw0 − Swi) ∙ erfc � x
2�D(Sw0)t

�+ Swi     (10) 

For known D(Sw0), eq. (10) describes water saturation vs. distance from the source for different times 
as illustrated in Fig. 3. This example has, for simplicity, maximum water saturation SS = 1 and initial 
water saturation, Swi = 0. Cumulative water imbibed into the medium increases with time and a final 
water saturation of Sw = 1 will be obtained everywhere after a very long period. Using the properties 
of self-similarity could gather these profiles to one, but do not add any advantage when combining the 
contributions from solutions originating from different Sw0 since each water saturation has a 
corresponding diffusion coefficient different in magnitude. Also, the relationship to the BL procedure 
is a major point of the current work. 

 

 
Figure 3. The analytical solution (eq. (10)28) to linear 1-D COUC flow of water and non-wetting phase 
showing water saturation vs. distance from the source located on the y-axis for different times. Input 
parameters: D(Sw0) = 0.01m2/s , SS = 1, Sw0 = 1 and Swi = 0. 

 

Having an analytical expression for variation of water saturation in space and time (eq. (10)) allows for 
determination of cumulative water imbibed under the assumption of constant diffusion coefficient 
evaluated for each water saturation, Sw0. It is given as the area under the water saturation profiles above 
the initial saturation, as shown in Fig. 3. The area can be found by integrating the water saturation 
profile in eq. (10) analytically from distance zero to infinite. In the expression below, ACS, is the cross-
sectional area of the porous medium perpendicular to the saturation profile. Hence,  

Cumulative volume water imbibed = ACS ∫ Sw(x)dx∞
x=0   

= ACS ∫ (Sw0 − Swi) ∙ erfc � x
2�D(Sw0)t

�dx∞
x=0   

= ACS(Sw0 − Swi) �x ∙ erfc � x
2�D(Sw0)t

� − 2�D(Sw0)t e
− x2
4D(Sw0)t

√π
�

0

∞

= ACS
2(Sw0−Swi)�D(Sw0)t

√π
  (11) 

As shown in Fig. 3, diffusive processes are featured by spreading of e.g. particles or water out 
in space from a source as a function of time. The source has a constant value equal, Sw0, throughout the 
process for the cases studied. Hence, the displacement length referred to above, x(t, Sw0) in eq. (8), is 
therefore not a well-defined quantity. To obtain well-defined water saturation positions for each 
diffusing water saturation, Sw0, shown in Fig. 3, the cumulative volume of water imbibed vs. time 
determined from the analytical solution (eq. (10)) will be used to define an equivalent distance (ED) 
water, xED, for each water saturation, Sw0. This is performed by equating cumulative water volume 
imbibed determined from eq. (10) at time t to a rectangular step water saturation profile with height 
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equal to Sw0 − Swi, and width equal to the ED value xED. This will ensure preservation of volume of 
water imbibed at all times, 

xED(t, Sw0) ∙ (Sw0 − Swi)ACS = 2(Sw0−Swi)�D(Sw0)t
√π

ACS     (12) 

Hence, 

xED(t, Sw0) = 2
√π
�D(Sw0)t         (13) 

so, the proportional factor C = 2
√π

 in eq. (8). This calculation is illustrated in Fig. 4 where xED, is the 
distance from x = 0 to the position x ≈ 1.13, over which the area with constant saturation height equal 
to Sw0 − Swi gives the same area as the area imbibed determined from the diffusive solution (eq. (10)). 

 

 

Figure 4. Determination of xED. The area below the diffusive water saturation profile (eq. (10)), 
corresponds to cumulative water imbibed at t = 100 s (input parameters: D(Sw0 = 1) = 0.01 m2/s, 
SS = 1, Sw0 = 1 and Swi = 0. The ED, xED, is the distance from x = 0 to the black vertical line at  
xED ≈ 1.13 m determined such that the rectangle, (Sw0 − Swi)xED, has the same area as the blue shaded 
area below the blue curve.  
 

For each specific water saturation value, Sw0, xED varies according to eq. (13) only with square root of 
time since the magnitude of D(Sw0) is fixed for a known given water saturation, Sw0. Hence, the ED 
vs. time, can finally be expressed explicitly substituting the terms in eq. (4) for the capillary diffusion 
coefficient into eq. (13) so, 

xED(t, Sw0) = N 2
√π
�K
ϕ
∙ �� krokrw

μokrw+μwkro
∙ �dPc

dSw
�
Sw0

∙ √t     (14) 

where Sw0 varies in the mobile water saturation range from Swi to Ss. Eq. (14) also contains a correction 
factor N (independent of Sw0) introduced to compensate for the possibility that using a constant 
diffusion coefficient for each water saturation, Sw0, only gives an approximate value for cumulative 
water imbibed even when combining the contributions from all saturations Sw0. The correction factor 
can, for any case studied be calculated by comparing the combined solution with the exact MS solution 
where a value of N = 1 implies a perfect correspondence. A correlation will be presented later giving 
values for N depending on the shape of the capillary diffusion coefficient.  

Eq. (14) is the key expression established herein as it represents the FAE for 1-D COUC SI 
processes, analogous to the BL frontal advance equation for forced imbibition (eq. (6)), i.e. it provides 
a characteristic for a specific saturation such that the position with time of that saturation can be 
calculated. Since any xED(t, Sw0) is proportional to the square root of time, so will any combination of 
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these solutions which is a result in line with empirical data for 1-D COUC SI of water into oil-saturated 
porous media2,6,7,11-14,16,17,19,20,24,29,45-47 where production is seen to follow a root of time behavior. Hence, 
the square root of imbibition time behavior is not assumed herein as a boundary condition but follows 
directly from microscopic diffusion theory. Eq. (14) further emphasizes the importance of the capillary 
diffusion coefficient, D(Sw0), when considering 1-D COUC SI processes, as it contains all the 
information required to link the ED, xED, for each propagating water saturation to imbibition time. All 
variables in eq. (14) are standard and can be measured independently except the correction factor N 
appearing because of the assumption of a constant capillary diffusion coefficient. Eq. (14) expresses the 
location, xED, for each saturation calculated as described and can be plotted in the range from Swi to Ss 
at a given time as shown in Fig. 5. This distribution of saturations vs. their ED positions, xED, presents 
the combined estimate of the saturation profile and its area (sketched in the figure) equal to the 
cumulative water imbibed per unit cross-sectional area.  

 

Figure 5. ED water saturations travelled for all water saturations between Swi = 0.2 and Ss = 0.68 at 
time t = 12,000 s calculated from eq. (14) with input data given in Table 1 for the SWW case.  

 

Since the FAE (eq. (14)) can give a curve which has a maximum position for an intermediate water 
saturation (as in Fig. 5), it requires the introduction of an ED water front position, xEDf , and front 
saturation SSF since physical arguments require that only one saturation can be present at the same 
location at the same time. Using the principles of mass (volume) conservation and front velocity equal 
to the front saturation velocity, as in conventional BL fractional flow analysis48, we obtain the location 
xEDf  and saturation SSF of the shock waterfront for 1-D COUC SI. Graphically, this can be performed 
by ensuring that the two shaded areas in Fig. 6 are equal, where the black curve vertical line represents 
the ED water front. 
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Figure 6. Calculation of ED water front, xEDf , at t = 12,000 s from eq. (14) using input parameters in 
Table 1 for the SWW case. The front is located such that the two shaded areas are equal. The water 
saturation behind the ED front increases from the front water saturation, SSF = 0.66, up to the maximal 
water saturation, Ss = 0.68. 

 

2.2. Calculation of Cumulative Water Imbibed at Early and Late Times. The idea now is to apply 
the curve Sw vs. xED(Sw) to quantify cumulative water imbibed vs. time until the SI process ceases. 
Additionally, the time required for the water phase to contact the no-flow boundary, tR, will be 
determined. Early time (ET) will in the following refer to t < tR whereas late time (LT) is the period 
t > tR. At early time (before BT) cumulative (volume) water imbibed, RV_ET, is given by considering 
the area under the imbibed profile: 

RV_ET = ACSNϕ(SSF − Swi)xEDf + ACSNϕ∫ xEDdSw
SS
SSF

      (15) 

Similarly, fraction of maximum cumulative water uptake (RET), is given by: 

RET = N
(SSF−Swi)xED

f +∫ xEDdSw
SS
SSF

(SS−Swi)LR
        (16) 

Introduction of the ED shock front water saturation also allows for calculation of the time, tR, required 
for the ED shock front to arrive at the no-flow boundary. Hence, from eq. (14) with water saturation 
equal to the ED shock front saturation, SSF, gives, 

tR = π
4
ϕ
K

LR
2

N2� krokrw
μokrw+μwkro

dPc
dSw

�
SSF

        (17) 

tR is a very important quantity related to 1-D COUC SI processes as it is directly measurable. The curve 
for cumulative water imbibed (or as fraction of water imbibed to the maximum water volume) vs. square 
root of time is deviating from a straight line when the imbibing water phase contacts the no-flow 
boundary. Hence, all 1-D COUC SI models should from an empirical point of view, be able to predict 
both the value of tR and a water shock front saturation that agrees with the experimentally observed 
average water saturation. 
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Figure 7. Predicted water saturation profiles at different times (focusing on the saturations above 0.6). 
Swi = 0.2, SSF = 0.66 (dotted red horizontal line) and Ss = 0.68. Left of the no-flow boundary, saturation 
profiles with a shock front are depicted at four different times propagating proportionally to the square 
root of time towards the right. The water saturation at the no-flow boundary LR after the shock front 
contacts this boundary is called S∗. The process will continue until S∗ equals Ss.  

 

Existing models for 1-D COUC SI cease to be valid when the imbibing water phase contacts the no-
flow boundary. Since the BL methodology is assumed to apply for the movement of each water 
saturation throughout the whole process, cumulative water imbibed in the post-contact period is 
calculated by assuming that all ED front positions, xEDf , for water saturations that have not reached the 
no-flow boundary, continue undisturbed, and stop when they sequentially reach the no-flow boundary. 
It then follows that cumulative water imbibed for late times (after the ED water shock front has reached 
the no-flow boundary), RV_LT, is equal to the volume added by the profile of the saturations that have 
reached the boundary and volume contribution of the remaining saturations that have a continuous 
profile extending from the boundary, 

RV_LT =  ACSϕLR(S∗ − Swi)LR + ACSNϕ∫ xEDdSw
SS
S∗       (18) 

Here, S∗, is the highest water saturation located exactly at the no-flow boundary of the porous medium. 
It is defined as the saturation higher than SSF which has position exactly equal to the no-flow boundary 
at that time. As the water saturations above the ED shock front saturation continuously arrive at the no-
flow boundary, S∗ will increase with time, see Fig. 7. The 1-D COUC SI process ceases when S∗ finally 
equals SS. The fraction of maximum uptake of water during the late time period, RLT, is then given by: 

RLT =
�(S∗−Swi)LR+N∫ xEDdSw

SS
S∗ �

(SS−Swi)LR
        (19) 

RLT will be identical to unity when the xED corresponding to the saturation Ss, has reached LR. The 
expressions in eq. (16) and (19) give cumulative water imbibed as a function of time for both early and 
late time (RET and RLT), respectively. Hence, expressions for calculating cumulative water imbibed or 
recovery numbers for the whole 1-D COUC SI process are established. Together with the illustration in 
Fig. 7 they explain experimentally observed trends of early time square root profiles with time of 
cumulative water imbibed and late time trends deviating from this as well as observations of front-like 
displacement from saturation imaging19-21,23,24,45,46,49-54. At early times, all water saturations in the range 
from Swi to Ss are moving with square root of time, hence so does cumulative water imbibed. In the 
period after the ED shock front contacts the no-flow boundary, the only water saturations moving and 

S∗ 
xEDf  

SSF 

LR 
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contributing to increased water saturation in the medium are those with value higher than the ED shock 
front saturation. The saturations in the range Swi to S∗ no longer contribute since they already have 
reached the no-flow boundary. But since the range of saturation with distances xEDf  traveling towards 
the no-flow boundary is decreasing with time, the cumulative water imbibed will increase slower than 
with the square root of time.  

It should finally be noticed that all cumulative volumes presented here were calculated by 
numerical integration (saturation resolution of 1 ∙ 10−4) of the ED front position profiles vs. distance 
using the simple trapezoid rule55. 

3. INPUT DATA FOR FAE METHOD TESTING 
Four synthetic example cases with typical numerical input values of relative permeabilities and 

capillary pressure functions for a medium characterized as strongly water-wet (SWW), weakly water-
wet (WWW), where gas is non-wetting phase (GAS) and mixed-wettability (MXW) have been created 
to demonstrate features of the new method. The relative permeability curves emerging from the input 
parameters for all cases in Table 1 are plotted in Fig. 8 vs. water saturation whereas the capillary 
pressure functions are plotted in Fig. 9. The water phase is for simplicity assumed mobile in the same 
water saturation range for all cases, i.e. from 0.2 – 0.68 where 0.68 is assumed to be equal to 1 − Sor 
(1 − Sgr for the gas case). The capillary pressure, relative permeabilities and non-wetting phase 
viscosity are varied for the different cases to mimic typical values associated with media being weakly 
water-wet and mixed-wet. Gas was defined as the non-wetting phase in one case, so the non-wetting 
phase viscosity of 1 cP typical for oil used for the other cases has been reduced by a factor 1,000 for 
this case. A discussion of how the method will behave if the highest water saturation obtained in the 
spontaneous process (SS) is less than 1 − Sor is also included in the discussion section. 

Finally, the 1-D COUC SI test GVB-3 reported by Bourbiaux and Kalaydjian12 has been 
modelled using the new FAE method. The input data given by Bourbiaux and Kalaydjian were 
parametrized using the same correlations as for the synthetic data and the resulting input values are also 
included in Table 1. Plots for the corresponding flow functions are shown in Fig. 10. The relative 
permeability and capillary pressure curves for all cases were parametrized using Brooks - Corey 
parameters56 and the Skjæveland correlation (only positive capillary pressure values considered), Pc =
cw
Sw
aw, where cw and aw are fitting parameters57, respectively. 

 

 

Figure 8. Relative permeability curves in the water saturation range 0.1999 – 0.68 according to values 
in Table 1 and used as input to the model in the four synthetic cases referred to as SWW, WWW, GAS 
and MXW. 
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Figure 9. Capillary pressure curves in the water saturation range 0.1999 – 0.68 according to values in 
Table 1 and used as input to the model in the 3 synthetic cases referred to as SWW, WWW, GAS and 
MXW.  

 

Fig. 10. Counter-current relative permeability and capillary pressure functions in the water saturation 
range 0.3999 – 0.58 according to values in Table 1 used to model experiment GVB-3 reported by 
Bourbiaux and Kalaydjian12. 

 

Table 1. Model input parameters for all synthetic cases together with the input data used to model test 
GVB-3 reported by Bourbiaux and Kalaydjian12. Only the positive part of the capillary pressure curve 
is used as input when modeling capillary pressure so the negative part in the Skjæveland correlation 
was neglected by putting co = 0. 

Parameter SWW WWW GAS MXW GVB-3 

Core length, cm 10 10 10 10 29 

Permeability, mD 1,000 1,000 1,000 1,000 124 

Porosity (–) 0.22 0.22 0.22 0.22 0.225 

Water viscosity, cP 1.0 1.0 1.0 1.0 1.2 

Oil or gas viscosity, cP 1.0 1.0 0.001 1.0 1.5 

kro or krg end-point (–) 1.0 1.0 1.0 1.0 0.3 

krw end-point (–) 0.05 0.6 0.1 0.4 0.03 

Corey nw (–) 4 2 4 4 1.3 

Corey no or ng (–) 1.2 4 1.5 2 1.1 

Swi   (initial) (–) 0.1999 0.1999 0.1999 0.1999 0.3999 

Ss (end spontaneous) (–) 0.68 0.68 0.68 0.68 0.58 
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Sor  or Sgr (residual) (–) 0.32 0.32 0.32 0.32 0.42 

cw (bar) 0.002 0.0002 0.002 0.001 0.001 

aw (–) 4 4 4 4 5.4 

 

4. RESULTS AND DISCUSSIONS 

4.1. ED Water Saturation Distances Travelled and Cumulative Water Imbibed vs. Time for Four 
Synthetic Cases (SWW, WWW, GAS and MXW). The aim in this section is to show how the FAE method 
can predict cumulative water imbibed vs. time and the propagating water saturation profiles both up to 
and after the ED shock front contacts the no-flow boundary. The calculations can be performed using a 
simple spreadsheet. The water saturation profiles (Fig. 5) and construction of the ED shock front water 
saturation (Fig. 6) can be performed by using eq. (14) whereas cumulative water imbibed can be 
determined by eq. (16) and (19) for early and late time, respectively. The results are compared to the 
MS semi-analytical solution which gives the exact value for cumulative water imbibed up to the point 
when the waterfront contacts the no-flow boundary according to that model formulation.  

The FAE method assumes that the diffusion process is independent of water saturation once the 
capillary diffusion coefficient has obtained its constant value according to the water saturation where it 
is evaluated (D(Sw0) is fixed when Sw0 has been fixed). The results show that this assumption in general 
leads to an underprediction of cumulative water imbibed in the range from 0 – 24 % for the 4 synthetic 
cases considered, as compared to the exact MS solution. Since the exact relationship between the 
approximation used here (constant D(Sw0)) and the correct MS solution is not known, it will for 
simplicity be assumed that there is a correlation between the shape of the concentration dependent 
diffusion coefficient (water saturation here) and amount of diffusing substance (water) entering the 
medium28. The correlation proposed assumes that the deviation between the MS solution and the new 
FAE method when calculating cumulative water imbibed is depending on the value of the normalized 
water saturation where the capillary diffusion coefficient has its maximum value. A multiplicative 
correction factor N is introduced based on the four synthetic cases tested and the value of N is given vs. 
normalized water saturation where the capillary diffusion coefficient has its maximum value, as shown 
in Fig. 11 and tabulated in Table 2. 

 

Fig. 11. Multiplicative correction factor N vs. normalized water saturation where the capillary diffusion 
coefficient has its maximum value. 

 

Table 2. Tabulated data for multiplicative correction factor N and corresponding normalized water 
saturations for all 4 synthetic cases analyzed (SWW, WWW, GAS and MXW) and used to establish the 
correlation. The N value for the case GVB-3 is estimated based on the correlation using the normalized 
water saturation where the capillary diffusion coefficient obtained its maximum value. 
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Case Maximum for D(Sw0) 
at water saturation 

Water saturation at maximum 
minus initial water saturation 

Normalized 
water saturation 

Correction 
factor N 

SWW 0.57 0.37 0.771 1.2 

WWW 0.3 0.1 0.208 1 

GAS 0.661 0.461 0.96 1.24 

MXW 0.47 0.27 0.563 1.12 

GVB-3 0.49 0.09 0.5 1.1 

 

It can be observed that the multiplicative correction factor N is increasing the higher the normalized 
water saturation by which the capillary diffusion coefficient, D(Sw), has its maximum value. Such cases 
are typical for systems where the medium is characterized as strongly water-wet and or if the viscosity 
of the non-wetting phase is small compared to the wetting phase viscosity. The correction factor N 
decreases when the normalized water saturation where the capillary diffusion coefficient has its 
maximum occurs at medium and lower normalized saturations approaching no correction (N = 1) when 
the normalized saturation is close to 0.2. Such cases are typical for systems being less water-wet and or 
if the viscosity of the non-wetting phase is significantly higher than the wetting phase viscosity. It is 
important to notice that the correction factor correlation in Fig. 11 is purely based on the synthetic input 
data arbitrarily chosen herein and cannot be expected to be valid for input parameters very different 
from the ones used here. The correction factor N can, however, always be calculated by the semi-
analytical MS solution7,9.  

 Considering the SWW case, using the petrophysical data together with the relative permeability 
and capillary pressure functions from Fig. 8 and 9, ED distributions are shown in Fig. 12 as function of 
time. The shape of the curves showing xEDf  for the different water saturations at different times, has a 
maximum for high water saturation, Sw0 = 0.57, typical for parameter values characterizing strongly 
water-wet conditions. Hence, the maximum value is corresponding to normalized water saturation 
0.771 giving a correction factor of N = 1.2 to get the exact value as the MS solution. 

 

 

Figure 12. xEDf  curves plotted at different times for water saturation in the range from initial water 
saturation of 0.1999 to the saturation where SI ceases (Ss = 0.68) using the input parameters values for 
the SWW case given in Table 1. xEDf  is propagating proportionally to square root of time and the 
correction factor N = 1.2 has been included. The bold black vertical line is representing the no-flow 
boundary as the porous medium in all synthetic cases is 10 cm long. Hence, the xEDf  values plotted for 
distances longer than 10 cm are only included for illustration purposes. In the FAE model, the 
movement of all xEDf  stops at the no-flow boundary (see Fig. 13). 

 



16 

 

a) b)  

 
c)       d) 

Fig. 13. ED water saturation fronts including shock front for different times vs. distance from inlet 
face with input values in Table 1 for (a) SWW case with SSF = 0.66 and tR = 3 h 48 min. (b) WWW 
case with SSF = 0.38 and tR = 53 min. (c) GAS case with SSF = 0.679 and tR = 1 h 27 min. (note 
the y-axis scale on this plot) and (d) MXW case with SSF = 0.57 and tR = 1 h 32 min. 

The next key quantity to consider is the shock front water saturation, SSF. It is important because 
the time required for the water to contact the no-flow boundary is given by the velocity of this water 
saturation. SSF also gives a measure of the displacement efficiency in line with the conventional BL 
method. The higher the SSF, the higher the displacement efficiency. SSF is determined by truncate the 
ED water saturation front profile such that the two shaded areas exemplified and illustrated in Fig. 6 
become equal. This will result in an ED shock front water saturation of SSF = 0.66 for the SWW case 
as shown in Fig. 13 (a). The displacement efficiency for this case is hence quite high as expected since 
it is representing a case being SWW. The time required for the ED shock front saturation to contact the 
no-flow boundary, tR, can be estimated using eq. (15) and it is approximately 3 h 48 min. Fig. 13 (b) 
shows propagation of ED water saturation fronts including the ED shock front vs. time for the weakly 
water-wet (WWW) case. For such unfavorable displacement conditions, the ED shock front saturation 
SSF is low, 0.38, so the time for the ED shock front to reach the no-flow boundary is short, tR = 53 min. 
Fig. 13 (c) shows propagation of ED water saturation fronts including the ED shock front vs. time for 
the case where gas is replacing oil as the non-wetting phase. For such favorable displacement conditions 
caused by the very low viscosity of the displaced phase, the ED shock front saturation SSF is very high, 
0.679. Hence, the gas displacement process is effectively almost piston-like. It should be noted that the 
y-axis scale for this case only cover the range 0.675 – 0.68 to be able to distinguish the saturations 
above the ED shock front saturation. The time required for the ED shock front to contact the no-flow 
boundary is tR = 1 h 27 min. Fig. 13 (d) shows propagation of ED water saturation fronts including 
ED shock fronts vs. time for the case described as having mixed-wettability (MXW). The displacement 
conditions are poorer than for the SWW but still much better than for the WWW case. Hence, the ED 
shock front saturation SSF is 0.57, and tR = 1 h 32 min. 

Cumulative water imbibed vs. time before the ED water shock front contacts the no-flow 
boundary can be calculated using eq. (14) or just by a simple numerical integration of the area swept by 
the water saturation profiles in Fig. 13. The latter way will give the same cumulative volume as eq. (14) 
because the area swept is the same regardless of whether the original water saturation profiles or the 
truncated shock front profiles are considered. This procedure is not applicable after the shock front 
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water saturation has contacted the no-flow boundary. Cumulative water imbibed vs. time after the ED 
water shock front has reached the no-flow boundary must be calculated using eq. (19). The critical 
quantity regarding this calculation is S∗, i.e. the highest water saturation located exactly at the no-flow 
boundary. S∗ is exactly equal to the ED shock front water saturation SSF when the ED shock front arrives 
at the no-flow boundary. For times > tR, the value of S∗ is equal to the ED water saturation front value 
for a given time exactly on the no-flow boundary, i.e. at 10 cm away from the inlet face in all synthetic 
cases consider here. Hence, cumulative water imbibed vs. time during the post-contact period is 
therefore equal to the area ACS(S∗ − Swi)LR plus the integral of the ED water saturation front profile 
for saturations above S∗, i.e. N ∙ ACS ∫ xEDf dSw

SS
S∗ . Results for ED shock front water saturation SSF, tR 

and cumulative water imbibed as fraction of maximum volume imbibed are summarized in Table 3 for 
all the cases analyzed herein. 

 

Table 3. ED shock front saturation SSF, time required for the ED shock front to contact the no-flow 
boundary tR (including the correction factor N) and cumulative water imbibed as fraction of maximum 
volume imbibed for all four synthetic cases analyzed together with the data for test GVB-3 reported by 
Bourbiaux and Kalaydjian12. Corresponding data calculated using the MS semi-analytical solution is 
given in brackets for each case whenever relevant. 

Case Shock front water 
saturation, SSF [fraction] 

Time to reach no-flow 
boundary, tR (eq. (17)) 

Cumulative water imbibed at tR [fraction of 
maximum = fractional recovery] (eq. (14)) 

SWW 0.66 13,700 s ≈ 3 h 48 min 

(4,430 s = 1 h 13 min) 

0.97 

(0.6) 

WWW 0.38 3,200 s ≈ 53.3 min 

(587 s = 9.7 min) 

0.55 

(0.22) 

GAS 0.679 5,200 s ≈ 1 h 27 min 

(1,978 s = 33 min) 

0.999 

(0.63) 

MXW 0.57 5,500 s ≈ 1 h 32 min 

(1,638 s = 27.3 min) 

0.8 

(0.48) 

GVB-3 0.54 300,000 s = 83 h 20 min 0.93 

 

 
Fig. 14. Cumulative water imbibed as fraction of maximum volume imbibed vs. time for all the 
synthetic cases using the FAE method compared to the MS semi-analytical solution for equal input 
values specified in Table 1. The FAE and MS methods shows very good agreement before the imbibing 
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water contacted the no-flow boundary for all cases (SWW, WWW, GAS and MXW) when correction 
factors of N = 1.2, 1, 1.24 and 1.12 were used, respectively. The MS solutions are plotted until the 
imbibing water contacts the no-flow boundary as it is not valid beyond that time. Since the FAE method 
is valid for all times, it can predict the entire process.  

 

Cumulative water imbibed as fraction of maximum volume imbibed (or fractional recovery of 
oil) vs. time is plotted in Fig. 14 for all synthetic cases SWW, WWW, GAS and MXW together with 
corresponding data calculated using the MS semi-analytical solution. The latter curves (lines) end when 
the waterfront contacts the no-flow. The correspondence between the exact semi-analytical MS method 
and the new methodology is perfect due to the use of correction factors N = 1.2, 1, 1.24 and 1.12, 
respectively, until the MS solution ceases to be valid. That happens at tR = 4,430 s for the SWW case 
in red when the fractional recovery is approximately 0.6. The new FAE method is, however, predicting 
a tR of 13,700 s (3 h 48 min.) with a corresponding fractional recovery of approximately 0.97, red 
broken curve. The general shape of the fractional recovery curve vs. time after the ED shock front has 
contacted the no-flow boundary is additionally qualitatively corroborated by many experimental studies 
reported in the literature2,11-19,24-26. Corresponding plots for the MS and new FAE method for the WWW 
case are shown in green, respectively. The MS and FAE solutions have tR of about 10 and 53 min., 
respectively, with corresponding fractional recoveries of 0.22 and 0.55. It can be observed that the time 
required to approach fractional recovery of unity will be extremely long caused by the unfavorable 
curvature of the ED water saturation fronts above the ED shock front. (Fig. 13 (b)). Corresponding plots 
for the MS and new FAE method for the GAS case are shown in blue, respectively. The MS and FAE 
solutions have tR of about 0.5 and 1.5 h, respectively, with corresponding fractional recoveries of 0.63 
and 0.999. It can be observed that the displacement efficiency is very high caused by the favorable 
mobility ratio between low viscous gas and water, (Fig. 13 (c)). Corresponding plots for the MS and 
new FAE method for the MXW case are shown in yellow, respectively. The MS and FAE solutions 
have tR of about 0.5 and 1.5 h, respectively, with corresponding fractional recoveries of 0.48 and 0.8. 
Hence, the displacement efficiency is quite good, although smaller than for the SWW case but 
significantly higher than the WWW case. 
 

 

Fig. 15. Cumulative water imbibed as fraction of maximum volume imbibed vs. square root of time for 
the SWW, WWW, GAS and MXW cases using the new FAE method and the MS semi-analytical 
method with equal input values given in Table 1. Correction factors of N = 1.2, 1, 1.24 and 1.12 were 
used, respectively. The MS solutions are plotted until the imbibing water contacts the no-flow boundary 
according to that model formulation. 
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The point in time when the imbibing ED shock front contacts the no-flow boundary can be visualized 
even clearer in Fig. 15, where fractional recoveries for all synthetic cases instead are plotted vs. square 
root of time. The ED water shock front contacts the no-flow boundary exactly when the fractional 
recovery is deviating from a straight line at a fractional recovery of about 0.97 for the SWW case (red 
broken), equivalent to a square root of time of 117 s1/2. Numbers for the WWW case (green broken) 
are fractional recovery of 0.55 equivalent to square root of time of 57 s1/2. For the GAS case (blue 
broken) the numbers are fractional recovery of 0.999 equivalent to square root of time of 72 s1/2. The 
MXW case has fractional recovery of 0.8 (yellow broken) equivalent to square root of time of 74 s1/2.  

To summarize, it seems that the new FAE method is corroborated quantitatively regarding 
cumulative water imbibed up to and after the imbibing water has contacted the no-flow boundary. That 
is based on a qualitative and visual comparison between the calculated fractional recovery curves vs. 
time and typical expected behavior for such curves based on experimental tests reported in the literature. 
It is also important to note the significant difference between the new FAE formulation and the MS 
solution regarding the time, tR, required for the water front to contact the no-flow boundary. More 
testing should be performed using empirical data and measured input values to distinguish the ability 
of the two formulations to corroborate high-quality empirical data. 

 

4.5. ED Water Saturation Distances Travelled and Cumulative Water Imbibed vs. Time for the 
Cases GVB-3. There are not many complete sets in the literature addressing 1-D COUC SI where all 
input data is measured and available to perform a quantitative comparison between measured data and 
model predictions.  An exception is the highly cited paper by Bourbiaux and Kalaydjian12. The focus 
here will be test GVB-3 which was performed in 1-D COUC flow mode on a sandstone rock sample 
from Vosges, France. The sample was paralleled piped with a cross-section area of 6.1x2.1 cm2 and 
length of 29 cm (no-flow boundaries on the lateral sides). The absolute permeability was 124 mD and 
the porosity 0.225. Relative permeability and capillary pressure curves used to generate predictions for 
cumulative water imbibed using the FAE method were those presented in Fig. 10 with corresponding 
input parameter values in Table 1. So-called counter-current relative permeability values were used by 
the authors when simulating the COUC experimental data. Counter-current relative permeabilities as 
shown in Fig. 10 were therefore also used as input to the FAE method when calculating cumulative 
water volume imbibed. So-called COUC relative permeabilities is a concept introduced to account for 
the observed lower fractional recovery rate in COUC SI tests compared to co-current SI tests. The 
physical argument for introducing COUC relative permeability curves is based on that momentum 
transfer between two immiscible fluids is depending on whether the fluids are moving co- or counter 
currently58,59. Since the magnitude and impact this effect may have on the individual water and oil 
relative permeability curves, the concept of COUC relative permeabilities adds uncertainty when such 
processes are simulated. The choice used by Bourbiaux and Kalaydjian12 was to reduce the measured 
water and oil co-current relative permeability curves with the same factor (= 0.7) when used to simulate 
COUC processes. 

 

Fig. 16. ED water saturation profiles including ED shock front for different times vs. distance from inlet 
face for the GVB-3 case with input values in Table 1 reported by Bourbiaux and Kalaydjian12. A 
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correction factor of N = 1.1 was used based on the correlation in Fig. 12. The ED shock front saturation 
is SSF = 0.54 and time to reach the no-flow boundary tR = 83 h 20 min. 

 

Fig. 16 shows the ED water saturation profiles including the ED shock front for the GVB-3 test. The 
mobile water saturation range is from 0.4 – 0.58 and the ED shock front saturation 0.54. Since the new 
FAE method is valid for all times, it can predict fractional recovery of non-wetting phase up to the end 
of the process as shown in Fig. 17, although with a small discrepancy between experimental and the 
case called New for late times. It should be noticed that a correction factor of N = 1.1 was used here 
based on the correlation depicted in Fig. 11. The small deviation between fractional recovery for the 
FAE method developed and the experimental data is assumed to be caused by the lack of an appropriate 
parametrization of the capillary pressure curve in the vicinity of the highest water saturation, SS. If the 
capillary pressure curve is manually adjusted in the vicinity of SS, a fractional recovery curve as 
indicated as New modified appears. Hence, if the deviation between the observed fractional recovery 
curve and the curve calculated using the FAE method is ascribed to uncertainties in the capillary 
pressure curve, the new modified curve shows that it is possible to close the discrepancy between 
measured fractional recovery and the FAE method results at high water saturation by adjusting the 
capillary pressure curve slightly in this saturation region. The data provided by Bourbiaux and 
Kalaydjian12 in their Fig. 12 indicates some uncertainty in the measured capillary pressure data. It 
therefore seems, based on a comparison between the experiment GVB-3 and the FAE results, that they 
are equal within the experimental uncertainty in the input parameters. Hence, the main hypothesis put 
forward here related to establishment of a FAE also for COUC flow cannot be falsified by comparing 
its consequences with the only available complete experimental input dataset in the literature. 

 

 

Fig. 17. Cumulative water imbibed as fractional recovery of non-wetting phase vs. time for the GVB-3 
case using input values in Table 1. The FAE method shows very good agreement with the experimental 
data (a correction factor of N = 1.1 was used based on the correlation in Fig. 11). Since the FAE method 
is valid for all times, it can predict fractional recovery of non-wetting phase until the end of the process, 
although with a small discrepancy between experimental and FAE method result for late times close to 
fractional recovery of unity. 
 

4.6. Discussion of the Approach Developed and Other Consequences. The new FAE method is based 
on the use of constant diffusion coefficients for each water saturation in the mobile saturation range in 
eq. (9). The use of constant diffusion coefficients is necessary to obtain an analytical expression for the 
FAE (eq. (14)) where the relationship between all parameters is clearly shown. But since the original 
partial differential equation (eq. (1)) is nonlinear, calculating cumulative water imbibed from combining 
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the contributions of individual saturations, Sw0, is deviating slightly from the correct value as calculated 
by the MS semi-analytical scheme. Hence, a correction factor N was calculated and correlated linearly 
with the normalized saturation where the diffusion coefficient peaks. This factor is suggested to be 
included in the expression for cumulative water volume imbibed in eq. (16) and (19). There is, however, 
still uncertainty related to whether the correction factor should be applied with equal weight for all ED 
water saturation fronts because the impact the nonlinearity of the capillary diffusion coefficient vs. 
water saturation has on cumulative water imbibed is not known. Several examples demonstrated that it 
could be important is included e.g. by Crank28, Chapter 9. In eq. (16) and (19), all water saturations are 
multiplied with the same factor N. If different weight factor should be used for different water 
saturations depending on the shape of the capillary diffusion coefficient, it could give plots for ED 
fronts different from that in Fig. 5 and the ED shock front saturation, SSF could be shifted from the one 
obtained using equal N for all water saturations.  

It was assumed in all the synthetic cases studied herein, for simplicity, that the highest water 
saturation during the SI process, SS, was identical to the residual oil saturation (1 − Sor) after a 
subsequent forced imbibition. This can be a valid assumption when working with rock material 
characterized as strongly water-wet. If, however, the wettability of rock samples tends toward less 
water-wet condition, a significant difference between SS and the residual oil saturation (1 − Sor) after 
forced imbibition normally appears. The SI process ceases when there are no gradients in the chemical 
potential inside the medium and the pressure in the wetting phase is equal in bulk and inside the porous 
medium, even when the capillary diffusion coefficient has a finite value > 0 at the water saturation 
where that condition occurs, i.e. SS. That is typically occurring when the wettability of the actual 
medium is not strongly water-wet. For the type of analysis performed here, it implies that the highest 
water saturation characteristic occurring during the spontaneous process, SS, will be mobile and move 
slowly to the right proportional to square root of time. Except that, the procedures for estimating ED 
shock front saturation, cumulative water imbibed vs. time etc. remain that same as previously described. 
The SI process will theoretically cease when the highest water saturation, SS, has travelled the length 
of the rock sample. 

The underlying phenomenon for describing diffusion on the microscopic level used herein is 
Brownian motion theory42-44. This framework is also widely applied elsewhere for modeling of 
processes and phenomena in mathematics, physics, biology and economy (e.g. stock market price 
fluctuations). Standnes60 also recently used Brownian motion theory to derive a modified version of 
Darcy’s law for variation of absolute permeability for changes in system temperature. Being in line with 
the basic physical principles, the framework applied herein may potentially possess additional 
possibilities for extending current approaches and methods applied when describing multiphase flow in 
porous media.  

As a final note, it is a requirement in all empirical sciences that theoretical models are tested 
against experimental data. Since only one complete dataset was found in the literature, a challenge exists 
regarding available high-quality complete datasets for testing of 1-D COUC SI models. 
Experimentalists are therefore strongly encouraged to generate more complete high-quality datasets 
whose absence represents a constraint for further theoretical advancements related to the phenomenon 
1-D counter-current spontaneous imbibition of water into porous media. 

5. CONCLUSIONS 

A new method is developed for interpretation and quantification of 1-D counter-current (COUC) 
spontaneous imbibition (SI) processes based on a hypothesis that microscopic theory for diffusion can 
be combined with the solution of the diffusion equation to establish a frontal advance equation (FAE) 
for such processes as well. The FAE method assumes the use of constant diffusion coefficients for each 
water saturation when calculating the equivalent distance front travelled by each saturation vs. time, 
which induces a deviation from the correct value for cumulative water imbibed vs. time. The deviation 
can easily be corrected for by including a correction factor N in the range 1.0-1.24 based on a 
comparison with the exact solution given by McWhorter and Sunada (1990). The following conclusions 
can be drawn from this work: 
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• The new FAE method (visual and easy-to-use) is in line with the Buckley – Leverett method for 
forced imbibition and therefore valid for times both before and after the imbibing water phase 
contacts the no-flow boundary. It gives: 

• Cumulative water imbibed or fractional recovery of non-wetting phase vs. time before and 
after the water contacts the no-flow boundary 

• Time required for the equivalent distance water shock front to propagate through the 
medium to the no-flow boundary 

• The spatial development of water saturation in the porous medium throughout the whole 
process 

• Quantification of the above-mentioned measurable quantities with no additional input data 
required compared to the conventional methods used to model 1-D COUC SI processes 

• The results obtained using the FAE cannot be falsified within the experimental uncertainty based 
on a comparison with the GVB-3 test reported by Bourbiaux and Kalydijan (1990) 

• It is furthermore corroborated qualitatively (typical water saturation in the porous medium 
when imbibing water contacts the no-flow boundary and the slow increase in water 
saturation in the post-contact period) by four synthetic cases tested herein as well as results 
from numerous 1-D COUC SI experiments published in the literature  

The FAE method developed seems like a very promising method to analyze 1-D COUC SI 
processes. More testing is encouraged to further support its applicability for a wider set of experimental 
input data. 
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ABBREVIATIONS 

A   Constant in the McWhorter and Sunada model 

ACS    Cross-sectional area of porous medium or reservoir 

aw    Parameter in the Skjæveland correlation 

BL   Buckley – Leverett 

C   Proportionality constant 

COUC   Counter-current 

cw    Parameter in the Skjæveland correlation 

D(Sw0)   Capillary diffusion coefficient evaluated at water saturation Sw0 

DM    Diffusion coefficient 

ED   Equivalent distance (xED) 

ET   Early time 

f   Fractional flow according to Buckley - Leverett 

F(Sw)    Fractional flow of water according to McWhorter and Sunada 

FAE   Frontal advance equation 

G(Sw) = 2
√π
�D(Sw0)t   Proportionality factor to describe the relationship between distance and 

square root of time 

GVB-3   Test reported by Bourbiaux and Kalydijan 
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K   Absolute permeability 

krg    Relative permeability to gas 

kro    Relative permeability to oil 

krw    Relative permeability to water 

LR    Length of porous medium 

LT   Late time 

MS   McWhorter and Sunada 

MXW   Mixed wettability 

N   Correction factor to bring the solution in line with the MS solution 

ng    Corey exponent to gas 

no    Corey exponent to oil 

nw    Corey exponent to water 

Pc    Capillary pressure 

Qw    Cumulative water 

q   Water injection rate 

qw    Water flux 

RET    Recovery, early time 

RLT    Recovery, late time 

RV_ET    Recovery in volume, early time 

RV_LT    Recovery in volume, late time 

SI   Spontaneous imbibition 

SWW   Strongly water-wet 

Sgr    Residual gas saturation 

Sor    Residual oil saturation 

Ss    Water saturation after spontaneous imbibition 

SSF    Water shock front saturation 

Sw    Water saturation 

Swi   Initial water saturation 

S∗    Water saturation on the no-flow boundary 

t   Time 

tR    Time required for the water to arrive at the no-flow boundary 

x   Distance 

xED    Equivalent distance (ED) 

xEDf     Equivalent distance front 

WWW   Weakly water-wet 

ϕ    Porosity 
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μo    Oil viscosity 

μw    Water viscosity 
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