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FINANCIAL ECONOMICS | RESEARCH ARTICLE

A game between central banks and households 
involving central bank digital currencies, other 
digital currencies and negative interest rates
Guizhou Wang1 and Kjell Hausken1*

Abstract:  Central Bank Digital Currencies (CBDCs) enable negative interest rates. A game 
is analyzed between a central bank (accounting for the government’s interest) and 
a representative household choosing to consume, hold CBDC, or hold non-CBDC. The 
central bank chooses negative interest rate when it realizes that the household is willing 
to pay the central bank for holding CBDC. The household pays the negative interest rate 
because of its Cobb Douglas preferences whereby it values holding CBDC while simulta-
neously holding the competitive non-CBDC with a given interest rate, consuming with 
various output elasticities, and accounting for transaction efficiencies and costs. More 
explicitly, intuition and how the players benefit are provided for the following results: The 
central bank chooses more negative interest rate when the household’s output elasticity 
for consumption increases, the household’s output elasticity for holding CBDC decreases, 
the CBDC and non-CBDC transaction efficiencies increase, the household’s transaction 
efficiency for consumption decreases, the household’s scaling of the transaction cost 
increases, the scaling parameter for the central bank’s profit per household decreases, 
the household’s monetary energy decreases, and the non-CBDC interest rate decreases. 
The results are determined analytically and illustrated numerically where each of nine 
parameter values is varied relative to a benchmark.

Subjects: Public Finance; Corporate Finance; Banking 

Keywords: central bank; central bank digital currency; digital currency; negative interest 
rates; cryptocurrency; game theory; household; government

JEL Classification Numbers: C72; H26

1. Introduction

1.1. Background
The digitization of currency revolutionizes mankind’s use of currencies. Increasingly many 
central banks research Central Bank Digital Currencies (CBDCs), or have progressed to proof of 
concept or pilots, or have launched CBDCs (https://cbdctracker.org/). Commonly stated reasons 
are to promote financial inclusion and simplify the implementation of monetary and fiscal 
policy. CBDC developments are enabled and incentivized by new technological opportunities, 
potentially or partly as a countermovement, competitor or alternative to cryptocurrencies 
controlled by algorithms or actors (https://coinmarketcap.com). One early and essential crypto-
currency is Nakamoto’s (2008) “proof of work” blockchain based electronic cash system labeled 
Bitcoin.1 Whereas CBDCs are digital currencies developed by central banks (which are 
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centralized authorities), cryptocurrencies are digital currencies where transactions are recorded 
and verified through cryptography by a decentralized system. Less common cash usage incen-
tivizes central banks to popularize more acceptable and easily applicable electronic currencies. 
Some central banks and their associated governments may prefer CBDCs designed to record and 
possibly control households’ transactions. In recent years credit and debit cards, wire transfers 
and various other forms of payments have gradually replaced cash. CBDCs may continue such 
replacements of cash. A survey by the Bank for International Settlements shows that currently, 
central banks representing a fifth of the world’s population are likely to issue a general purpose 
CBDC in the next three years (Boar & Wehrli, 2021). Households in countries adopting CBDCs as 
legal tender, and prohibiting all alternatives as legal tender, are forced to adopt their country’s 
CBDC (unless they can function through commodity exchange). Countries can more commonly 
be expected to accept alternatives to CBDCs so that households can choose among alternatives. 
10 July 2022, 20,172 cryptocurrencies contribute to a market cap of $931 billion.2 The crypto 
fields of decentralized finance (DeFi) and non-fungible Tokens (NFT) develop rapidly.

Digital currencies give rise to new possibilities, including differences across currencies regarding 
transaction efficiencies, convenience, universal accessibility, confidentiality, financial stability, 
monetary policy, security, privacy, etc. Meanwhile, it also brings various challenges such as new 
infrastructures, new household behaviors, potentially more efficient and flexible monetary policies, 
and new functions or disintermediation for banks. Specifically, CBDCs enable central banks to 
implement negative interests.

Traditionally, the zero-lower bound on interest rate has been a challenge for central banks with 
paper money. The reasons are multifarious, i.e. the store of value of money requires a non- 
negative return, potentially adverse implications for bank profitability, and a potentially weak 
monetary transmission mechanism as the interest rate decreases towards zero.3 Under various 
accommodative policy regimes, various regions and countries such as the Euro area, Denmark, 
Sweden, Japan, and Switzerland have implemented negative interest rates.

1.2. Contribution
This article develops a game model between a representative household and a central bank which 
includes the government’s interest. This approach grounded in game theory, which has earned 18 
Nobel prizes from 1970 to 2017, constitutes the theoretical underpinning of the study. The house-
hold converts its resources or monetary energy strategically into consumption, holding of CBDC 
issued by the central bank with a given interest rate, and holding of non-CBDC which earns an 
interest rate and can be any asset not issued by and not controlled by a central bank. Each 
household’s allocation highlights the potential relation between CBDC and non-CBDC, and further-
more the relation to consumption. Each household’s allocation impacts the central bank’s mone-
tary policy, which in turn may impact how non-CBDCs evolve. The central bank chooses the CBDC 
interest rate, which can be negative or positive. The household has a Cobb Douglas utility with 
three elasticities, accounting for its strategic choices. The central bank identifies partly with each 
household, but additionally pays interest to each household when it is positive.

The emergence of digital currencies (CBDCs or non-CBDC) makes it easier to implement negative 
interest rates, which incentivize consumption rather than saving. CBDC holders subject to negative 
interest rates are easily subtracted what they owe on the ledger, whereas holders of physical cash not 
recorded on a ledger must actively provide through some channel cash they possess as interest 
payment. When a household experiences a negative interest rate, it pays a storage charge instead of 
earning positive interest. A central bank may have multiple reasons for choosing negative interest 
rates, e.g., to avoid recession, stimulate economic activity, and avoid deflation. An actor controlling 
a non-CBDC may choose negative interest rates for similar reasons, and to compete with CBDCs.

This article’s research question and objective are to determine how a household earns utility and 
allocates monetary energy between consumption, holding CBDC and holding non-CBDC depending 

Wang & Hausken, Cogent Economics & Finance (2022), 10: 2114178                                                                                                                                
https://doi.org/10.1080/23322039.2022.2114178

Page 2 of 22



on the interest rate of CBDC chosen by the central bank and the non-CBDC interest rate (both of 
which may be positive or negative), and depending on various preferences, transaction efficiencies 
and other factors.

The household’s utility accounts for consumption, CBDC and non-CBDC having different transac-
tion efficiencies. A transaction efficiency function is presented which increases with holding CBDC 
and non-CBDC, and decreases with consumption. The model illustrates how different transaction 
efficiencies and interest rates of CBDC and non-CBDC impact the players’ strategic choices.

The impact of nine parameters is analyzed analytically and numerically. These are the house-
hold’s monetary energy; output elasticities for consumption and CBDC (which implicitly determines 
the elasticity for non-CBDC); and transaction efficiencies for CBDC, non-CBDC and consumption; the 
scaling of the household’s transaction cost; the scaling of the central bank’s profit, and the non- 
CBDC interest rate. These parameters are interesting to study since they impact the players’ 
strategies, utility and profit. Each parameter has an independent impact on the model, which is 
essential since it enables identifying which specific ingredients of the model has which specific 
impact. Numerical analysis illustrates variation of each parameter value relative to a benchmark. 
The article contributes to all the four areas of the literature reviewed in the next section.

1.3. Literature
The literature is divided into four groups, i.e., CBDC design and economy; game theoretic analyses; 
negative interest rates; and CBDC, monetary policy and policy implications. These four groups are 
interconnected and relevant as follows. Since the central bank is one of the two players in the 
article, the first group is about CBDC design and the economy, which provides a foundation for the 
central bank as a player and crucially impacts how the central bank operates. The second group, 
naturally, is game theoretic analysis, to illustrate the linkage to the current article which applies 
game theory as a tool. The third group is about negative interest rates, which some central banks 
have already started to explore. CBDCs contain the unique feature of being technologically able to 
implement negative interest rates, which may potentially become important in the future. The 
fourth group is CBDC, monetary policy and policy implications, which extends from the other three 
groups into the real economy through policy implications.

1.3.1. CBDC design and economy
Kiff et al. (2020) explore the issuance considerations of retail CBDC which the general public has 
access to it. They review CBDC research, and summarize the operating models, design considera-
tions and risk management of issuing CBDC. Similarly, Allen et al. (2020) show that CBDC brings 
a range of new possibilities, but also causes many challenges. They investigate the technical 
challenges facing CBDC designers, focusing on performance, privacy, and security. They summarize 
the main potential benefits of CBDC, i.e. efficiency, a broader tax base, flexible monetary policy, 
payment backstop, and financial inclusion. Ozili (2022) reviews the literature, points out that the 
motivation of a CBDC is to improve the monetary policy, enhance digital payment efficiency, and 
increase financial inclusion. He points out limitations of CBDC design, and challenges in meeting 
multiple competing goals. He finds that a CBDC has cash-like attributes and is a liability of the 
issuing central bank. Carapella and Flemming (2020) also review the literature, and assess how 
CBDCs impact commercial banks, monetary policy and financial stability. Oh and Zhang (2020) 
analyze a CBDC in a two-sector monetary model with a formal and an informal economy. They 
show that tax reduction and a positive CBDC interest rate are useful to enhance CBDC adoption 
and improve its effectiveness. This article contributes to this literature by considering how 
a representative household chooses strategies impacted by the CBDC interest rate, impacted by 
the non-CBDC interest rate, consumption and various transaction efficiencies.

1.3.2. Game theoretic analyses
This article contributes to this literature by considering a game between the central bank choosing 
the CBDC interest rate and a representative household choosing consumption, holding CBDC and 
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holding non-CBDC. Wijsman (2021) analyzes households which can earn positive or negative 
interest rate at one bank, can switch to another bank subject to switching costs, or can invest 
alternatively. His approach relates to the current article where households also have two possibi-
lities for saving (CBDC and non-CBDC), and have an alternative which is consumption instead of 
investment. His switching costs have some linkage to transaction costs in the current article. 
Wijsman (2021) finds that banks may decrease their interest rates if switching costs are higher 
and alternative household investments are less attractive. He also finds that high switching costs 
prevent banks from attracting savers from competitors, and less attractive alternatives for house-
holds may cause expensive wars of attrition between banks.

Wang and Hausken (2021) consider a game between a representative household choosing to 
hold a national currency and a global currency, and a government choosing how to tax the two 
currencies, and how to detect, prosecute and impose penalties for tax evasion. Jia (2020) develops 
an overlapping generations model to explore the macroeconomic impact of negative interest rates 
on CBDC. He finds that a negative CBDC interest rate induces agents to save less and consume 
more, which in turn leads to a decrease in capital investment and output. This article presents 
related results for how a household saves CBDC or non-CBDC with negative CBDC interest rates. 
George et al. (2020) evaluate the macroeconomic implications of a CBDC with an adjustable 
interest rate. They extend the analysis to an open-economy context with foreign capital flows. 
The study shows that a CBDC with an adjustable interest rate is welfare-improving, and that 
a quantity rule delivers the best welfare outcome for society.

Welburn and Hausken (2015, 2017) adopt game theory to explore economic crises. They analyze 
six kinds of players, i.e., countries, central banks, banks, firms, households, and financial inter- 
governmental organizations. Players have various strategies such as setting interest rates, lending, 
borrowing, producing, consuming, investing, defaulting, etc. This article considers only two players, 
i.e. a representative household and the central bank, with specific strategies and utilities for each.

1.3.3. Negative interest rates
This article contributes to this literature by considering how a central bank may choose a negative 
interest rate impacting, and being impacted by a representative household’s consumption, holding of 
CBDC and non-CBDC, and transaction efficiencies. Davoodalhosseini et al. (2020) argue that an 
interest-bearing CBDC could be a versatile instrument, which may enhance monetary policy thea-
trically, i.e., break below the effective lower bound of interest rates, enable non-linear transfer, reduce 
incentives to adopt alternative means of payments, etc. But in practice the expected benefits might 
be small. Partly related, the current article shows how an interest-bearing CBDC can operate in 
conjunction with an interest-bearing non-CBDC for a household which also consumes.

Rognlie (2016) explores monetary policy with negative interest rates. He finds that gains from 
negative interest rates depend inversely on the level and elasticity of currency demand, that 
negative interest rates stabilize aggregate demand, but inefficiently subsidize the paper currency.

Altavilla et al. (2019) apply confidential data from the euro area to show that well-performed 
banks can pass negative rates on to their corporate depositors without experiencing decreased 
funding. Additionally, a negative interest rate policy can provide further stimulus to the economy 
via firms’ asset rebalancing. The findings challenge the view that conventional monetary policy 
becomes ineffective when policy rates reach the zero-lower bound.

Assenmacher and Krogstrup (2018) think that cash prevents central banks from cutting interest 
rates much below zero. They analyze the practical feasibility of adopting electronic money, which 
could remove the lower bound constraint on monetary policy. The result is feasible electronic 
money fully restoring the monetary policy space with negative interest rates.
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Grasselli and Lipton (2019) point out that CBDC can overcome the lower bound for interest rates 
imposed by physical cash. They construct a stock-flow macroeconomic model to investigate the 
theoretical effectiveness of negative interest rates. They find that negative interest rates can be an 
effective tool for macroeconomic stabilization.

David-Pur et al. (2020) provide experimental evidence on how zero and negative interest rates 
impact investments. They show that a zero-interest rate is more efficient than a negative interest 
rate in terms of the impact on people’s willingness to borrow money and take risks. But there is no 
impact of the difference between a positive and a negative interest rate on the change in the 
allocation of risky assets in investment portfolios.

1.3.4. CBDC, monetary policy and policy implications
This article contributes to this literature by allowing positive and negative CBDC interest rates. 
Bordo and Levin (2017) analyze how digital cash enhances the effectiveness of monetary policy. 
They argue that a CBDC may potentially facilitate many aspects of monetary policy, thus poten-
tially improving the stability of the financial system. Asimakopoulos et al. (2019) set up a dynamic 
stochastic general equilibrium model to evaluate the economic consequences of cryptocurrencies. 
Using US and crypto markets monthly data for the period 2013:M6-2019:M3, a substitution effect is 
found between the real balances of government currency and cryptocurrency.

Beniak (2019) explores hypothetical challenges of CBDC implementation for monetary policy, 
and the impact on the broader economy. Based on an overview of the literature, he concludes that 
CBDC impacts central bank interest rates, monetary policy implementation and the transmission 
mechanism. The scale of these effects depends on the design and demand for this new form of 
money.

Kim and Kwon (2019) apply a monetary general equilibrium model to explore the implications of 
CBDC on financial stability. The study shows that deposits in CBDC accounts decrease the supply of 
private credit by commercial banks, which has a negative effect on financial stability via increasing 
the likelihood of a bank panic. However, once the central bank can lend all the deposits in CBDC 
account to commercial banks, an increase in the quantity of CBDC can enhance financial stability.

Bindseil (2020) reviews the CBDC advantages, i.e. efficient payments, anti-illegal activities, 
strengthened monetary policy (negative interest rates are possible), higher seigniories income, 
etc. Possible risks are structural disintermediation of banks, systemic runs on banks, centralization 
of the credit allocation process within the central bank, etc. They propose a two-tier remuneration 
of CBDC as a solution.

Bindseil and Fabio (2020) point out that a two-tier remuneration system for the CBDC would be 
an efficient solution to issues like bank disintermediation, negative interest rate policy, financial 
stability, etc. A tiered remuneration of CBDC would achieve four key objectives, namely, offering 
attractive CBDC as a means of payment to households, offering CBDC in a quantitatively uncon-
strained manner to any holder (not just citizens), controlling the risks of structural or cyclical bank 
disintermediation, and enabling negative interest rates.

1.4. Article organization
Section 2 presents the model. Section 3 analyzes the model. Section 4 illustrates the solution. 
Section 5 discusses the results and provides economic intuition and policy implications. Section 6 
presents shortcomings and future research. Section 7 concludes.

2. The model
A non-cooperative static simultaneous-move one-period game is played between a representative 
household and a unitary player comprising the interests and capabilities of a central bank and 
a government, referred to as the central bank, for simplicity. The household and central bank 
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choose their strategies simultaneously and independently. The static analysis is assumed to 
represent a stationary situation through time where the players adapt optimally to each other in 
a manner that can be expressed at one point in time. The stationary situation implicitly accounts 
for the nature of interest rates where resources usually have to be held for a certain amount of 
time in order for interest to be earned. Mathematically this amount of time can be made arbitrarily 
small. Hence, in a stationary situation, interest can be assumed earned at the same point in time in 
which the players choose their strategies and earn their utilities. Appendix A shows the 
nomenclature.

2.1. The household’s strategic choices and utility
The representative household has available monetary energy r, which also can be interpreted as 
resources, converted at unit cost 1 into consumption c, CBDC (Central Bank Digital Currency) m, 
and some non-CBDC q, i.e. 

r ¼ cþmþ q (1) 

where c;m; q are scaled equivalently on some appropriate scale, which may be any scale, e.g., of 
monetary nature. Hence, since c;m;q are scaled equivalently in (1), we assume no coefficients 
before c;m;q, which means that the coefficients equal 1. Equation (1) means that the household 
accepts and adopts both CBDC m and non-CBDC q. The household demands optimal amounts of 
CBDC m and non-CBDC q, and weighs these demands against its consumption c to maximize its 
utility U developed below.

A CBDC m is in this model interpreted as any currency issued by the central bank with an interest 
rate Im, Im 2 R , where R is the set of all real numbers, which includes e.g., the Chinese e-CNY. 
A non-CBDC q is interpreted as any asset earning an interest rate Iq, Iq 2 R , and which is not issued 
by and not controlled by a central bank. We may think of the non-CBDC q as a cryptocurrency such 
as Bitcoin. Both interest rates Im and Iq can be positive or negative. That means that the non-CBDC 
q can earn a higher or lower interest rate than the CBDC m, as illustrated e.g., in Figure 1 panel 
i. The broad definitions of CBDC m and non-CBDC q in (1) work fine for the purpose of this article, 
where the household allocates its monetary energy r into the three destinations consumption c, 
CBDC m with interest rate Im, and some non-CBDC q with interest rate Iq.

We develop the household’s Cobb Douglas utility in four steps. First, the household has a Cobb 
Douglas utility with three output elasticities α; β;1 � α � β, 0 � α � 1, 0 � β � 1, 0 � 1 � α � β � 1, 
for consumption c, CBDC m, and some non-CBDC q, i.e. 

U1 ¼ cαmβq1� α� β (2) 

which expresses constant returns to scale, since the three exponents sum to 1. Second, the 
household earns interest Im, Im 2 R , on CBDC m, and earns interest Iq, Iq 2 R , on the non-CBDC 
q. Interest rates are usually positive, but can for digital currencies, and especially for CBDC m, be 
negative. Earning interest rates Im and Iq on CBDC m and non-CBDC q means multiplying m and q 
with 1þ Im and 1þ Iq, respectively. Incorporating these multiplications into (2) gives 

U2 ¼ cα m 1þ Imð Þð Þ
β q 1þ Iq
� �� �1� α� β (3) 

Third, a simultaneous-move game is analyzed which can be interpreted as a stationary situation 
where time plays no role. Equation (1) is interpreted so that the household converts its resources 
r into consumption c, CBDC m, and non-CBDC q. This conversion involves transaction costs which 
impacts the household’s utility. In order to transact between consumption c, CBDC m, and non- 
CBDC q, the household seeks to obtain high transaction efficiency, which means that it has to pay 
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transaction costs. Transactions are never free. Costs are always involved when transacting. With 
other conditions unchanged, a high transaction efficiency means a lower transaction cost. We 
define the household’s transaction efficiency E to increase with holding CBDC m and holding non- 
CBDC q, and decrease with consumption c, i.e. 

Figure 1. The household’s con-
sumption c, holding of CBDC m, 
holding of non-CBDC q, and utility 
U, and the central bank’s interest 
rate Im and profit u, as functions of 
the nine parameter values 
α; λn; λg; βn; γn;βg; an; ag relative to 
the benchmark parameter values 
α ¼ η ¼ 1=5; β ¼ μ ¼ 2=5; λ ¼ 1=10;
θ ¼ r ¼ 1; σ ¼ 5; Iq ¼ 0. Division of 
Im with 5 and u with 3 is for scaling 
purposes.
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E ¼
mμqη

θcλ (4) 

where μ, μ � 0, is the household’s transaction efficiency for CBDC m; η, η � 0, is the household’s 
transaction efficiency for non-CBDC q. The parameter λ is the household’s transaction efficiency for 
consumption c, and 1=θ; θ � 0, scales the degree or level of the household’s transaction efficiency. 
We require 0 � λ � α so that the household benefits positively from consumption, expressed as cα 

in (3), despite the transaction cost 1=cλ in (4). We also assume η � λ, so that the household’s 
transaction efficiency η for non-CBDC q is higher than or equal to the household’s transaction 
efficiency λ for consumption c.

The transaction efficiency E in (4) satisfies @E
@c � 0; @E

@m � 0; @E
@q � 0; @2E

@c2 � 0;
@2E
@m2 � 0 when μ � 1; @2E

@q2 � 0 when η � 1; @2E
@c@m � 0; @2E

@c@q � 0, see Appendix B. Thus E decreases convexly 

in consumption c, and increases in the CBDC m and the non-CBDC q. For related accounts of the transaction 
efficiency E, usually conceptualized as the transaction cost 1=E, see, Feenstra (1986), Bougheas (1994), and 
Saygılı (2012).

The literature usually considers the inverse 1=E of (4) interpreted as the transaction cost, where θ 
scales the transaction cost. Higher transaction efficiency for CBDC m than for non-CBDC q, to 
sustain negative interest rates Im<0 on CBDC m, requires μ>η, which we generally do not require 
since we in principle can envision even more negative interest rates Iq<Im<0 for non-CBDC q. 
Multiplying (4) with (3) gives the household’s utility 

U3 ¼ cα m 1þ Imð Þð Þ
β q 1þ Iq
� �� �1� α� β mμqη

θcλ (5) 

Fourth, the household’s resource constraint in (1) expresses that the household has two free 
choice variables, i.e. consumption c and CBDC m, where non-CBDC q ¼ r � c � m follows from 
solving (1) with respect to q. Inserting q ¼ r � c � m into (5) gives 

U ¼ cα m 1þ Imð Þð Þ
β r � c � mð Þ 1þ Iq

� �� �1� α� β mμ r � c � mð Þ
η

θcλ (6) 

which has two strategic choice variables c and m, and which is the household’s utility U which we 
analyze in the remainder of the article.

2.2. The central bank’s strategic choice and profit
We consider the central bank and the government as one unitary player, referred to as the central 
bank for simplicity, with the ability to choose the CBDC interest rate Im, Im 2 R . Common objectives 
for central banks usually include financial stability including price stability, and controlling infla-
tion, unemployment, interest rates, or exchange rates. To obtain these objectives central banks are 
often assumed to choose discretionary policies. Some literature, e.g., Taylor (1993), assumes that 
central banks follow certain rules, without evidence of specific rules actually being applied. One 
may hypothesize that central banks follow certain norms, e.g., as philosophically expounded by 
Kant (1785) for which evidence is also not apparent. Given the common presence of maximizing 
behavior for players tasked with reaching objectives, this article assumes that also the central bank 
maximizes to reach its stated objectives. Although the literature agrees that central banks have 
objectives, the literature does not agree on what central banks actually maximize to reach these 
objectives. One might assume that central banks minimize deviations from specified targets 
related to financial stability including price stability, inflation, unemployment, interest rates, or 
exchange rates. One problem with that approach is that it is not directly linked to what each 
household may perceive as its objectives. Each household may not agree with the specified 
targets, may not agree with which of the many objectives the central bank seeks to reach, or 
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may consider the central bank’s objectives as too abstract. As outlined in the previous section 2.1, 
each household may find it easier to focus more concretely on its resource allocation into 
consumption, holding CBDC and holding non-CBDC, instead of somehow conceptualizing the 
general price level or some of the other central bank’s objectives. To formalize how the central 
bank maximizes to reach objectives, this article assumes that the central bank identifies partly 
with each household, with the utility in (6). That assumption is made by reasoning that the central 
bank’s wide-ranging objectives listed above are compatible with creating an environment within 
which each household can flourish in the sense of maximizing its utility. That the central bank’s 
profit per household function is linear in the household’s utility is assumed to be a suitable first 
approximation. Future research may explore whether various kinds of nonlinear relationships may 
be appropriate. Additionally, the central bank pays interest mIm to each household, which is 
subtracted from (6) to yield the central bank’s profit per household 

u ¼ σcα m 1þ Imð Þð Þ
β r � c � mð Þ 1þ Iq

� �� �1� α� β mμ r � c � mð Þ
η

θcλ � mIm (7) 

where the parameter σ, σ>0, is multiplied with the first term for scaling purposes. That is, the 
subtracted term mIm is measured along some monetary scale, and σ enables the first term to be 
measured along the same monetary scale, and hence we refer to u as profit. Equation (7) 
expresses that the central bank identifies partly with each household, weighted with the para-
meter σ, and subtracting the interest mIm paid to each household.

2.3. Methodology
The article applies non-cooperative game theory (Fujiwara-Greve, 2015; Von Neumann & 
Morgenstern, 1944) assuming two players, i.e. a representative household and a central bank. 
Each player is fully rational and has complete information about the game and all parameter 
values. The players choose their strategies simultaneously and independently to maximize their 
utilities. For the household the utility is a Cobb Douglas utility multiplied with a transaction 
efficiency E. For the central bank the utility is a profit function defined as a benefit minus a cost 
mIm. Both players’ utilities depend on the two players’ three strategic choice variables c, m and Im. 
The game is a so-called variable sum game which means that the sum of the players’ utilities 
depend on their strategies. The game’s solution amounts to determining a Nash equilibrium Nash 
(1951) from which no player prefers to deviate unilaterally when choosing its strategy.

3. Analyzing the model

3.1. Analyzing the household

Lemma 1. The household’s consumption c, holding of CBDC m, and holding of non-CBDC q are 

c ¼
r α � λð Þ

1þ η � λþ μ
;m ¼

r βþ μð Þ

1þ η � λþ μ
;q ¼

r 1 � α � βþ ηð Þ

1þ η � λþ μ
(8) 

with characteristics shown in and discussed after the Proposition.

Proof. Appendix C.

3.2. Analyzing the central bank

Lemma 2. The central bank’s CBDC interest rate Im for the household’s holding of CBDC m is 
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Im ¼
θ βþ μð Þ

1� β� μ

σβ α � λð Þ
α� λ

r
1þ η � λþ μ

� �λ� μ� η

1þ η � α � βð Þ
αþβ� η� 1 1þ Iq

� �αþβ� 1
 ! 1

β� 1

� 1 (9) 

with characteristics shown in and discussed after the Proposition.

Proof. Appendix D.

3.3. Analyzing the household and the central bank

Lemma 3. The household’s utility U and the central bank’s profit per household u are 

U ¼ 1þ Iq
� �1� α

1� βr
1� βþη� λþμ

1� β β
β

1� β 1 � α � βþ ηð Þ
1� α� η

1� β θ
� 1

1� β α � λð Þ
α� λ
1� β βþ μð Þ

μ
1� β 1þ η � λþ μð Þ

� 1� βþη� λþμð Þ

1� β σ
β

1� β

(10)  

u ¼ 1þ Iq
� �1� α

1� βr
1� βþη� λþμ

1� β β
β

1� β 1 � α � βþ ηð Þ
1� α� η

1� βθ
� 1

1� β α � λð Þ
α� λ
1� β βþ μð Þ

μ
1� β

1þ η � λþ μð Þ
� 1� βþη� λþμð Þ

1� β σ
1

1� β þ
1

1þ η � λþ μ
rðβþ μ

� 1þ Iq
� �1� α

1� βr
η� λþμ

1� β β
1

1� β 1 � α � βþ ηð Þ
1� α� βþη

1� β θ
� 1
1� β α � λð Þ

α� λ
1� β βþ μð Þ

μ
1� β 1þ η � λþ μð Þ

λ� μ� η
1� β σ

1
1� βÞ

(11) 

with characteristics shown in and discussed after the Proposition.

Proof. Follows from inserting (8) and (9) into (6) and (7). 

Proposition 
@c
@α
� 0;

@c
@β
¼ 0;

@c
@μ
¼
@c
@η
� 0;

@2c
@μ2 ¼

@2c
@η2 � 0;

@c
@λ
� 0;

@2c
@λ2 � 0;

@c
@θ
¼
@c
@σ
¼
@c
@Iq
¼ 0;

@c
@r
� 0;

@m
@α
¼ 0;

@m
@β
� 0;

@m
@μ
� 0;

@2m
@μ2 � 0;

@m
@η
¼ �

@m
@λ
� 0;

@2m
@η2 ¼

@2m
@λ2 � 0;

@m
@θ
¼
@m
@σ
¼

@m
@Iq
¼ 0;

@m
@r
� 0;

@q
@α
� 0;

@q
@β
� 0;

@q
@μ
¼ �

@q
@λ
� 0;

@2q
@μ2 ¼

@2q
@λ2 � 0;

@q
@η
� 0;

@2q
@η2 � 0;

@q
@θ
¼
@q
@σ
¼

@q
@Iq
¼ 0;

@q
@r
� 0;

@Im

@α
/ � Ln 1þ Iq

� �
� Ln 1þ η � α � βð Þ þ Ln α � λð Þ;

@Im

@θ
� 0;

@2Im

@θ2 � 0;

@Im

@σ
� 0;

@2Im

@σ2 � 0;
@Im

@r
� 0 when η � λþ μ � 0;

@2Im

@r2 � 0 when η � λþ μð Þ � 1þ βþ η � λþ μð Þ

� 0;
@Im

@Iq
� 0;

@2Im

@I2
q
� 0;

@U
@α
/ � Ln 1þ Iq

� �
� Ln 1þ η � α � βð Þ þ Ln α � λð Þ;

@U
@θ
� 0;

@2U
@θ2 � 0;

@U
@σ
� 0;

@2U
@σ2 � 0 when 2β � 1;

@U
@r
� 0 when 1 � βþ η � λþ μ � 0;

@2U
@r2 when η � λþ μ � 0;

@U
@Iq
� 0;

@2U
@I2

q
� 0

Proof. Follows from (22), (23), (24), (25) in Appendix E, where α � λ implies 1þ η � λþ μ � 0 
since 1 � α.

The Proposition states, first, that the household’s consumption c, holding of CBDC m, and holding 
of non-CBDC q, increases, is independent, and decreases in its output elasticity α for consumption 
c. That is, as consumption becomes more important, the household consumes more and holds less 
non-CBDC q. When � Ln 1þ Iq

� �
� Ln 1þ η � α � βð Þ þ Ln α � λð Þ � 0, which is satisfied when α is 
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not too high, increasing α causes the central bank to decrease its interest rate Im, which is 
consistent with higher consumption c, and causes lower household’s utility U, consistently with 
the lower interest rate Im.

Second, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, is 
independent, increases, and decreases in its output elasticity β for holding CBDC m. That is, as 
holding CBDC m becomes more important, the household holds more CBDC m, and holds less non- 
CBDC q.

Third, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, decreases 
convexly, increases concavely, and decreases convexly, in its transaction efficiency μ for CBDC m. 
That is, as CBDC m transactions become more efficient, the household holds more CBDC m, 
consumes less, and holds less non-CBDC q.

Fourth, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, 
decreases convexly, decreases convexly, and increases concavely, in its transaction efficiency η 
for non-CBDC q. That is, as non-CBDC transactions become more efficient, the household holds 
more non-CBDC q, consumes less, and holds less CBDC m.

Fifth, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, decreases 
concavely, increases convexly, and increases convexly, in its transaction efficiency λ for consump-
tion c. That is, as consumption c transactions become more efficient, which in (6) implies less 
weight to consumption c due to the term cα� λ, the household consumes less, and holds more CBDC 
m and more non-CBDC q.

Sixth, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, are 
independent of the household’s scaling θ of the transaction cost. The central bank’s interest rate 
Im and the household’s utility U decrease convexly in θ. That is, higher transaction cost θ is costly 
for the household. That cost is to some extent experienced by the central bank in (7) which 
compensates by choosing lower interest rate Im which makes the second cost term � mIm 

lower in absolute value, and positive if the interest rate Im is negative.

Seventh, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, are 
independent of the scaling parameter σ for the central bank’s profit. The central bank’s interest 
rate Im increases convexly in σ, which according to (7) enables the central bank to profit substan-
tially. The household’s utility U increases concavely in σ when 2β � 1, and otherwise increases 
convexly, as the household benefits from the higher interest rate Im.

Eighth, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, increase 
linearly in the household’s monetary energy, or resources, r. When η � λþ μ � 0, the central bank’s 
interest rate Im increases in r, as the central bank identifies partly with the household’s utility in (6), 
and pays higher interest rate Im on the household’s increased holding of CBDC m. When 
1 � βþ η � λþ μ � 0, the household’s utility U increases in r, as the household benefits from the 
higher interest rate Im on its increased holding of CBDC m.

Ninth, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, are 
independent of the non-CBDC’s interest rate Iq. The central bank’s interest rate Im and the house-
hold’s utility U increase concavely in Iq. That is, the household benefits from the higher interest 
rate Iq on its holding of non-CBDC q, which induces the central bank competitively to increase its 
interest rate Im to prevent the household from changing its holding from CBDC m to non-CBDC q.

Table 1 summarizes the main results in the Proposition with an upward arrow " , sideways 
arrow ! , or downward arrow # , respectively, depending on whether the first order derivative 
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(listed first) and second order derivative (listed second) are positive, zero or negative. The deriva-
tives are for the variable in the row with respect to the parameter in the column. Empty cells 
means that the signs of the derivatives contain if-conditions as expressed in the Proposition and 
Appendix E. Only one sideways arrow ! is listed if the first order derivative and all higher order 
derivatives equal zero. Only the upward arrow " is listed for @U

@σ � 0 since @2U
@σ2 � 0 when 2β � 1.

4. Illustrating the solution
To illustrate the solution in section 3, this section alters the nine parameter values α; β; μ; η; λ; θ; σ; r; Iq relative 
to the benchmark parameter values α ¼ η ¼ 1=5; β ¼ μ ¼ 2=5; λ ¼ 1=10; θ ¼ r ¼ 1; σ ¼ 5; Iq ¼ 0. First, 
α ¼ 1=5 expresses relatively low weight or elasticity for consumption c. Second, β ¼ 1 � α � β ¼ 2=5 reflects 
equal and higher weight or elasticity for CBDC m and non-CBDC q. Third, η ¼ 1=5 reflects intermediate 
transaction efficiency for non-CBDC q. Fourth, μ ¼ 2=5 reflects twice as high transaction efficiency for CBDC 
m. Fifth, λ ¼ 1=10 reflects low transaction efficiency for consumption c. Sixth, Iq ¼ 0 expresses zero interest 
rate for non-CBDC q, as a plausible benchmark relative to which the CBDC interest rate Im may be higher or 
lower. Seventh, σ ¼ 5 is chosen so that the CBDC interest rate Im ¼ 0 at the benchmark. Eighth, θ ¼ r ¼ 1 are 
chosen due to simplicity and since the value 1 seems plausible when no other value may appear more 
plausible. With these benchmark parameter values the benchmark solution is 
c ¼ 1=15 � 0:067;m ¼ 8=15 � 0:53; q ¼ 2=5 ¼ 0:4; Im=5 ¼ 0:00;U ¼ 0:27; u=3 ¼ 0:44. In Figure 1 
each of the nine parameter values is altered from its benchmark, while the other eight parameter values 
are kept at their benchmarks. Division of Im with 5 and u with 3 is for scaling purposes.

In Figure 1a, as the household’s output elasticity α for consumption c increases, its consumption 
c, holding of CBDC m, and holding of non-CBDC q, increases, is independent, and decreases. When 
α is high, the household values consumption c more and non-CBDC q less. Except when α is very 
high, as α increases, the central bank’s interest rate Im decreases and becomes negative when 
α>1=5. Furthermore, the household’s utility U decreases since it earns less interest on its holding of 
CBDC m, and the central bank’s profit per household u decreases since it identifies partly with the 
household as expressed in (7) compared with (6).

In Figure 1b, as the household’s output elasticity β for CBDC m increases, its consumption c, 
holding of CBDC m, and holding of non-CBDC q, is independent, increases, and decreases. When β is 
high, the household values CBDC m more and non-CBDC q less. Valuing CBDC m more is consistent 
with higher CBDC interest rate Im, which eventually causes higher household’s utility U and higher 
central bank’s profit per household u.

In Figure 1c as the household’s output transaction efficiency μ for CBDC m increases, its 
consumption c, holding of CBDC m, and holding of non-CBDC q, decreases convexly, increases 
concavely, and decreases convexly. More efficient CBDC m transactions cause the household to 
hold more CBDC m, consume less, and hold less non-CBDC q. That the household holds more CBDC 
m is costly for the central bank, as expressed with � mIm in (7), which is negative when Im � 0. 
Hence, as μ increases, the central bank decreases its interest rate Im which eventually becomes 
negative. That’s costly for the household which receives decreasing utility U, and costly for the 
central bank which identifies partly with the household and receives decreasing profit u.

In Figure 1d, as the household’s transaction efficiency η for non-CBDC q increases, its consump-
tion c, holding of CBDC m, and holding of non-CBDC q, decreases convexly, decreases convexly, and 
increases concavely. More efficient non-CBDC q transactions cause the household to hold less 
CBDC m, consume less, and hold more non-CBDC q. With the specified parameter values, that 
causes the central bank to decrease its interest rate Im marginally, causing the household’s utility 
U and the central bank’s profit per household u to decrease.

In Figure 1e, as the household’s transaction efficiency λ for consumption c increases, its 
consumption c, holding of CBDC m, and holding of non-CBDC q, decreases concavely, increases 
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convexly, and increases convexly. More efficient consumption c transactions enable the household 
to hold more CBDC m and more non-CBDC q, and consume less. The central bank responds by 
increasing its CBDC interest rate Im, which causes higher household’s utility U and higher central 
bank’s profit per household u.

In Figure 1f, as the household’s scaling θ of the transaction cost increases, its consumption c, 
holding of CBDC m, and holding of non-CBDC q, do not change. The higher cost θ has to be born by 
someone, so the central bank decreases its interest rate Im which becomes negative, and the 
household’s utility U and the central bank’s profit per household u decrease.

In Figure 1g, as the scaling parameter σ for the central bank’s profit per household increases, the 
household’s consumption c, holding of CBDC m, and holding of non-CBDC q, do not change. In 
contrast to higher θ which is a cost, higher σ is a benefit, and thus the central bank increases its 
interest rate Im, and the household’s utility U and the central bank’s profit per household u increase.

In Figure 1h, as the household’s monetary energy, or resources, r, increases, its consumption c, 
holding of CBDC m, and holding of non-CBDC q, increase. That’s beneficial for both players causing 
the central bank’s interest rate Im and profit u, and the household’s utility U, to increase.

In Figure 1i, as the non-CBDC interest rate Iq increases, the household’s consumption c, holding 
of CBDC m, and holding of non-CBDC q, do not change. Higher Iq causes the central bank to 
increase its CBDC interest rate Im, which causes the central bank’s interest rate Im and profit u, and 
the household’s utility U, to increase.

5. Discussion, economic intuition and policy implications
Nine results in the previous section are noteworthy. First, as the household’s output elasticity α 
for consumption increases, it consumes more, holds the same amount of CBDC m, and holds 
less non-CBDC q. Except when α is high, the central bank’s interest rate Im and the players’ 
utility U and profit u decrease. The intuition is that higher household consumption causes the 
household to decrease holding something. It chooses to hold less non-CBDC q. The central 
bank’s decreased benefit from the positive term in (7) induces it to strike a different tradeoff or 
balance between benefit and cost expressed with the negative term in (7), causing decreased 
and negative CBDC interest rate Im. As α increases from the low value α ¼ 1=10, we get the 
conventional relationship where the household responds to decreasing CBDC interest rate Im by 
consuming more. Interestingly, as α increases above α ¼ 1=5 and the central bank’s interest rate 
Im becomes negative, the household pays the central bank for holding its CBDC m. That is 
possible according to the Cobb Douglas logic in (6) since the household values holding CBDC m, 
despite having to pay for it, in combination with the other ingredients of (6). Naturally, a limit 
exists for how much the household is willing to pay the central bank. Hence the central bank’s 
negative interest rate Im levels out and starts increasing from a minimum Im ¼ � 0:057 when 
α ¼ 0:45. The increasing Im in principle curtails the household’s consumption c, which never-
theless continues to increase since α as the household’s output elasticity α for consumption c 
constitutes a stronger force and has higher impact. The policy implication is that the household 
and central bank should be conscious about how they impact each other. Negative CBDC 
interest rate Im can indeed be associated with increased consumption c. The central bank 
needs to assess the household’s Cobb Douglas preferences broadly within the economy, to 
determine how negative the CBDC interest rate Im can be allowed to be.

Second, and as a contrast, as the household’s output elasticity β for holding CBDC m increases, it 
holds more CBDC m and less non-CBDC q, the CBDC interest rate Im increases, and the players’ utility U 
and profit u eventually increase. The intuition is that the household chooses to hold CBDC m or non- 
CBDC q depending on what it considers most valuable. Furthermore, if holding CBDC m is sufficiently 
valuable for the household, the central bank increases its interest rate Im from negative to positive. 
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The household benefits in terms of the interest payment. The central bank benefits due to identifying 
partly with the household, which offsets its cost of the interest payment to the household. The policy 
implication is to be conscious of how a household assesses the value of holding CBDC m relative to 
holding non-CBDC q, which impacts the household’s strategies choices and the CBDC interest rate Im.

Third, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, decreases, 
increases, and decreases, in its transaction efficiency μ for CBDC m. The CBDC interest rate Im 

decreases and becomes negative, and the players’ utility U and profit u decrease. The intuition is 
that more efficient CBDC m transactions encourage the household to consume less, hold more 
CBDC m, and hold less non-CBDC q. That the household holds more CBDC m is costly for the central 
bank unless it decreases its interest rate Im to become negative so that it receives interest 
payment from the household for holding CBDC m. The household receives decreasing utility U 
due to paying increased interest rate to the central bank. The central bank receives decreased 
profit u due to identifying partly with the household. The policy implication is to realize the 
implications of increased CBDC transaction efficiency μ, eventually causing negative CBDC interest 
rate Im because of the household’s increased holding of CBDC m.

Fourth, the household’s consumption c, holding of CBDC m, and holding of non-CBDC q, 
decreases, decreases, and increases, in its transaction efficiency η for non-CBDC q. The CBDC 
interest rate Im decreases and becomes negative, and the players’ utility U and profit u decrease. 
The intuition is that more efficient non-CBDC q transactions encourage the household to consume 
less, hold less CBDC m, and hold more non-CBDC q. That’s costly for the central bank which has to 
pay more in interest to the household. These results are qualitatively in the same direction as for 
the third result when the transaction efficiency μ for CBDC m increases, except that the house-
hold’s holding of CBDC m and holding of non-CBDC q, intuitively, move in the opposite direction. 
The explanation is that both the transaction efficiencies μ and η appear in the numerator in (4), 
which both have the opposite impact compared with the impact of the household’s transaction 
efficiency λ for consumption c, which appears in the denominator in (4). The policy implication is to 
realize the implications of increased non-CBDC transaction efficiency η, eventually causing nega-
tive CBDC interest rate Im because of the household’s increased holding of non-CBDC q.

Fifth, as the household’s transaction efficiency λ for consumption c increases, its consumption c, 
holding of CBDC m, and holding of non-CBDC q, decreases, increases, and increases. The central 
bank increases its interest rate Im, and the players’ utility U and profit u increase. The intuition is 
that more efficient consumption c transactions enable the household to consume less, and hold 
more CBDC m and more non-CBDC q. The central bank appreciates this decreased consumption 
and responds by increasing its CBDC interest rate Im, which is the opposite of results 3 and 4 where 
the CBDC interest rate Im decreases. The policy implication is to realize that increasing the house-
hold’s transaction efficiency λ for consumption c eventually causes positive CBDC interest rate Im, 
contrary to results 3 and 4 where increasing transaction efficiencies μ and η for CBDC m and non- 
CBDC q eventually cause negative CBDC interest rate Im.

Sixth, the CBDC interest rate Im and the players’ utility U and profit u decrease in the household’s 
scaling θ of the transaction cost. The intuition is that a higher transaction cost θ is expensive for 
the household, which is partly experienced by the central bank, and compensated by choosing 
lower and negative CBDC interest rate Im. The policy implication is to be conscious about the 
scaling θ of the household’s transaction cost, which dysfunctionally can cause negative CBDC 
interest rate Im and low players’ utility U and profit u.

Seventh, and in contrast to the sixth result, the CBDC interest rate Im and the players’ utility U 
and profit u increase in the scaling parameter σ for the central bank’s profit per household u. The 
intuition is that higher σ benefits the central bank, enabling it to pay higher and eventually positive 
CBDC interest rate Im to the household, incurred as a cost mIm in (7), which in turn benefits the 
central bank which identifies partly with the household. The policy implication is to realize which 
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factors constitute a benefit for the central bank, which is weighed against the central bank’s 
potential cost of paying interest to the household for holding CBDC m.

Eighth, as the household’s monetary energy, or resources, r, increases, the players’ three free 
choice variables c;m,Im, and the three dependent variables q;U; u, increase. The intuition is that 
a more resourceful household can consume more and hold more CBDC m and more non-CBDC q, 
which benefits the household and the central bank which identifies partly with the household. This 
in turn enables the central bank to pay more interest to the household for holding CBDC m. The 
policy implication is to assess how each household can be made more resourceful, which causes 
all the variables to increase.

Ninth, the CBDC interest rate Im and the players’ utility U and profit u increase in the non-CBDC 
interest rate Iq. The intuition is that the central bank faces the competition from the higher non-CBDC 
interest rate Iq by increasing its own CBDC interest rate Im. The household benefits from holding non- 
CBDC q due to the higher non-CBDC interest rate Iq, which causes the central bank to benefit due to 
identifying partly with the household. This in turn enables the central bank to pay higher CBDC interest 
rate Im to ensure that the household keeps holding CBDC m. Hence a reinforcing virtuous circle (the 
opposite of a vicious circle) arises which benefits everyone. The policy implication is to realize the 
positive relationship between the CBDC interest rate Iq and the non-CBDC interest rate Iq.

6. Shortcomings and future research
Future research, which implicitly specifies shortcomings of the current research, should consider 
several CBDCs and non-CBDCs, including other assets such as bonds, stocks, etc. Additional players 
can be introduced, such as distinguishing between the central banks and governments, modeling 
commercial banks, firms, financial institutions, accounting for different kinds of households, etc. 
Alternative functional forms may be explored. Non-functional forms may also be explored, which 
may enable more generality, but fewer analytical solutions. Empirical evidence should be compiled 
for how households choose consumption, holding of CBDC and non-CBDC, with positive and 
negative CBDC interest rates. Households with different characteristics can be incorporated. The 
players may be assigned different risk attitudes. The players’ Cobb Douglas utilities may account 
for additional factors beyond transaction efficiency, such as privacy, convenience, security, taxes. 
The players’ strategy sets may be extended. For example, each potentially different household 
may be allowed to choose production and leisure in addition to consumption. The analysis may be 
generalized to account for more than one time period, and allow players to move in various 
sequences or simultaneously in repeated games. Digital currencies are a relatively new innovation 
with markets that may be subject to rapid price swings, fluctuations and uncertainty. The sensi-
tivity analysis in the current article accounts for substantial variation in nine parameter values, 
which may change with arbitrary rapidity in the sense that the time dimension is not present in the 
current model. A dynamic analysis accounting for the time dimension may capture the implica-
tions over time of price swings, fluctuations, uncertainty, etc. from multiple angles.

7. Conclusion
This article presents a game model between a representative household and a central bank 
assumed to incorporate the interests of a government. The household has resources converted 
into consumption, holding of CBDC (Central Bank Digital Currency) controlled by a central bank, and 
holding of non-CBDC which can be any asset not issued by and not controlled by a central bank. 
The central bank determines its interest rate. The non-CBDC also has an interest rate. Both these 
two interest rates can be positive or negative. A Cobb Douglas utility with three elasticities for the 
household is developed, which represents consumption, holding of CBDC, and holding of non-CBDC. 
This conceptualization is assumed to be realistic for how households operate in the real world, i.e. 
choosing to consume while also choosing to hold two currencies with different interest rates and 
transaction efficiencies. The central bank identifies partly with each household, and pays interest 
to each household, which is subtracted to yield the central bank profit per household.
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The article determines the household’s consumption and holding of CBDC and the central 
bank’s interest rate analytically, from which the dependent variables follow. Various interesting 
results follow. First, as the household’s output elasticity for consumption increases, it consumes 
more and holds less non-CBDC, while the CBDC interest rate decreases and becomes negative. 
The central bank eventually imposes negative CBDC interest rate on the household since it 
identifies partly with the household which substitutes from holding non-CBDC and into 
consumption.

Second, as the household’s output elasticity for holding CBDC increases, it holds more CBDC and 
less non-CBDC. Hence in contrast, the central bank eventually imposes positive CBDC interest rate 
on the household since it identifies partly with the household which substitutes from holding non- 
CBDC and into holding CBDC.

Third and fourth, the household’s consumption, holding of CBDC, and holding of non-CBDC, 
decreases, increases (decreases), and decreases (increases), in its transaction efficiency for CBDC 
(non-CBDC). Increasing both the CBDC and non-CBDC transaction efficiencies eventually induces 
the central bank to choose negative interest rate, since it otherwise either must pay the household 
too much in interest or must identify with the household’s decreased utility from consuming less 
and holding less CBDC.

Fifth, as the household’s transaction efficiency for consumption increases, it consumes less, and 
holds more CBDC and more non-CBDC. In contrast to the third and fourth results, that encourages the 
central bank to increase its interest rate which becomes positive. The central bank pays more interest 
to the household, but identifies with the household and benefits from the household’s benefit.

Sixth, the CBDC interest rate and the players’ utility and profit decrease in the household’s 
transaction cost, which is detrimental for both players, causing the central bank to burden the 
household with negative interest rates.

Seventh, and in contrast to the sixth result, the CBDC interest rate and the players’ utility and 
profit increase in the scaling parameter for the central bank’s profit, which benefits both players.

Eighth, as the household’s monetary energy, or resources, increases, the household consumes 
more and holds more CBDC and non-CBDC, and the central bank increases its interest rate.

Ninth, the CBDC interest rate and the players’ utility and profit increase in the non-CBDC interest 
rate. A higher non-CBDC interest rate induces the central bank competitively to increase the CBDC 
interest rate, to prevent the household from changing its holding from CBDC to non-CBDC.

The results are illustrated numerically, varying nine parameter values relative to a benchmark.
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Notes
1. The Bitcoin White Paper was published by Satoshi 

Nakamoto on metzdowd.com's Cryptography Mailing 
List on October 31, 2008. It was subsequenctly pub-
lished in Decentralized Business Review; https://www. 
debr.io/article/21260.

2. https://coinmarketcap.com/, retrieved 10 July 2022.
3. Other drawbacks of paper currencies are that they are less 

easily tracked, need to be replaced, can be lost and 
counterfeited, and can be cumbersome to transport.
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Appendix A Nomenclature

Appendix B The derivatives for the transaction efficiency E
Differentiating the transaction efficiency E in (4) with respect to c, m and q gives 

@E
@c
¼ �

c� 1� λmμqηλ
θ

� 0;
@E
@m
¼

c� λm� 1þμqημ
θ

� 0;
@E
@q
¼

c� λmμq� 1þηη
θ

� 0 (12) 

The second derivatives of the transaction efficiency E in (4) with respect to c, m and q gives 

@2E
@c2 ¼

c� 2� λmμqηλ 1þλð Þ

θ � 0;

@2E
@m2 ¼

c� λm� 2þμqη � 1þμð Þμ
θ � 0 when μ � 1;

@2E
@q2 ¼

c� λmμq� 2þη � 1þηð Þη
θ � 0 when μ � 1;

@2E
@c@m ¼ �

c� 1� λm� 1þμqηλμ
θ � 0;

@2E
@c@m ¼ �

c� 1� λm� 1þμqηλμ
θ � 0

(13) 

Parameters

r Household’s monetary energy, or resources, r � 0

α Household’s output elasticity for consumption c, λ � α � 1

β Household’s output elasticity for CBDC m, 0 � β � 1

1 � α � β Household’s output elasticity for non-CBDC q, 0 � 1 � α � β � 1

Iq Interest rate, Iq 2 R

μ Household’s transaction efficiency for CBDC m, μ � 0

η Household’s transaction efficiency for non-CBDC q, η � λ

λ Household’s transaction efficiency for consumption c, 0 � λ � α

θ Scaling or degree or level of the household’s transaction cost, θ ≥ 0

σ Scaling parameter for the central bank’s profit, σ > 0

Household’s free choice variables

c Household’s consumption, 0 � c � r

m Household’s holding of CBDC, 0 � m � r

Central bank’s free choice variable

Im CBDC interest rate for the household’s holding of CBDC m, Im 2 R

Dependent variables

U Household’s utility

u Central bank’s profit per household

q ¼ r � m � c Household’s holding of non-CBDC, 0 � q ¼ r � m � c � r

E Household’s transaction efficiency
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Appendix C Proof of Lemma 1
Differentiating the household’s utility U in (6) with respect to its free choice variables c and m gives 

@U
@c
¼

1
θ

cα� λ� 1 1þ Imð Þ
β 1þ Iq
� �1� α� βmβþμ r � c � mð Þ

η� α� β

� r � mð Þ α � λð Þ � c 1 � βþ η � λð Þð (14)  

@U
@m
¼ �

1
θ

cα� λ 1þ Imð Þ
β 1þ Iq
� �1� α� βm� 1þβþμ r � c � mð Þ

� α� βþη c � rð Þ βþ μð Þð

þ m 1 � αþ ηþ μð ÞÞ (15) 

which are equated with zero and solved to yield c and m in (10). The dependent variable q follows from 
solving (1) with respect to q and inserting c and m. The second order conditions, inserting (15) and (10), are 

@2U
@c2 ¼ �

βþ μð Þ 1 � βþ η � λð Þ

θ α � λð Þ
1þ Imð Þ

β 1þ Iq
� �1� α� βq� α� βþηcα� λm� 1þβþμ � 0;

@2U
@m2 ¼ �

1 � αþ ηþ μð Þ

θ
1þ Imð Þ

β 1þ Iq
� �1� α� βq� α� βþηcα� λm� 1þβþμ � 0

(16) 

The term 1 � βþ η � λ in (16) equals η � λ when β has its maximum β ¼ 1. Hence @2U
@c2 � 0 when 

η � λ. Since the household has two decision variables c and m, we determine the Hessian matrix 

H ¼ H11 H12
H21 H22

� �

¼
@2U
@m2

@2U
@mc

@2U
@cm

@2U
@c2

" #

(17)  

¼
� 1þ Imð Þ

β 1þ Iq
� �1� α� β

θqαþβ� ηc� αþλm1� β� μ

1 � αþ ηþ μ βþ μ
βþ μ βþμð Þ 1� βþη� λð Þ

α� λð Þ

� �

To show that H in (17) is negative semi-definite, it is sufficient to show that (1) H11j j � 0 

and (2) H11 H12
H21 H22

�
�
�
�

�
�
�
� � 0 hold. Condition 1 obviously holds since 

H11j j ¼ H11 ¼ �
1� αþηþμð Þ

θ 1þ Imð Þ
β 1þ Iq
� �1� α� βq� α� βþηcα� λm� 1þβþμ � 0. Condition 2 also holds, 

H11 H12
H21 H22

�
�
�
�

�
�
�
� ¼

r α� λð Þ βþμð Þ

θ2 1þ Imð Þ
2β 1þ Iq
� �� 2 � 1þαþβð Þq1� 2 αþβ� ηð Þc2 � 1þα� λð Þm2 � 1þβþμð Þ � 0, since α � λ.

Appendix D Proof of Lemma 2
Differentiating the central bank’s profit per household u in (7) with respect to its free choice 
variable Im gives 

@u
@Im
¼ σcαmβ r � c � mð Þ 1þ Iq

� �� �1� α� β mμ r � c � mð Þ
η

θcλ β 1þ Imð Þ
β� 1
� m (18) 

which is equated with zero and solved to yield 

Im ¼
θ

σβ
cλ� αm1� β� μ r � c � mð Þ

αþβ� η� 1 1þ Iq
� �αþβ� 1

� � 1
β� 1

� 1 (19) 

The second order conditions, inserting (15), are satisfied as negative, i.e. 
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@2u
@I2

m
¼

β � 1ð Þβσ
θ

cα� λ 1þ Imð Þ
� 2þβ 1þ Iq

� �1� α� βmβþμ � c � mþ rð Þ
1� α� βþη

� 0 (20) 

Inserting (8) into (19) gives (9).

Appendix E Proof of the Proposition
Differentiating (8) for c;m; q, differentiating (9) for Im, and differentiating (6) (inserting (8) and (9)) 
for U, give 

@c
@α
¼

r
1þ η � λþ μ

;
@c
@β
¼ 0;

@c
@μ
¼
@c
@η
¼

� r α � λð Þ

1þ η � λþ μð Þ
2 ;
@2c
@μ2 ¼

@2c
@η2 ¼

2r α � λð Þ

1þ η � λþ μð Þ
3 ;

@c
@λ
¼
� r 1 � αþ ηþ μð Þ

1þ η � λþ μð Þ
2 ;

@2c
@λ2 ¼

� 2r 1 � αþ ηþ μð Þ

1þ η � λþ μð Þ
3 ;

@c
@θ
¼
@c
@σ
¼
@c
@Iq
¼ 0;

@c
@r
¼

α � λ
1þ η � λþ μ

(21) 

@m
@α
¼ 0;

@m
@β
¼

r
1þ η � λþ μ

;
@m
@μ
¼

r 1þ η � λ � βð Þ

1þ η � λþ μð Þ
2 ;
@2m
@μ2 ¼

� 2r 1þ η � λ � βð Þ

1þ η � λþ μð Þ
3 ;

@m
@η
¼ �

@m
@λ
¼

� r βþ μð Þ

1þ η � λþ μð Þ
2 ;
@2m
@η2 ¼

@2m
@λ2 ¼

2r βþ μð Þ

1þ η � λþ μð Þ
3 ;
@m
@θ
¼
@m
@σ
¼
@m
@Iq
¼ 0;

@m
@r
¼

βþ μ
1þ η � λþ μ

(22)  

@q
@α
¼

� r
1þ η � λþ μ

;
@q
@β
¼

� r
1þ η � λþ μ

;
@q
@μ
¼ �

@q
@λ
¼
� r 1þ η � α � βð Þ

1þ η � λþ μð Þ
2 ;

@2q
@μ2 ¼

@2q
@λ2 ¼

2r 1þ η � α � βð Þ

1þ η � λþ μð Þ
3 ;

@q
@η
¼

r αþ β � λþ μð Þ

1þ η � λþ μð Þ
2 ;
@2q
@η2 ¼

� 2r αþ β � λþ μð Þ

1þ η � λþ μð Þ
3 ;

@q
@θ
¼
@q
@σ
¼
@q
@Iq
¼ 0;

@q
@r
¼

1 � α � βþ η
1þ η � λþ μ

(23)  

@Im

@α
/ � Ln 1þ Iq

� �
� Ln 1þ η � α � βð Þ þ Ln α � λð Þ;

@Im

@θ
/ � 1þ β;

@2Im

@θ2 /
2 � β
1 � βð Þ

2 ;

@Im

@σ
/

1
1 � β

;
@2Im

@σ2 /
β

1 � βð Þ
2 ;
@Im

@r
/

η � λþ μ
1 � β

;
@2Im

@r2 /
η � λþ μð Þ � 1þ βþ η � λþ μð Þ

1 � βð Þ
2 ;

@Im

@Iq
/

1 � α � β
1 � β

;
@2Im

@I2
q
/
� 1þ αþ β

1 � βð Þ
2

(24)  
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@U
@α
/ � Ln 1þ Iq

� �
� Ln 1þ η � α � βð Þ þ Ln α � λð Þ;

@U
@θ
/ � 1þ β;

@2U
@θ2 /

2 � β
1 � βð Þ

2 ;

@U
@σ
/

1
1 � β

;
@2U
@σ2 /

� 1þ 2β
1 � βð Þ

2 ;
@U
@r
/

1 � βþ η � λþ μ
1 � β

;
@2U
@r2 /

η � λþ μð Þ 1 � βþ η � λþ μð Þ

1 � βð Þ
2 ;

@U
@Iq
/

1 � α � β
1 � β

;
@2U
@I2

q
/
� 1þ αþ β

1 � βð Þ
2

(25) 

where / means proportional to.
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