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Abstract 

 

Elbow pipes are crucial parts of many fluid transport systems, including ones used in the oil 

and gas industry. The curved shape of such pipes induces centrifugal forces on the internal 

flow, ultimately affecting the flow velocity and creating pressure differences within the elbow. 

 

The present study is an investigation of the effects of elbow pipes on the flow, and how 

changing the curvature ratio of an elbow pipe affects the internal flow. The study entails three-

dimensional numerical simulations and analysis for laminar internal flows within pipes of 

varying curvature ratios. For laminar flows, the simulations are based in 4 Reynolds numbers 

ranging from 200 to 2000 and 3 curvature ratios Ro = 2.8, 5.6 and 11.2. A mesh convergence 

study is carried out for 3 meshes of increasing resolution. The optimal mesh is then compared 

to published experimental and numerical results for validation. Once the validation is 

confirmed, further simulation and analysis is performed for each combination of curvature ratio 

and Reynolds number. The results reveal that the flow separates due to the centrifugal forces 

induced by the curved shape.  They also show that secondary flows consisting of symmetrical 

helical vortices called Dean vortices are generated. The intensity of this secondary flow is 

shown to increase as the Dean number increases. 
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Chapter 1. Introduction 
 
 
 

The present study conducts a numerical investigation of three-dimensional (3-D) laminar 

internal flow within a 90-degree elbow pipe. A baseline elbow pipe geometry is created to be 

used for numerical simulations. The pipe consists of an inlet part of 50D length, an outlet part 

of 20D length and a pipe bend with curvature ratio 𝑅𝑜 = 𝑅𝑐/𝑅𝑝, where D is the diameter of the 

pipe, 𝑅𝑝 is the radius of the pipe 𝐷/2, and 𝑅𝑐 is the pipe curvature . This curvature ratio is 

modified for each case study. 

 

The main purpose of this study is to investigate how changing the curvature ratio, Ro, and the 

Re affects the elbow internal flow. Firstly, the results of the present numerical study are 

validated by comparing it to previously published experimental and numerical results. Once 

the validity of the study is confirmed, the further study is carried out.  

 

Four different Reynolds numbers ranging from 200 to 2000 and three different curvature ratios 

for each Reynolds number adopted for the simulation. Numerical simulations for the purposes 

of this study are carried out using the Gorina cluster, a supercomputer at University of 

Stavanger. 

 

1.1 Background 

 

In multiple engineering applications, such as the oil and gas industry, fluid transport is an 

essential part of the process. The extracted oil and gas are transported by pipelines from the 

subsea reservoirs to topside. After the fluid is extracted it travels within a series of pipes which 

are fitted together by different pipe fitting types, namely elbow, tee, and Y-junctions. Due to 

the different geometries of the pipes, they are subjected to pressure and velocity variations 

within the internal flow. This results in high-pressure regions in the flow which create a higher 

load on the pipe wall, and low-pressure regions, which allow the outer pressure to have a greater 

effect on the pipe wall. These are factors that must be taken into consideration in the design 

process of such fittings and pipes. With the ever-increasing demand for energy, any method 

that improves planning prior to well operation will improve the economic feasibility and allow 

for operation in more parts of the world. 
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As high-speed computer technology continues to evolve, so does the capability of 

computational fluid dynamics (CFD). CFD analysis is a powerful and cost-effective way of 

studying fluid flow problems. This is particularly useful in many aspects of the offshore 

petroleum industry, such as design of oil and gas separators, drill bits and pipelines to mention  

a few. Creating an accurate representation of the real-life flow allows for prediction of the fluid 

flow. The prediction of the flow can be used as a verification of the product, before putting it 

into production, thus reducing the costs of testing and overall development. It allows for 

optimization of products and processes by avoiding excessive costs. Running CFD simulations 

is not time consuming and allows gathering of engineering data in the early phases of the design 

process, compared to more time-consuming experiments. The data gathered is valid for the 

whole specified flow domain, while physical testing limits the amount of data gathered to areas 

where sensors and gauges are placed. This makes CFD analysis very flexible, as the designer 

may investigate any region of interest in the flow domain and can easily change the model to 

simulate different conditions. It is essential to find a model that accurately represents the flow, 

but also does not use unnecessary processing power. This optimalization can be found through 

convergence study, where multiple meshes of increasing density are compared to check for 

convergence of the simulations. This way, the mesh with lowest grid resolutions can be checked 

with a higher grid resolution to determine if it can provide satisfactory results.  

 

1.2 Published work 

 

Many studies focusing on flow within pipes and, specifically, elbow pipes, have been 

conducted. This section will briefly present some of the most relevant numerical and 

experimental studies that have previously been performed. 

 

An experimental study was performed by Sudo et al. (1997). The study included experiments 

of turbulent flow in a 90-degree bent pipe. The curvature ratio of the elbow was 𝑅𝑐/𝐷 = 2 and 

the pipe had a diameter of 𝐷 = 104 𝑚𝑚. An inlet pipe of 100D was connected to the elbow, 

allowing the flow to be fully developed. Measurements were taken for air entering the pipe 

with mean velocity of 8.7 𝑚/𝑠, corresponding to a Reynolds number of 𝑅𝑒 =  60000. This 

value was used as the reference to previous work conducted by Enayet et al. (1982) and Azzola 

et al. (1986). Nicolaou and Zaki (2016) numerically investigated both laminar and turbulent 

flows within curved pipes. Pipe simulations were mainly used to represent the flow in the upper 

breathing airways. Their investigation included pipe simulations for Reynolds numbers of 

𝑅𝑒 = 1000 for the laminar case and 𝑅𝑒 = 10000 for the turbulent case. The pipe geometry 
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was created with diameter 𝐷 = 0.01 𝑚, inlet length 𝐷, outlet length 2𝐷 and curvature radius 

𝑅𝑐 = 2.8𝐷. The finite volume formulation presented by Rosenfeld, Kwak and Vinokur (1991) 

were used in the numerical simulations 

 

Another numerical investigation of laminar flows within elbow pipes was conducted by 

Inthavong (2018) for the purposes of studying particle deposition in human airways. 8 

diameters ranging from 0.005 to 0.100 m, 9 bend radii ranging from 0.006 m to 0.070 m and 3 

different Reynolds numbers, 400, 1000 and 2000 were investigated in this study. A template 

geometry was created consisting of a straight inlet pipe of 5D, a straight outlet pipe of 3D and 

an elbow with curvature ratio 5.6. Numerical simulations were carried out for 48 combinations 

of diameters, curvature ratios and Reynolds numbers.  

 

1.3 Outline of thesis 

 

• Chapter 2.    Theory 

Theoretical concepts which the study is grounded in are presented and explained. 

 

• Chapter 3.    Computational modelling 

An introduction to the governing equations and the process of setting up and carrying 

out a computational fluid dynamics analysis from pre-processing to post-processing. 

 

• Chapter 4.    Numerical set-up 

Geometry model and mesh creation, boundary conditions and solver setup for the 

present study are introduced. 

 

• Chapter 5.    Laminar flow within elbow pipe 

Geometrical and numerical setup of the cases are explained. The results from the 

simulations are presented and discussed within this chapter. 

 

• Chapter 6.    Conclusion and future work 

A summary of the work that has been done and recommendations for future work are 

given. 
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Chapter 2. Theory 
 
 
 

In the present chapter, the theory of internal pipe flow of viscous fluids is explained in detail. 

 

2.1  Laminar and turbulent flows 

 

In general, flow regimes can be laminar or turbulent. A laminar flow is characterised by highly 

ordered and smooth flow. On the contrary, turbulent flow is chaotic with pressure and velocity 

changes occurring throughout the flow. These flow motions can be visualized by injecting a 

dye into the flow. The dye injected into laminar flow will produce a linear streamline, while 

the turbulent flow will produce a disordered streamline. The concept of laminar and turbulent 

flows was first demonstrated by Osborne Reynolds in 1884. 

 

 

Figure 2-1 Notes from Osborne Reynolds' flow experiment 

Figure 2-1 illustrates how the injected dye in laminar flow stays ordered and constant through 

the entire region. In the turbulent flow region, the dye gets mixed due to the highly disordered 

nature of the flow. 

 

2.2  Reynolds number 

 

The Reynolds number is a dimensionless parameter which is used to classify the type of flow 

that occurs in a pipeline. The Reynolds number is given by 

 

𝑅𝑒 =
𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠

𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒𝑠
=

𝑈𝑎𝑣𝑔𝐷

𝜈
(2.1) 
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where 𝑈𝑎𝑣𝑔 is the average velocity of the flow, 𝐷 is the characteristic length of the pipe, and 

𝜈 = (𝜇/𝜌) is the kinematic viscosity of the fluid. It is observed that low viscosity fluids, 

flowing at high velocity have high Reynolds number. According to Çengel & Cimbala (2017), 

laminar flow is characterised by 𝑅𝑒 ≤ 2300. For turbulent flows, 𝑅𝑒 ≥ 4000. Flows 

where 2300 ≤ 𝑅𝑒 ≤ 4000 are called transitional flows. These are flows that contain regions 

of both turbulent and laminar flow. 

 

2.3  Entrance region 

 

At the inlet of a pipe, the velocity flow field is uniform in the direction of the flow. At this 

point, the particles of the fluid that are in contact with the pipe wall are stopped due to the no-

slip condition. Connecting layers are affected by this friction causing a gradual velocity 

decrease from the midsection of the pipe to the walls. To compensate for this velocity reduction, 

the velocity must increase at the pipe midsection to conserve the mass flow rate. As the flow 

progresses through what is called the hydrodynamic entrance region, the viscous forces of the 

fluid start affecting the flow field. The flow is divided into two main regions, an irrotational 

flow field, where the viscous forces are negligible and velocity remains constant, and a flow 

field where viscous forces slow down the fluid. The flow field will continue to develop as it 

gets further into the pipe, until it is fully developed. The region where the flow is fully 

developed is called the hydrodynamic fully developed region. 

 

 

Figure 2-2 Development of the velocity profile of internal fluid flow (Çengel & Cimbala, 

2017, p.355) 

The shape of the fully developed velocity profile differs between laminar flow and turbulent 

flow. Figure 2-2 exhibits a fully developed laminar flow. The velocity field is characterised by 

a parabolic shape. A fully developed turbulent flow is characterised by a significantly flatter 
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shape than that of the laminar flow field. This is due to the eddy motions, and more prominent 

mixing in the radial direction.  

 

Figure 2-3 Fully developed laminar (left) and turbulent (right) flows (Çengel & Cimbala, 

2017 p.368) 

 

2.3.1 Entrance length 

 

The length of the entrance region for laminar flows is defined as the distance from the inlet to 

where the wall shear stress is within about 2% of the fully developed value. The entrance length 

for laminar flow is given by 

 

𝐿𝑙𝑎𝑚𝑖𝑛𝑎𝑟 ≅ 0.05𝑅𝑒 × 𝐷 (2.2) 

 

For 𝑅𝑒 =  200, the resulting entrance length is 10𝐷, meaning that at 10𝐷 from the inlet the 

flow field will be close to fully developed. 

 

In turbulent flow, however, the entrance length is much less dependent on the Reynolds 

number, resulting in a significantly shorter entrance region compared to high Reynolds number 

laminar flow. Entrance length for turbulent flow is given by 

 

𝐿𝑡𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡 ≅ 1.359𝑅𝑒
1
4 × 𝐷 (2.3) 

 

Generally, the entrance length in turbulent flow can be approximated to 10𝐷 for most practical 

engineering purposes, as the effects of the entrance region are insignificant beyond this point. 
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Figure 2-4 The shear wall shear stress decreases gradually as the flow develops from the 

entrance region to the fully developed region (Çengel & Cimbala, 2017 p. 356) 

 

2.4  Laminar flow 

 

Consider a fully developed laminar, steady, and incompressible flow inside a straight pipe. In 

such a flow, the fluid particles move at a constant velocity along the axial direction. This results 

in a constant velocity profile as the flow moves within the pipe. There is no movement in the 

radial direction, implying that the radial velocity components are zero everywhere. 

 

By analysing the force balance of a ring-shaped differential volume element within the fluid, 

the velocity profile can be derived from the force balance equation. Çengel & Cimbala (2017) 

have thoroughly explained the theoretical steps to derive the velocity profile. 
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Figure 2-5 Ring shaped differential volume element with radius r, thickness dr and length dx 

(Çengel & Cimbala, 2017) 

Consider the volume element in figure 2-5. The force balance equation is given by: 

 

(2𝜋𝑟𝑑𝑟𝑃)𝑥 − (2𝜋𝑟𝑑𝑟𝑃)𝑥+𝑑𝑥 + (2𝜋𝑟𝑑𝑟𝜏)𝑟 − (2𝜋𝑟𝑑𝑟𝜏)𝑟+𝑑𝑟 = 0 (2.4) 

 

With r being the radius of the element and x being the location of the element in the streamwise 

direction. By rearrangement of Eq. (2.4) and division by 2𝜋𝑑𝑟𝑑𝑥, the equation becomes: 

 

𝑟
𝑃𝑥+𝑑𝑥 − 𝑃𝑥

𝑑𝑥
+

(𝑟𝜏)𝑟+𝑑𝑟 − (𝑟𝜏)𝑟

𝑑𝑟
= 0 (2.5) 

 

 

 

As 𝑑𝑟, 𝑑𝑥 → 0: 

 

𝑟
𝑑𝑃

𝑑𝑥
+

𝑑(𝑟𝜏)

𝑑𝑟
= 0 (2.6) 

 

By inserting −𝜇 (
𝑑𝑢

𝑑𝑟
) and assuming 𝜇 to be constant the equation becomes: 

 

𝜇

𝑟

𝑑

𝑑𝑟
(𝑟

𝑑𝑢

𝑑𝑟
) =

𝑑𝑃

𝑑𝑥
(2.7) 
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The left and right sides of Eq. (2.7) are functions of 2 different variables, 𝑟 and 𝑥, respectively. 

To make sure the equality is valid for any value of 𝑟 and 𝑥, (
𝑑𝑃

𝑑𝑥
) is set to be constant. Integrating 

the equation with respect to 𝑟, and integration limits 0 and 𝑅 yields: 

 

𝜋𝑅2𝑃 − 𝜋𝑅2(𝑃 + 𝑑𝑃) − 2𝜋𝑅𝑑𝑥𝜏𝑤 = 0 (2.8) 

 

which is then further simplified to: 

 

𝑑𝑃

𝑑𝑥
= −

2𝜏𝑤

𝑅
(2.9) 

 

The wall shear stress, 𝜏𝑤 = −𝜇 (
𝑑𝑢

𝑑𝑟
) is constant, thus implying that 

𝑑𝑃

𝑑𝑥
 is also constant. 

Rearranging Eq. (2.9) and integrating it with respect to 𝑟 twice gives: 

 

𝑢(𝑟) = −
𝑅2

4𝜇
(

𝑑𝑃

𝑑𝑥
) + 𝐶1 ln 𝑟 + 𝐶2 (2.10) 

 

The boundary conditions of (
𝑑𝑢

𝑑𝑟
) = 0, 𝑟 = 0, and 𝑢 = 0 at 𝑟 = 𝑅 are applied to establish the 

velocity profile: 

 

𝑢(𝑟) = −
𝑅2

4𝜇
(

𝑑𝑃

𝑑𝑥
) (1 −

𝑟2

𝑅2
) (2.11) 

 

From Eq. (2.11) it is observed that the shape of the function is parabolic. The maximum value 

is achieved at the pipe centerline and gradually approaches zero towards the walls. 

In the case of incompressible, laminar flow within a circular pipe with radius 𝑅, 𝑉𝑎𝑣𝑔 is given 

by: 

 

𝑉𝑎𝑣𝑔 =
2

𝑅2
∫ 𝑢(𝑟) 𝑑𝑟

𝑅

0

= −
2

𝑅2
∫

𝑅2

4𝜇
(

𝑑𝑃

𝑑𝑥
) (1 −

𝑟2

𝑅2
) 𝑟 𝑑𝑟

𝑅

0

= −
𝑅2

8𝜇
(

𝑑𝑃

𝑑𝑥
) (2.12) 

 

By combining Eq. (2.11) and Eq. (2.12), the velocity profile can be written in terms of the 

average velocity 
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𝑢(𝑟) = 2𝑉𝑎𝑣𝑔 (1 −
𝑟2

𝑅2
) (2.13) 

 

At the centerline (𝑟 = 0), Eq. (2.13) implies that the maximum velocity is 𝑢𝑚𝑎𝑥 = 2𝑉𝑎𝑣𝑔 and 

the average velocity, 𝑉𝑎𝑣𝑔, is half of the maximum velocity: 

 

𝑉𝑎𝑣𝑔 =
𝑢(𝑟)

2
(2.14) 

 

2.5 Flow within curved pipe 
 

As the fully developed laminar flow enters a curved pipe, it will get affected by the centrifugal 

forces of such a curved path. Dean (1928) investigated flow within curved pipes and showed 

that the faster moving central core of the fluid would be forced towards the outer curve of the 

pipe from the center. This effect is caused by the centrifugal force. However, the fluid closer 

to the inner wall moved towards the lower pressure region closer to the bend curvature center. 

In the circular cross-section of the pipe, a secondary flow consisting of two counter-rotating 

helical vortices occurred radial to the flow direction. These vortices are also known as Dean 

vortices. 

 

The Dean number is a dimensionless ratio, providing information about the effects of viscous 

forces to the centrifugal force within the curved pipe. It is given by 

 

𝐷𝑒 = 𝑅𝑒 (
𝑅𝑝

𝑅𝑐
)

0.5

 

 

Where Re is the Reynolds number, 𝑅𝑝 is the radius of the circular pipe cross section and 𝑅𝑐 is 

the radius of the pipe curve. The value of the dean number says something about the occurrence 

of the previously mentioned vortices. 𝐹𝑜𝑟 𝐷𝑒 <  40~60, the flow is completely 

unidirectional. At 𝐷𝑒 <  60~75 small, wavy perturbations may be observed, implying the 

occurrence of a secondary flow. As the Dean number increases beyond this value, these wavy 

perturbations become increasingly significant, and the secondary flow gets more pronounced. 
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Figure 2-6 Rp and Rc used in the calculation of the Dean number 
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Chapter 3. Computational Modelling 
 
 
 

The principles of Computational Fluid Dynamics are briefly explained in the present chapter. 

An introduction to the open source CFD software OpenFOAM is also included as well as mesh 

theory 

 

3.1  Computational fluid dynamics 

 

CFD is a branch of fluid mechanics that applies numerical methods and modelling to predict 

fluid flow. It is a powerful tool for predicting and solving fluid flow problems. Fluid flow is 

modelled by sets of governing equations. These equations have proven to be difficult to solve 

analytically, and thus computational technology has been applied to optimize the process. The 

process of defining and solving a CFD problem can be divided into three main parts: 

 

(i) Pre-processing 

The first step of setting up the CFD problem is called the pre-processing stage. In this step, a 

geometry of the problem at hand is first created. A fluid flow domain is defined and constricted 

by boundary conditions. The created geometry is then divided into many smaller elements 

which make up the mesh. Mesh generation is carried out in software such as ANSYS, 

Pointwise, SALOME, GMSH and more. 

 

(ii) Solving 

Depending on the problem at hand, an appropriate solver is selected. Parameters such as initial 

conditions, turbulence model and solvers are defined in this stage. These solvers are 

implemented in the many available CFD software 

 

(iii) Post-processing 

In the final stage of the simulation process, the results obtained from the previous stage are 

processed in order to better visualize the problem. Data are extracted and used to plot velocity 

profiles, pressures and to create contour plots. 

 

3.2 Analysis procedure 

 

In CFD analysis, a step-by-step procedure is carried out for solving the conservation and 

transport equations. The procedure contains 8 steps (Çengel & Cimbala, 2017). The first step  
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is to create a computational flow domain and mesh. This is done through CAD software. In the 

case of this project, the domain is three-dimensional (3-D). The mesh is comprised of smaller 

volumes called cells. Discretized versions of the governing equations are to be solved for each 

cell. In this step, a high grid quality must be assured, thus assuring a high-quality solution. 

Once the mesh has been generated, boundary conditions should be applied on the surfaces of 

the geometry. For a pipe, this includes the inlet, outlet, and pipe wall. The third step is to specify 

fluid properties. This depends on the type of fluid and the flow conditions. Usually, properties 

such as density and viscosity are specified. 

 

In this step numerical parameters for solving and a solving algorithm should be selected. These 

vary depending on the type of software that is used. An appropriate solver must be selected for 

the problem at hand. There are different appropriate solvers depending on flow properties, such 

as the compressibility and if the flow is steady or unsteady. Numerical parameters such as time 

steps and number of utilized processors in case of parallel simulation are determined. 

 

The solution is calculated through an iteration process. A starting point must therefore be 

specified. These are the initial conditions. Parameters such as velocity and pressure at the start 

of simulation are quantified in this step. 

 

Once the previous steps have been completed, solving of the discretized governing equations 

can begin. As previously mentioned, the solution process is iterative, meaning that the 

governing equations are solved iteratively at the centre of each cell, for each time step of the 

simulation. The result of putting all the terms of the Navier-Stokes equation to one side of the 

equation and summing them together, is called the residual. The residual should be zero for 

each cell. However, this is not the case for a CFD solution, but as the simulation progresses 

and more iterations are calculated, the residual will hopefully be effectively zero. Residuals are 

a measure of deviation from an exact solution. The smaller the residual, the more accurate the 

results are. 

 

After the simulation is complete, and solutions have converged, the results may be post-

processed. This entails plotting and graphical analysis of pressure and velocity. Contour plots 

are great visualizations of the pressure and velocity variations in the flow. 
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3.3  OpenFOAM 

 

OpenFOAM is one of many available CFD software. It is short for Open Field Operation And 

Manipulation. The software is primarily used to solve fluid dynamics problems. The 

capabilities of the software are applicable in solid mechanics problems as well. OpenFOAM 

employs finite volume analysis to solve problems. This involves numerical solving of partial 

differential equations within the cell volumes that make up a mesh. 

 

Operation of OpenFOAM follows a specified structure within a case directory folder. Any case 

must contain the three subfolders “0”, “constant” and “system” 

“0”: This folder contains scripts that define the initial conditions of parameters such as pressure 

and velocity. Boundary conditions are also defined for these variables. 

“constant”: Within this folder, information about the physical properties of the case and the 

mesh is found. 

“system”: The scripts within this folder define the settings for the simulation itself. This 

includes numerical schemes and solver methods. 

 

3.4 The governing equations 

 

As previously mentioned, the objective of CFD is to solve differential equations, often referred 

to as the Navier-Stokes equations, within each cell of the mesh. These governing equations of 

fluid flow stem from physics conservation laws. In the case of fluid dynamics, the Navier-

Stokes equations include continuity and momentum conservation equations. Assuming the 

fluid is incompressible and viscous, the Navier-Stokes equations can be given by: 

 

∇ ∙ 𝒖 = 0 (3.1) 

 

𝜕𝒖

𝜕𝑡
+ 𝒖 ∙ ∇𝒖 = −

1

𝜌
∇𝑝 + 𝜈∇2𝒖 (3.2) 

 

where 𝒖 is the velocity vector, comprised of the three vector components, ∇ is the gradient 

operator (
𝜕

𝜕𝑥
,

𝜕

𝜕𝑦
,

𝜕

𝜕𝑧
), 𝜌 is the fluid density, 𝑝 is the pressure of the fluid and 𝜈 is the kinematic 

viscosity. The assumption of incompressibility must be made for these equations to be 

applicable. This entails that the density and viscosity of the fluid are constant. 
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3.5  Mesh quality 

 

In CFD, the continuity and transport equations are solved for smaller subdomains. These 

subdomains are called cells and they build up the mesh. The accuracy of the solution is 

dependent on the quality of the mesh. There are multiple factors that determine the quality of 

the mesh, such as mesh types, skewness of cells, and cell density. In this section, these factors 

are explained. 

 

3.5.1 Mesh types 

 

Mesh types can be divided into primarily two groups: unstructured and structured meshes. 

Unstructured meshes are characterized by the arbitrary arrangement of cells. The shape of the 

cells varies throughout the mesh. A structured mesh, however, consists of neatly arranged cells. 

The cells may be distorted but follow a strict numbering system using indices. 

 

 

Figure 3-1 A structured (left) and an unstructured (right) quadrilateral mesh (Çengel & 

Cimbala, 2017, p. 890) 

Complex geometries may require the use of a combination of the two. Hybrid meshes include 

regions where the mesh is structured, and other regions where unstructured meshes are more 

appropriate. 

 

Depending on the dimension of the flow domain, different cell types are applied. For 2-D flow 

domains the cells are surfaces, and for 3-D flow domains, the cells are volumes. For hybrid 

meshes, different cell types may be applied where they are most appropriate. 2-D hybrid 

meshes may utilize both triangular and quadrilateral cells. 
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Figure 3-2 Mesh cell types. The top row shows 2-D cell types, while the bottom  

row shows some 3-D cell types (Çengel & Cimbala, 2017, p. 894) 

 

Depending on the flow problem and geometry of the flow domain, an appropriate mesh type 

may be selected for CFD simulation. Usually, depending on the geometry, hybrid meshes may 

be generated to create an accurate mesh. With the selection of cell type, a method of solving 

the governing equations is selected. 

 

3.5.2 Skewness 

 

The skewness of the elements is an indicator of the mesh quality. High skewness of the 

elements will reduce the overall quality of the mesh. The skewness is defined as a deviation 

from the normalized equilateral angle. For any 2-D cell, the equiangular skewness is: 

 

𝑄𝐸𝐴𝑆 = 𝑀𝐴𝑋 (
𝜃𝑚𝑎𝑥 − 𝜃𝑒𝑞𝑢𝑎𝑙

180° − 𝜃𝑒𝑞𝑢𝑎𝑙
,
𝜃𝑒𝑞𝑢𝑎𝑙 − 𝜃𝑚𝑖𝑛

180° − 𝜃𝑒𝑞𝑢𝑎𝑙
 ) 

 

For quad cells, 𝜃𝑒𝑞𝑢𝑎𝑙 = 90°, and for tri cells 𝜃𝑒𝑞𝑢𝑎𝑙 = 60°. 
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Figure 3-3 Skewness of (a) tri cells and (b) quad cells (Çengel & Cimbala, 2017, p. 891) 

Figure 3-3 exhibits highly skewed cells compared to their ideal equilateral counterparts. 

Skewness should be minimized as much as possible. As a requirement for tri cells, the skewness 

should not exceed 0.85. For quad cells, this requirement is 0.9. 

 

3.5.3 Smoothness and Aspect Ratio 

 

Another factor that affects mesh quality, is the smoothness of the transition between high aspect 

ratio and low aspect ratio cells. The aspect ratio is the ratio of the longest edge to the shortest 

edge of a cell. An abrupt change in cell size may lead to discontinuity when solving the motion 

equations. Ideally the change in cell size from one cell to an adjacent one should be less than 

20%.  

 

 

Figure 3-4 a) An ideal quad cell with aspect ratio of 1 compared to a high aspect ratio cell. b) 

Ideal tri cell compared to a high aspect ratio counterpart 

Another requirement is that where the flow is multi-dimensional, such as inlet regions or wall 

boundaries, the aspect ratio should be closer to 1. Regions where the flow is fully developed 

may have higher aspect ratio. 
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Figure 3-5 The figure exhibits low aspect ratio cells at the inlet and higher aspect ratio as the 

flow develops (Bakker, 2002, p. 29) 

 

Figure 3-6 Mesh resolution for flow over a surface 

Figure 3-6 shows how the mesh resolution should be for flows over a surface. This is due to 

the no-slip condition near surfaces, which slows down flows. This reduction in flow velocity 

is considered with the use of a higher resolution mesh in regions near surfaces. 
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Chapter 4. Numerical set-up 
 
 
 

This chapter explains the numerical set-up of the study in detail, from geometry and mesh 

creation to case folders in OpenFOAM 

 

4.1 Geometry creation 

 

In order to produce a mesh, a geometry must be created. A geometry is created as the basis of 

the multiple cases that are to be compared. The geometry at hand is a cylindrical pipe with a 

90-degree bend. Gmsh is the software used for the purposes of both geometry creation and 

mesh generation. 

 

Firstly, the Geometry is created through a series of point and line creations. The geometric 

properties of the elbow pipe are given in the following table.  

 

Bend curvature 90o 

Inner diameter, D 1 m 

Inlet length 50D 

Outlet length 20D 

Curvature ratio, Ro 5.6 

 

Table 1 Geometrical properties of the elbow pipe 

 

The effects of increasing the curvature ratio will be further studied. Other geometrical 

properties such as inlet and outlet length are kept the same for each case. Figure 4-1 shows the 

geometry used as a baseline for geometry and mesh creation of subsequent cases. 

 



 

 

 

 

 20   

 

 

Figure 4-1 Geometrical model of elbow pipe baseline 

 

With lines created, the surfaces and volumes can be defined. Once surfaces are defined, the 

physical boundaries can be selected where the boundary conditions of the simulations will be 

set. The inlet and outlet are also specified as boundaries.  

 

4.2 Mesh generation 

 

Transfinite lines are defined for mesh generation. These parameters will determine how many 

mesh elements are generated. To reduce simulation time and capture large gradients of the flow 

variables at some regions, such as the near-wall regions and the bend pipe part, grid stretching 

will be applied. This means that the straight parts of the pipe will be coarse relative to the bent 

part of the pipe. The bent part will be the focus for accurate analysis and will therefore have a 

finer mesh. Once the geometry is finalised, gmsh can generate a mesh. For the first case the 

baseline mesh contains 1413733 elements. The number of mesh cells for each case is given in 

table 2. 
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Mesh No. of cells 

Mesh 1 1413733 

Mesh 2 2321088 

Mesh 3 3406543 

 

Table 2 An overview of mesh element number for each case 

 

 

 

 

Figure 4-2 Cross section and profile of mesh 1 

 

Figure 4-2 exhibits the mesh for Case 1. It clearly shows the relatively coarse mesh of the 

straight parts of the pipe, compared to the finer mesh of the pipe bend. The mesh resolution 

also gets finer closer to the pipe wall, as seen in figure 4-2. The reason for this is to account for 

the no-slip condition near boundary walls. 

 

4.3 Boundary conditions 

 

Another requirement for the governing equations of the fluid flow to be solved is boundary 

conditions. The boundary conditions of the flow field must be specified as they determine the 

gradient, or values of the variables at the natural boundary of the flow domain. For the elbow 

pipe, there are three regions where boundary conditions are applied: The inlet, outlet and walls 

of the pipe. 
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• Inlet 

At the inlet, a fully developed parabolic velocity profile, 𝑢(𝑟), with average velocity of 1 

m/s is generated. The velocity boundary conditions are fixed values specified as 

 

𝑈𝑥 = 𝑢(𝑟), 𝑈𝑦 = 0, 𝑈𝑧 = 0 

 

A zero normal gradient pressure is used at the inlet. The pressure boundary conditions are: 

 

𝜕𝑃

𝜕𝑥
= 0,

𝜕𝑃

𝜕𝑦
= 0,

𝜕𝑃

𝜕𝑧
= 0 

 

• Wall 

As previously mentioned, the no-slip condition must be applied for the velocity. The 

velocity boundary conditions are  

 

𝑈𝑥 = 0, 𝑈𝑦 = 0, 𝑈𝑧 = 0 

 

And the pressure boundary conditions are 

 

𝜕𝑃

𝜕𝑥
= 0,

𝜕𝑃

𝜕𝑦
= 0,

𝜕𝑃

𝜕𝑧
= 0 

 

• Outlet 

A zero normal gradient is defined for the velocities at the outlet, while pressure is set to be 

zero. The boundary conditions are: 

 

𝜕𝑢

𝜕𝑥
= 0,

𝜕𝑣

𝜕𝑦
= 0,

𝜕𝑤

𝜕𝑧
= 0 

𝑃𝑥 = 0, 𝑃𝑦 = 0, 𝑃𝑧 = 0 

 

4.4 Solver 

 

The simpleFoam solver in the open-source CFD code OpenFOAM will be the preferred solver 

for this study. It is a steady-state solver for incompressible flow. SIMPLE stands for Semi-

Implicit Method for Pressure Linked Equations. The output mesh from gmsh needs to be 
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converted to a format that is readable by the OpenFOAM solver. This is done by using the 

built-in ‘gmshToFoam’ utility. The command creates a folder called ‘polyMesh’ within the  

‘constant’ folder. In this folder, there is a script called ‘boundary’. By default, all the surfaces 

defined in the geometry are set as ‘patch’ boundary types. This is appropriate for the inlet and 

outlet boundaries. For the pipe wall, the boundary type must be set as ‘wall’. Once this is done, 

the initial conditions can be specified. The appropriate Reynolds number for each case study is 

defined. A laminar flow is chosen in the ‘turbulenceProperties’ script. In the ‘system’ folder, 

the ‘controlDict’ script can be edited. This script contains the controls for the simulations. 

simpleFoam is chosen as the application and a time interval from 0 to 20000 seconds defined. 

The time increment is defined to be 1, as there is no time varying along the simulations and 

only the iterations of the steady state Navier-Stokes equations are conducted. The equations 

will be solved for each second within the interval.  

 

4.4.1 Parallel simulation 

 

For this project, the supercomputer Gorina is used to simulate the cases in parallel. To do so, 

the mesh needs to be decomposed and assigned to multiple processors. The number of 

processors can be set in the ‘decomposeParDict’ script. For all the cases, the number of 

processors is set to 64. The ‘decomposePar’ utility will assign elements to multiple processors, 

thus allowing them to be solved in parallel and reducing simulation time. 
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Chapter 5. Laminar flow within elbow pipe 
 
 
 

In this chapter, a detailed explanation of the numerical investigation of flow within elbow pipes 

of varying curvature ratio and Reynolds number is presented. A grid convergence and 

validation study are conducted for three different mesh sizes. This entails a comparison of the 

mesh sizes to check for grid independence, and comparison with published results to select the 

optimal mesh. The effects of varying Reynolds numbers and curvature ratios on the velocity 

profiles are explored, and the results of the simulations are illustrated in plots. 

 

5.1 Pre-processing 
 

As explained in chapter 3, the pre-processing step starts with geometry creation and grid 

generation. Three different geometries are created. The inlet and outlet lengths and pipe 

diameter remain the same for each geometry. The only variable, geometry-wise, is the 

curvature ratio, 𝑅𝑐. The curvature ratio is defined as 

 

𝑅𝑜 =
𝑅𝑐

𝑅𝑝
 

 

where 𝑅𝑐 is the radius of the curve and 𝑅𝑝 is the radius of the pipe. The values of the curvature 

ratios investigated in this study are 𝑅𝑜 = 5.6, 11.2, 22.4. These values have been selected based 

on the studies conducted by Nicolaou and Zaki (2016) and Inthavong (2019), who investigated 

similar curvature ratios. 

 

        

Figure 5-1 Geometry of elbows with bend radii 𝑅𝑐 = 2.8𝐷, 5.6𝐷, 11.2𝐷, corresponding to 

curvature ratios of  𝑅𝑜 =  5.6, 11.2, 22.4 (left to right) 
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Figure 5-2 Cross section of pipe illustrating the diameters along which the velocity profiles 

have been plotted 

 

The elbows all have a cross-sectional diameter of 𝐷 = 0.01. An inlet pipe of length 50𝐷 and 

an outlet pipe of 20𝐷 are connected to each elbow as well. The boundary conditions are defined 

at the inlet, pipe wall and outlet: 

 

Inlet: In the streamwise direction, a parabolic velocity profile enters the flow domain. It is 

given as 𝑢𝑥 = 2𝑢𝑎𝑣𝑔[(1 −
𝑟

𝑅
)

2

] with 𝑢𝑎𝑣𝑔 = 1 𝑚/𝑠 and 𝑢𝑦 = 𝑢𝑧 = 0. Pressure at this 

boundary is defined as zero normal gradient. 

 

 

Figure 5-3 Velocity profile of laminar flow within the inlet pipe 
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Wall: The no-slip condition implies that the velocities at the wall are all zero. The pressure is 

set as zero normal gradient. 

 

Outlet: Velocity is set as zero normal gradient and pressure is set to be zero. 

 

5.2 Steady state simulation 

 

The case is ready for simulation once the mesh has been generated and the initial and boundary 

conditions have been set as well as simulation control parameters. Since a steady simulation is 

carried out, an important step after the simulation has been completed is to ensure that the 

simulation has reached a steady state. This is done by detecting the pressure value at each 

iteration step inside the elbow by using a probe. The probe location is defined in the 

‘controlDict’ script in the ‘system’ folder and is set to be at the middle of the elbow itself prior 

to the simulation and is used to measure the pressure. The simulation outputs a text file 

containing the pressure value at the probe location at each iteration of the simulation.  

 

 

Figure 5-4 Pressure at the probe for three different mesh resolutions 

 

Figure 5-4 illustrates the steadiness of three simulations: one for each mesh resolution. Large 

fluctuations can be observed at the very beginning of the simulations. The fluctuations quickly 

become a straight line, which is characteristic for a steady state simulation of laminar flow. 

From these results, it is concluded that the simulations of these mesh resolutions have reached 

a steady state. 
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5.3 Convergence and validation study 
 

The purpose of the convergence study is to check whether increasing the mesh resolution 

significantly changes the results. By observing the deviation between the results of different 

mesh resolutions, the optimal mesh resolution can be selected and utilized for the further study 

of the elbow. Using the optimal mesh allows for the balance between the accuracy of the 

simulation and the computational resources used. 3 meshes are created with increasing 

resolution for convergence study. The number of cells are increased by at least 30% between 

meshes. 

 

Mesh No. of cells 

Mesh 1 1413733 

Mesh 2 2321088 

Mesh 3 3406543 

 

Table 3 The 3 different meshes resolutions used for convergence study 

Convergence study is carried out for the highest Reynolds number of  𝑅𝑒 = 2000 and a 

curvature ratio 𝑅𝑐 = 5.6 
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Figure 5-5 Convergence study of three different mesh sizes. a) illustrates the velocity profile 

along the A-A diameter and b) the velocity profile along the B-B diameter in the streamwise 

direction  

 

Figure 5-5 shows the velocity profiles at specified diameters located at the bend outlet. The left 

plot corresponds to the velocity profile at 90o of the bend parallel to the symmetry plane (A-A 

diameter), while the right plot shows the profile at the diameter perpendicular to the symmetry 

plane (B-B diameter). The graphs exhibit areas where the different mesh resolutions clearly 

deviate from each other. Mesh 1 deviates from mesh 2 and 3, however, the deviation between  

mesh 2 and 3 is relatively smaller, comparatively. As this is the case, the decision was made to 

proceed with validation using the mesh resolution of mesh 2. Once the convergence study is 

complete, the results obtained using the optimal mesh are validated against the experimental 

data or other published numerical results. This involves a comparison of results from the 

present study, to the results of previously published experimental and numerical results. For 

validation purposes, the velocity profiles at the A-A and B-B diameters are compared to the 

findings of Nicolaou and Zaki (2016). 
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Figure 5-6 Validation study comparing mesh 2 with the findings of Nicolaou and Zaki (2016) 

 

The results shown in figure 5-6 are for 𝑅𝑒 = 1000, 𝑅𝑜 = 5.6 and 𝐷 = 0.01 𝑚 using the grid 

resolution of Mesh 2, in accordance with the values used in the reference study. The shape of 

the profile shows relatively good correspondence with the previously published results. There 

is some significant deviation in certain areas of the pipe, which may have occurred due to the 

usage of a longer inlet pipe than the one used in the study of Nicolaou and Zaki (2016). The 

peak values of the profile near the pipe wall have been captured well. 

 

5.4 Results and discussion 

 

In this section, the post-processed results from the simulations of the laminar flow inside the 

elbow pipes are presented. 12 simulations were carried out for all combinations of Reynolds 

numbers and curvature ratios. The values of Reynolds numbers used in the present study are 

𝑅𝑒 = 200, 500, 1000 𝑎𝑛𝑑 2000. The curvature ratios 𝑅𝑜 = 5.6, 11.2, 22.4 are subjected to 

flows at each of the Reynolds number values. The post-processing software Paraview has been 

used to visualize the results of the simulations. Velocity contour plots have been created to 

illustrate the behavior of the fluid. The velocity contour plots shown in figure 5-7 show the 

velocity magnitudes at a cross section of the symmetry plane, accompanied by circular cross 

sections at the 90-degree outlet of the elbow. The circular cross section velocity contour plots  

show the secondary fluid flow induced by the centrifugal force. 
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Re = 200 

Re = 500 

Re = 1000 

Re = 2000 

Ro = 5.6 Ro = 11.2 Ro = 22.4 

Figure 5-7 Contour plots of laminar flows with different Reynolds numbers within the 

middle of elbows of different curvature ratios. Circular cross sections at 90-degrees (outlet of 

elbow) are also shown for each case. 

De = 84.5 De = 59.8 De = 42.3 

De = 211.3 De = 149.4 De = 105.6 

De = 422.6 De = 298.8 De = 211.3 

De = 845.2 De = 597.6 De = 422.6 
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Figure 5-7 illustrates the contour plots of all combinations of Re and Ro investigated in the 

present study. The elbows are split along the symmetry plane (XY-plane) to reveal the contour 

plots in the middle. The contour shows a fully developed laminar flow within the inlet straight 

pipe. The flow velocity is 0 at the walls and gradually increases to a maximum value of 2m/s 

at the middle, which is in accordance to the expected parabolic shape. It is observed that after 

the flow enters the elbow part, a separation of the flow occurs due to the curvature of the elbow. 

The velocity region towards the inner curve of the elbow is slower relative to the region towards 

the outer curve. This effect results from the centrifugal force within the curved pipe. 

Furthermore, the flow separation is more obvious with the increasing Re by a presence of a 

shear layer, as shown in figure 5-7 at 𝑅𝑒 = 1000 and 2000. From the elbow outlet cross 

sections (XZ-plane), a swirling pattern occurs. By increasing the curvature ratio, the swirling 

is reduced. However, when the Reynolds number increases, the swirling becomes more 

significant. As the Dean number increases, the swirling gets more significant. The opposite 

effect is observed when the Dean number decreases. Less significant swirling can be seen in 

the cases with lower Dean numbers compared to the cases with higher Dean numbers. 

 

Below, the pressure contour plots for Re = 2000 are included to illustrate the low-pressure 

regions as a result of the curved elbow. 

 

                

Figure 5-8 Pressure contour plots for Re = 2000. A low-pressure region is created due to the 

flow separation. As Ro increases, the low-pressure region moves further downstream. 

 

Figure 5-8 clearly illustrates the lower pressure region generated by the curvature of the pipe. 

This pressure difference contributes to the separation of the high velocity flow to the outer 

curve and lower velocity flow to the inner curve shown in figure 5-7. At the upper part of the 

pipe a high-pressure region is created, which may be due to the blockage effect of the curved 

pipe wall to the flow. As 𝑅𝑜 increases, this pressure difference becomes smaller. 
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The streamwise velocity profiles at the 90-degree cross section of the pipe have been plotted 

for comparison. Figure 5-9 illustrates the velocity profiles at diameter A-A in the streamwise 

direction (y-direction) for all Reynolds numbers and curvature ratios investigated. 

 

 
 
 

                           
 

Figure 5-9 Streamwise velocity profiles along the A-A diameter at 90 degrees compared 

based on Reynolds number, Re, and curvature ratio Ro 
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The plots in figure 5-9 show how the initially parabolic velocity profile gets deformed by the 

effects of the curved elbow. The degree of deformation is low at the lowest Reynolds number, 

200, compared to the highest Reynolds number, 2000. It is also observed that a greater 

curvature ratio gives a less deformed shape of the initial parabolic shape, than a lesser curvature 

ratio. There are velocity peaks close to the outer curve of the pipe.  

 

 

 

                           

Figure 5-10 Streamwise velocity profiles along the B-B diameter compared based on 

Reynolds number, Re, and curvature ratio Ro 
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The velocity profiles shown in figure 5-10 are the streamwise velocities extracted from the B-

B diameter. These profiles are symmetrical about the center of the cross section, which is 

evidence of the two helical swirls occurring due to the centrifugal forces. It is clear that the 

swirling, as shown by the peak values close to the wall, is more significant at greater values 

of 𝑅𝑒 and lesser values of 𝑅𝑜. 
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Chapter 6. Conclusion and future work 
 
 
 

In the present study, numerical investigations on laminar flow within elbows of varying 

curvature ratio has been performed. Geometric and numerical setup was performed preceding 

the simulations. Convergence study was conducted for multiple mesh resolutions to support 

selection of the optimal mesh. Mesh 2 with mesh resolution of 2321088 was evidently the 

optimal mesh for further study. The laminar flows investigated were in the range of 200 to 

2000. Elbows with curvature ratios of 5.6, 11.2 and 22.4 were subjected to these flows of 

varying Reynolds number. The results from these numerical simulations provided predictions 

for the streamwise flow as well as the secondary flow induced by the centrifugal force of the 

curved pipe. The post-processed velocity contour plots illustrated how the Dean vortices of 

the secondary flows were generated. It was shown that the intensity of the Dean vortices 

increased as the Dean number increased. Furthermore, the pressure contour plots show a low-

pressure region is generated towards the inner curve of the elbow, as well as a high-pressure 

region at the outer curve blocking the internal flow. The low-pressure region moves further 

downstream as the curvature ratio increases. 

 

6.1 Recommendations for future work 

 

These are some suggestions for further work within the subject of curved pipes: 

• Performing turbulent flow simulation within elbow pipes and comparing the 

differences between turbulent and laminar flow within elbows. Different turbulence 

models can be compared. 

• Study flow within elbows of varying curve degrees or other varying geometrical 

properties. 

• Simulate flow within different pipe-fitting shapes, such as blind tees or Y-fittings. 

• Investigate the effect of multiphase flow within curved pipes. 
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