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Abstract. This article presents study of the thermal stress development in brake disc and the 
associated life cycle of the disc. The thermal stress analysis of disc brake under the first brake 
application and the influences of thermal loads on stress development of the disc have been 
investigated. The temperature distribution was conducted as a function of disc thickness and 
braking time. The study was done on the disc brake of Sports Utility Vehicle with a model of 
DD6470C. Partial solution approach was used to solve analytical temperature distribution 
through the thickness. The model was done using representative areas of the disc exposed to high 
temperature whose distribution result was obtained as a function of disc thickness and braking 
time. The solutions of coupled thermal transient fields and stress fields were obtained based on 
thermal-structural coupled analysis. Based on the model developed for the study, the positions 
of high and low stress formations were investigated, and it has been observed that thermal stress 
and temperature gradient show similar behavior through the thickness of disc. Generally, high 
temperature and stress components were found on the rubbing surfaces of the disc. 

1.  Introduction 
The amount of accumulated kinetic energy in dynamic mechanical systems is converted into thermal 
energy at the interface of connecting parts according to the first law of thermodynamics [1]. Vehicle 
brake system is one type of mechanical system where this conversion process is realized. Therefore, 
thermal analysis is very important in the study of the brake systems. The disc brake, which is a type of 
friction brake, is a very critical part of the vehicle and exposed to a nonlinear and thermoelastic loading 
[2]. It is usually located on the front axle of vehicles and used to adjust or control the speed of vehicle 
according to the changing road and traffic conditions [3]. A disc brake generates retardation force by 
converting kinetic energy into thermal energy out of which some amount of heat would be dissipated in 
the discs by conduction while some other amount is removed to the surrounding by convection or 
radiation process [4]. The rate of energy conversion from kinetic energy to thermal energy determines 
the braking power of the system and braking efficiency is determined by the rate of cooling. Thus, if 
heat dissipation occurs slowly, it will result in the rise of disc temperature and reduce the braking 
performance and may lead to surface crack propagation. 

The work done during the dynamic braking process, which highly influence the generated heat, is a 
function of, among others, the pressure distribution at the contact interface. While modeling the brake 
system, two assumptions are mostly applied: (1) constant pressure distribution or (2) constant wear of 
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the friction material. These assumptions depend on the brake material stiffness where materials with 
high stiffness are exposed to constant wear across the contact surface [5, 6].   

Dynamic braking is usually characterized by nonuniform pressure distribution with time and 
frictional interface is subjected to not only wear and tear, but also to mechanical and thermal distortion 
[7]. As a result of this complex loading condition, numerical analysis-based study of the thermal stress 
distribution of brake systems is widely recommended [8]. For instance, Sen and Sayer [9] conducted 
study of the elasto-plastic thermal stress of disc brake of steel fiber reinforced composite material using 
finite element method (FEM) under uniform temperature distribution. The target of the study was to 
explore the stress components in the radial and tangential directions of the disc. 3D thermomechanical 
coupling model of a ventilated disc brake was also developed in [3] and the temperature and stress 
distribution were studied using FEM approach in ANSYS environment.  

The objective of this study is to conduct the thermal analysis of the disc brake of a locally selected 
Sports Utility Vehicle through the investigation of the temperature distribution as a function of disc 
thickness and braking time. The study employs both analytical and numerical approach and the obtained 
results are compared. Furthermore, the positions of high and low stress formations are investigated. 

2.  Materials and methods 

2.1.  Backgrounds on analysis model 
Brake discs can be categorized into two as (1) ventilated brake disc and (2) solid brake disc. In ventilated 
type of brake disc, air passes through vanes or pillars or between both annular discs, while the solid one 
consists of a single solid disc. Both types of discs may or may not have a mounting bell which increases 
the gap between rubbing surface and axle to improve cooling [4] and to protect overheating of wheel 
bearing. The friction ring (Figure 1) can be fixed on a mounting bell through different methods based 
on types of disc material. The patents in [10] and [11], as illustrated in Figure 1, state two methods of 
joining mounting bell with the friction ring. As shown, Figure 1(a) illustrates the joining method through 
a bolt which is screwed in mounting bell and free to slide along the radial direction in friction ring. This 
special kind of bolt is made of steel which experiences corrosion and transfers heat to the mounting bell 
quickly. The tooth in this case would be embedded into the holes prepared on the outer periphery of 
mounting bell [12]. Figure 1 (b), on the other hand, shows that the connecting ceramic material is used, 
which can resist corrosion and reduce heat movement from friction ring to the mounting bell. 

 
Figure 1. Simplified representation of joining of friction ring and mounting bell with connecting 
elements using (a) a threaded bolt and (b) a ceramic pin.         

2.2.  Disc materials 
Gray cast iron is a widely used friction material in brakes due to its unique combinations of properties 
such as very good thermal conductivity, vibration damping ability, high compressive strength and good 
machinability [13]. In addition, the free graphite in its structure acts as a lubricant which makes it very 
suitable sliding actions. The stress-strain properties of gray cast iron is also influenced by its 
composition, i.e. graphite flakes and metal matrix [14]. In addition, the content of graphite provides 
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important properties [15] such as: dimension stability under different heating condition and high 
vibration damping. The properties of the brake materials are given in Table 1. 

Table 1. Data for gray cast iron with high carbon content. 

Number Material properties Unit Pad Disc 
1 Thermal conductivity 𝑊𝑊 𝑚𝑚.𝐾𝐾⁄  5 57 
2 Density 𝑘𝑘𝑘𝑘 𝑚𝑚3⁄  1400 7250 
3 Specific heat capacity 𝐽𝐽 𝑘𝑘𝑘𝑘.𝐾𝐾⁄  1000 460 
4 Poisson’s ratio  0.25 0.28 
5 Thermal expansion  10 10.85 
6 Young’s modulus 𝐺𝐺𝐺𝐺𝐺𝐺 1 138 
7 Friction coefficient  0.35 0.35 

2.3.  Braking condition and assumptions 
For the brake model developed in this study, the following conditions were assumed: 

1. An average of stopping distance of 81 𝑚𝑚 at deceleration rate of 8 𝑚𝑚 𝑠𝑠2⁄  in 4.5 seconds. 
2. Ambient temperature of 𝑇𝑇∞ = 30 0𝐶𝐶. 
3. Traveling speed of 130 𝑘𝑘𝑘𝑘 ℎ𝑟𝑟⁄  or 36 𝑚𝑚 𝑠𝑠⁄ . 
4. Angular speed of disk 300 𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠⁄  

In order to simplify the complexities of analysis, the following assumptions were considered. 
1. Material properties were assumed to be independent of the temperature and isotropic. 
2. Disc and pad nominal contact surface is equal to an apparent surface in sliding motion. 
3. Uniformly distributed contact pressure over the friction surfaces, and hence symmetric heat 

generation of the mid-plane. 
4. Due to short brake time, radiation is neglected and hence relatively low temperature. 
5. Negligible wear on the contact surface. 
6. The heat flux is constant radially and the temperature varies only along thickness. 

3.  Analytical analysis 

3.1.  Boundary condition analysis 
The analytical model was developed based on the three-fundamental aspect of solid mechanics, namely 
(1) equilibrium equation, (2) compatibility condition and (3) Hooke’s law. The equilibrium equation can 
be obtained using direct vector or matrix notation [16] given in equation (1) – (3). 

𝜕𝜕𝜕𝜕𝑟𝑟
𝜕𝜕𝜕𝜕

+
1
𝑟𝑟
𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕𝑟𝑟𝑧𝑧
𝜕𝜕𝜕𝜕

+
𝜎𝜎𝑟𝑟𝜎𝜎𝜃𝜃
𝑟𝑟

+ 𝐹𝐹𝑟𝑟 = 0 (1) 

 
1
𝑟𝑟
𝜕𝜕𝜕𝜕𝜃𝜃
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟
𝑟𝑟

+ 𝐹𝐹𝜃𝜃 = 0 (2) 

 
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕

+
1
𝑟𝑟
𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕𝑧𝑧
𝜕𝜕𝜕𝜕

+
1
𝑟𝑟
𝜏𝜏𝑟𝑟𝑟𝑟 + 𝐹𝐹𝑧𝑧 = 0 (3) 

 
Where F = external load, 𝜎𝜎 = normal stress, 𝜏𝜏 = shearing stress and the subscripts 𝑟𝑟, 𝑧𝑧 and 𝜃𝜃 show the 

directions of radial, circumferential, and axial components respectively. 
The compatibility condition is important to satisfy the requirement that distribution of strain and 

geometry of deformation must be consistent to preserve body continuity [17]. The exact solutions must 
also satisfy the compatibility requirements. Furthermore, there must be a conformity between loading 
condition imposed at the boundaries and the stress, strain, and displacement fields. 
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�
𝜕𝜕2

𝜕𝜕𝜕𝜕2
+

1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

+
1
𝑟𝑟2

𝜕𝜕2

𝜕𝜕𝜕𝜕2
+
𝜕𝜕2

𝜕𝜕𝜕𝜕2
� (𝜎𝜎𝑟𝑟+𝜎𝜎𝜃𝜃 + 𝜎𝜎𝑧𝑧 + 𝛼𝛼𝛼𝛼𝛼𝛼) = 0 (4) 

Where 𝐸𝐸 = Young's modulus,  𝛼𝛼 = coefficient of the linear thermal expansion. 
The third aspect of solid mechanics is the Hooke’s law (stress strain relations), which states that the 

material constitutive relations must comply with known behavior of the involved materials. The 
homogeneous isotropic body in cylindrical coordinate system can be expressed by Hooke’s law as [18]. 

𝜀𝜀𝑟𝑟𝑟𝑟 =
1
𝐸𝐸

[𝜎𝜎𝑟𝑟𝑟𝑟 − 𝑣𝑣(𝜎𝜎𝜃𝜃𝜃𝜃 + 𝜎𝜎𝑧𝑧𝑧𝑧)] + 𝛼𝛼∆𝑇𝑇 =
1

2𝐺𝐺
�𝜎𝜎𝑟𝑟𝑟𝑟 −

𝑣𝑣
1 + 𝑣𝑣

𝛩𝛩� + 𝛼𝛼∆𝑇𝑇 (5) 

 

𝜀𝜀𝜃𝜃𝜃𝜃 =
1
𝐸𝐸

[𝜎𝜎𝜃𝜃𝜃𝜃 − 𝑣𝑣(𝜎𝜎𝑟𝑟𝑟𝑟 + 𝜎𝜎𝑧𝑧𝑧𝑧)] + 𝛼𝛼∆𝑇𝑇 =
1

2𝐺𝐺
�𝜎𝜎𝜃𝜃𝜃𝜃 −

𝑣𝑣
1 + 𝑣𝑣

𝛩𝛩� + 𝛼𝛼∆𝑇𝑇 (6) 

 

𝜀𝜀𝑧𝑧𝑧𝑧 =
1
𝐸𝐸

[𝜎𝜎𝑧𝑧𝑧𝑧 − 𝑣𝑣(𝜎𝜎𝑟𝑟𝑟𝑟 + 𝜎𝜎𝑧𝑧𝑧𝑧)] + 𝛼𝛼∆𝑇𝑇 =
1

2𝐺𝐺
�𝜎𝜎𝑧𝑧𝑧𝑧 −

𝑣𝑣
1 + 𝑣𝑣

𝛩𝛩� + 𝛼𝛼∆𝑇𝑇 (7) 

𝛩𝛩 = 𝜎𝜎𝑟𝑟𝑟𝑟 + 𝜎𝜎𝜃𝜃𝜃𝜃 + 𝜎𝜎𝑧𝑧𝑧𝑧 (8) 
Where 𝐸𝐸 = Young's modulus,  𝛼𝛼 = coefficient of the linear thermal expansion, 𝑣𝑣 = Poisson's ratio. 
𝐺𝐺 = E/2(1+ 𝑣𝑣) is the shear modulus and ∆𝑇𝑇 = 𝑇𝑇(𝑧𝑧, 𝑡𝑡) − 𝑇𝑇0 is the change in temperature. 

3.2.  Coefficient of heat partition 
The partitioning of heat is a function of the thermal properties of the bodies, the contact geometry and the sliding 
speed [19]. Thermal diffusivity of the pad �𝜉𝜉𝑝𝑝� and the thermal diffusivity of the disc (𝜉𝜉𝑑𝑑) were calculated by 
making use of the values in Table 1. 

𝜉𝜉𝑑𝑑 = �𝑘𝑘𝑑𝑑𝜌𝜌𝑑𝑑𝑐𝑐𝑑𝑑 = √57 ∗ 7250 ∗ 460 = 13 787.50 (9) 

𝜉𝜉𝑝𝑝 = �𝑘𝑘𝑝𝑝𝜌𝜌𝑝𝑝𝑐𝑐𝑝𝑝 = √5 ∗ 1400 ∗ 1000 = 2 645.75 (10) 

The frictional contact surfaces of the pad and the disc 𝑆𝑆𝑝𝑝 and 𝑆𝑆𝑑𝑑 were calculated as follows: 

𝑆𝑆𝑝𝑝 = 𝜑𝜑0 � 𝑟𝑟𝑟𝑟𝑟𝑟

𝑟𝑟3

𝑟𝑟2

=
𝜑𝜑
2
�𝑅𝑅𝑝𝑝2 − 𝑟𝑟𝑝𝑝2� =

650

2
(0.122 − 0.062) = 0.006 𝑚𝑚2 (11) 

𝑆𝑆𝑑𝑑 = 2𝜋𝜋 � 𝑟𝑟𝑟𝑟𝑟𝑟

𝑟𝑟3

𝑟𝑟2

= 𝜋𝜋(𝑅𝑅𝑑𝑑2 − 𝑟𝑟𝑑𝑑2)𝜋𝜋(0.122 − 0.062) = 0.034 𝑚𝑚2 (12) 

The contact surface elements on which the integration is valid is illustrated in Figure 2.  

 
Figure 2. Contact surface elements of (a) the disc and (b) the pad. 
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On the rubbing interface of the disc and the pads, the total heat generated 𝑞𝑞 equals summation of heat 
flux into the disk 𝑞𝑞𝑑𝑑, and heat flux into the pad 𝑞𝑞𝑝𝑝. Then, the coefficient of partition 𝛾𝛾 was obtained by 
using equation (13). 

𝛾𝛾 =
𝜉𝜉𝑑𝑑𝑆𝑆𝑑𝑑

𝜉𝜉𝑑𝑑𝑆𝑆𝑑𝑑 + 𝜉𝜉𝑝𝑝𝑆𝑆𝑝𝑝
=

13 787.50 ∗ 0.034
13 787.50 ∗ 0.034 + 2 645.75 ∗ 0.006

= 0.96 (13) 

3.3.  Heat flux inputs to the disc and pads 
The heat flux at the surfaces is obtained from the ratio of the thermal energy and the surface contact area of each 
component. The rate of heat generated due to friction between these surfaces is calculated as [20]. 

𝑑𝑑𝐸̇𝐸 = 𝑑𝑑𝑑𝑑 = 𝑟𝑟𝜔𝜔𝜇𝜇𝜇𝜇𝜑𝜑0𝑟𝑟𝑟𝑟𝑟𝑟 (14) 

𝑑𝑑𝐸̇𝐸 = 𝑑𝑑𝐸̇𝐸𝑝𝑝 + 𝑑𝑑𝐸̇𝐸𝑑𝑑 (15) 

𝑑𝑑𝐸̇𝐸𝑝𝑝 = (1 − 𝛾𝛾)𝑑𝑑𝑑𝑑 = (1 − 𝛾𝛾)𝜔𝜔𝜔𝜔𝜔𝜔𝜑𝜑0𝑟𝑟2𝑑𝑑𝑑𝑑 (16) 

𝑑𝑑𝐸̇𝐸𝑑𝑑 = γ𝑑𝑑𝑑𝑑 = γ𝜔𝜔𝜔𝜔𝜔𝜔𝜑𝜑0𝑟𝑟2𝑑𝑑𝑑𝑑 (17) 
Where 𝑑𝑑𝐸̇𝐸 = the heat generation rate due to friction between sliding parts,  𝑉𝑉 = the relative sliding 

velocity, 𝑑𝑑𝐹𝐹𝑓𝑓 = the friction force, 𝑑𝑑𝐸𝐸𝑝𝑝 = the absorbed heat by the pad and 𝑑𝑑𝐸𝐸𝑑𝑑 is the amount of 
absorbed heat by the disc.   

The pressure distribution has categories of uniform pressure and uniform wear pressure distribution. 
In the case of uniform pressure 𝑃𝑃 = 𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 and heat flux is a function of time and space variable 𝑟𝑟. 
Because, during braking, angular velocity will decrease with time and the increase in radial space 
variable will result in growth of work done by friction force. The heat flux 𝑞𝑞 on a contact area is updated 
per the pressure distribution and the heat flux in the pad can be given by the following equations. 

𝑞𝑞𝑝𝑝(𝑟𝑟, 𝑡𝑡) =
𝑑𝑑𝐸̇𝐸𝑝𝑝
𝑑𝑑𝑆𝑆𝑝𝑝

=
(1 − 𝛾𝛾)𝜔𝜔𝜔𝜔𝜔𝜔𝜑𝜑0𝑟𝑟2𝑑𝑑𝑑𝑑

𝜑𝜑0𝑟𝑟𝑟𝑟𝑟𝑟
= (1 − 𝛾𝛾)𝜇𝜇𝜇𝜇r𝜔𝜔(𝑡𝑡) (18) 

𝑞𝑞0𝑝𝑝(𝑟𝑟) = 𝑞𝑞01(𝑟𝑟, 0)
𝑑𝑑𝐸̇𝐸𝑝𝑝
𝑑𝑑𝑆𝑆𝑝𝑝

=
(1 − 𝛾𝛾)𝜔𝜔𝜔𝜔𝜔𝜔𝜑𝜑0𝑟𝑟2𝑑𝑑𝑑𝑑

𝜑𝜑0𝑟𝑟𝑟𝑟𝑟𝑟
(1 − 𝛾𝛾)𝜇𝜇𝜇𝜇r𝜔𝜔0 (19) 

Moreover, for disc or rotor, the heat flux could be expressed as: 

𝑞𝑞𝑑𝑑(𝑟𝑟, 𝑡𝑡) =
𝑑𝑑𝐸̇𝐸𝑑𝑑
𝑑𝑑𝑆𝑆𝑑𝑑

=
γ𝜔𝜔𝜔𝜔𝜔𝜔𝜑𝜑0𝑟𝑟2𝑑𝑑𝑑𝑑

2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋
=
𝜑𝜑0
2𝜋𝜋

𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾(𝑡𝑡) (20) 

𝑞𝑞0𝑑𝑑(r) =
𝑑𝑑𝐸̇𝐸𝑑𝑑
𝑑𝑑𝑆𝑆𝑑𝑑

=
γ𝜔𝜔𝜔𝜔𝜔𝜔𝜑𝜑0𝑟𝑟2𝑑𝑑𝑑𝑑

2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋
=
𝜑𝜑0
2𝜋𝜋

𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝜔𝜔0 (21) 

Where 𝑑𝑑𝑆𝑆𝑑𝑑 = Surface contact area of disc and 𝑑𝑑𝑆𝑆𝑝𝑝 = Surface contact area of pads. 
The uniform wear pressure approach is more realistic after several braking application and the heat 

flux in this case is a function of time and it is independent of the space variable, i.e., the work done by 
friction force is the same at radial direction. Then by inserting 𝑝𝑝 = 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚

𝑟𝑟𝑝𝑝
𝑟𝑟�  into equations (18) and 

(20), the following expressions could be obtained respectively. 

𝑞𝑞𝑝𝑝(𝑟𝑟, 𝑡𝑡) = (1 − 𝛾𝛾)𝜇𝜇𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑝𝑝𝜔𝜔0 �1 −
𝑡𝑡
𝑡𝑡𝑏𝑏
� (22) 

𝑞𝑞𝑑𝑑(𝑟𝑟, 𝑡𝑡) = 𝑞𝑞0𝑑𝑑(𝑟𝑟) ∗ �1 −
𝑡𝑡
𝑡𝑡𝑏𝑏
� (23) 

𝑞𝑞𝑑𝑑(𝑟𝑟, 𝑡𝑡) =
𝜑𝜑0
2𝜋𝜋

𝛾𝛾𝛾𝛾𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑑𝑑𝜔𝜔0 ∗ �1 −
𝑡𝑡
𝑡𝑡𝑏𝑏
� (24) 
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3.4.  Disc thermal stress analysis 
The stress 𝜎𝜎𝑧𝑧 suppress thermal expansion of the disc along circumferential and 𝜎𝜎𝜃𝜃 suppress expansion along axial 
direction. Furthermore, taking 𝜀𝜀𝑧𝑧 = 0, 𝜎𝜎𝑧𝑧 = 0 and 𝜀𝜀𝜃𝜃 = 0, the following equation is stated [21]. 

𝜎𝜎𝑧𝑧𝑧𝑧 = 𝜎𝜎𝜃𝜃𝜃𝜃 = −
𝛼𝛼𝛼𝛼∆𝑇𝑇
1 − 𝑣𝑣

 (25) 

The transient stress, on the other hand, is expressed as a function of thickness of the disc. 

𝜎𝜎𝑧𝑧𝑧𝑧 = 𝜎𝜎𝜃𝜃𝜃𝜃 = −
𝛼𝛼𝛼𝛼

1 − 𝑣𝑣
𝑞𝑞0𝛿𝛿
𝑘𝑘
�−

1
6

+
𝛼𝛼
𝛿𝛿2
𝑡𝑡 +

𝑧𝑧2

2𝛿𝛿2
− 2�

(−1)𝑛𝑛

𝜆𝜆𝑛𝑛2
cos �𝜆𝜆𝑛𝑛

𝑧𝑧
𝛿𝛿
� 𝑒𝑒−𝜆𝜆𝑛𝑛

2� 𝛼𝛼𝛿𝛿2�𝑡𝑡

𝑛𝑛=1

� (26) 

This equation is valid if and only if thermal variation follows the direction perpendicular to 𝑍𝑍 and 
along 𝜃𝜃 direction. To obtain the axial stress, the difference between the outer surface temperature 𝑇𝑇1 and 
inner surface temperature 𝑇𝑇2 is used. Therefore, equation (26) is modified as: 

𝜎𝜎𝑧𝑧𝑧𝑧 = −
𝛼𝛼𝛼𝛼

1 − 𝑣𝑣
�𝑇𝑇1(𝑡𝑡) − 𝑇𝑇2(𝑡𝑡)� (27) 

Due to the equal and opposite tensile force of intensity 𝛼𝛼𝛼𝛼𝛼𝛼 on the edges, the stress in disc is 
superposed on equation (26) to give thermal stress free from external force. The resultant force is: 

𝐹𝐹𝑅𝑅 = �𝛼𝛼𝛼𝛼∆𝑇𝑇𝑇𝑇𝑇𝑇
𝛿𝛿

0

 (28) 

Whereas, a uniformly distributed radial tensile stress formed in disc can be expressed by: 

1
𝛿𝛿(1 − 𝑣𝑣)�𝛼𝛼𝛼𝛼∆𝑇𝑇𝑇𝑇𝑇𝑇

𝛿𝛿

0

 (29) 

Then, by inserting equation (28) into compressive radial stress, the radial thermal stress is obtained 
as: 
 

𝜎𝜎𝑟𝑟𝑟𝑟 = −
𝛼𝛼𝛼𝛼

1 − 𝑣𝑣
𝑞𝑞0𝛿𝛿
𝑘𝑘
�−

1
6

+
𝛼𝛼
𝛿𝛿2
𝑡𝑡 +

𝑧𝑧2

2𝛿𝛿2
− 2�

(−1)𝑛𝑛

𝜆𝜆𝑛𝑛2
cos �𝜆𝜆𝑛𝑛

𝑧𝑧
𝛿𝛿
� 𝑒𝑒−𝜆𝜆𝑛𝑛

2� 𝛼𝛼𝛿𝛿2�𝑡𝑡

𝑛𝑛=1

�

+
𝛼𝛼𝛼𝛼𝑞𝑞0𝛿𝛿

𝑘𝑘𝑘𝑘(1 − 𝑣𝑣)��−
1
6

+
𝛼𝛼
𝛿𝛿2
𝑡𝑡 +

𝑧𝑧2

2𝛿𝛿2
− 2�

(−1)𝑛𝑛

𝜆𝜆𝑛𝑛2
cos �𝜆𝜆𝑛𝑛

𝑧𝑧
𝛿𝛿
� 𝑒𝑒−𝜆𝜆𝑛𝑛

2� 𝛼𝛼𝛿𝛿2�𝑡𝑡

𝑛𝑛=1

� 𝑑𝑑𝑑𝑑
𝛿𝛿

0

 
(30) 

Where 𝑇𝑇 is considered as a function of 𝑧𝑧 with a mean value of zero over disc thickness. But if the 
mean value of 𝑇𝑇 is different from zero, the tensions along 𝑟𝑟 and 𝑧𝑧 directions corresponding to the edge 
resultant force could be superposed on equation (25). Furthermore, along 𝑟𝑟𝑟𝑟 plane temperature is not 
symmetric which leads to add bending stress on the equation. Distribution of shear stress do not exist as 
a result of boundary condition symmetry. Therefore, for known value of temperature distribution 𝑇𝑇 over 
disc thickness, thermal stress is obtained using equation (31). 

𝜎𝜎𝑟𝑟𝑟𝑟 =
𝛼𝛼𝛼𝛼∆𝑇𝑇
1 − 𝑣𝑣

+
1

𝛿𝛿(1 − 𝑣𝑣)�𝛼𝛼𝛼𝛼∆𝑇𝑇𝑇𝑇𝑇𝑇
𝛿𝛿

0

+
24𝑧𝑧

2𝛿𝛿3(1 − 𝑣𝑣)�𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼
𝛿𝛿

0

 (31) 

3.5.  von-Mises analysis 
The thermal stress developed by distribution of temperature is evaluated by elastic von-Mises stress 𝜎𝜎𝑒𝑒 defined in 
equation (32), which relates the three principal stresses and determines the yield (plastic deformation onset) in 
metals. 

𝜎𝜎𝑒𝑒 =
1
√2

[(𝜎𝜎𝑟𝑟 − 𝜎𝜎𝜃𝜃)2 + (𝜎𝜎𝜃𝜃 − 𝜎𝜎𝑧𝑧)2 + (𝜎𝜎𝑧𝑧 − 𝜎𝜎𝑟𝑟)2]1 2�  (32) 
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4.  FEM Analysis 

4.1.  FEM temperature distribution analysis 
The FEM study on temperature distribution shows that maximum temperature obtained is 139.3 ℃ while the 
minimum temperature of 78.08 ℃ is located on the other surface far from the rubbing surface. This variation in 
the values of temperature shows that the thermal gradient occurs along the thickness of the disc as shown in Figure 
3.  

 
Figure 3. Temperature distribution through the thickness of the disc. 

4.2.  FEM Circumferential Stress Analysis 
At the rubbing surface, high circumferential stress is obtained and this value of stress drops as the thickness moves 
away from the friction surface. The maximum compressive circumferential stress is found on the rubbing surface 
of the disc and its value is 276 𝑀𝑀𝑀𝑀𝑀𝑀. Whereas, the minimum compressive circumferential stress is obtained on the 
surface far from rubbing surface with the value of 122 𝑀𝑀𝑀𝑀𝑀𝑀 (Figure 4). 

 
Figure 4. Circumferential stress through the thickness of the disc. 

4.3.  FEM radial stress analysis 
The outer portion of the disc thickness is subjected to tensile radial stress and the other portion far from rubbing 
surface is subjected to compressive radial stresses. The maximum tensile radial stress is observed on the rubbing 
surface is 58.8 𝑀𝑀𝑀𝑀𝑀𝑀. The value of tensile radial stress decreases as the thickness increases from the rubbing surface 
and beyond half of the thickness of the disc, a compressive stress rises up to the end of the thickness as shown in 
Figure 5. 
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Figure 5. Radial stress through the thickness of the disc. 

4.4.  FEM von-Mises stress analysis 
As shown in contour plot of Figure 6, the maximum and minimum von-Mises stresses are observed on the sharp 
edges with the maximum of 498.3 𝑀𝑀𝑀𝑀𝑀𝑀 and the minimum of 73.9 𝑀𝑀𝑀𝑀𝑀𝑀. The surface far from rubbing surface is 
subjected to high thermal stresses than the rubbing face because it is constrained from any thermal expansion due 
to symmetry and therefore, resists radial expansion.  

 
Figure 6. von-Mises stress distribution through the thickness of the disc. 

5.  Discussion 

5.1.  Temperature distribution in the disc 
The steady-state temperature difference of the friction surface and lower part of the disc shown in Figure 7(a) is 
61.22 ℃ by FEM analysis and 65.65 ℃ by analytical analysis after simulation over 4.5 seconds. The transient 
temperature distribution through braking time is shown in Figure 7(b). The temperature distribution in both cases 
shows good agreement between the analytical and numerical methods. 
  

  

Figure 7. (a) Steady state temperature distribution and (b) Transient surface temperature distributions. 

(a) (b) 
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5.2.  Circumferential and radial stress distributions along disc thickness 
The minimum circumferential stress is obtained to be −122 𝑀𝑀𝑀𝑀𝑀𝑀 based on FEM analysis and −165 𝑀𝑀𝑀𝑀𝑀𝑀 based 
on analytical analysis. This minimum stress is located far from the rubbing surface where minimum temperature 
is located. The maximum circumferential compressive stress by FEM analysis is found to be −276 𝑀𝑀𝑀𝑀𝑀𝑀, and by 
analytical analysis is −388 𝑀𝑀𝑀𝑀𝑀𝑀 as shown in Figure 8(a). In this analysis, the analytical approach overestimated 
the compressive stress throughout the thickness. 

  
Figure 8. (a) Compressive circumferential stresses and (b) Radial stresses as a function of disc thickness. 

As illustrated in Figure 8(b), the radial stresses are tensile from 0 𝑚𝑚𝑚𝑚 to 6.6 𝑚𝑚𝑚𝑚 thickness of disc 
and compressive stresses occur in the other portion of thickness. The maximum tensile stress at the 
lower surface of the disc is 58.8 𝑀𝑀𝑀𝑀𝑀𝑀 by FEM and the analytical result obtained was 74.2 𝑀𝑀𝑀𝑀𝑀𝑀. 

5.3.  Axial stress and von-Mises stress distribution along disc thickness  
Figure 9 shows the stress distribution in axial direction and the von Mises equivalent stresses evaluated analytically 
and FEM approach. The direction of temperature distribution in the disc is parallel to an axial stress so it does not 
interrupt the axial stress through the thickness of the disc. The axial stress obtained analytically is −220 𝑀𝑀𝑀𝑀𝑀𝑀 and 
it is constant throughout the thickness of the disc whereas the value obtained by FEM is −175 𝑀𝑀𝑀𝑀𝑀𝑀 with negligible 
variation throughout disc thickness (Figure 9(a)).   

As the plots in Figure 9(b) illustrate, the analytical solutions have similar trend of von Mises stress 
variation though the thickness as the FEM results. The highest von Mises stress results obtained by 
analytical method is 269 𝑀𝑀𝑀𝑀𝑀𝑀 while the FEM was 215 𝑀𝑀𝑀𝑀𝑀𝑀. These results were obtained at the inner 
surface of the disc and this is because the pressure distribution is inverse function of the radius. The 
surface area where the maximum von Mises stress obtained is far from the edges formed from sectional 
representation of the model due to symmetric conditions of the disc. Due to possible high stress 
concentration on the sharp edges, the result was taken from the middle of the surface of the disc. 
 

 
Figure 9. (a) Axial stress through the thickness of the disc (b) von-Mises stress through thickness. 

 
 

(a) (b) 

(a) (b) 
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6.  Conclusions 
In this study, both analytical and FEM based approaches have been employed to study the thermal stress 
development through the thickness of the brake disc under a single brake application. The methods of 
analysis followed in this study are thought to be a good approach to investigate the stresses in sliding 
mechanical components. The fact that the results obtained from both analytical and FEM methods are 
close to each other is that the procedures followed have addressed the analysis correctly.  

In thermal analysis, the temperature distribution was conducted as a function of disc thickness and 
braking time and the results obtained in both analytical and FEM are similar. Furthermore, the positions 
of high and low stress formations are investigated, and thermal stress and temperature gradient show 
similar behavior through the thickness of the disc. From the obtained analysis results, the axial stress 
was constant throughout disc thickness with a result of −220 𝑀𝑀𝑀𝑀𝑀𝑀 analytically while the result obtained 
by FEM is −175 𝑀𝑀𝑀𝑀𝑀𝑀. The circumferential stress variation through disc thickness, on the other hand, 
is high which is −388 𝑀𝑀𝑀𝑀𝑀𝑀 at rubbing surface and −165 𝑀𝑀𝑀𝑀𝑀𝑀 at the surface far from rubbing surface 
by analytical analysis approach. In contrast, the FEM approach gave −276 𝑀𝑀𝑀𝑀𝑀𝑀 at rubbing surface and 
−122 𝑀𝑀𝑀𝑀𝑀𝑀 at the surface far from rubbing surface. Whereas, in radial stress analysis, compressive stress 
was observed on the rubbing surface of the disc and tensile stress occurs on the surface far from rubbing 
surfaces with a result of 74.2 𝑀𝑀𝑀𝑀𝑀𝑀 analytically and 58.8 𝑀𝑀𝑀𝑀𝑀𝑀 by FEM.  

In contour plot of von-Mises stresses, it could not show the correct result of the stress through the 
thickness of the disc because the sharp edges of the disc are exposed to stress concentration leading to 
variation of the von Mises results at the edges and those the surfaces far from the edges. Thus, the von-
Mises stress values around the middle from both sectioned edges is taken using path cross section 
through the disc thickness to represent the whole disc and the result obtained through this method is 
215 𝑀𝑀𝑀𝑀𝑀𝑀 which is very close to the result of the analytical approach of 269 𝑀𝑀𝑀𝑀𝑀𝑀. 

Generally, high temperature and stress components were found on the rubbing surfaces of the disc, 
which result in fast surface crack propagation. Because the cyclic compressive and tensile stresses due 
to temperature variation drive the crack by changing the crack tip properties. 
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