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1. Introduction : 
 

1.1. Shale Gas – Geology and general overview 
 

Shale gas is produced in the high organic shale formations that formerly considered as caprock 

or source rock but nowadays typically function as a reservoir rock for natural gas. With regard 

to the chemical components about 90 percent or more is methane so typically is a dry gas but, 

in some formations, produces wet gas (Boyer et al.2006). Shale is a consolidated sedimentary 

rock with fine-grained clay particles. In low-energy depositional environments such as deep-

water basins, shale precipitated as mud type due to the quiet water. Also in the company of 

shale, there are organic matters in the form of algae-, plant-, and animals-derived organic 

sediments (Davis, 1992). Clay grains are naturally tabular and tend to lie flat when the 

sediments are deposited and consequently compacted as a result of overburden pressure. 

Tabular grains of clay during petrification make a thin layer with limited horizontal 

permeability and extremely low vertical permeability. The common unfractured shale matrix 

permeability is on the order of 0.01 to 0.00001 millidarcy (Freeze & Cherry, 1979). This 

amount of permeability in shale means the gas that is trapped in the pores could not move 

outside except during geological times (millions of years). The low permeability properties of 

shale cause to be classified as an unconventional reservoir. (Nuttall & Daugherty, 2012). Gas 

reservoirs are classified into conventional and unconventional. In conventional reservoirs gas 

produced from sands and carbonates (dolomite and limestones) that contain gas in 

interconnected pore space that flows to the wellbore. This kind of reservoirs is like a kitchen 

sponge in which gas can move from one pore to another pore through the smaller pore-throats 

that make a permeable flow in the reservoir (Nash, 2010, page .20). However in unconventional 

reservoirs gas produced from low permeable (tight) reservoir rocks such as tight sands and 

carbonates, coal, and shale. Because of low permeable rock types in unconventional reservoirs, 

for a cost-effective production we need combination of a hydraulic fracturing and horizontal 

drilling. So there will be opportunities in the economic production of gas in regard to world 

demand energy. 

 

1.2. Key Role of Shale Gas in the Future 
 

With progress in the oil and gas industry, horizontal drilling and hydraulic fracturing would be 

a reasonable choice for the development of unconventional reservoirs especially shale gas as 

the main source of natural gas for domestic and world demand. In spite of complex geological 

and petrophysical systems of shale gas, there will be huge potential for future reserve growth 

and production (Newsham & Rushing, 2001). In the future, unconventional gas resources will 

be the main supply of global energy due to the fast decline of conventional reserves, the huge 

quantity and extensive distribution of tight reservoirs (Hai Sun, Yao, Cao, Fan, & Zhang, 

2017). Shale gas revolutionized the gas industry in the US and global markets. Shale gas 

resources estimated at around 7,300 Tcf by Energy Information Administration (EIA) and 

globally, 32% of the total estimated natural gas are in shale formations. The US only has 665 
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Tcf of technically recoverable shale gas resources (Annual Energy Outlook 2013 - EIA, n.d.; 

Hao Sun, Chawathe, Hoteit, Shi, & Li, 2015). As it is shown in Figure 1-1 the volume of 

unconventional gas reservoirs is more than conventional gas reservoirs. But unconventional 

development needs more advance technology and money. 

 

Figure 1-1 Resource triangle for gas  

(Lake, Fanchi, & Society of Petroleum Engineers (U.S.), 2006) 

 

1.3.  Shale Gas Features 
 

Shale gas reservoirs are made up of fine clay grains with small pore sizes ranging from 

micrometer to nanometers. Almost three different permeability exists in shale rocks, one is the 

permeability of matrix texture, natural fractures and hydraulic fractures after stimulation. But 

the range of highly low-permeability rocks for being more economically viable in many 

unconventional gas reservoirs is 10 to 100 nano-Darcy. A common shale gas reservoir 

demonstrates a net thickness of 50 to 600 ft, the  porosity of 2 to 8 %, and total organic carbon 

of 1 to 14 % is explored at depths ranging from 1000 to 13000 ft. Natural gas will be stored in 

shale gas reservoir in one three forms: (1) free gas in pores and fractures, (2) adsorbed gas in 

organic matter and on inorganic minerals, and (3) as a dissolved gas in oil and water (T. Zhang, 

Ellis, Ruppel, Milliken, & Yang, 2012). A huge amount (20-85 %) of methane stored as an 

adsorbed form (Hill & Nelson, 2000), and just a small portion of it will be produced during the 

production life of a shale gas well (Cipolla, Lolon, Erdle, & Rubin, 2010). After a few years of 

production from a shale gas well, there will be a rapidly pressure depression that causes the 

estimated ultimate recovery is rarely constrained during the early stages of field development 

and is the main reason why the development of shale gas is economically risky (Weijermars, 

2013). However, interest in enhanced shale gas recovery has grown in recent years (Kim, Cho, 

& Lee, 2017). 

  

1.4. Production of Shale Gas  
 

Due to the development of hydraulic fracturing and horizontal drilling, there has been immense 

progress in natural gas production from tight formations. Nonetheless, the gas recovery ratio is 

infinitesimal from these reservoirs. Gas flow as we mentioned in the past involving several 
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complicated processes that coupled with each other and affect the production and ultimate gas 

recovery. Hydraulic stimulation is a crucial stage in creating and maintaining a high 

permeability path. So, it will be introduced by a slurry of surfactants, corrosives, and small 

ceramic particles. For prevention of fracture closure, after stimulation and during pressure 

depletion, small ceramic particles will remain between fracture and keep them open during the 

life of the well (Hellmann, Scheetz, Luscher, Hartwich, & Koseski, 2014).  

 

1.5. Simulation of Shale Gas Reservoirs  
 

For the prediction of shale gas reservoir production, there is a necessity to use commercial 

reservoir simulators but due to complications of shale gas reservoir flow regimes, some 

parameters are overestimated or underestimated. As an example, the volume that occupied by 

adsorbed layer is neglected, so the volume of free gas overestimated. In addition, stress 

dependency of matrix and surface diffusion in shale gas layers is excluded from commercial 

simulators (J. Wang et al., 2017). For counting of the gas original in place (GOIP) in shale 

reservoirs, we need more accurate in-depth models to develop for lab studies and further in 

field applications. 

 

1.6. Enhanced Gas Recovery and CO2 Sequestration 
 

On the base of facts and figures, CO2  storage during CO2-EOR in conventional reservoirs is  

an efficient method and the possibility for sequestration in unconventional oil and gas 

reservoirs is more promising and economically beneficial, but yet there is minimum 

consideration about this tremendous resources of energy (Sherifa & Reza, 2018). In organic-

rich shale gas and coal seams, the methane adsorbed on kerogen and clay mineral surfaces and 

also free methane exist in fracture porosity, intergranular micro-porosity and micro-pores in 

the kerogen. In coal seams and shale gas showed that CO2 can be preferentially adsorbed 

relative to methane. A schematic view of the adsorption and desorption procedure is shown in 

Figure 1-2. In addition, some portion of the pore volume that contains free gas is expected to 

be available for CO2 storage (Godec, Koperna, Petrusak, & Oudinot, 2014). 

 

 

Figure 1-2 Schematic of the flow dynamics of CO2 and CH4 in shale gas 

  (GODEC ET AL. 2014) 
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Reliable data in adsorption that measured at reservoir conditions and authentic adsorption 

model are two crucial specifications in describing shale behavior in gas adsorption. Until now 

we have a limited amount of data about high-pressure gas adsorption but our data is true for 

CO2 adsorption at higher pressures. On the base of experiments, it seems that adsorption 

capacities of CO2 or CH4 related to total organic carbon (TOC) content of shales (Busch et al., 

2008; Charoensuppanimit, Mohammad, & Gasem, 2016; Heller & Zoback, 2014; Weniger, 

Kalkreuth, Busch, & Krooss, 2010). As well, when there is a mixture of CO2  and CH4, carbon 

dioxide adsorbs over methane (Billemont, Coasne, & De Weireld, 2013; Dreisbach, Staudt, & 

Keller, 1999; Edwards, Celia, Bandilla, Doster, & Kanno, 2015; Kurniawan, Bhatia, & 

Rudolph, 2006; Ottiger, Pini, Storti, & Mazzotti, 2008). The adsorptive surface of kerogen for 

gas adsorption, nanopores in kerogen and the tendency of kerogen for adsorption of CO2 over 

CH4  could desorb the methane and adsorb more carbon dioxide, also extremely tight-

permeability of shale gas rock matrix make it one of the advantageous choices for safe CO2 

capture. So there will be lots of research and demand in CO2 sequestration in shale gas 

formations in the close future (Berawala & Østebø Andersen, 2019a). When we consider 

unconventional resources, most of our focus is on organic shales. Two key parameters differ 

unconventional from conventional, first the extremely low matrix permeability and second free 

gas in pores and adsorbed gas on the surface of kerogen (Blasingame, 2008; Moridis, 

Blasingame, & Freeman, 2010). The gas amount is trapped in pores firmly dependent on 

organic matter content, clays, and the ability adsorption of methane on the internal surface of 

solid. It is provided a complete description of flow mechanisms in shale gas by Blasingame 

and Moridis (Blasingame, 2008; Moridis, Blasingame, & Freeman, 2010), and there are 

discussions about the importance of adsorption/desorption mechanisms that happen in pore 

internal layer. Civan (2010) used the Beskok and Karniadakis (1999) model of rarefied for 

computing of gas flow in microchannels and the definition of gas transport in shales (Ali 

Beskok, 1999; Civan, 2010). Simulation in shale gas will be more complicated due to severe 

heterogeneity, Klinkenberg or slippage effects (Klinkenberg, 1941), and interference of 

geomechanical parameters. One of the complexities in shale gas is the defining of flow and 

another complicated subject is the modeling of shale gas flow in fractures, its geometry and 

interactions of fracture/matrix. 

 

1.7.  Objective  
 

For the investigation of controlling factors during the production of shale gas reservoirs, a 

straightforward mathematical 1D+1D model is presented. In this model, a high permeability 

fracture broadens from a well perforation and is located between an identically ultra-low 

permeability matrix. This model is the continuation of the previous works by Berawala et al. 

(2019) and Berawala et al. (2018). In the new contribution, the effect of multicomponent 

adsorption-desorption in the shale gas matrix with a fixed-shape fracture will be considered. In 

this model the following questions will be considered: (i) how the multicomponent adsorption-

desorption alter the gas recovery in shale gas reservoirs? (ii) how porosity and permeability 

will be affected by multicomponent adsorption-desorption ? (iii) what is the effect of uniform 

fracture without compaction effects in gas recovery, and (iv) what are the potential advantages 

of this model in shale gas recovery?  
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2.   Theory 

2.1.  Different Mechanisms in Shale Gas Reservoirs 
 

During many years of studies about shale gas reservoir development, there have been lots of 

formulas for the definition of flow regimes in matrix and fracture. But some of these methods 

are more functional and realistic. For evaluation of flow in shale gas reservoirs, two parameters 

are the key points, one is cumulative gas production and the other one is apparent permeability 

which is almost absolute permeability here for simplification. There will be considered the 

shale gas reservoir as a dry gas reservoir with no bound water on clays and so there is a single-

phase flow. In conventional reservoirs normally Darcy’s law more fit with gas flow conditions, 

however, in shale gas flow, Darcy’s law is not enough extensive to include all flow mechanisms 

(Blasingame, 2008; Moridis et al., 2010). There are two main phenomena that happen in the 

shale matrix which yield non-Darcy flow, one is gas slippage (Klinkenberg effect) and the other 

one is Knudsen diffusion. (H. Wang & Marongiu-Porcu, 2015). Also, the gas flow will be 

impacted by other mechanisms such as gas desorption or adsorption, surface diffusion and 

geomechanical effects (Y.-S. Wu, Li, Ding, Wang, & Di, 2014). In the rest, we will consider 

the important mechanisms in shale gas reservoirs. 

 

2.2.  Knudsen Diffusion and Apparent Permeability 
 

we know that from before nanopore structure of shale matrix causes Darcy’s law not to be more 

appropriate for computing of fluid flow in shales. So, there will be other forms of flow 

mechanisms such as slip-flow regime, transition-flow regime, free molecular regimes 

(Knudsen diffusion) (Berawala, Andersen, & Ursin, 2019). Knudsen diffusion is a kind of  

diffusion that mostly happens when the gas molecules collision with each other is more 

frequent than pore walls. The definition of Knudsen number is a dimensionless parameter for 

the characterization of different flow regimes in nanochannels (H. Wang & Marongiu-Porcu, 

2015). The Knudsen number is the ratio of mean free path length 𝜆, over effective pore radius, 

𝑟𝑒  (Knudsen, 1909): 

                  𝐾𝑛 =
𝜆

𝑟𝑒
 

(1) 

 

So the mean free path computed by: (Civan, Rai, & Sondergeld, 2011). 

𝜆 =
𝜇𝑔

𝑃
√

𝜋𝑅𝑇

2 𝑀
 

(2) 

where 𝜇& is the gas viscosity, 𝑇 is the reservoir temperature, 𝑃 is the reservoir pressure, 𝑀 is 

the gas average molecular weight, and 𝑅 is the universal gas constant. With encompass of the 

real- gas Z-factor, which gives: (H. Wang & Marongiu-Porcu, 2015). 

𝐾𝑛 =
𝜇𝑔𝑍

𝑃 𝑟𝑒

√
𝜋𝑅𝑇

2𝑀
 

(3) 
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The apparent permeability of shale gas could be shown by following general form that depends 

on only the Knudsen number 𝐾𝑛, and the effective inherent permeability 𝑘∞𝑒 (Karniadakis, 

Beşkök, & Aluru, 2005). 

                                                             𝑘𝑎 = 𝑘∞𝑒  𝑓(𝑘𝑛)                                                                                                       (4) 

Florence et al. (2007) expanded this formula to characterize the non-Darcy gas flow in shale 

layers:(Florence, Rushing, Newsham, & Blasingame, 2007). 

      𝑘𝑎 = 𝑘∞𝑒( 1 + 𝑎𝐾𝑘𝑛) (1 + 
4𝑘𝑛

1 + 𝑘𝑛
) 

(5) 

where 𝑎𝐾 is the rarefraction factor: 

𝛼𝐾 =  
128

15𝜋2
tan−1(4𝐾𝑛

0.4)     
(6) 

With considering the effect of matrix compaction and adsorbed layer on the nanopore 

geometry, the effective inherent permeability is :(Jiang & Yang, 2018). 

𝐾∞𝑒 =
𝑟𝑒

2

8

𝜙

𝜏
   

(7) 

The parameter 𝑟𝑒 is the effective radius of the flow path and 𝜏 is the tortuosity of rock. Huang 

and Ghassemi (2015) and Cao et al. (2016) generalized equation that integrates the whole 

important parameters which are effective stress, adsorption and flow regimes for apparent gas 

permeability (Berawala et al., 2019; Cao, Liu, & Leong, 2016; Huang & Ghassemi, 2015).  

𝑘𝑎 =
𝑟𝑒

2

8

𝜙

𝜏
( 1 + 𝑎𝐾𝑘𝑛) (1 +  

4𝑘𝑛

1 + 𝑘𝑛
) 

(8) 

 

 

Figure 2-1 classification of gas-flow regimes regarding to Knudsen number. 

(Roy, Raju, Chuang, Cruden, & Meyyappan, 2003) 
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2.3.  Transition from Darcy Flow to Non-Darcy Flow 
 

In Darcy’s law where there is a continuum flow, the fluid velocity is zero on the pore wall 

(Sherman, 1969). This is a valid presumption when there is a conventional reservoir and having 

pore radii between 1 to 100 micrometers that is possible to consider flow as a continuous 

medium (H. Wang & Marongiu-Porcu, 2015). Due to ultra-tight permeability in shale gas 

reservoirs, conventional flow rules could not describe gas flow behaviors. The main propulsive 

force is pressure gradient in pores which cause first free gas move from a matrix to fracture 

and then wellbore. And second gas is desorbed from kerogen surface and flows. These 

desorption process is pressure-dependent and is defined by Langmuir’s isotherms (Berawala & 

Østebø Andersen, 2019b). When there is a high flow rate in nanopores near gas production 

wells or near wellbore regions, particularly in fractures, inertial forces are dominant versus 

viscous forces (Hagoort, 2004). In (1901) Forchheimer added a term to Darcy’s equation to 

simulate gas flow at high flow rates more accurately (Barree & Conway, 2005; Belhaj et al., 

2003; Jones, 1987; Li & Engler, 2001; Ling, He, Wu, & Shen, 2013; Mustapha, de Langavant, 

& Giddins, 2015; Zeng & Zhao, 2006). A comparison of hydraulically fractured wells with 

non-fractured wells, hydraulic fractures cause a reduction in the efficiency of non-Darcy flow, 

it means that normally we expect average flow velocity near the fracture will be dominantly 

lower than to recompense the high velocities in fracture for the same rate of well production. 

Nonetheless, near the tip of fracture, there are extremely high local velocities that show the 

high potential of non-Darcy flows (Hagoort, 2004). Gas transportation is a combination of 

viscous flow, Knudsen diffusion, and molecular diffusion (Bird, 2002). Also, Javadpour (2009) 

believes that viscous flow and Knudsen diffusion are the main controlling parameters in gas 

transport (Javadpour, 2009). In below demonstrate, schematic of viscous flow and Knudsen 

diffusion from Zobck (Zoback & Kohli, 2019). 

 

Figure 2-2 viscous (continuum) flow vs. Knudsen diffusion. Increased interaction between gas molecules and pore walls at 

small pore sizes promote diffusive flow mechanisms, resulting in non-zero flow rates along pore walls (slip flow). 

(ZOBACK & KOHLI, 2019) 

If the mean free path of gas molecules is at least one order of magnitude larger than pore 

diameter, there is a molecular diffusion (Ho & Webb, 2006). And if mean free path of gas 
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molecules is much smaller than pore diameter, the possibility of collision between gas 

molecules is more than the collision of gas with pore walls, so we have viscous flow and 

Knudsen diffusion can be ignored. By using the Knudsen number, gas transport in porous 

media will be divided into four flow regimes. Adapted from Zoback (Zoback & Kohli, 2019). 

 

 

Table 2-1 summary of flow regimes as function of Knudsen number. 

Adapted from Ziarani and Aguilera (2012) and Heller et al. (2014) 

(Heller & Zoback, 2014; Ziarani & Aguilera, 2012). 

 

2.4.  The Klinkenberg or Gas Slippage Effect  

 In shale gas when the pore radii are between 1 to 200 nanometer, so fluid continuum theory 

does not work and molecules tend to strike against the pore walls and slip on the wall (Sherman, 

1969). In 1941 when Klinkenberg was investigating rarefied gas flow at different pressures, he 

found that the actual gas flow rate is larger than the prediction of Darcy’s law. For correction 

of this deficiency, he proposed apparent permeability that could be adjusted by the slippage 

parameter (H. Wang & Marongiu-Porcu, 2015). By consideration of Klinkenberg effect, the 

gas permeability and production will be increased. In (1941) Klinkenberg presented that 

effective permeability of gas at a finite pressure will be as below: 

𝐾𝑔 =  𝐾∞ (1 +
𝑏

𝑃
) 

(9) 

𝑏 is the Klinkenberg factor and it is dependent on pore structure and gas temperature and in 

very large gas pressure is negligible and 𝐾∞ is absolute permeability (Y.-S. Wu, Pruess, & 

Persoff, 1998). 

 

2.5.  Transition Flow  
 

The mechanics of transition flow are sophisticated and most of the models are on the base of 

Monte Carlo simulation results. The model is applied in different shear stress laws in the 

Navier-Stokes equation. The below formula indicates the nonlinearity of permeability increase 

with 𝐾𝑛. For more simplification, derived a polynomial form for permeability raise for        
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0.1 < 𝐾𝑛 < 0.8, which is in the range of interest for shale gas reservoirs (Sakhaee-pour & 

Bryant, 2011). 

𝐾𝑔

𝐾𝑙
= 0.8453 + 5.4576 𝐾𝑛 + 0.1633 𝐾𝑛

2 
(10) 

𝐾𝑔 is a single-phase gas permeability, 𝐾𝑙 is the permeability of a conduit to liquid with no-slip 

boundary condition and 𝐾𝑛 is the Knudsen number. The above formula coefficient is calculated 

by using a nonlinear regression model and the regression coefficient is 0.99. It is important that 

the above formula is just applicable for the transition flow regime also no longer the gas 

permeability is a linear function of 𝐾𝑛. This means that the Klinkenberg correction could not 

be applied for the higher Knudsen number flow regime (Sakhaee-pour & Bryant, 2011). 

 

2.6.  Molecular Flow (Knudsen Flow) 
 

In this flow regime molecules hit more the pore walls rather than slip. The molecular flow 

regime is almost unlikely to happen in shale gas reservoirs (K. Wu, Li, Guo, Wang, & Chen, 

2016). Knudsen’s number in this flow model is more than 10 and the driving force is the total 

concentration gradient and the model is on the base of the Knudsen diffusion equation (Heller 

& Zoback, 2014; Ziarani & Aguilera, 2012).  

 

2.7.  Surface Diffusion  
 

Surface diffusion is an important transfer mechanism, and its role in gas transportation is 

inevitable and even under the condition of smaller nanosized pores, this phenomenon will be 

dominated (Wua, Li, Guo, & Chen, 2015). Free gas transportation in nanopores and surface 

diffusion are coexistent phenomena in shale gas reservoirs. The adsorbed gas in pore could 

occupy part of the pore volume cause to reduce free gas transport capacity (Akkutlu & Fathi, 

2012). Nonetheless, the adsorbed gas surface diffusion lonely could increase total gas transport 

capacity in pores. The driving force of surface diffusion is a concentration gradient. Shales 

with a great specific surface area has adsorbed gas on organic pore walls with a large 

concentration gradient (Clarkson et al., 2013; Yi, Akkutlu, Karacan, & Clarkson, 2009); 

accordingly, the surface diffusion is a key point in the transport of gas (Fathi & Akkutlu, 2014; 

Kang, Fathi, Ambrose, Akkutlu, & Sigal, 2011; Xiong, Devegowda, Michel Villazon, Sigal, & 

Civan, 2012). In the existence of surface diffusion, the value of apparent permeability could be 

10 times that of continuum hydrodynamic (Darcy’s method) methods (Darabi, Ettehad, 

Javadpour, & Sepehrnoori, 2012), even several orders of magnitude more (Holt, 2006; 

Majumder, Chopra, Andrews, & Hinds, 2005). In Figure 2-3 a schematic diagram of the free 

gas in nanopores and desorbed gas on nanopore walls is demonstrated. 
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Figure 2-3 gas transport in shale gas , free gas in nanopores and desorbed gas on nanopore walls. 

(Ghanbarnezhad Moghanloo & Javadpour, 2014) 

2.8.  Adsorption / Desorption 
 

In general, there are two typical models that suit shale gas reservoirs for adsorption and 

desorption modeling. The Langmuir isotherm (Langmuir, 1918), is used for the description of 

monolayer gas adsorption on the surfaces but BET isotherm (Brunauer et al. 1938), is for the 

description of multilayer adsorption. Recently, studies approved the function of BET isotherm 

in some types of shales (Alnoaimi & Kovscek, 2013; Yu & Sepehrnoori, 2014; Z. Y. Zhang & 

Yang, 2012). However, the Langmuir isotherm is the most common model in lots of publication 

to date relevant to shale gas reservoirs (Dong, Holditch, & McVay, 2012; Haghshenas, 

Clarkson, & Chen, 2013; Lu, Li, & Watson, 1995; Mengal & Wattenbarger, 2011; Shabro, 

Torres-Verdin, & Javadpour, 2011). An authentic model of isotherm for adsorption/desorption 

processes is absolutely important because it has a great impact on the gas production rate (J. 

Wang et al., 2017). Langmuir isotherm demonstrates the amount of adsorbed gas on the solid 

surface as a function of pressure and constant temperature.  

𝑉𝐺 =
𝑉𝐿  𝑃𝑔

𝑃𝑔 + 𝑃𝐿
 

(11) 

𝑉𝐺 is the gas content, 𝑉𝐿 is the Langmuir volume which demonstrates the maximum storage 

capacity of gas volume. 𝑃𝐿 is Langmuir pressure and 𝑃𝑔 is the formation pressure. Under the 

initial condition of shale gas reservoirs, there is an equilibrium between adsorbed gas and free 

gas in nanosized pores (Wua et al., 2015). During pressure depletion, adsorbed gases on 

kerogen convert to free gas and this physical process is very quick (Xiong et al., 2012). Since 

there is single layer adsorption, the gas coverage of an ideal gas could be formulated as below: 

(Wua et al., 2015). 

𝐴𝑖 = 𝐴 
𝑃

𝑃𝐿 + 𝑃
 

(12) 

𝐴 is a total surface area that available for adsorption, 𝐴𝑖 adsorbed specific surface area by 

component. For a complete adsorption model that cover our multicomponent adsorption, it is 

needed a comprehensive model that 𝐴 is the total surface area, 𝐴𝑓  is free sites area, 𝐴𝑚 is the 

area occupied by methane and 𝐴𝑐  is the area covered by carbon dioxide, all per volume matrix 

rock. so, we have:(Berawala & Østebø Andersen, 2019a)  
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𝐴 = 𝐴𝑓 + 𝐴𝑚 + 𝐴𝑐  (13) 

After reaction between methane and carbon dioxide and equilibrium between two component, 

the area per volume rock  𝐴𝑖 occupied by methane and carbon dioxide is as below:  

𝐴𝑐 = 𝐴 
K𝑚P𝑐

n𝑐

KcPm
nm +  KcKm + KmPc

nc  
  , 𝐴𝑚 = 𝐴 

K𝑐P𝑚
n𝑚

KcPm
nm + KcKm + KmPc

nc  
 

(14) 

for the function of these parameters in mole balance computation we have: 

𝑎𝑖 [
𝑚𝑜𝑙𝑒

𝑣𝑜𝑙 𝑑𝑟𝑦 𝑟𝑜𝑐𝑘
]  = 𝐴𝑖 [

𝑎𝑟𝑒𝑎

𝑣𝑜𝑙 𝑑𝑟𝑦 𝑟𝑜𝑐𝑘
] 𝑆𝑚,𝑖 [

𝑚𝑜𝑙𝑒 𝑚𝑜𝑛𝑜𝑙𝑎𝑦𝑒𝑟

𝑎𝑟𝑒𝑎 𝑚𝑜𝑛𝑜𝑙𝑎𝑦𝑒𝑟
] 𝑛𝑖 [

𝑚𝑜𝑙𝑒 𝑚𝑢𝑙𝑡𝑖𝑙𝑎𝑦𝑒𝑟

𝑚𝑜𝑙𝑒 𝑚𝑜𝑛𝑜𝑙𝑎𝑦𝑒𝑟
]            (15) 

In the similar way, possible to calculate the adsorbed mass per volume 𝑊𝑖 as  below: 

𝑊𝑖 [
𝑚𝑎𝑠𝑠 

𝑣𝑜𝑙 𝑑𝑟𝑦 𝑟𝑜𝑐𝑘
] = 𝑎𝑖 [

𝑚𝑜𝑙𝑒

𝑣𝑜𝑙 𝑑𝑟𝑦 𝑟𝑜𝑐𝑘
] 𝑀𝑤,𝑖 [

𝑚𝑎𝑠𝑠 

𝑚𝑜𝑙𝑒
] 

(16) 

For conserved property we have: 

𝜙𝜌𝑔𝑥𝑖 + (1 − 𝜙)𝑎𝑖  (17) 

If 𝜌𝑔(𝑃𝑡) = 𝜌𝑔,𝑠𝑐𝑏𝑔
′ 𝑃𝑡 then we have: 

                              𝜙 𝜌𝑔,𝑠𝑐𝑏𝑔
′ 𝑃𝑡  

𝑃𝑖

𝑃𝑡
+  (1 − 𝜙)𝑎𝑖 = 𝜌𝑔,𝑠𝑐𝑏𝑔

′ (𝜙𝑃𝑖 +
(1−𝜙)𝑎𝑖

𝜌𝑔,𝑠𝑐𝑏𝑔
′ )  (18) 

On the base of Berawala et al.2019 the term 
(1−𝜙)𝑎𝑖

𝜙 𝜌𝑔,𝑠𝑐𝑏𝑔
′  was adsorbed component in Pa, but in this 

work due to the compaction effect in matrix and variable porosity, we need to make adsorption 

component independent of porosity variation, so in new definition the term 
𝑎𝑖

 𝜌𝑔,𝑠𝑐𝑏𝑔
′  is equal to 

adsorbed component. 

 

𝑎̂𝑖 =
𝑎𝑖(𝑃𝑚 , 𝑃𝑐)

𝜌𝑔,𝑠𝑐𝑏𝑔
′

 
(19) 

2.9. Effective Radius Calculation Due to Adsorption/Desorption 
 

We knew from before that due to the presence of gas the outer layer of pore walls will be 

covered by gas bubbles, therefore occupied part of space in nanopores. The effective radius for 

free real gas is: (Xiong et al., 2012) 

𝑟𝑒𝑓𝑓 = 𝑟 − 𝑑𝑚  𝜃 (20) 

𝜃 =  
𝑃

𝑍⁄

𝑃𝐿 + 𝑃
𝑍⁄

 
(21) 

𝜃 if we consider ideal gas (𝑍 = 1) we gain: 

𝜃 =  
𝑃

𝑃𝐿 + 𝑃
  

(22) 

𝜃 is ratio of adsorbed specific surface area by component, (m2 / m3 rock) on specific surface 

area, (m2 / m3 rock) so we have: 
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𝜃 =
𝐴𝑖

𝐴
(𝑖 = 𝑚, 𝑐) 

(23) 

 

𝐴𝑖 is adsorbed specific surface area by component and 𝐴 is specific surface area. So, we have: 

𝑟𝑒𝑓𝑓 = 𝑟 − 𝑑𝑚  

KiPi
ni

KcPm
nm +  KcKm + KmPc

nc  
                 (𝑖 = 𝑚, 𝑐) 

      (24) 

𝑑𝑚  is the methane diameter, between CO2 and CH4, the diameter of methane is bigger than 

carbon dioxide, so the molecule with a bigger diameter defines the outer layer of pore wall 

coverage. 𝑟 is a mean pore radius that is our given data from Marcellus shale and is 100 

nanometer. With effective radius correction possible to implement in the main formula for 

better estimation of gas production. Table 2-2 is described the advantages and disadvantages 

of different adsorption isotherms. 

 

Isotherm Advantages Disadvantages 

Langmuir  Best one parameter isotherm  Ignore adsorbate/adsorbate 

interactions 

Freundlich , Toth Two parameters No physical basis for 

equation 

Multistic  Many parameters Good for inhomogeneous 

surface. Wrong physics for 

single crystals. 

Tempkin Flower 

Slygin-Frumkin 

Account for 

adsorbate/adsorbate 

interactions in an average 

sense 

Dose not consider how the 

adsorbate layer is arranged 

Lattice gas 1-Complete description of 

adsorbate/adsorbate 

interactions for 

commensurate layers 

2- Predicts arrangement of 

adsorbed layer 

1-Require a computer to 

calculate isotherm 

2-Assume commensurate 

adsorption 

3-Parameters used in the 

model are difficult to 

determine. 

Table 2-2 Comparison of the advantages and disadvantages of several adsorption isotherms. 

 (MASEL, 1996) 

 

 



 

  13   

2.10.  Geomechanical Compaction 
 

The general structure of this section is an impression from a previous master thesis (Nergård, 

2018). In shale gas reservoir modeling it is important to consider permeability alteration due to 

overburden pressure. It is typical in conventional reservoirs to consider the permeability 

insensitive to compaction due to the large pore throats of the rock and rocks may not be under 

complete closure when the effective stress increasing (Faulkner & Rutter, 1998). On the base 

of former researches, increasing or decreasing of the permeability is dependent on pressure, 

when there is production due to pressure depletion, therefore, increasing of effective stress or 

overburden pressure cause decrease in permeability (Bustin, Bustin, & Cui, 2008; Soeder, 

1988; F. P. Wang & Reed, 2009). 

 

2.10.1. Effects of geomechanical compaction on shale gas reservoirs 

 

Wu et al. (2014) proposed a simple model approach, easy to integrate geomechanics with the 

two-phase flow in unconventional reservoirs. This model demonstrates the effect of stress-

dependent matrix gas permeability versus effective stress for a horizontal well with 10-levels 

of hydraulic fracture-system in uniform and tight porous media and fractured reservoir. As it 

is shown in Figure 2-4 The effect of effective pressure on gas permeability in different shale 

gas formations. that during production, there will be pore pressure reduction and so, increase 

the effective stress and consequently decrease the gas permeability. (Y.-S. Wu et al., 2014). 

 

Figure 2-4 The effect of effective pressure on gas permeability in different shale gas formations. 

In the above figure, it is clear that sensitivity of Muskwa shale gas permeability versus effective stress is more than other 

types of shale gas formations. 

 (Y.-S. Wu et al., 2014)  

2.10.2. Effect of Geomechanics in Shale Gas Reservoir Modelling 

2.10.2.1 Stress Dependent Matrix 

 

There are lots of correlation that have been used to tie between matrix porosity and effective 

stress. (Davies & Davies, 1999; Rutqvist, Wu, Tsang, & Bodvarsson, 2002; Winterfeld & Wu, 
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2011). One of the most typical correlation represented by Rutqvist :(Davies & Davies, 1999; 

Rutqvist et al., 2002).  

𝜙𝑚(𝑃𝑔) =  𝜙𝑟 + (𝜙0 − 𝜙𝑟)𝑒−𝜂𝑚𝜎𝑚


 (25) 

It is possible to conclude initial matrix porosity by below formula: 

                                               𝜙𝑖
𝑚 =  𝜙𝑟 + (𝜙0 − 𝜙𝑟)𝑒−𝜂𝑚𝜎𝑚,𝑖



                                                                              (26) 

The 𝜙(𝑃𝑔) is porosity dependent of gas pressure, 𝜙𝑟 is the high effective stress porosity, 𝜙0 is 

the porosity at zero effective mean stress (𝜎𝑚 = 0),  𝜙𝑖
𝑚 is the matrix porosity at initial 

reservoir condition, 𝜂𝑚 is the matrix porosity stress dependent factor in 𝑃𝑎−1 and 𝜎𝑚 is the 

mean effective stress in 𝑃𝑎. Raghavan and chin (2004) proposed another approach for 

integration of stress dependent matrix pores which is mainly related to the vertical overburden 

load and reservoir pressure (Raghavan & Chin, 2002; J. Wang et al., 2017). 

                                                     𝜎𝑚
 = 𝜎𝑚,𝑡𝑜𝑡(𝜎𝑜𝑏,𝑣) − 𝑃𝑔          (27) 

Identically, the initial mean effective stress  𝜎𝑚,𝑖
  can be expressed: 

𝜎𝑚,𝑖
 = 𝜎𝑚,𝑡𝑜𝑡(𝜎𝑜𝑏,𝑣) − 𝑃𝑖𝑛𝑖𝑡  (28) 

Where 𝜎𝑚,𝑡𝑜𝑡 is the total mean stress pressure which is a function of 𝜎𝑜𝑏,𝑣 (overburden load) 

and is relatively an invariable value for the system studied. It also assumes that the effective 

porosity and permeability of the rock just tie in with the mean effective stress. Substituting (33) 

and (34) into (35) and (36) for 𝜎𝑚
  and 𝜎𝑚,𝑖

  , respectively, so the equations will be: 

𝜙 (𝑃𝑔) =  𝜙𝑟 + (𝜙𝑖
𝑚 − 𝜙𝑟)𝑒−𝜂𝑚(𝑃𝑖𝑛𝑖𝑡−𝑃𝑔) (29) 

The impact of effective stress on gas permeability in shale gas investigated by Soeder (1988), 

Bustin et al. (2008), and Wang and Reed (2009). The stress-dependent relationship between 

permeability and effective stress derived by Raghavan and Chin (2004) is more compatible 

with experimental data:(Bustin et al., 2008; Raghavan & Chin, 2004; Soeder, 1988; F. P. Wang 

& Reed, 2009). 

𝐾𝑚(𝑃𝑔) = 𝐾0
𝑚𝑒−Ψ𝑚𝜎𝑚


  (30) 

Where 𝐾0
𝑚 is the matrix permeability when the effective mean stress is zero ( 𝜎𝑚

 = 0) and Ψ𝑚 

is the permeability stress-dependent factor for a matrix with the unit of 𝑃𝑎−1. The initial 

permeability for the matrix is as below: 

𝐾𝑖
𝑚 = 𝐾0

𝑚𝑒−Ψ𝑚𝜎𝑚,𝑖


   (31) 

By substituting (35) and (36) into (38) and (39) respectively, the absolute permeability of 

matrix depend on reservoir pressure and we obtain:(J. Wang et al., 2017). 

𝐾𝑚(𝑃𝑔) = 𝐾𝑖
𝑚𝑒−Ψ𝑚(𝑃𝑖𝑛𝑖𝑡−𝑃𝑔) (32) 

A substitute approach of integrating the stress-dependent matrix pores is the usage of a table-

lookup approach for correlation of reservoir porosity and permeability as a function of effective 

mean stress by laboratory studies for a given shale (Yu & Sepehrnoori, 2014). 
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Figure 2-5 Gas-transport regimes in nanopores. 

(J. Wang et al., 2017) 

 

2.11. Fractal Dimensions in Shale Gas Reservoirs 
 

With high-resolution images, it is possible to find detailed information about pore with size 

ranges of nanometers to micrometers. But the relation of this information to transport properties 

of a sample as the same size as a core is challenging. The observed self-similarity of the pores 

proved that the pore space of shale could be fractal. R.C.K proposed “the fractal dimension 

analysis of the computer tomography (CT) technique for different shale classification” (Ōtani 

& Obara, 2004). Researchers used fractals for simulation of transport properties of porous 

media. There has been lots of research in tight formations for capturing the heterogeneity of 

stimulated volume, complex geometries of fractures and variation in apparent and relative 

permeabilities (Sakhaee-Pour & Li, 2016). In recent years researchers found a combined 

method for better understanding of effective porosity and pore characteristics and relationship 

between nanoscale properties of porosity to microscale cores. They mixed the porosity method 

with an improved porosity method considering fractal characteristics (Lin et al., 2018). As we 

know the core composed of rock skeleton and pore space, in theory, two parts of core CT image 

should be different in grayscales, but it is not in reality due to constraints of imaging equipment 

and other parameters. Furthermore, the edge of pores and skeletons is unclear, which causes  

difficulty in image segmentation. In the porosity method, the core porosity measured by the 

liquid saturation or gas expansion method. Porosity shows the share of pore space in rock and 

the quality of image segmentation will improve by a combination of the porosity to the CT 

image segmentation. But in improved porosity method that combined with fractal rules, divides 

images based on the calculated porosity of each image instead of the measured porosity of the 

whole core (Lin et al., 2018). 

 

3. Mathematical Model  
 

This model is on the base of previous work by Berawala and Andersen (2019) and the 

geomechanical effect model in this work is on the base of a previous thesis written by Edgard 

with supervisory of Berawala and Anderson (2018). In this model CO2 injection to   

hydraulically fractured shale gas reservoirs with geomechanical compaction effect in the 

matrix, effective radius in the matrix, adsorption/desorption in the matrix and kerogen, 

diffusivity, gas concentration, and apparent permeability will be considered. 
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3.1.  Fracture/Matrix-Modelling Assumptions 
 

We need a simple model that represents the main aspects of shale gas production. The main 

presumptions for matrix and fracture are as below: 

1. Rock properties (porosity, permeability) for fracture and matrix are heterogeneous. 

2. Primarily shale matrix consists of methane component (CH4) only, in the form of free 

gas and adsorbed phase. 

3. The carbon dioxide that we inject in gaseous form it can be seen in both gaseous and 

adsorbed form in the matrix. 

4. The composition and flow properties of free and adsorbed gas components assumed to 

be the same. 

5. Single-phase flow of gas is considered (we consider that just dry gas and infinitesimal 

amount of oil and water).  

6. An individual fracture drains gas from the surrounding matrix. 

7. Gas is produced from the fracture to the well at constant well pressure. 

8. The fracture width assumes constant. 

9. Gas desorption is pressure dependent, which is studied by Langmuir multicomponent 

isotherm. 

10. We consider the gas as an ideal gas and has constant viscosity. 

11. We consider geomechanical compaction within the matrix and consider fracture 

constant. 

12. We consider these mechanisms in the matrix: adsorption, desorption, compaction effect 

on porosity and permeability, effective radius, diffusivity, gas concentration, apparent 

permeability. 

3.2. Geometry  
 

We assume a fracture that extends perpendicularly from the well and then considers the 

situation of 𝑦-axis along the fracture pointing away from the well perforation, where 𝑦 = 0. 

The fracture length is 𝐿𝑦 and the constant width is 2𝑏. The gas is restored from the matrix to 

fracture in the way that is perpendicular to fracture (𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛). We assume 𝑥 = 0 at the 

right-hand-side fracture/matrix interface. The fracture and matrix ranges are given by: 


𝑓 = [(𝑥, 𝑦): − 2𝑏 < 𝑥 < 0 ; 0 < 𝑦 <  𝐿𝑦] 


𝑚 = [(𝑥, 𝑦) ∶  −2𝑏 − 𝐿𝑥 < 𝑥 < −2𝑏;   0 < 𝑥 < 𝐿𝑥 ; 0 < 𝑦 <  𝐿𝑦] 

(33) 

We assume that the fracture systems will be repeated (equally spaced fractures), so we have a 

natural no-flow boundary at 𝑥 =  𝐿𝑥 [the matrix half-length (symmetry)]. We solve equations 

just for one side of the system, but we account for both sides for production (Berawala et al., 

2019). For more simplification of our model, fracture geometry is considered rectangular 

shape.  
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Figure 3-1 Geometry of model for fixed fracture width. 

 

3.3.  Modelling Approach 
3.3.1.  Mass Conservation  

 

The moles of gas changes because of flow in and out of the interface 𝜕 with area A, for the 

composition of two gases (CO2 and CH4) we have: (Chen, Huan, & Ma, 2006). 

                             𝜕𝑡 ∫ [
 


𝜙 𝜌𝑔𝑥𝑖 + (1 − 𝜙 ) 𝑎𝑖]d𝑉 = - ∫ (

 

𝜕
𝜌𝑔𝑢 𝑥𝑖) ∙  𝑛 d𝐴,                                      (34) 

where 𝜌𝑔(𝑝𝑡) gas molar density (moles of gas-phase per volume gas mixture), 𝜙 is porosity,   

u is the Darcy-mass-flux vector, n is the unit-normal vector pointing out of , 𝑥𝑖 mole fraction 

of component (𝑖 = 𝑐, 𝑚), 𝑎𝑖 is amount adsorbed component 𝑖 (in moles component per volume 

matrix rock), and 𝑝𝑡 is total gas pressure. The flux vector 𝑢 is here and dependent to pressure 

by Darcy’s law: 

                                   𝑢 =  −
𝑘𝑚

𝜇𝑔
 ∇𝑝𝑡,                                𝑝𝑡 =  𝑝𝑚 + 𝑝𝑐 (35) 

𝑘𝑚 is the permeability of gas in the matrix and 𝜇𝑔 is the gas viscosity, which is set constant. 

The partial pressure 𝑃𝑖 associated with 𝑁𝑖 moles of component residing in the gas mixture 

volume 𝑉𝑔 (which is possible to share with other components is defined by the real law) (Chen 

et al., 2006). 

𝑃𝑖𝑉𝑔 = 𝑧𝑁𝑖𝑅𝑇     

                                 (𝑃1 + 𝑃2 + ⋯ + 𝑃𝑛 ) = 𝑧(𝑁1 + 𝑁1 + ⋯ + 𝑁𝑛 )𝑅𝑇                                       

𝑃𝑡𝑉𝑔 =  𝑧𝑁𝑡𝑅𝑇 

(36) 

The latter formula is derived from the first and concerns the total pressure from the gas mixture. 

𝑧 stands for the deviation factor from an ideal gas, 𝑅 is the gas constant and 𝑇 is the absolute 

temperature. 
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3.3.1.1 Density-pressure relations  

 

Molar gas-phase density at reservoir and surface conditions (𝑠𝑐) follow directly as:  

𝜌𝑔 =
𝑁𝑔

𝑉𝑔
=

𝑃𝑡

𝑧𝑅𝑇
,         𝜌𝑔,𝑠𝑐 =

𝑁𝑔

𝑉𝑔,𝑠𝑐
=

𝑃𝑠𝑐

𝑅𝑇𝑠𝑐
 

(37) 

𝑧  presumed constant at reservoir conditions and unity at standard condition, so we could  find 

the inverse gas volume factor 𝑏𝑔 as the ratio of the volume taken by a gas mixture at standard 

conditions to the volume it takes at reservoir conditions:  

𝑏𝑔(𝑃𝑡) =
𝜌𝑔

𝜌𝑔,𝑠𝑐
=  𝑃𝑡

𝑇𝑠𝑐

𝑃𝑡,𝑠𝑐  𝑧𝑇
,    𝑏𝑔

  (𝑃𝑡) =
𝑇𝑠𝑐

𝑃𝑡,𝑠𝑐 𝑧𝑇
  ,     𝜌𝑔(𝑃𝑡) = 𝜌𝑔,𝑠𝑐  𝑏𝑔

  𝑃𝑡 
(38) 

In the above formula the derivative of  𝑏𝑔with respect to 𝑝𝑡 that is a constant (with a unit of 

inverse pressure) to write a combined relationship between gas density and total pressure. Mole 

fractions 𝑥𝑖 and molar follow from the gas law:  

𝑥𝑖 =
𝑁𝑖

𝑁𝑡
=  

𝑃𝑖

𝑃𝑡
 (𝑖 = 𝑚, 𝑐) 

(39) 

𝐶𝑖 is the concentration of gas component 𝑖 (in mole per volume gas mixture) and molar 

concentrations of gas component  𝐶𝑖 follow from the gas law directly : 

                                               𝐶𝑖 =  
𝑁𝑖

𝑁𝑡
=  

𝑃𝑖

𝑧𝑅𝑇
 (𝑖 = 𝑚, 𝑐)                              (40) 

𝐷𝑖,𝑒 is the effective molecular diffusion coefficient of gas components depends on the free 

molecular diffusion coefficient 𝐷𝑖,𝑓 and the tortuosity 𝜏 of the porous medium as below: (He, 

Lv, & Dickerson, 2014).  

𝐷𝑖,𝑒 =  
𝐷𝑖,𝑓

𝜏
         (𝑖 = 𝑚, 𝑐) 

(41) 

 

 

 

3.3.1.2 Shale-Gas Adsorption 

 

The 𝑎𝑖 is an adsorbed component parameter that is pressure-dependent and described as below: 

(Berawala & Østebø Andersen, 2019b). The conserved property  𝜙𝜌𝑔𝑥𝑖 + (1 − 𝜙) 𝑎𝑖  can be 

defined as below: 

  if 𝜌𝑔(𝑃𝑡) = 𝜌𝑔,𝑠𝑐𝑏𝑔
′ 𝑃𝑡 and 𝑎̂𝑖 =

𝑎𝑖(𝑃𝑚,𝑃𝑐)

𝜌𝑔,𝑠𝑐𝑏𝑔
′   

So, for conserved property we have: 

𝜙 𝜌𝑔,𝑠𝑐𝑏𝑔
′ 𝑃𝑡  

𝑃𝑖

𝑃𝑡
+ (1 − 𝜙) 𝑎𝑖 = 𝜙 𝜌𝑔,𝑠𝑐𝑏𝑔

′ 𝑃𝑖 + (1 − 𝜙) 𝑎̂𝑖 𝜌𝑔,𝑠𝑐𝑏𝑔
′  =  𝜌𝑔,𝑠𝑐𝑏𝑔

′ (𝜙 𝑃𝑖+(1 − 𝜙)𝑎̂𝑖) 

3.3.1.3 Fracture Domain 

 

If In the fracture, we ignore gas adsorption (i.e., 𝑎𝑖
𝑓

= 0). The fracture width defined by 2𝑏, 

regarding volume  𝑑𝑉= 2𝑏 ℎ 𝑑𝑦 → 0, we have:  
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               𝜕𝑡(𝜙 𝜌𝑔 𝑥𝑖2𝑏) = 𝜕𝑦(𝜌𝑔𝑢 𝑥𝑖 2𝑏) + (𝜌𝑔𝑢 𝑥𝑖)𝑥= −2𝑏,𝑦 − (𝜌𝑔𝑢 𝑥𝑖)𝑥=0,𝑦
                             (42) 

Because the fracture is surrounded symmetrically by the matrix, the two source terms are 

calculated identically, 

(𝜌𝑔𝑢 𝑥𝑖)𝑥= −2𝑏,𝑦 = −(𝜌𝑔𝑢 𝑥𝑖)𝑥=0,𝑦 (43) 

So for constant fracture width with the rectangular shape we have:  

                                         𝜕𝑡(𝜙 𝜌𝑔 𝑥𝑖𝑏) = −𝜕𝑦(𝜌𝑔𝑢 𝑥𝑖 𝑏) −( 𝜌𝑔𝑢 𝑥𝑖)𝑥=0,𝑦                              (44) 

If we substitute the parameters in above formula: 

𝜕𝑡(𝜙 𝑃𝑡  𝜌𝑔,𝑠𝑐𝑏𝑔
′  𝑏

𝑷𝒊

𝑷𝒕
) = −𝜕𝑦(−

𝑘𝑓

𝑔

𝜕𝑦(𝑝𝑡)𝑃𝑡  𝜌𝑔,𝑠𝑐𝑏𝑔
′ 𝑏

𝑷𝒊

𝑷𝒕
) −(−

𝑘𝑚

𝑔

 𝜕𝑥𝑝𝑡  𝑃𝑡  𝜌𝑔,𝑠𝑐𝑏𝑔
′ 𝑷𝒊

𝑷𝒕
)𝑥=0,𝑦    (45) 

After some simplifications in above formula, in final form we have : 

b 𝜙 𝜕𝑡(𝑝𝑖)=
𝑘𝑓

𝑔

 𝑏 𝜕𝑦(𝑝𝑖 𝜕𝑦(𝑝𝑡))  + 
𝑘𝑚

𝑔

(𝑝𝑖  𝜕𝑥(𝑝𝑡 )) 𝑥=0,𝑦     (𝑖 = 𝑚, 𝑐)   (𝑥, 𝑦 ∈  𝑓)   
(46) 

 

3.3.1.4 Matrix Domain 

 

In the matrix, just we have the flow in the 𝑥-direction (toward the fracture), whereas flow in 

the 𝑦-direction is negligible. Considering a volume   𝑑𝑉 = 𝑑𝑥 𝑑𝑦 ℎ → 0, as a general formula 

of compressible gas flow which includes advection, diffusion, and adsorption is given by 

(modified from Chen et al.):(Chen et al., 2006) 

                                  𝜕𝑡[𝜙 𝜌𝑔𝑥𝑖 + (1 − 𝜙) 𝑎𝑖]=  −𝜕𝑥(𝜌𝑔𝑢 𝑥𝑖) +  𝜕𝑥 ( 𝐷𝑖,𝑒 𝜙 𝜕𝑥 𝐶𝑖)                                      (47) 

As it is clear in above, there are two gas components, so we need to consider both reactions of 

CO2 and CH4 on the rock surface and their pressures for competitive adsorption. 

If we put the equations (35), (38), (39), (40) and (41) in (47), so we have:  

              𝜕𝑡[𝜙𝑚𝑃𝑡 𝜌𝑔,𝑠𝑐𝑏𝑔
′ 𝑷𝒊

𝑷𝒕
+ (1 − 𝜙) 𝑎̂𝑖 𝜌𝑔,𝑠𝑐𝑏𝑔

′ ]=  −𝜕𝑥(−
𝑘𝑚

 𝜇𝑔
 𝜕𝑥(𝑃𝑡) 𝑃𝑡 𝜌𝑔,𝑠𝑐𝑏𝑔

′  
𝑷𝒊

𝑷𝒕
) +

                                                             𝜕𝑥( 
𝐷𝑖,𝑓

𝜏
 𝜙𝑚  𝜕𝑥( 

𝑃𝑖

𝑧𝑅𝑇
)) 

After some simplification in the above form we have: 

𝜕𝑡(𝜙 𝑃𝑖 + (1 − 𝜙)𝑎̂𝑖) =
1

 𝜇𝑔
𝜕𝑥( 𝑘𝑚 𝜕𝑥(𝑃𝑡) 𝑃𝑖) + 𝐷̂𝑖 𝜕𝑥( 𝜙𝑚 𝜕𝑥( 𝑃𝑖))   , (𝑖 = 𝑚, 𝑐) 

                                                            (𝑥, 𝑦 ∈ 
𝑚) 

(48) 

 

For diffusivity term we have : 

𝐷̂𝑖 =  
1

𝜌𝑔,𝑠𝑐𝑏𝑔
′

  
𝐷𝑖,𝑓

𝜏𝑧𝑅𝑇
 

(49) 

 

3.3.2.  Stress Dependent Matrix Porosity  

 

For derivation and description of stress-dependent matrix porosity in this part, it is referred to 

as equations (25),(26),(27) and (28) in chapter 2. So stress-dependent matrix porosity formula 

is as follow: 
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𝜙 (𝑃𝑔) =  𝜙𝑟 + (𝜙𝑖
𝑚 − 𝜙𝑟)𝑒−𝜂𝑚(𝑃𝑖𝑛𝑖𝑡−𝑃𝑔) (51) 

3.3.3. Initial and Boundary Conditions 

 

The equations of flow must be calculated with the initial and boundary conditions. 

Initially, at 𝑡 = 0, the matrix contains free CH4 gas with initial pressure 𝑃𝑚0 : 

𝑃𝑚(𝑡 = 0) = 𝑃𝑚0 =  𝑃𝑖𝑛𝑖𝑡  ,        𝑃𝑐(𝑡 =  0) = 𝑃𝑐0 = 0 (50) 

The adsorbed gas is in equilibrium with this composition:  

𝑎𝑚(𝑡 = 0) = 𝑎𝑚(𝑃𝑚0, 𝑃𝑐0),    𝑎𝑐(𝑡 = 0) =  0.  (51) 

The fracture and matrix have the same initial pressure 𝑃𝑖𝑛𝑖𝑡 at 𝑡 = 0. 

The perforation is defined at 𝑦 = 0 with a known pressure, (Jiang & Yang, 2018) 

                                                            𝑃𝑚
𝑓

 (y = 0) = 0 , (𝑥 𝜖 𝑓)                                                                                            (52) 

𝑃𝑐
𝑓(y = 0) =  𝑃𝑤𝑒𝑙𝑙 , 

The open boundary at 𝑥 = 0 acts with defined partial pressures as a function of time. And 

around fracture wall in 𝑥 direction we have: (Berawala et al., 2019) 

                                                                      𝑃𝑖|𝑥=0−= 𝑃𝑖|𝑥=0+  ,                                                              (53) 

The fracture is closed (or has negligible production) from the matrix in the 𝑦-direction. 

Similarly, the matrix because of symmetry, has no flow at its outer boundary. 

                                                         𝜕𝑦 𝑃𝑖|𝑦= 𝐿𝑦
= 0 , 𝜕𝑥 𝑃𝑖|𝑥= 𝐿𝑥

= 0 ,                                                                                                                             (54) 

 

3.3.4.  Summary of Model  

    

The system for gas flow in fracture matrix is : 

b 𝜙𝑓 𝜕𝑡(𝑝𝑖)=
𝑘𝑓

𝑔

 𝑏  𝜕𝑦(𝑝𝑖𝜕𝑦  (𝑝𝑡))  + 
𝑘𝑚

𝑔

 ( 𝑝𝑖 𝜕𝑥(𝑝𝑡 ))𝑥=0,𝑦     (𝑖 = 𝑚, 𝑐) (𝑥, 𝑦 ∈  𝑓)         
(55) 

 

 

𝜕𝑡(𝜙 𝑃𝑖 + (1 − 𝜙) 𝑎̂𝑖 ) =
1

 𝜇𝑔
𝜕𝑥( 𝑘𝑚 𝜕𝑥(𝑃𝑡) 𝑃𝑖) + 𝐷̂𝑖 𝜕𝑥( 𝜙 𝜕𝑥( 𝑃𝑖))   (𝑖 = 𝑚, 𝑐),  

(𝑥, 𝑦 ∈ 
𝑚)                                                                                                                                 

(56) 

 

𝐷̂𝑖 =  
1

𝜌𝑔,𝑠𝑐𝑏𝑔
′

  
𝐷𝑖,𝑓

𝜏𝑧𝑅𝑇
    

(57) 

 

𝐵𝑖 =
𝑆𝑚,𝑖 𝑛𝑖

𝜌𝑔,𝑠𝑐𝑏𝑔
′
   

(58) 

 

𝑎̂𝑖 =  
𝑎𝑖(𝑃𝑚 , 𝑃𝑐)

𝜌𝑔,𝑠𝑐𝑏𝑔
′

=
𝑆𝑚,𝑖 𝑛𝑖𝐴𝑖(𝑃𝑚 , 𝑃𝑐)

𝜌𝑔,𝑠𝑐𝑏𝑔
′

= 𝐵𝑖𝐴𝑖(𝑃𝑚, 𝑃𝑐) 
(59) 

 

Equations (55) and (56) will be solved with consideration of initial and boundary conditions. 
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4. Simulation Results and Discussion 
 

In this part, we show the performance of model Eqs. (55) and Eqs. (56) by studying its 

sensitivity to various input parameters. Specially we will consider the recovery factor versus 

time during methane production and CO2 injection, reservoir pressure, and gas-recovery curve 

are affected by matrix and other gas parameters. Gas recovery factor will be reported as a 

fraction of the mass initially in the reservoir. For the mathematical calculation of the recovery, 

the Appendix A will be referred. The system will be solved by operator-splitting method that 

is described by (Agista, Andersen, & Yu, 2019; Andersen, Evje, & Kleppe, 2014; Berawala et 

al., 2019). This system means that we alternate solving between flow in 𝑦 direction (fracture 

diffusion) the flow in 𝑥 direction (fracture/matrix diffusion and desorption). The numerical-

solution approach is defined in Appendix C. The 𝑦 − 𝑎𝑥𝑖𝑠 is discretized into 8 equal cells, 

whereas the 𝑥 − 𝑎𝑥𝑖𝑠 is divided into 8 equal cells that include also fracture cell. 

 

4.1. Model Input 

 

The parameters that used for inputs of model in Table 4-1 are for the base case that demonstrate 

gas, rock and transportation properties. 

 
Parameters Value Units 

 Fracture half-width,𝑏 0.02 m 

Well bottom-hole pressure,𝑃𝑤𝑒𝑙𝑙  17.24 bar 

Fracture length,𝐿𝑦 10 m 

Matrix half-length,𝐿𝑥  20 m 

Fracture permeability , 𝐾𝑓 10 md 

Fracture height,ℎ 1 m 

Matrix permeability, 𝐾𝑚 10 d 

Gas density at standard conditions, 𝜌𝑠𝑐 0.7 Kg/std m3 

 

CH4 well pressure, 𝑃𝑚,𝑤𝑒𝑙𝑙
𝑖𝑛𝑗

 
0 bar 

CO2 well injection pressure, 𝑃𝑐,𝑤𝑒𝑙𝑙
𝑖𝑛𝑗

 550 bar 

Well production pressure 𝑃𝑡,𝑤𝑒𝑙𝑙
𝑝𝑟𝑜𝑑

 150 bar 

Initial CH4 matrix pressure, 𝑃𝑚0 350 bar 
Initial CO2 matrix pressure, 𝑃𝑐0 0 bar 

Real gas deviation factor (ideal gas), 𝑍 1 − 

Gas constant, 𝑅 8.314 J/mol 
CH4 viscosity, 𝜇𝑚 0.0184 cP 

CO2 viscosity, 𝜇𝑐 0.0184 cP 

Matrix length, 𝐿 0.07 m 

Matrix porosity, 𝜙∗ 0.1 − 

Mean pore radius, 𝑟𝑒  100 nm 

Reservoir temperature, 𝑇∗ 323.15 K 

Tortuosity of rock, 𝜏 1.51 - 

Molar weight of CH4 16.04𝑥10−3 kg/mol 
Molar weight of CO2 44.01𝑥10−3 kg/mol 

CH4 Diffusion coefficient, 𝐷𝑚 1𝑥10−8 m2/s 

CO2 Diffusion coefficient, 𝐷𝑐 1𝑥10−8 m2/s 

 ∗ (Yu, Sepehrnoori, & Patzek, 2016) 

Table 4-1 Input parameters used for reference-case simulations. Reservoir and temperature are representative of Marcellus 

Shale (Godec, Koperna, Petrusak, & Oudinot, 2013) 
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The Longmuir-isotherm parameters that taken from (Yu et al., 2016) are representative of 

Marcellus shale. Otherwise will be stated in the text and other unchanged parameters are held 

constant, equal to base case. In this work the fracture will be in the reference case and is 

considered to have a constant width. Adsorption measurements of CH4 and CO2 are given from 

Marcellus, Barnett, and Eagle Ford shale for parametrization of multicomponent adsorption 

model (Godec et al., 2013; Heller & Zoback, 2014). For a typical specific surface area we have 

A= 20*103 m2/kg that was performed for our model. 

 

4.2.  Simulation Results 

 

In this part we investigate the deviation of Knudsen number versus pressure and its impact 

during simulation with core and field scales. In core scale the typical average pore radius is 

considered 100 nm because the shale samples will be crushed and compacted for better 

measurements. At field scale, the pore radius is assumed 20 nm. As we had in Eqs. (3) due to 

inverse relation of Knudsen number with pressure and pore radius the Figure 4-1  will be drawn. 

As it is clear in the graph below, the Knudsen number is more sensitive to smaller pore radius 

before 150 bar and the rate of reduction is more in the pore field scale than core scale pore 

radius. The Knudsen number of 20 nm pore radius is lower than 0.001 in pressure more than 

110 bar, So in the field scale for pressures more than 110 bar, the mean free path is lower than 

pore radius and it means, there is a slip-flow regime in the reservoir. But for the pressures lower 

than 110 bar in field scale the mean free path is much lower than pore radius, so we have 

continuum-flow regime in the reservoir. When we investigate the core scale, the Darcy regime 

or viscous flow is dominant in all ranges of pressure and when there is a viscous flow in porous 

media, probability of collision between fluid molecules are more than the probability of 

collision of molecules with pore wall.   

 
Figure 4-1  Knudsen number versus pressure 

 

 

4.3. Base Case with Cyclic CO2 injection 

In below Figure 4-2 the base case graph is shown, the model defined in total of 1000 days with 

4000 steps, we produce methane for 200 days and then inject carbon dioxide for the next 200 

days, so we do the same procedure till the end of 1000th day. In the recovery graph (right) 

during the first 200 days of CH4  production the ultimate recovery is around 55 percent and 

then in the first period of CO2 injection, recovery is still as the same as last production period, 
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but for the second period of production the recovery at the end of  200th day increased to 70 

percent of methane recovery and In the last period of production the recovery increased to 80 

percent. In this model we consider all main mechanisms such as adsorption, diffusion and 

compressibility of shale reservoir. The pore radius is on the base of field scale (20nm). In the 

left side of the below graph the blue line is free mass of gas in the fracture, as you can see due 

to narrow width of fracture (0.02 m) during CH4 production the amount of free mass is 

negligible. In yellow line during the first 200 days, because of pressure depletion the adsorbed 

methane desorbs and converts to free methane molecules and produce through the matrix and 

then fracture in the well. In second 200 days we have CO2 injection and when we compare 

yellow line with orange line shows that free mass of methane in the matrix convert to adsorbed 

mass and attach to the surface of kerogen due to pressure escalation and the GCIP is constant. 

In the third 200 days of production the adsorbed mass of gas desorbed and convert to free gas. 

In the second period of CO2 injection, lower amount of free methane covert to adsorbed 

methane, due to more preference of carbon dioxide substitution with methane on the surface of 

kerogen, lower amount of methane remained.  

 

 

 
Figure 4-2 (left) free mass of gas in the fracture, adsorbed mass of gas in the matrix, free mass of gas in the matrix, GCIP 

versus time (days) , (right) methane recovery versus time(days) 

In the Figure 4-3 (left) the difference of free mass of gas in the fracture with initial condition 

of free mass of gas in the fracture drawn versus time and it is negative amounts. During the 

first period of production the free mass of gas in fracture did not change from initial condition 

so we have a flat line in this period. In first period of CO2 injection, there is not any methane 

in the fracture, so the difference is the highest negative. But in the next period of production 

the amount of methane is lower than the first period of production, so the amount of negative 

difference is not as much as the first period. In Figure 4-3 (right) in the first period of production 

the adsorbed mass of matrix will be decreased so the difference going to be high negative from 
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the initial point, but in first CO2 injection, due to substitution of methane with CO2, more 

methane desorbs and converts to free gas in the matrix. 

 

 
Figure 4-3 (left) mass difference of free gas in the fracture(mole) versus time(days), (right) mass difference of gas in the 

matrix(mole) versus time(day) 

 

In the  Figure 4-4 (left) during the first period of methane production, due to pressure depletion, 

adsorbed methane desorbs and converts to free gas in the matrix, but in the first CO2 injection 

period, due to high preference of CO2 adsorption on the surface of kerogen than methane, more 

methane desorbs and makes more free gas in the matrix and lower adsorbed mass of methane, 

so the high reduction in the adsorbed mass is clear.  In the (right) the difference of GCIP and 

OGIP is shown, for example the second period of methane production, we produce around 

425000 moles methane.  
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Figure 4-4 (left)mass difference of adsorbed gas in the matrix(mole) versus time(days) , (right) difference of GCIP and 

OGIP versus time (days) 

In the Figure 4-5 (left) the amount of free mass of gas in the fracture during production is 

around 2.2*106 mole and after start of CO2 injection it will be zero. In the second period of 

production, we have carbon dioxide in the system, so the amount of methane will be lower than 

first production period. In the (right) at first period of production due to pressure depletion the 

adsorbed methane convert to free methane and then produced, but the rate of free methane 

production in the matrix is higher than the rate of conversion of adsorbed methane to free 

methane, so the amount of free CH4  decreases during production.  
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Figure 4-5 (left) mass of free gas in the fracture(mole) versus time(days) , (right) mass of free gas in the matrix (mole) 

versus time (days) 

 

4.4. Base Case without CO2 injection  

 

If there is not any carbon dioxide injection into the reservoir, as it is shown in Figure 4-6 (left) 

the free mass of gas in the fracture will be decrease until being stable around day 500th . In the 

(right) after pressure depletion, the adsorbed mass, desorb and convert to free mass of gas and 

go through the fracture. Until the day 500th there will a constant rate of free gas in the matrix 

due to pressure depletion and stability. It means that reservoir pressure is going to be close to 

the well pressure. 
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Figure 4-6 (left) mass of free gas in the fracture(mole) versus time(days) , (right) mass of free gas in the matrix (mole) 

versus time(days) 

 

In the Figure 4-7 (left) the adsorbed mass of gas in the matrix and GCIP will be decreased 

during production, but after 500 days of production these parameters will be stabilized. As it is 

clear the free mass of gas in the matrix does not change, it means that the rate of conversion of 

adsorbed gas to free gas is as the same as free gas production. In the (right) the highest amount 

of recovery is 60 percent and when the pressure pf reservoir reaches to well pressure, the 

recovery will be stable. To showing that how much carbon dioxide could increase the recovery, 

we look at the Figure 4-2 . It is obvious that before first CO2 injection, the recovery was around 

56 percent, but after the first injection, the 15 percent jump in recovery till 71 is seen and for 

the second injection around 8 percent jump is obvious.    
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Figure 4-7 (left) free mass of gas in the fracture, adsorbed mass of gas in the matrix, free mass of gas in the matrix, GCIP, 

(right) recovery of gas versus time (days) 

In the Figure 4-8 comparison between three different pore radiuses impact on the of reservoir 

recovery in combination with CO2 injection, as it is shown the more pore radius, the more 

recovery we have. When the pore radius is going to be higher on the base of Eqa. (3) the 

Knudsen number decreases, and it means mean free path will be much lower than pore radius, 

so we are shifting to continuum flow. Regarding Eqa. (5) With increasing of pore radius, the 

apparent permeability will be higher and so the increasing of recovery is reasonable. 
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Figure 4-8 recovery versus time(days) with different pore radius, the highest recovery is for pore radius of 70 nm , in the 

middle is recovery with 40nm of pore radius and the lowest recovery belongs to pore radius of 20 nm 

 

 

In Figure 4-9 (left) we consider our model with zero adsorption, compressibility and diffusion 

effect, so there is no change of adsorbed mass of gas in the matrix during production, in the 

(right) GCIP without adsorption, compressibility and diffusion effect is in yellow line and 

GCIP with all three mentioned mechanisms is drawn in purple line. When we consider   

compressibility mechanism in the reservoir, it means during production due to pressure 

reduction in pore, the pore radius will be smaller than before, firstly we produce because of 

pressure depletion and secondly compressibility of the rock. In the next step, we consider the 

effect of adsorption, when gas molecules adsorbed on the surface of kerogen the pore radius 

decreases. With consideration of all the mechanisms in the first 200 days of production, with 

regard to desorption, there will be shrinkage of rock grains so the pore radius increase, then 
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because of pressure depletion and compressibility of rock, the pore radius decrease but as it is 

clear in the system with all mechanisms included the GCIP is more than the system without 

them, so the effect of desorption on recovery is more than the pressure depletion. 

 

 
Figure 4-9 (left) mass of adsorbed gas in the matrix(mole) versus time without consideration of adsorption, compressibility 

and diffusion effect, (right) GCIP versus time (days),the yellow line is without considering of adsorption, compressibility and 

diffusion effect and purple line is included all mechanisms 

In Figure 4-10 we considered different mechanisms effect on the recovery factor. As it is shown 

in the graph below, the red dot-dash line is the recovery without compressibility and diffusion 

but this recovery is as the same as recovery without compressibility, it means that the effect of 

diffusion in our model it is not high enough to improve the recovery. As you can see when  

included all the mechanisms in compare to system without diffusion, there is not any  difference 

between their recovery, it means the effect of compressibility and adsorption is dominant. But 

when we compare the recovery of the system without all three mechanisms and the system just 

without compressibility, it shows that recovery of system with adsorption/desorption effect is 

lower than the system that does not have this mechanism.  As an example during the first 200 

days of production, first there will be rock grain shrinkage due to desorption but then the 

amount of gas bubbles that desorbed, make a barrier in the inner part of pore throat, so the 

recovery is lower with adsorption/desorption effect.  
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Figure 4-10 recovery of different mechanisms versus time(days) 

 

4.5. Conclusion 

 

We have investigated combination of multicomponent isotherm for shale-gas EGR by CO2 

injection by assumption of a matrix with a fix induced fracture extending from well perforation 

under dynamic conditions. In this model we assumed a fixed specific surface area rather than 

fixed number of sites for surface capacity storage. Gas stored in the matrix as adsorbed and 

free form, also as a free form in the fracture. Different components have different capacity of 

adsorption and different surfaces have also different free spaces, so it is important to understand 

how many moles of specific component adsorbed by kerogen at full capacity and how much 
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the capacity of surface is covered by different species. In dynamic condition the cyclic CO2 

injection and gas production combined with or without different types of mechanisms such as 

compressibility, adsorption and diffusivity and here the effect of CO2 and CH4 storage, gas 

recovery, and EGR potential were investigated. 

1-Important parameters determine recovery during pressure depletion are reservoir pressure, 

well pressure and gas in place.  

2-If the effective substitution of CO2 happened with CH4 in place, So Better EGR is possible 

and the mixture of these components dilute CH4 and replace it with higher amounts of carbon 

dioxide in each period. Not only with increasing of the pressure the more gas comes out of well 

but also without adsorption, CO2 has EGR effect. 

3-One of the main mechanisms is adsorption, because adsorption improves more the CO2-EGR 

potential due to more desorption of CH4 that release at the same total pressure. Due to pressure 

reduction during adsorption mechanism, the CO2 injection goes faster through the matrix.   

4- The diffusion is also a key parameter for higher efficiency of EGR method. That is dependent 

on spatial dimension of matrix, time of diffusion and complex geometry of rock. In our case 

due to strongly limited effect of diffusion, there was a little benefit of pressure depletion. 

5- The compressibility is another fundamental parameters in EGR production, in our model the 

recovery with considering of compressibility factor is higher than without geo-mechanical 

effect. 
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APPENDIX A -Initial and Current Gas in Place and Gas Recovery 

 
The gas currently in place (𝐺𝐶𝐼𝑃) in kilogram is estimated on the base of the mass of gas 

adsorbed in the matrix (𝑀𝑎𝑠𝑠1), free gas in the fracture (𝑀𝑎𝑠𝑠2) and free gas in the matrix 

(𝑀𝑎𝑠𝑠3). These masses, considered over both sides of the fracture, and both analytically and 

numerically are evaluated.  

𝑀𝑎𝑠𝑠1 = 2ℎ ∫ ∫ (1 − 𝜙𝑚(𝑃𝑡)

𝐿𝑦

𝑦=0

𝐿𝑥

𝑥=0

)𝑎𝑖(𝑃𝑚(𝑥, 𝑦), 𝑃𝑐(𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦 = 

2ℎ ∑ ∑(1 − 𝜙𝑚(𝑃𝑡))

𝑛𝑦

𝑘=1

𝑛𝑥

𝑗=1

𝑎̂𝑖 (𝑃𝑚(𝑥𝑗 , 𝑦𝑘), 𝑃𝑐(𝑥𝑗 , 𝑦𝑘)) ∆𝑥 ∆𝑦 

(60) 

For calculation of GOIP , just there is methane in the matrix and for calculation of GCIP just 

the amount of methane is important in recovery formula. So we have : 

𝑀𝑎𝑠𝑠1 = 2ℎ ∑ ∑(1 − 𝜙𝑚(𝑃𝑡))

𝑛𝑦

𝑘=1

𝑛𝑥

𝑗=1

𝑎𝑖 (𝑃𝑚(𝑥𝑗 , 𝑦𝑘)) ∆𝑥 ∆𝑦 

 

 

𝑀𝑎𝑠𝑠2 = ∫ 𝜙𝑓 
 

𝑉

𝜌𝑔 𝑑𝑉 = 2ℎ 𝜙𝑓 ∫ ∫ 𝜌𝑔 𝑑𝑥 𝑑𝑦

𝐿𝑦

𝑦=0

0

𝑥=−2𝑏

= 𝜙𝑓  𝜌𝑔,𝑠𝑐𝑏𝑔
′  ℎ ∫ ∫ 𝑃𝑡(𝑥, 𝑦)

𝐿𝑦

𝑦=0

0

𝑥=−2𝑏

𝑑𝑥 𝑑𝑦

= 𝜙𝑓  𝜌𝑔,𝑠𝑐𝑏𝑔
′  ℎ ∫ ∫ (𝑃𝑚(𝑥, 𝑦)

𝐿𝑦

𝑦=0

0

𝑥=−2𝑏

+ 𝑃𝑐(𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

= 𝜙𝑓  𝜌𝑔,𝑠𝑐𝑏𝑔
′  2𝑏 ℎ ∑ 𝑃𝑡(𝑦𝑘) ∆𝑦

𝑛𝑦

𝑘=1

= 𝜙𝑓  𝜌𝑔,𝑠𝑐𝑏𝑔
′  2𝑏 ℎ ∑(𝑃𝑚(𝑦𝑘) + 𝑃𝑐(𝑦𝑘)) ∆𝑦

𝑛𝑦

𝑘=1

  

 

(60) 

For calculation of GOIP , just there is methane in fracture and for calculation of GCIP the 

amount of methane is important in recovery formula. So we have : 

𝑀𝑎𝑠𝑠2 = 𝜙𝑓 𝜌𝑔,𝑠𝑐𝑏𝑔
′  2𝑏 ℎ ∑(𝑃𝑚(𝑦𝑘)) ∆𝑦

𝑛𝑦

𝑘=1
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𝑀𝑎𝑠𝑠3 = ∫ 𝜙𝑚
 

𝑉

𝜌𝑔 𝑥𝑖𝑑𝑉 = 2ℎ ∫ ∫ 𝜙𝑚  𝜌𝑔 𝑑𝑥 𝑑𝑦

𝐿𝑦

𝑦=0

𝐿𝑥

𝑥=0

= 2ℎ  𝜌𝑔,𝑠𝑐𝑏𝑔
′ ∫ ∫ 𝜙𝑚  𝑃𝑡(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

𝐿𝑦

𝑦=0

𝐿𝑥

𝑥=0

=  2ℎ  𝜌𝑔,𝑠𝑐𝑏𝑔
′ ∑ ∑  

𝑛𝑥

𝑗=1

𝜙𝑚  𝑃𝑡(𝑥𝑗 , 𝑦𝑘) ∆𝑥

𝑛𝑦

𝑘=1

∆𝑦

= 2ℎ  𝜌𝑔,𝑠𝑐𝑏𝑔
′ ∑  

𝑛𝑥

𝑗=1

∑ 𝜙𝑚 (𝑃𝑚(𝑥𝑗 , 𝑦𝑘))  ∆𝑥

𝑛𝑦

𝑘=1

∆𝑦 

(61) 

 
𝐺𝐶𝐼𝑃  = 𝑀𝑎𝑠𝑠1 + 𝑀𝑎𝑠𝑠2 + 𝑀𝑎𝑠𝑠3 

For the gas originally in place, on the base of mass concentration of gas (mass per volume) as 

free gas in matrix and fracture and mass adsorbed by matrix we have: 

𝐺𝑂𝐼𝑃 = ∫ 𝜙 
 

𝑉

𝜌𝑔𝑥𝑖 + (1 − 𝜙𝑚)𝑎𝑖(𝑃𝑚(𝑥, 𝑦), 𝑃𝑐(𝑥, 𝑦)) 𝑑𝑉𝑃𝑡,𝑖𝑛𝑖𝑡 
(62) 

The above equation will be considered for both side of matrix. Now we calculate the free gas: 

𝜌𝑔(𝑃𝑡,0) = 𝜌𝑔,𝑠𝑐𝑏𝑔
′  𝑃𝑡,𝑖𝑛𝑖𝑡 (63) 

The pore volume of free gas is as below: 

(2 𝑏 𝐿𝑦)ℎ 𝜙𝑓 + (2 𝐿𝑥𝐿𝑦)ℎ 𝜙𝑚 (64) 

Now the adsorbed gas amount in 𝑃𝑖𝑛𝑖𝑡 with pressure unit (𝑃𝑎) is as below: 

𝑎̂𝑖(𝑃𝑚,𝑖𝑛𝑖𝑡 , 𝑃𝑐,𝑖𝑛𝑖𝑡) =  
𝑎𝑖(𝑃𝑚,𝑖𝑛𝑖𝑡 , 𝑃𝑐,𝑖𝑛𝑖𝑡)

𝜌𝑔,𝑠𝑐𝑏𝑔
′

=
𝑎𝑖(𝑃𝑚,0, 𝑃𝑐,0 = 0)

𝜌𝑔,𝑠𝑐𝑏𝑔
′

  
(65) 

The adsorbed gas location is in the bulk volume of matrix as it is written in below: 

(2 𝐿𝑥𝐿𝑦) (66) 

The gas originally in place (𝐺𝑂𝐼𝑃) in kilogram could be estimated by the concept of identical 

pressure in all parts (matrix and fracture) is equal to total initial pressure (𝑃𝑡,𝑖𝑛𝑖𝑡).  

𝐺𝑂𝐼𝑃 = 𝐺𝐶𝐼𝑃 (𝑃𝑖𝑛𝑖𝑡) = [(2 𝑏 𝐿𝑦) 𝜙𝑓 + (2 𝐿𝑥𝐿𝑦) 𝜙𝑚] 𝜌𝑔,𝑠𝑐𝑏𝑔
′  ℎ 𝑃𝑡,𝑖𝑛𝑖𝑡 +

                                           (2 𝐿𝑥𝐿𝑦)(1 −  𝜙𝑚) ℎ 𝑎̂𝑖(𝑃𝑚,𝑖𝑛𝑖𝑡 , 𝑃𝑐,𝑖𝑛𝑖𝑡) 𝜌𝑔,𝑠𝑐𝑏𝑔
′  

(67) 

𝐺𝑂𝐼𝑃 is also possible in the below form:  

𝐺𝑂𝐼𝑃 = 𝐺𝐶𝐼𝑃(𝑃𝑖𝑛𝑖𝑡)

=  𝜙𝑓𝜌𝑔,𝑠𝑐𝑏𝑔
′  ℎ (2 𝑏 𝐿𝑦) ( 𝑃𝑚,0(𝑦𝑘))

+  𝜙𝑚𝜌𝑔,𝑠𝑐𝑏𝑔
′  ℎ (2 𝐿𝑥𝐿𝑦) (𝑃𝑚,0(𝑥𝑗 , 𝑦𝑘))

+ (2 𝐿𝑥𝐿𝑦)(1 − 𝜙𝑚)ℎ 𝑎̂𝑖(𝑃𝑚,𝑖𝑛𝑖𝑡 , 𝑃𝑐,𝑖𝑛𝑖𝑡) 𝜌𝑔,𝑠𝑐𝑏𝑔
′  

(68) 

We know that 2 𝑏 is the average fracture width. The recovery factor 𝑅𝐹 is then calculated as 

below: 

𝑅𝐹 = 1 −
𝐺𝐶𝐼𝑃

𝐺𝑂𝐼𝑃
= 1 −

𝐺𝐶𝐼𝑃

𝐺𝐶𝐼𝑃(𝑃𝑡,𝑖𝑛𝑖𝑡)
 

(69) 
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The obtainable recovery factor 𝑅𝐹∞ is the amount of 𝑅𝐹 when the reservoir pressure reached 

uniformly the well pressure, 

𝑅𝐹∞ = 1 −
𝐺𝐶𝐼𝑃(𝑃𝑡,𝑤𝑒𝑙𝑙)

𝐺𝑂𝐼𝑃
= 1 −

𝐺𝐶𝐼𝑃(𝑃𝑡,𝑤𝑒𝑙𝑙)

𝐺𝐶𝐼𝑃(𝑃𝑡,𝑖𝑛𝑖𝑡)
 

(70) 

So the fraction of obtainable recovery is determined by  

𝑅𝐹𝑜𝑏 =
𝑅𝐹

𝑅𝐹∞
=

𝐺𝐶𝐼𝑃(𝑃𝑡,𝑖𝑛𝑖𝑡) − 𝐺𝐶𝐼𝑃

𝐺𝐶𝐼𝑃(𝑃𝑡,𝑖𝑛𝑖𝑡) − 𝐺𝐶𝐼𝑃(𝑃𝑡,𝑤𝑒𝑙𝑙)
 

(71) 

By approximation of 𝑅𝐹∞ as a function of the well pressure, possible to consider only the 

contribution of matrix. 

𝑅𝐹∞ ≈ 1 −
 𝜙𝑚𝜌𝑔,𝑠𝑐𝑏𝑔

′  𝑃𝑡,𝑤𝑒𝑙𝑙 + (1 − 𝜙𝑚) 𝑎𝑖(𝑃𝑚,𝑤𝑒𝑙𝑙 , 𝑃𝑐,𝑤𝑒𝑙𝑙)

 𝜙𝑚𝜌𝑔,𝑠𝑐𝑏𝑔
′  𝑃𝑡,𝑖𝑛𝑖𝑡 + (1 − 𝜙𝑚) 𝑎𝑖(𝑃𝑚,𝑖𝑛𝑖𝑡 , 𝑃𝑐,𝑖𝑛𝑖𝑡)

 

 

= 1 −
 𝜙𝑚 𝑃𝑡,𝑤𝑒𝑙𝑙 + (1 − 𝜙𝑚) 𝑎̂𝑖(𝑃𝑚,𝑤𝑒𝑙𝑙 , 𝑃𝑐,𝑤𝑒𝑙𝑙)

 𝜙𝑚  𝑃𝑡,𝑖𝑛𝑖𝑡 + (1 − 𝜙𝑚) 𝑎̂𝑖(𝑃𝑚,𝑖𝑛𝑖𝑡 , 𝑃𝑐,𝑖𝑛𝑖𝑡)
 

(72) 

 

 

 

APPENDIX B-Operator Splitting 

 
We solve the equations (55) and (56) using an operator-splitting approach identical to that 

defined in Andersen et al. (2014, 2015) and Andersen and Evje (2016): if we split the coupled 

system into three subsystems. 

 

System One 

Fracture Diffusion 

 

The first subsystem contained fracture diffusion and flow in the 𝑦 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛.  

So, set the 𝜕𝑥𝑝 = 0 and 𝜕𝑡 𝑎̂𝑖 = 0 , 

                             𝜙𝑓 𝜕𝑡(𝑝𝑖)=
𝑘𝑓

𝑔

  𝜕𝑦(𝑝𝑖𝜕𝑦  (𝑝𝑡)) ,        (𝑖 = 𝑚, 𝑐) (𝑥, 𝑦 ∈  𝑓)         
(73) 

For matrix while adsorbed mass of CO2 and CH4 is kept constant and no difference in  porosity. 

                 𝜕𝑡(𝜙 𝑃𝑖 + (1 − 𝜙) 𝑎̂𝑖 ) = 0 ,                                 (𝑖 = 𝑚, 𝑐) (𝑥, 𝑦 ∈  𝑚)         (74) 

System Two 

Fracture/Matrix Diffusion 

 

The second system contained fracture/matrix diffusion and flow in the 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 and no 

desorption 𝜕𝑡 𝑎̂𝑖 = 0.  

                   b 𝜙𝑓 𝜕𝑡(𝑝𝑖) =
𝑘𝑚

𝑔

 ( 𝑝𝑖 𝜕𝑥(𝑝𝑡 ))𝑥=0,𝑦       (𝑖 = 𝑚, 𝑐) (𝑥, 𝑦 ∈  𝑓) (75) 

 

                  𝜕𝑡(𝜙 𝑃𝑖) =
1

 𝜇𝑔
𝜕𝑥( 𝑘𝑚 𝜕𝑥(𝑃𝑡) 𝑃𝑖) + 𝐷̂𝑖 𝜕𝑥( 𝜙 𝜕𝑥( 𝑃𝑖))  (𝑖 = 𝑚, 𝑐) 

                                                                  (𝑥, 𝑦 ∈  𝑚) 

(76) 
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This system will be split into third subsystem where we just take into account diffusion of free 

gas with adsorbed mass kept fixed, and balance the adsorbed gas with free gas in the matrix. 

We apply the well-known Strang splitting approach where system a is solved during the time 
∆𝑇

2
 and system b is solved during the time ∆𝑇, before the system a is solved for time 

∆𝑇

2
 again. 

∆𝑇 is the so-called splitting timestep and small enough should be selected to allow the different 

systems to participate periodically enough to prepare relevant data regarding each other’s 

solution procedure.  

 

System Three 

Sorption-porosity-pressure distribution 

 

No flow is considered. It means that 𝜕𝑥𝑝 = 0 and 𝜕𝑦𝑝 = 0.  

                      b 𝜙𝑓 𝜕𝑡(𝑝𝑖) = 0 ,                                 (𝑖 = 𝑚, 𝑐) (𝑥, 𝑦 ∈  𝑓) (77) 

In the matrix the porosity and the adsorption is constant with the time. 

                        𝜕𝑡(𝜙 𝑃𝑖 + (1 − 𝜙) 𝑎̂𝑖 ) = 0 ,                 (𝑖 = 𝑚, 𝑐) (𝑥, 𝑦 ∈  𝑚) (78) 

No diffusive and advective flow will be considered, so. The masses of CO2 and CH4 are 

redistributed between free gas and adsorbed form to satisfy isotherm equilibrium during mass 

preservation. So, locally we need to adjust  𝑃𝑖 , 𝑎̂𝑖(𝑃𝑚(𝑡), 𝑃𝑐(𝑡)) to be in equilibrium. To find 

the updated pressures 𝑃𝑚 , 𝑃𝑐 the conserved property is: 

𝑀𝑚 = 𝜙  𝑃𝑚 + (1 − 𝜙) 𝑎̂𝑚(𝑃𝑚 , 𝑃𝑐) ,              𝑀𝑐 = 𝜙  𝑃𝑐 + (1 − 𝜙) 𝑎̂𝑐(𝑃𝑚, 𝑃𝑐) (79) 

𝑃𝑚,𝑝𝑟𝑒  and  𝑃𝑐,𝑝𝑟𝑒   evaluated at 𝑡𝑛 before the transport steps, so we can evaluate 𝑀𝑚_𝑝𝑟𝑒 and 

𝑀𝑐_𝑝𝑟𝑒  on the base of previous pressures like below: 

      𝑀𝑚_𝑝𝑟𝑒 = 𝜙( 𝑃𝑡,𝑝𝑟𝑒) 𝑃𝑚,𝑝𝑟𝑒 + (1 − 𝜙( 𝑃𝑡,𝑝𝑟𝑒)) 𝑎̂𝑚(𝑃𝑚,𝑝𝑟𝑒 , 𝑃𝑐,𝑝𝑟𝑒)  ,                (80) 

 

𝑀𝑐_𝑝𝑟𝑒 = 𝜙( 𝑃𝑡,𝑝𝑟𝑒) 𝑃𝑐,𝑝𝑟𝑒 + (1 − 𝜙( 𝑃𝑡,𝑝𝑟𝑒))  𝑎̂𝑐(𝑃𝑚,𝑝𝑟𝑒 , 𝑃𝑐,𝑝𝑟𝑒)    , (81) 

Now we have previous methane and carbon dioxide conserved properties and there are no 

change in updated amounts of each component. 𝑃𝑚,𝑛𝑒𝑤 and 𝑃𝑐,𝑛𝑒𝑤  are evaluated at 𝑡𝑛+1 after 

the transport steps, but the porosity and adsorption they have been constant. We note that the 

porosity is as a function of pressure in an isotherm equilibrium while preserving mass.  

𝑀𝑚 = 𝜙( 𝑃𝑡,𝑜𝑙𝑑) 𝑃𝑚,𝑛𝑒𝑤 + (1 − 𝜙( 𝑃𝑡,𝑜𝑙𝑑)) 𝑎̂𝑚(𝑃𝑚,𝑜𝑙𝑑 , 𝑃𝑐,𝑜𝑙𝑑)  ,                (82) 

 

𝑀𝑐 = 𝜙( 𝑃𝑡,𝑜𝑙𝑑) 𝑃𝑐,𝑛𝑒𝑤 + (1 − 𝜙( 𝑃𝑡,𝑜𝑙𝑑))  𝑎̂𝑐(𝑃𝑚,𝑜𝑙𝑑 , 𝑃𝑐,𝑜𝑙𝑑)    , (83) 

The values of 𝑀𝑚 and 𝑀𝑐 are known from the above calculation. So, we need to calculate the  

adjusted pressures  𝑃𝑚,𝑎𝑑𝑗 and  𝑃𝑐,𝑎𝑑𝑗 then we have:  

               𝑀𝑚 = 𝜙( 𝑃𝑡,𝑎𝑑𝑗) 𝑃𝑚,𝑎𝑑𝑗 + (1 − 𝜙( 𝑃𝑡,𝑎𝑑𝑗)) 𝑎̂𝑚(𝑃𝑚,𝑎𝑑𝑗 , 𝑃𝑐,𝑎𝑑𝑗) ,                (84) 

 

𝑀𝑐 = 𝜙( 𝑃𝑡,𝑎𝑑𝑗) 𝑃𝑐,𝑎𝑑𝑗 + (1 − 𝜙( 𝑃𝑡,𝑎𝑑𝑗))  𝑎̂𝑐(𝑃𝑚,𝑎𝑑𝑗 , 𝑃𝑐,𝑎𝑑𝑗) , (85) 

To solve the above equations were defined in the following from: 

 𝑃𝑚,𝑎𝑑𝑗 =
𝑀𝑚

𝜙( 𝑃𝑡,𝑎𝑑𝑗) +
(1 − 𝜙( 𝑃𝑡,𝑎𝑑𝑗))𝑎̂𝑚(𝑃𝑚,𝑎𝑑𝑗 , 𝑃𝑐,𝑎𝑑𝑗)

 𝑃𝑚,𝑎𝑑𝑗

 
(86) 
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 𝑃𝑐,𝑎𝑑𝑗 =
𝑀𝑐

𝜙( 𝑃𝑡,𝑎𝑑𝑗) +
(1 − 𝜙( 𝑃𝑡,𝑎𝑑𝑗))𝑎̂𝑐(𝑃𝑚,𝑎𝑑𝑗 , 𝑃𝑐,𝑎𝑑𝑗)

 𝑃𝑐,𝑎𝑑𝑗

 
(87) 

 

So we have two unknown pressures and two equations, after solve of the above equations, we 

know the amount of porosity, adsorbed amount of mass, free gas pressure, and then possible to 

calculate apparent permeability, this equation should be solved by iteration simultaneously at 

once for every cell in in 𝑥 direction. 

 

APPENDIX C-Discretization 

 
We assume that y-axis is discretized into 𝑘 = 1 : 𝑁𝑦 cells and the matrix into𝑗=1: 𝑁𝑥 cells.  

 

Fracture Diffusion 

 

In this part we just consider the fracture and no changes in the matrix. The half width is b 

And for a given cell 𝑘𝑏𝑘 is constant. The conserved property is 𝑃𝑡, which consolidated over 

the grid cells and from (73) we have: 

 

𝜙𝑓
([𝑃𝑖]𝑘

𝑛+1 − [𝑃𝑖]𝑘
𝑛 )

∆𝑡
=

𝐾𝑓

𝜇
 

[𝑃𝑖]
𝑘+

1
2

,𝑗

𝑛  𝜕𝑦 [𝑃𝑡]
𝑘+

1
2

,𝑗

𝑛 − [𝑃𝑖]
𝑘−

1
2

,𝑗

𝑛  𝜕𝑦  [𝑃𝑡]
𝑘−

1
2

,𝑗

𝑛

∆𝑦
  

(88) 

The flux is selected by an upstream system, but it is needed to take into account the flow 

direction is from fracture top most toward well and the pressure decreasing so we have: 

 

[𝑃𝑖]
𝑘+

1
2,𝑗

𝑛  𝜕𝑦 [𝑃𝑡]
𝑘+

1
2,𝑗

𝑛 =   [𝑃𝑖]
𝑘+

1
2,𝑗

𝑛 ([𝑃𝑡]𝑘,𝑗
𝑛 − [𝑃𝑡]𝑘+1,𝑗

𝑛 )        (𝑖 = 𝑚, 𝑐)         

 

                                           [𝑃𝑖]
𝑘+

1

2
,𝑗

𝑛 = [𝑃𝑖]𝑘,𝑗
𝑛    ,  if ([𝑃𝑡]𝑘,𝑗

𝑛 > [𝑃𝑡]𝑘+1,𝑗
𝑛 ),      

   

                                      [𝑃𝑖]
𝑘+

1

2
,𝑗

𝑛 = [𝑃𝑖]𝑘,𝑗
𝑛   , if  ([𝑃𝑡]𝑘+1,𝑗

𝑛 > [𝑃𝑡]𝑘,𝑗
𝑛 ),    

     

(89) 

We know that on the base of our assumptions porosity of fracture is constant over time step 

and could be computed by using the pressure at previous time step, then we have: 

𝜙𝑓
([𝑃𝑖]𝑘

𝑛+1 − [𝑃𝑖]𝑘
𝑛)

∆𝑡
=

𝐾𝑓

𝜇

([𝑃𝑖] 
𝑛 𝜕𝑦 [𝑃𝑡] 

𝑛)
𝑘+

1
2

,𝑗
− ( [𝑃𝑖] 

𝑛 𝜕𝑦  [𝑃𝑡] 
𝑛)

𝑘−
1
2

,𝑗

∆𝑦
 

(90) 

And then we have : 

[𝑃𝑖]𝑘
𝑛+1 =

∆𝑡 𝐾𝑓 ([𝑃𝑖]
𝑘+

1
2,𝑗

𝑛  𝜕𝑦 [𝑃𝑡]
𝑘+

1
2,𝑗

𝑛 − [𝑃𝑖]
𝑘−

1
2,𝑗

𝑛  𝜕𝑦  [𝑃𝑡]
𝑘−

1
2,𝑗

𝑛 )

𝜙
𝑓

  𝜇 ∆𝑦
 + [𝑃𝑖]𝑘

𝑛   

(91) 
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At the fracture boundaries, we set: 

𝑃0 = 0, ( 𝑃𝑖 𝜕𝑦 𝑃𝑡)
𝑁𝑦+

1
2

=  0 (92) 

 

Fracture/Matrix Diffusion 

 

The equation (76) for matrix formula can be discretized with no desorption, so we set  

𝜕𝑡 𝑎̂𝑖 = 0 and then for the central cell in the matrix we have: 

 

 

( [𝑃𝑖]𝑗
𝑛+1𝜙𝑗

𝑛+1 − [𝑃𝑖]𝑗
𝑛 𝜙𝑗

𝑛
 )

∆𝑡
 

=

(
𝑘𝑚

𝜇 
)

𝑗+
1
2

,𝑘

 [𝑃𝑖]
𝑗+

1
2

,𝑘

𝑛  𝜕𝑥 [𝑃𝑡]
𝑗+

1
2

,𝑘

𝑛 − (
𝑘𝑚

𝜇 
)

𝑗−
1
2,𝑘

 [𝑃𝑖]
𝑗−

1
2

,𝑘

𝑛   𝜕𝑥 [𝑃𝑡]
𝑗−

1
2

,𝑘

𝑛

∆𝑥
 

 

+

𝐷̂𝑖 [( 𝜙)
𝑗+

1
2,𝑘

 𝜕𝑥 [𝑃𝑖]
𝑗+

1
2

,𝑘

𝑛 − ( 𝜙)
𝑗−

1
2

,𝑘
 𝜕𝑥 [𝑃𝑖]

𝑗−
1
2

,𝑘

𝑛 ]

∆𝑥
 ,           (𝑖 = 𝑚, 𝑐) 

 

(93) 

With the advective flux is described by an upstream system: 

( 𝑘𝑚  [𝑃𝑖] 𝜕𝑥  [𝑃𝑡])
𝑗+

1
2,𝑘

=  
2

(
1

𝑘𝑗+1,𝑘
𝑚 )

 

+ (
1

𝑘𝑗,𝑘
𝑚 )

 [𝑃𝑖]
𝑗+

1
2,𝑘

𝑛
[𝑃𝑡]𝑗+1,𝑘

𝑛 − [𝑃𝑡]𝑗,𝑘
𝑛

∆𝑥
 ,    (𝑖 = 𝑚, 𝑐),  

 

 

                                           [𝑃𝑖]
𝑗+

1

2
,𝑘

𝑛 =  [𝑃𝑖]𝑗+1,𝑘
𝑛 , if  ([𝑃𝑡]𝑗+1,𝑘

𝑛 > [𝑃𝑡]𝑗,𝑘
𝑛 ),              

 

                                           [𝑃𝑖]
𝑗+

1

2
,𝑘

𝑛 =  [𝑃𝑖]𝑗,𝑘
𝑛 ,   if  ([𝑃𝑡]𝑗,𝑘

𝑛 > [𝑃𝑡]𝑗+1,𝑘
𝑛 ), 

 

(94) 

And the diffusive fluxes described by: 

                    𝐷̂𝑖( 𝜙)
𝑗+

1

2
,𝑘

 𝜕𝑥 [𝑃𝑖]𝑗+
1

2
,𝑘

𝑛 = 𝐷̂𝑖

 𝜙𝑗+1,𝑘 
+ 𝜙𝑗,𝑘

2
 

[𝑃𝑖]𝑗+1,𝑘
𝑛   −[𝑃𝑖]𝑗,𝑘

𝑛

∆𝑥
,        (𝑖 = 𝑚, 𝑐).  

(95) 

The diffusive flux at the inlet and both advective and diffusive fluxes at matrix outer 

boundary that is 𝑥 = 𝐿𝑥 are set to zero. 

( 
𝐾𝑚

 𝜇 
 𝑃𝑖 𝜕𝑥 𝑃𝑡)

𝑁𝑥+
1
2

= 0 ,    𝜕𝑥 [𝑃𝑖]
𝑁𝑥+

1
2

𝑛 = 0        
(96) 

At the fracture/matrix interface for fracture equation we have:  

          
  𝑏𝑘𝜙𝑓([𝑃𝑖]0

𝑛+1 − [𝑃𝑖]0
𝑛)

∆𝑡
=  (

𝐾𝑚

 𝜇 
 𝑃𝑖 𝜕𝑥 𝑃𝑡)

𝑗=
3
2,𝑘

          (𝑖 = 𝑚, 𝑐) (𝑥, 𝑦 ∈  
𝑓) 

(97) 

 

( [𝑃𝑖]1
𝑛+1 − [𝑃𝑖]1

𝑛  
 )

∆𝑡
=  

𝑘𝑚

𝜇 
( 𝑃𝑖 𝜕𝑥 𝑃𝑡)

𝑗=
3
2

,𝑘

𝑏𝑘𝜙𝑓∆𝑥
 

(98) 
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       (𝑖 = 𝑚, 𝑐)(𝑥, 𝑦 ∈  𝑚) 

 

The fracture/matrix flux term at the interface defined by  

(
𝑘𝑚

𝜇
 𝑃𝑖 𝜕𝑥 𝑃𝑡)

𝑗=
3
2,𝑘

=
1

 𝜇 
 

2

(
1

𝑘1
𝑚)

 

+ (
1

𝑘2
𝑚)

  [𝑃𝑖]
𝑗=

3
2

,𝑘

𝑛  
[𝑃

𝑡
]

2
− [𝑃

𝑡
]

1

(
∆𝑥
2 )

 

 

                                        [𝑃𝑖]
𝑗=

3

2
,𝑘

𝑛 =  [𝑃𝑖]𝑗=2,𝑘
𝑛 , if  ([𝑃𝑡]𝑗=2,𝑘

𝑛 > [𝑃𝑡]𝑗=1,𝑘
𝑛 ),              

 

                                        [𝑃𝑖]
𝑗=

3

2
,𝑘

𝑛 =  [𝑃𝑖]1,𝑘
𝑛 ,   if  ([𝑃𝑡]𝑗=1,𝑘

𝑛 > [𝑃𝑡]𝑗=2,𝑘
𝑛 ), 

 

(99) 

Same as the central fluxes, except that the pressure gradient at the fracture interface is given 

and not in the fracture center. Ultimately, the flux is set to be zero at the outer boundary of 

the matrix. 

(
𝑘𝑚

𝜇
 𝑃𝑖 𝜕𝑥 𝑃𝑡)

𝑗=𝑁𝑥+
1
2,𝑘

= 0 , 
(100) 

 

Stability  

 

For stability, we need the pressure with no fluctuation because it is assumed that behave in a 

diffusive trend and drive mass changes. If by selecting too large timestep, too much gas is 

transported, we may observe fluctuations in pressure profiles. To check the stability we assume 

three adjacent cells 𝑗 − 1 , 𝑗, and 𝑗 + 1 in the matrix. At each computation, we need to assure 

that the pressure change in cell 𝑗 to not be more in a timestep than one-half of the maximum 

difference in pressure between cell 𝑗 and its neighbor cells. This method allows us to select the 

higher timesteps consequently. 

                         |[𝑃]𝑗
𝑛+1 − [𝑃]𝑗

𝑛 | ≤
1

2
𝑚𝑎𝑥 (|[𝑃]𝑗+1

 − [𝑃]𝑗
 |, |[𝑃]𝑗

 − [𝑃]𝑗−1
  |) , (101) 

And also for checking the stability in fracture we have: 

                         |[𝑃]𝑘
𝑛+1 − [𝑃]𝑘

𝑛 | ≤
1

2
𝑚𝑎𝑥 (|[𝑃]𝑘+1

 − [𝑃]𝑘
 |, |[𝑃]𝑘

 − [𝑃]𝑘−1
  |) , (102) 
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