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In two recently published articles, Barrow and Paliathana-
sis (2018, 2019) [1,2] claim to have found exact solu-
tions of Einstein’s field equations belonging to the class
of non-trivial (i.e., spatially inhomogeneous) Szekeres mod-
els, whose source is a mixture of dust and a homogeneous
time-dependent scalar field, where the energy-momentum
tensors (EMTs) of both mixture components are indepen-
dently conserved. We prove in the present comment that these
solutions are inconsistent with the authors’ assumptions,
as independent conservation of these two mixture compo-
nents necessarily leads to their solutions belonging to the set
of spatially homogeneous subcases of the Szekeres family:
Friedmann–Lemaître–Robertson–Walker (FLRW) for class
I, and Kantowski–Sachs (KS), Bianchi (or Bianchi–Behr–
Schücking) I or Bianchi VI−1 for class II.

It is straightforward to understand the motivation behind
the papers by Barrow and Paliathanasis: they attempt to gen-
eralize the successful Λ-CDM model by considering the
dust mixture component as inhomogeneous cold dark mat-
ter (CDM) and the time-dependent scalar field as dynamical
dark energy replacing the cosmological constant. However,
this generalization is incompatible with independent con-
servation of the sources, though it is compatible (at least
formally) if there is a non-gravitational interaction between
them.

It is possible that the authors missed this inconsistency
because the Szekeres coordinates they used obscured the
fact that their solutions belong to the spatially homogeneous
subclass, as these are different coordinates from those con-
ventionally used to describe these spacetimes. However, the
Szekeres class of models are characterized in a coordinate
independent manner [3] by: (i) A geodesic and irrotational
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perfect fluid source, (ii) a purely electric Petrov D Weyl ten-
sor and (iii) a shear tensor with two equal eigenvalues whose
eigensurface coincides with the eigensurface of the Weyl ten-
sor. The necessary and sufficient condition for their FLRW
limit is the vanishing of the shear tensor, even if this limit is
expressed in unconventional coordinates systems that do not
explicitly manifest spatial homogeneity and isotropy [3]. A
complete invariant classification can also be obtained using
the Cartan-Karlhede algorithm [4]. This has been previously
applied to the quasi-spherical Szekeres solutions [5].

The standard line element of the Szekeres class of models
in comoving coordinates is [3]:

ds2 = −dt2 + e2α(t,xi )dz2 + e2β(t,xi )
(

dx2 + dy2
)

, (1)

with uα = δα
0 and u̇α = 0, implying that p = p(t). We

examine class I (β,z �= 0) and class II (β,z = 0) separately
below.

For class I, the field equations yield:

eβ = Φeν(xi ), eα = F(z)Φβ,z ≡ F (
Φ,z + Φν,z

)
, (2)

e−ν = A(z)
(
x2 + y2

)
+ 2B1(z)x + 2B2(z)y + C(z), (3)

4
(
AC − B2

1 − B2
2

)
=

[
1/F(z)2 + k(z)

]
, (4)

where k, A, B1, B2, and C are arbitrary functions, and the
inhomogeneous scale factor Φ(t, z) satisfies,

2Φ̈/Φ + (Φ̇/Φ)2 + 8πp(t) + k(z)/Φ2 = 0, (5)

while the shear tensor is given by,

σμ
ν = Σ × Diag (0,−2, 1, 1) ;Σ = −1

3

Φ̇,z − Φ̇Φ,z/Φ

Φ,z + Φν,z
.

(6)
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For class II we have that

eβ = a(t)eν, eα = a(t)σ (xi ) + λ(t, z), (7)

σ = eν
[
(U/2)

(
x2 + y2

)
+ V1 x + V2 y + 2W

]
, (8)

eν =
[
1 + (k0/4)(x2 + y2)

]−1
, k0 = const., (9)

where U , V1, V2 and W are arbitrary functions of z, and a
and λ are solutions of the following equations:

2aä + ȧ2 + 8πa2 p + k0 = 0, (10)

λ̈a + λ̇ȧ + λä + 8πa λ p = U + k0W. (11)

The shear tensor takes the form of (6) with

Σ = (−1/3)(λ̇ − λȧ/a)/(aσ + λ). (12)

The FLRW limit of the models is recovered when

Class I: Φ = a(t) f (z), k = k0 f
2, k0 = const. (13)

Class II: λ = 0, U = −k0W. (14)

Consider the fluid mixture of dust and homogeneous scalar
field:

Tμν = Tμν

(d) + Tμν

(φ) , with Tμν

(d) = (d) u
μuν, (15)

and T
(φ)

μν = φ,μφν − gμν

[
φ,γ φ,γ /2 + V (φ)

]
, (16)

having the form of a perfect fluid with density and pressure
given by

e(φ)(t) = T
(φ)

μν u
μuν = φ̇2/2 + V (φ), (17)

p(φ)(t) = T
(φ)

μν h
μν/3 = φ̇2/2 − V (φ). (18)

Demanding the independent conservation of the dust and
scalar field components, Tμν

(d);ν = Tμν

(φ);ν = 0, leads to the
Klein-Gordon equation

φ̈ + (
α̇ + 2β̇

)
φ̇ + ∂φV = 0, (19)

whose consistency implies that the term in parentheses
should be a function of time only,

α̇ + 2β̇ = ζ(t) �⇒ α + 2β = 3 ln b(t) + ϑ(xi ). (20)

For class I models this condition implies a solution with a sep-
arable scale factor, Φ = a(t) f (z), which covariantly defines
the FLRW limit via the vanishing of the shear tensor; see
the discussion following Eq. 2.1.18 in Ref. [6]. Barrow and
Paliathanasis obtained a separable scale factor for class I solu-
tions in [1], but they failed to recognize that the line-element
in their equations (16) in [1] and (15) in [2] was precisely
the FLRW subcase, claiming instead that it represented an
inhomogeneous spacetime as in [7].

For class II models, condition (20) splits the solutions into
two cases. Case (a): the FLRW limit of this class. And, Case
(b): eα = c(t)σ (z), eβ = a(t)eν , where σ(z) is arbitrary and
c(t) obeys,

c̈/c + ä/a + (ȧċ)/(ac) + 8πp(φ) = 0. (21)

Depending on the value of k0, the spacetime is [8] (i) k0 = 0:
Bianchi I; (ii) k0 = 1: KS, or (iii) k0 = −1: Bianchi VI−1.
These results can be summarized as follows:

Any Szekeres solution whose source is a mixture
of independently conserved inhomogeneous dust and
homogeneous perfect fluid is spatially homogeneous.

This result was obtained in [9], where the authors looked at
Szekeres class II models with the EMT (15), but also con-
sidered interactions among components with (16) replaced
by a perfect fluid with a barotropic equation of state p(t) =
(γ − 1)e(φ)(t) where γ is constant.

Interactive mixtures of the type (15) with scalar fields
interacting with dust were examined in [10] for the spher-
ically symmetric subcase of class I models. See [11] for a
general reference on the subject. Also, class II models can
be generalized to Petrov I solutions admitting a sufficiently
general EMT to be compatible with inhomogeneous scalar
fields [12]. Moreover, the Relativistic Zel’dovich Approx-
imation furnishes a suitable non-linear method to include
scalar fields within the context of Szekeres models [13].
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