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ABSTRACT: We initiate the classification of nonrelativistic effective field theories (EFTs)
for Nambu-Goldstone (NG) bosons, possessing a set of redundant, coordinate-dependent
symmetries. Similarly to the relativistic case, such EFTs are natural candidates for “ex-
ceptional” theories, whose scattering amplitudes feature an enhanced soft limit, that is,
scale with a higher power of momentum at long wavelengths than expected based on the
mere presence of Adler’s zero. The starting point of our framework is the assumption of
invariance under spacetime translations and spatial rotations. The setup is nevertheless
general enough to accommodate a variety of nontrivial kinematical algebras, including the
Poincaré, Galilei (or Bargmann) and Carroll algebras. Our main result is an explicit con-
struction of the nonrelativistic versions of two infinite classes of exceptional theories: the
multi-Galileon and the multi-flavor Dirac-Born-Infeld (DBI) theories. In both cases, we
uncover novel Wess-Zumino terms, not present in their relativistic counterparts, realizing
nontrivially the shift symmetries acting on the NG fields. We demonstrate how the sym-
metries of the Galileon and DBI theories can be made compatible with a nonrelativistic,
quadratic dispersion relation of (some of) the NG modes.
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Introduction

Effective field theory (EFT) is a general framework that allows one to focus on the physics

relevant at a given energy scale, and to dispense with irrelevant microscopic details. This

approach is especially powerful in case of physical systems, possessing an ordered ground

state, where the low-energy physics is dominated by collective modes: the Nambu-Goldstone

(NG) bosons of the symmetry spontaneously broken by the order parameter. In case of

spontaneously broken internal, coordinate-independent symmetries, the construction of



EFT for NG bosons is by now well-understood in both relativistic [1-3] and nonrelativis-
tic [4-6] systems. It has provided key insight into issues such as the geometry of spontaneous
symmetry breaking, coupling of NG bosons to external fields or other dynamical degrees of
freedom, and the counting of NG bosons (see refs. [7-10] for a review of the latter subject).

The case of spontaneously broken spacetime, or more generally coordinate-dependent,
symmetries is considerably more subtle. The most striking difference to coordinate-inde-
pendent symmetries is that some broken symmetries now need not give rise to a NG
boson [11, 12]. This issue is unrelated to possible canonical conjugation of different NG
modes [13], and arises from the fact that different symmetries may be locally indistinguish-
able [14-16]. Tt is then natural to ask what physical consequences, if not the existence of
NG modes in the spectrum, such “redundant” symmetries have.

A remarkable answer to this question was given in ref. [17]. Namely, another generic
consequence of spontaneous symmetry breaking besides the very existence of NG bosons is
that they interact weakly at low energies (except when they do not [18-20]). This means
as a rule that in the long-wavelength, “soft” limit, scattering amplitudes of a NG boson are
proportional to its momentum, a fact usually referred to as Adler’s zero. It was shown in
ref. [17] that the presence of redundant symmetries in the system leads to an enhancement
of the soft limit, whereby the scattering amplitudes of NG bosons scale with some higher
power of momentum. As of the time of writing this paper, no examples of theories with
scattering amplitudes with enhanced soft limit not caused by an underlying redundant
symmetry are known. It is therefore reasonable to use symmetry as a starting point when
searching for new interesting theories with nontrivial soft limits.

It turns out that the requirement that the soft limit of scattering amplitudes be en-
hanced restricts the pool of possible EFTs so strongly that their exhaustive classification
seems feasible [17, 21, 22]. This was further supported by our previous work [23, 24] where
we carried out a direct classification of possible Lie algebra structures admitting redundant
symmetries.! Among all relativistic EFTs with a single NG boson, only two turn out to
possess scattering amplitudes that display a soft limit enhanced beyond the expected Adler
zero. Both of these enjoy a prominent position in particle physics as well as cosmology:
the theory of fluctuations of a D-dimensional brane embedded into a (D + 1)-dimensional
pseudo-Euclidean spacetime, referred to as the Dirac-Born-Infeld (DBI) theory, and the
Galileon theory [26].2 An advantage of the Lie-algebraic approach is that it allows for a
unified treatment of all EFTs regardless of the number of NG degrees of freedom (flavors).
This led us in refs. [23, 24] to the construction of new multi-Galileon and multi-flavor DBI
theories where NG bosons whose scattering amplitudes possess enhanced soft limits are
coupled to other, “ordinary” NG modes. This delimited the playground for studying EFTs
with nontrivial scattering amplitudes and/or extended symmetries.

!See also ref. [25], which somewhat systematized the approach put forward in refs. [23, 24], originally
based on a brute-force enumeration of all constraints from Jacobi identities and their subsequent solution,
and applied it to theories with higher-spin NG fields.

2While the DBI theory is completely determined by spacetime geometry, there are altogether D + 1
different Galileon Lagrangians in D spacetime dimensions. One of these is a tadpole that is undesirable
in perturbative EFTs, and another is the usual kinetic term of the NG mode. This leaves us with D — 1
possible interaction terms, further related by a set of dualities [27-29].



The goal of the present paper is to extend the analysis of refs. [23, 24] to nonrelativistic
theories, that is, theories lacking Lorentz invariance. The motivation for doing so is twofold.
First, the world of quantum many-body systems — whether relativistic systems at finite
density or genuinely nonrelativistic, condensed-matter systems — is rich in phenomenology,
including nontrivial realization of spontaneously broken symmetries, that might otherwise
be forbidden by Lorentz invariance. Second, non-Lorentzian kinematical algebras appear
naturally in models inspired by nonrelativistic gravity [30, 31] and nonrelativistic string
theory, see e.g. refs. [32-34]. We shall not discuss the properties of scattering amplitudes of
NG bosons in nonrelativistic EFTs here, the reason being that techniques for calculation of
scattering amplitudes in such nonrelativistic systems, beyond the ordinary diagrammatic
perturbation theory, have not been developed yet.? Until the precise correspondence be-
tween redundant symmetries and enhancement of soft limits of scattering amplitudes has
been established, the results of this paper should therefore be considered as providing a
list of candidate theories where nontrivial scattering amplitudes might be observed.

The paper is organized as follows. In section 2 we show that the results of refs. [23, 24]
can be applied verbatim to the nonrelativistic case. The material of this section can be
viewed purely mathematically. Regardless of the above-introduced issues of spontaneous
breaking of redundant symmetries and soft limits of scattering amplitudes, it simply lists
possible consistent Lie algebras built upon the algebra of spacetime translations and spatial
rotations by adding a further unspecified set of scalar and vector generators, the only
additional assumption being that the scalar generators commute with spatial translations.
It thus extends some of the allowed nonrelativistic kinematic algebras [36-38]. As soon
as one wants to turn a given Lie algebra into an actual low-energy EFT, one has to make
a set of choices. These include the choice of physical NG degrees of freedom and the
associated spontaneously broken symmetries, and the choice to add, if desired, certain
redundant symmetries to the theory. The question for which of the allowed Lie algebras a
perturbatively well-defined EFT actually exists, seems difficult to answer in full generality,
although some partial steps were made in ref. [23]. We will therefore focus on constructing
explicit examples of consistent EFTs. Two infinite classes of such examples constitute the
material of sections 3 and 4. In section 5 we summarize and conclude.

Some technical details that supplement the main text of the paper are relegated to
three appendices. The class of symmetry Lie algebras presented in section 2 was obtained
using a general ansatz for the commutation relations, wherein only those contributions to
the commutators that exist in an arbitrary number d of spatial dimensions were included.
In appendix A we show that with a single additional, mild technical assumption, this
ansatz is justified in the physically most interesting case of d = 3. A discussion of the
possibility of a presence of central charges in the Lie algebra of symmetry generators is
provided in appendix B. Finally, in appendix C we show that a complete classification
of perturbatively well-defined EFTs based on the Lie algebras constructed in section 2 is
possible in the special case of a single physical NG degree of freedom.

3Scattering amplitudes of gapless particles in theories violating Lorentz invariance were addressed re-
cently in ref. [35]. The discussion was however limited to theories where all particles have a strictly linear
dispersion relation with the same phase velocity.



2 Extended symmetry algebra

In this section we will answer the purely mathematical question as to what symmetry
structures can be obtained by augmenting the Lie algebra of spacetime translations and
spatial rotations with additional, scalar or vector, generators. Only once the most general
admissible Lie algebra of symmetry generators is at hand, will we comment on its possible
physical interpretations.

We start by fixing the notation for the generators of spatial rotations, J,,, and trans-
lations, P,. We assume these to span the Lie algebra of isometries of the Euclidean space,

[J,uzu Jn)\] = i(gu)\r]wf + gum]u)\ - g,um]u)\ - gu)\J;m)a
[J,ul/a P)\] = i(gVAPu - g,u)\Pu)y (2.1)
[Pm P =0.

Two remarks are in order here. First, in order to keep in touch with the notation introduced
in refs. [23, 24], we break the usual convention and use Greek letters p,v,... to denote
spatial indices. Whenever spacetime indices are needed later on, capital Latin letters,
M,N,..., will be used. Second, g, in eq. (2.1) stands for the positive-definite Euclidean
metric. Throughout the paper, we will have implicitly in mind the standard Cartesian
coordinates in which g, = 6,,. In order for eq. (2.1) to match the commutation relations
between momentum and angular momentum, known from quantum mechanics, one should
interpret J,,, as minus the operator of angular momentum.

We would now like to add a set of additional scalar generators, @;, and additional
vector generators, K, 4. Rotation invariance restricts their commutators as follows,

[Juuv K)\A] = i(gu)\KuA - guAszA)v
[Jmu Qz] = 07 (22)
Qi Qi1 = if5Qk,

where i’;- are the structure constants of the Lie algebra of the scalars. The only additional

assumption we will make is that the scalar generators (); commute with spatial translations,
[Py, Q] = 0. (2.3)

The physical motivation behind this assumption is simply that it holds for most scalar
symmetries in physics, and in case it does not — as for instance for spatial dilatations
— the Adler zero property tends to be violated [18, 19]. But since we are not attaching
any physical interpretation to the Lie algebra under construction at this stage, we can just
think of eq. (2.3) as a technical assumption that simplifies the analysis.

We can now copy-paste the result of ref. [23] that characterizes the most general Lie
algebra satisfying the above constraints.* To that end, we introduce two (not necessarily

“The problem addressed in ref. [23] was to find extensions of the Poincaré rather than the Euclidean
algebra, but thanks to the fact that it was formulated solely in terms of the metric g,., the result can be
transferred without change to the present nonrelativistic situation.



disjoint) subsets of the scalar generators, Q4 and Qap. The indices A, B on these run over
the same values as the capital Latin index on K4, and moreover ()4p is required to be
antisymmetric in its indices. It is, however, not necessary that all the @ 4s or () aps are
linearly independent or even nonzero. Furthermore, denoting the number of vectors K, 4
as n, we introduce two (n + 1) x (n 4 1) block matrices,

A i
(1) = < L ) . Lap= ( an T ) . (2.4)

The matrices T; are required to form an affine representation of the Lie algebra of the
scalar generators (); and thus satisfy [T;, T;] = f .Ty.. The n x n matrices t; span the linear
part of this representation and satisfy the same commutation relation. The commutation
relations between P, K, 4, Q4 and Qap then take a particularly elegant form,

[Py Kya] = igmQa,
(K, B} 1(9aB w + 9w QAB) ,
(KA, QB] = —igaB Py,
[Kuc, Qasl =1(9ac K. — 9pcKpa) (2.5)
[Qa,@QB] =0,
[Qap,Qc] =i(9BcQa — 9ac@B)
[@aB,Qcp] =i(9ap@Bc + 9BcQap — 94cQBD — 98pQAC)

and are completely fixed by the symmetric matrix gap, required to be an invariant tensor
under the representation ¢; of the algebra of @;s. Note that the first two lines of eq. (2.5)
give a precise definition of the Qs and @ aps. The only commutators that remain to be
determined are those of @); with K, 4 and with the Q,Qap subsets of scalars. These are
given in terms of the objects introduced above as

[Qi7 K/LA] = (ti)BA K,uB - idAiP;u

2.6
(Qi, Lap] = (TZ-TL + LE)AB (2.6)

Of course, all the commutators displayed in eq. (2.5) but the first two lines are contained
in eq. (2.6) due to the fact that the Q4s and Q4ps are just a subset of all the @;s. This
imposes some consistency constraints on the “metric” gap: writing Q4 = a%Qi, gAB is
completely fixed by the coefficients af4 and d4;,

gaB = —aydp; = —algd a;. (2.7)

The true content of eq. (2.5) is thus that in order for the addition of the vector generators
K, 4 to be consistent, the algebra of scalar generators must possess a subalgebra spanned on
Q4 and Q4 p with very special properties. Altogether, the Lie algebra of all the generators,
Juvs Puy Kpa, Qi is uniquely determined by the subalgebra of scalar generators );, defined
by the structure constants f{;, its affine representation T;, and the corresponding rank-2
symmetric invariant tensor g4p.



Let us append several remarks. First, in a typical EFT application, the scalar gen-
erators (Q; will correspond to some internal, coordinate-independent symmetry. Some of
them will be spontaneously broken: these are the generators responsible for the physical
NG degrees of freedom of the EFT. By the same token, the vector generators K, 4 will
typically correspond to redundant, coordinate-dependent symmetries, responsible for the
enhancement of scattering amplitudes in the soft limit.

There are two important exceptions to these rules of thumb. First, in order to describe
physical systems with invariance under time translations, the Lie algebra must possess the
corresponding generator: the Hamiltonian H. This can be included among the @;s; we need
not specify its commutators separately. By means of egs. (2.2) and (2.3), the Hamiltonian
commutes with both J,, and P, as expected. In principle, it need not commute with the
other scalar generators @); though. Second, our symmetry algebra is built upon the “static”
kinematic algebra, containing translations and rotations but no boosts [37, 38]. (The same
Lie algebra is sometimes referred to as Aristotelian [39].) It is, however, compatible with
other kinematical algebras as well provided that we include the vector of boost generators
among the K 4s, in particular the Poincaré, Galilei (or Bargmann), and Carroll algebra.
It can therefore serve as a starting point for discussion of EFTs on a variety of spacetimes,
relativistic or nonrelativistic alike.

Next, the most general Lie algebra of symmetry generators as presented above was
derived in ref. [23] assuming four-dimensional Minkowski spacetime, and thus, upon re-
placing the Minkowski metric with the Euclidean one, applies to four spatial dimensions
in the present context. The Lie algebra as shown is consistent in any number of spatial
dimensions d, yet other contributions to the commutators, proportional to the Levi-Civita
tensor, may in principle exist for d < 4. In appendix A we show that with the additional
assumption that the set of generators Q4 is linearly independent,® no such contributions
exist in the physically important case of d = 3.

Finally, note that we have assumed that the commutation relations among the various
generators do not contain any central charges, that is, any central charges that could not be
absorbed into a redefinition of the generators or included among the ();s. This assumption
is justified for any d > 2, as explained in detail in appendix B.

3 Galileon-like theories

It is not immediately obvious which of the Lie algebras included in the general class pre-
sented in the previous section give rise to a perturbatively well-defined EFT, by which we
mean the existence of a kinetic term for all dynamical degrees of freedom and generally
also some interaction terms in the Lagrangian. Instead of trying to answer this question in
full generality, we explicitly demonstrate the existence of physically interesting solutions.

5This requirement is in fact necessary if we want to make sure that all the generators K4, being
themselves linearly independent by definition, are redundant and thus the associated would-be NG fields can
be consistently eliminated from the EFT. At the present stage where we address the purely mathematical
question about possible extensions of the Euclidean algebra, it is nevertheless an assumption.



In this section, we will assume that d4; = 0 [23, 24]. By eq. (2.7), this implies gap = 0.
As a result, the generators @; and K, 4 span a closed subalgebra, and the affine represen-
tation 7; reduces to the linear representation ¢;. The list of nonzero commutators reads

s Jex]l = 1(gurdvn + guedur — GunJvr — guadun)s
[Juw, Pl = 1(gua Py — gunPy),
(S, Kxal = i(guaKpa — gunKua),
[Py, Kua] = ig,uQa,
[Kypa, KyB] = iguwQas, (3.1)
[Qi, Kpual = (t)7 4 K i,
[QZa Q]] = fz]Qka
[Qi, Qa] = (t:)7 4Q,
[Qi, Qan] = (t)°4Qcs + (£:)° pQac

We will refer to this class of Lie algebras as “Galileon-like.” They are specified uniquely
by the Lie algebra of scalar generators ); and its Abelian ideal, generated by the Qs and
Qaps. This class includes theories based on the static or Carroll algebra, but not on the
Poincaré or Galilei (or Bargmann) algebra, where the commutator of the Hamiltonian with
the boost vector receives a contribution from spatial momentum.

We have reached the point where we have to decide what physics we want to describe
using our EFT. In order to be as concrete as possible at the cost of limiting the generality
of our discussion, we will focus on EFTs for scalar NG modes of spontaneously broken
internal symmetry. We therefore assume, first of all, that spacetime translations and
spatial rotations remain unbroken. By the same token, any of the vectors K, 4 must either
stay unbroken — especially when it represents boosts — or be spontaneously broken but
redundant. The latter possibility requires that there is a corresponding scalar generator Q) 4
that is spontaneously broken. This ensures that the would-be NG mode associated with
K, 4 decouples from the low-energy spectrum [15, 40]. In practice, it can then be either
integrated out, or more conveniently, eliminated from the EFT by imposing a suitable
“inverse Higgs constraint” (IHC) [11].

In addition, we will assume that the scalar generators can be split into disjoint subsets,

{Qi} = {Qi} U{Qa} U {Qan}, (3.2)

such that the Q;s span a closed subalgebra, g. The algebra of scalar generators then has
the structure of a semidirect product, whereby the subalgebra g acts upon the Abelian
ideals spanned on Q4 and @Q4p via the representation t;. The requirement (3.2) includes
in particular the assumptions that the algebra g does not have any central charges and that
the generators @ 4p, if nonvanishing, are linearly independent of the Qas. It was argued
in ref. [23] that giving up either of these two assumptions leads to ill-defined EFTs.
Finally, we will assume for the sake of simplicity that the Hamiltonian commutes with
all the other scalar generators, which implies by eq. (3.1) that it also commutes with K, 4,
and thus belongs to the center of the whole symmetry algebra. This assumption is natural



for the static (Aristotelian) algebra, but is also consistent with the Carroll algebra, where
the Hamiltonian belongs to the @ s.

3.1 Coset construction

With all the simplifying assumptions in place, we now set out to construct a class of
Galileon-like EFTs. We employ for that purpose the version of the technique of nonlinear
realizations — oftentimes referred to as the coset construction — designed for spacetime
symmetries [41, 42]. We use the following parametrization for the coset space defined by
the nonlinearly realized symmetries, including spacetime translations,

Ult,z,0,6) = et ele" Pu 10" Qa 307 Qup 6" Ky p10°Qa (3.3)

Here those of the generators Qa, Qap, K, 4 that are spontaneously broken enter with the
corresponding NG fields. Those of the Q; generators that are spontaneously broken are
labeled Qa,b,...; those that remain unbroken will be referred to as Qa,ﬂ,... below [6]. The
next step is to evaluate the Lie-algebra-valued Maurer-Cartan (MC) form, w = —iU~dU.
Decomposing the MC form in the basis of generators,

1 L
w=wygH + w%P# + wSQA + §WSBQAB + W?{AK/LA +Q'Q;, (3.4)

it is a matter of a straightforward exercise using the commutation relations (3.1) to deter-
mine the individual components,

wy = dt,
wh = da,
wé = (e_ieata)AB (dHB - §5dx“) , (3.5)

o = () o ()" a0+ 5 (e - ePaee)

- na A
W%A _ (e—le ta> BdguB‘

The component ¢ strongly depends on the Lie algebra of @; and cannot in general be

evaluated in a closed form; it can however be calculated order by order in a series expansion
in the NG fields 6% [6].

The first two lines of eq. (3.5) indicate that the geometry of the spacetime part of the
coset space is not affected by the presence of the NG modes: (dt,dz*) together define a
global basis of 1-forms, covariant under all the symmetries of the system. The fact that
the MC form does not have any component proportional to .J,,, also shows that the spin
connection is trivial. For future reference, we put down the expressions for the exterior



derivative of the MC form, known as the MC structure equations,

dwy = dwg =0,

A A B A
de = —iQ%g Nwg —i—wfﬁ /\WK,N

dwi®? = 1040 AwGE — 1080 AwiC +wit, AP, (3.6)

dw’;(A = —iQAB N wg(B,

i Lo
dQ = 5fj,cQJ AQF,

where we introduced the shorthand notation Q45 = (;)4 50!, These expressions descend
directly from the commutation relations (3.1), but can also easily be verified using the
explicit expressions (3.5) for the MC form.

We are now finally in the position to clarify what symmetry the Lie algebra (3.1)
actually describes. Within the coset construction, symmetry transformations are defined
by acting from the left on the coset representative (3.3) with an element of the symmetry
group. By multiplying (3.3) in turn with el®H  el@" B ele’Qa and e%GABQAB, we see at
once that the transformations generated by H, P, Q4 and Qap act as trivial shifts on,
respectively, ¢, z*, 64 and 648, By multiplying with eiEiQi, we find likewise that the Lie

AB
, 0

algebra g leaves the spacetime coordinates intact and transforms 64 and &*4 linearly,

pA (eieiti)AB 0B 9AB _, (eieiti)AC (eiﬁjtj)BD oeD. enA (eieiti)AB B (3.7)

The action on the NG fields 6 is nonlinear and is described by the usual coset construction
for internal symmetries [1, 2]. Finally, multiplying eq. (3.3) from the left by eiﬁHAK#A, we
find the symmetry induced by the new vector generators K, 4,

1
HA - 9A + Blz:lxu, gAB N HAB N 5 (BﬁlguB _ 555#14) 7 §MA N €MA + BMA- (3.8)

The first and last of these transformation rules correspond to a trivial multi-flavor general-

648 along with

ization of the usual Galileon symmetry [26]. The transformation rule for
the expression for wé‘B in eq. (3.5), leads to a coupling of the 64 and 048 modes, resulting

in a class of theories dubbed “twisted Galileon” in ref. [23].

3.2 Invariant actions

Within the coset construction, a linear representation of the unbroken subgroup is pro-
moted to a nonlinear realization of the whole symmetry group whereby the parameters of
the unbroken subgroup transformations acquire nontrivial dependence on the NG fields.
(In mathematics, this is usually referred to as an induced representation of the full group.)
In this way, operators invariant under the whole symmetry group can be constructed by
imposing mere invariance under the unbroken subgroup. The set of components of the MC
form splits up into multiplets with respect to the unbroken subgroup. The components of
the MC form corresponding to broken generators transform in some linear representation
of the unbroken subgroup, whereas the components corresponding to unbroken generators



transform as a gauge field of the unbroken subgroup. As a consequence, the former consti-
tute covariant building blocks for the construction of invariant actions, whereas the latter
can be used to construct covariant derivatives. It is obviously very important to distinguish
broken and unbroken generators at this stage.

Until now we kept open the possibility that not all of the @ 4s and K, 4s are sponta-
neously broken. It is however clear from eq. (3.5) that those which are not broken, so that
there are no #4 and ¢#4 fields, give a vanishing component of the MC form. The number
of linearly independent wé components of the MC form thus equals the number of @ 4s
that are spontaneously broken. These can be used to eliminate the redundant fields £*4
by imposing a set of IHCs, which amounts to setting to zero the spatial part of wS. This
is equivalent to

& = 0,07, (3.9)

The rest of the last three lines of eq. (3.5) then gives covariant derivatives of the NG fields,
. A
A —i0%q B
Voot = (e7)" 90”7,
_ipa A _ipb B 1
VP = (e700) (7)) [aMQCD + 5 (& onrem” —gjfaMg#C)} ., (3.10)
. A
A — —i6%q uB
Vgt = (e701)7 oneh®.

The covariant derivative of 0% is likewise defined using the 2 component of the MC form,
0 =V 00dzM.

All in all, invariant Lagrangians can now be constructed from the covariant derivatives
listed in eq. (3.10) and their covariant derivatives. Free indices on the covariant derivatives
are to be contracted in a way preserving all linearly realized symmetries, notably spatial
rotations. At the end of the day, the classification of all possible invariant Lagrangians
reduces to the classification of invariant tensors of the unbroken subgroup [6]. Denoting in
particular the unbroken part of g as b, the nontrivial part of the task to classify invariant
Lagrangians reduces to the problem of finding invariant tensors of h, which can be dealt
with using standard tensor methods.

Note that the covariant derivatives listed in eq. (3.10) are not just covariant, but in
fact manifestly invariant under the symmetries generated by Qa, Qap and K, 4. This
manifest invariance has a price though. Namely, upon using the IHC (3.9), we find that
there are no contributions to the MC form containing one spatial derivative per #4 (and no
temporal derivatives). It looks like we cannot even construct a kinetic term for the Galileon
fields 84! The resolution of this apparent paradox is by now well-known. Invariant actions
can also be obtained from Lagrangians that change upon a symmetry transformation by a
surface term. Such Lagrangians are sometimes referred to as quasi-invariant Lagrangians,
but more often as Wess-Zumino (WZ) or Wess-Zumino-Witten terms.

The problem of finding possible WZ terms in D spacetime dimensions boils down to
finding invariant (D + 1)-forms on the coset space that are closed but not exact [43-45].5

5There are some topological constraints that have to be satisfied for this procedure to yield a well-defined
action: see refs. [43, 46] for details.

~10 -



Closedness ensures that the (D + 1)-form can be locally integrated to a D-form, which in
turn defines a local Lagrangian density on the D-dimensional spacetime. Non-exactedness
ensures that the WZ term is not equivalent to a strictly invariant Lagrangian density. In
case of the original, relativistic single-flavor Galileon theory, it was shown in ref. [47] that
there are altogether D+1 WZ terms. In the same paper, the WZ terms were generalized to
the multi-flavor case with g = SO(n), assuming that this is not spontaneously broken. In
our previous work [23, 24], we showed that these Galileon WZ terms generalize to arbitrary
g, regardless of whether it is spontaneously broken or not. There turn out to be up to D+1
types of WZ terms, characterized by fully symmetric g-invariant tensors of rank 1 to D+ 1.
Just like for strictly invariant Lagrangians, the task to find possible WZ terms therefore
reduces to the linear-algebraic problem of classifying invariant tensors of the corresponding
symmetry group, in this case the full algebra g (not just its unbroken part b).

3.3 Wess-Zumino terms

We would now like to see how to adapt the above-sketched construction of Galileon WZ
terms to the present nonrelativistic Galileon-like algebra (3.1). To that end, note that,
similarly to ref. [47], we have at hand the total of d + 1 = D rotationally-invariant and
g-covariant “Galileon” d-forms,

gl A = e AT A A AR A A LA (3.11)
= (d — k)l k2 A A AR A s (wpy A Awpy) s, 0< k<d,

where on the second line we used the Hodge star operator to simplify the index structure.
For future reference, we also put down the exterior derivative of the Galileon forms, which
follows immediately from eq. (3.6),

dg A :_129 on gt B Ak (3.12)

Ak into two additional

In order to get an invariant (D +1)-form, we now have to wedge g?l
1-forms, picked from the scalar components of the MC form.” We have the following five

schematic possibilities,

A Az Agq

Qa A WH A g;?lAk’

As...A
Q/\w TG

A Az A
o Q" ANwg' ANy ,

o Q% AQP A gAY,

"In the relativistic case, we wedge just a single 1-form, wé, into the basic Galileon D-forms. The fact
that we can now combine two different scalar generators to form the WZ term is responsible for the larger
variety of WZ terms, as compared to the relativistic case, that we are going to find below.
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that we will discuss in turn. (There are no WZ terms that would contain wéB, as we will
explain in section 3.3.6.) In each case, the drill is the same: we have to check for invariance
and closedness. As to the invariance condition, only the transformation properties under
g need to be checked explicitly; rotational invariance is already satisfied by the proper

. e ApA
contraction of indices in g, """

and invariance under @4, @ap and K, is manifest, as
explained above. Recall that the components of the MC form corresponding to nonlinearly
realized generators transform linearly under the adjoint action of the unbroken subgroup [1,
2]. This implies the following transformation rules under the action of an element of h with

infinitesimal parameters €,

5w8 = iea(ta)Ang,
&uéB = iea(ta)AchB + ieo‘(ta)BCwSC,
St = 1€ (ta) A guh? (3.13)

00 = —e* 4,00

As to the closedness condition, this is most efficiently checked with the help of the MC
structure equations (3.6). If a given (D + 1)-form passes both tests, being both invariant
and closed, we have to integrate it and check whether the corresponding D-form potential
itself is or is not invariant. If it is not, we have found a WZ term.

3.3.1 WZ terms of type wQ ANwmg A gk 2 At
We first consider the following class of (D + 1)-forms,
W%-H = CAI"‘AkJrlel ANwg A g?zmAk“, 0<k<d. (3.14)

It follows at once from eq. (3.13) that such a form is invariant if and only if

k+1
B
Z(ta) A;CALAj 1 BAj 1 Apyy = 0, (3.15)
=1
that is if the coupling c4,...4,,, is an invariant tensor of . To check closedness, we calculate

the exterior derivative using egs. (3.6) and (3.12),

k+1

k i Ay
de+1 - IZ A CAq-.- 1BA]'+1---A;C+1Q A WQ /\WH A gk

(3.16)
A
+ ca, . Ak+1wH/\wP/\wK /\gk kL
The contribution of the unbroken components Q% of €’ to the first line vanishes thanks to
the invariance condition (3.15). The broken components Q% must always be nonzero thanks
to the presence of the NG fields #°. In order for the contributions of Q% to eq. (3.16) to

vanish as well, the coupling c4,... must therefore be invariant under the whole algebra

Ak
g, not just its unbroken part h. As to the term on the second line of eq. (3.16), this can be

upon some manipulation cast as

ik

A A
—mCAlmA,MwH/\wKH/\w“ 2/\gk L (3.17)

A A
cAl...AkHwH/\w]‘é/\wKL/\gk
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where we have used the fact that by the definition of the Galileon forms (3.11), the coeffi-
cient ca,...4,,, must be symmetric in Aa, ..., Ag1. But for eq. (3.17) to vanish, ca,..4,_,
must in fact be symmetric in all its indices. We thus conclude that the (D +1)-form (3.14)

is invariant and closed if and only if cy4,. is a fully symmetric invariant tensor of

<Akt
the algebra g.

Invariance under g ensures that wk 41 is independent of the NG fields 6, see eq. (3.5).
We do not have to integrate the form (3.14) in detail since, except for the factor of wy, it
is identical to its relativistic counterpart. We can thus copy-paste the final result for the

corresponding Lagrangian upon imposing the IHC (3.9) from refs. [23, 24],
Ao A
Ly =yt 0N G (3.18)

where

A--An 1 TS Y A Ay
le ‘= (d — k)!em kA Vk)\lc+1-~~/\d (8#181119 1) (aﬂk(aVke k) ' (3'19)
None of the Lagrangians % is invariant under the Galileon symmetry (3.8), hence all of
them constitute a genuine W7 term.
The existence of the WZ terms rests on the existence of the fully symmetric g-invariant

tensor couplings ca,. which places a constraint on the choice of Lie algebra g and its

A
representation ¢;. Real representations of many, notably all compact, Lie algebras possess
a positive-definite symmetric rank-2 invariant tensor. The Lagrangian .} then exists and
gives the spatial part of the kinetic term for the Galileon fields §4. The temporal part of
the kinetic term can be constructed with the help of the covariant derivative V64 given
in eq. (3.10). This ensures that there is an infinite class of perturbatively well-defined,
nonrelativistic Galileon-like EFTs. All the other WZ Lagrangians %2 with 2 < k < d, as
well as the further WZ terms constructed below, generate nontrivial interactions. (% is a
tadpole and should be discarded in a perturbative EFT.)

As an aside, note that the operators Gfl'"A’“ descend directly from the closed forms
G A = e, dEAT A A dERR AR A dgt A A data (3.20)

These are related, but not equal, to the Galileon forms (3.11). While gfl"'Ak is manifestly

A

g-covariant but generally not closed, g,?l"' is manifestly closed but not g-covariant. The

two forms coincide when g remains fully unbroken.

3.3.2 WZ terms of type Q* Awpg A gﬁl'"A’“

Let us move to the next class of (D + 1)-forms,
W1 = Canyon, W AW NGt 0<k<d. (3.21)

Having collected some experience in checking the invariance and closedness of the (D + 1)-
forms, we can proceed a little faster. As in the previous case, invariance requires that the
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coefficient c44,...4, is an invariant tensor of h. Since it now contains two types of indices,
the detailed condition looks somewhat different than eq. (3.15) though,

k
ifgachl...Ak + Z(ta)BAjC(IAl"'AjleAJA»l'“Ak =0. (3.22)
j=1

Let us introduce a shorthand notation for the tensor action of generators of g on the capital
indices of the coefficient,

B
(tl) AJCCLAlA]_lBA]+1Ak (323)
1

(Ti)aa,a, =1

k
j:
Upon working out the exterior derivative of w’]f-) 41, it turns out that the invariance and
closedness conditions can be written in a compact form, respectively, as

__ b
(Fa)aAy"Ak - faaCbAl'“Ak’ (324)

(Pa)bAl---Ak - (Fb)aAl---Ak = fac,bCCAl“'Ak”

It is not obvious how to solve these conditions in full generality. It is however easy to devise
a practically useful algorithm to check for the existence of their solutions case by case. In
the first step, one focuses on the invariance condition. Solving this is a standard problem
in group theory that amounts to finding singlets in a direct product of representations of
the unbroken subalgebra §. For given g, h and the representation ¢; of g on the Galileon
fields 64, this will typically yield just a few possibilities, which are then expected to be
further constrained by the second condition in eq. (3.24).

We shall now demonstrate that there is a special class of simple solutions to eq. (3.24)
for which the corresponding WZ terms can be worked out explicitly. Afterwards, we will
discuss possible more complex solutions.

Separable WZ terms. One obvious possibility how to satisfy eq. (3.24) is to make both
the left- and the right-hand side of these conditions vanish. This can be ensured if, roughly
speaking, cqa,..4, behaves as an invariant tensor separately in a and in the Aq,..., Ay
indices. We shall call such WZ forms separable, requiring that

fiicanr-a, = Tian,-a, = 0. (3.25)

The latter condition ensures that cga,..4, is a fully-symmetric g-invariant tensor with
respect to the indices Aq,...,Ar. For compact Lie algebras g, the former condition in
eq. (3.25) means that c,4,...4, can only be nonzero if the index a labels a generator from
the center of g. In general, this condition ensures that all contributions to Q% but d6®
drop out of w% 41- It is then easy to guess the corresponding D-form potential, wf) =
Cady- A0 WH /\g?l'"A’“ = caAl...Akﬁadt/\@?l"'Ak, where we used the g-invariance of cga,...4,
in the capital indices. This translates, upon imposing the IHC (3.9), to the Lagrangian

L = Canyon, 0°GET (3.26)
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These Lagrangians realize trivially the Galileon symmetry (3.8), but nontrivially the sym-
metry under g. Indeed, due to the condition (3.25), the NG field 6 inside the Lagrangian
shifts under g effectively by a mere constant and the action associated with eq. (3.26) is in-
variant thanks to the fact that G,‘?“'A’“ is a total derivative; the latter follows by inspection,
or from the fact that the form (3.20) is closed.

As in the previous case, eq. (3.18), this class of Lagrangians exists in relativistic and
nonrelativistic systems alike, although this was not noticed in refs. [23, 24]. The k = 0
Lagrangian, .25, should be discarded in a perturbative EFT, being a tadpole for 8%. The
k = 1 Lagrangian .7}, if allowed by g-invariance, generates mixing between the Galileon
and non-Galileon NG fields, #4 and §°. Finally, the Lagrangians .%}, with k > 2 provide our
first example of nontrivial interactions between the Galileon and non-Galileon NG fields.

Non-separable WZ terms. Finding a general solution to the algebraic constraints (3.24)
is beyond the scope of the present paper. We shall however outline a class of solutions that
are not separable in the above-introduced sense, and thus entangle nontrivially the action
of the algebra g on the Galileon and non-Galileon fields.

To that end, note that the second of the conditions (3.24) can be satisfied identically
if we find an algebra g and its representation ¢; on the Galileon fields such that

(ta)'p =0,  fiL.=0. (3.27)

The remaining first line of eq. (3.24) then requires that the tensor coupling cy4,..4, be
h-invariant. Identification of WZ terms thus once again boils down to the group-theoretic
problem of finding singlets in a direct product of representations of b.

In order for eq. (3.27) to be consistent with the fact that the matrices ¢; should define
a representation of g, additional constraints, faﬁatg = f9ta = 0, must be satisfied. This
can be ensured by requiring that fga = f& = 0. (This is an inevitable conclusion, should
the representation ¢, of the unbroken subalgebra b be faithful.) As a consequence, the Lie

algebra g necessarily has the structure of a semidirect product,
g=hx¢ (3.28)

where the subalgebra h acts on the Abelian ideal £, spanned on the broken generators @,.
In this case, the relevant components of the MC form become extremely simple,

wh = dot — &l dat,

Wh = agrd, (3.29)
Q° = dg°.

The resulting WZ Lagrangian is identical to that in eq. (3.26), yet the constraints on the
algebra g and the coupling c,4,...4, are now quite different.

For an explicit example, take g = ISO(n) and h = SO(n), and take t; to be the vector
representation of fh, in which the translation generators of ISO(n) are mapped to zero.
Since the Galileon fields #4 and the non-Galileon NG fields 6% now transform in the same
representation of SO(n), there is an obvious solution for the k = 1 Lagrangian,

Ly = 5440°0,007. (3.30)
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This is invariant under SO(n) but shifts by a surface term under the translation part of
ISO(n). This construction can obviously be repeated for any choice of hh. The represen-
tation of h on ¢, defining the semidirect product (3.28), can be naturally extended to the
representation of the whole algebra g on the Galileon fields 84, whereby the generators of
the Abelian ideal £ are mapped to zero, as required by eq. (3.27). A symmetric rank-2
h-invariant tensor c,4 then exists for many Lie algebras and their real representations.
Higher-rank symmetric invariant tensors cq4,...4, can be constructed as the d-tensors of b,
see for instance ref. [48].

For a reader who wonders why we resorted to the exotic-looking class of non-semisimple
algebras (3.28) with g/h = ISO(n)/SO(n) as the prototype, we add that the superficially
similar, and more natural, candidate algebra with g = SO(n+1) and h = SO(n) would not
do. In this case, the Galileon fields #4 form an (n + 1)-vector of g. The non-Galileon NG
fields 6% form an n-vector of b, and can be conveniently encoded in a unit (n 4 1)-vector,
transforming linearly under all of g, namely ©% = (6%, /1 — §,.0°0¢). A detailed analysis
then shows that, at least in the £ = 1 case, the conditions (3.24) have a unique solution,
the corresponding Lagrangian being proportional to

P = 6:40'0,0"0". (3.31)

This is, however, strictly invariant under all the symmetries and hence not a WZ term.

3.3.3 WZ terms of type wél A wéz A gkA3...Ak+2

The following three classes of WZ terms are genuinely nonrelativistic. Here wy is replaced
with a scalar component of the MC form carrying a NG field, so we expect the resulting
Lagrangians to depend explicitly on time derivatives of the NG fields. We start with

wg_i_l = CAl---AkHWSl A wS2 A g?g'"Ak*Z? 0<k<d. (3.32)

By the antisymmetry of the wedge product, the coeflicient cy4,. must be antisymmetric

~Apt2

in Ay, Ay and symmetric in Ag, ..., Apyo. Invariance of the form (3.32) requires ca,...4, .,

to be an invariant tensor of h. The exterior derivative of the form can be worked out in a
way very similar to egs. (3.16) and (3.17) and reads

k+2
k . B ] A A Az--A
dwhy =—1i E (t;) AjCAl"'Aj—lBAj+1"'Ak+QQZ Awg' Awg? A gy, k+2
Jj=1 (3.33)
2k Ay As A3 AyApyo
_chl...Ak+2wQ /\leL/\wK /\gk‘—l .

The vanishing of the first line requires c4,. to be an invariant tensor of the whole

<At
algebra g. The vanishing of the second line, on the other hand, indicates that it should
be symmetric under the exchange of any of A;, Ay with any of As, ..., Agio, which is not
possible unless the latter set is empty. This time, we thus end up with a single candidate

invariant and closed (D + 1)-form,

Wy = CABWS A wg Ago = eur“uchBWS A wg AdxHt A AN dat, (3.34)
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where cap is an antisymmetric tensor whose full invariance under g ensures that the form
is independent of the NG fields 6°. It is easy to guess the corresponding D-form potential,
w% = em...uchBHAdGB AdxHt A--- AdaxHd, This translates to the WZ Lagrangian

Lo = capbhidyh®, (3.35)

which is the temporal part of the nonrelativistic (Schrédinger) kinetic term, making the
fields #4 pairwise canonically conjugated [13]. As a consequence, there is one excitation
branch in the spectrum associated with two degrees of freedom and its dispersion relation
is as a rule quadratic [49]. Such modes are nowadays called type-B NG bosons [50-52].

Interestingly, the Lagrangian (3.35) has a much larger, accidental symmetry: it changes
by a total (time) derivative upon an arbitrary spatial-coordinate-dependent shift of the
fields, 64 — 04 + fA(z). Such a higher-order shift symmetry is typical for derivative
bilinear Lagrangians [53, 54].

3.3.4 WZ terms of type Q¢ A wél A gkAz...AkJrl

We move on to the next class of (D + 1)-forms,
i1 = Catpoty QAW Ag L 0< k< d. (3.36)

The conditions for invariance and closedness are found in a close parallel with section 3.3.2,
we thus merely summarize the outcome of the check, using the notation (3.23). It turns
out that c,4,...4,,, has to be fully symmetric in the indices A1, ..., Agxy1. In addition, the
following conditions must hold,

(Fa)aAl'“Ak+1 = f(gach1“'Ak+17 (337)

(Fa)bAl"'Ak+1 - (Fb)aAl"'Ak+1 = fz(z:bCCAl"’AkH?

which are identical to eq. (3.24) upon the replacement k — k + 1.

Given the close analogy with section 3.3.2, the construction of candidate invariant and
closed WZ forms proceeds along the same steps; the WZ forms of the Q% A wél A g?TA’““
type are characterized by the same class of tensor couplings as the WZ forms of the Q% A
wy A g,?j_'l"Ak“ type. The resulting effective Lagrangians may however be quite different.
Below we give some explicit examples following the division of candidate WZ forms into

separable and non-separable ones as in section 3.3.2.

Separable WZ terms. These are characterized by couplings that satisfy the conditions

f’iajcaAl“'Ak+l = (I'i)aa, a1, =0 (3.38)

Similarly to the discussion of separable WZ terms in section 3.3.2, the former condition
ensures that only the df® contribution to Q¢ survives in w¥, +1- The corresponding D-form
potential then is

Ag--A Ao A
W = Canyoan, 00G A g M = Canyag,, 00 (A0 — gldat) A g (3.39)
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The fact that dwf, = w},,; follows from the fact that w}, with the 6% factor stripped off
is, up to the factor wy, just the form (3.14), which we know is closed. Upon imposing the
IHC (3.9), the ensuing Lagrangian is seen to be, up to an overall factor,

Lo = Canyoony, 000001 G2 (3.40)

The Galileon symmetry (3.8) is, as in the case of the similarly-looking Lagrangian (3.26),
realized trivially. It is however instructive to work out a couple of examples to see that
the realization of the effective shift symmetry acting on #* can now be tricky. The first
representative of the sequence of Lagrangians (3.40) is

Lo = can0906™, (3.41)

which shifts upon 8¢ — 0%+ ¢ by a total time derivative. This is a single-derivative mixing
term that, just like eq. (3.35), makes some of the NG fields canonically conjugated. It is
interesting to see that such canonical conjugation can also mix Galileon and non-Galileon
fields. The next Lagrangian in the series (3.40) reads

gl = caABQ‘laoOAaua“HB. (3.42)

Here the symmetry of c,ap in A, B is essential to ensure that upon the shift % — 6% + €%,
the Lagrangian changes by a mere surface term,

S = conpe® {ao (eAauaﬂeB + ;aMeAa#eB> o, (eAaoaﬂeB)} L (343)

Non-separable WZ terms. Since the algebraic conditions (3.37) enforced by invariance
and closedness are identical to those found in section 3.3.2, the discussion of non-separable
terms presented therein, including the constraints (3.27) and (3.28), applies here as well.
In the concrete case where g = ISO(n) and h = SO(n), we find the k = 1 Lagrangian

L = 5a40%0002. (3.44)
This is very similar to eq. (3.41), but was obtained under different assumptions on the
symmetry algebra g and its representation t;.

3.3.5 WZ terms of type Q% A QP A g,‘?l'"A’“

The last and most nontrivial class of (D + 1)-forms we consider is
k — 0e Qb Aq---Ayg
WhHt1 = CabAy--AR 4L A N gy , 0<k<d. (3.45)

The coefficient cqp4,...4, is antisymmetric in a,b and fully symmetric in Aq,..., Ay due
to the antisymmetry of the wedge product. Here we need an obvious modification of the
notation (3.23),

B

(Fi)abA1-~-Ak =i Z(ti)BAj CabAy-A; 1 BAj 1Ay (3.46)
j=1
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Then for w% 41 to be invariant and closed, cgp4,...4, must be an invariant tensor of b,
(Ca)abAs Ay = faaCebAr--Ay, + fapCacAy—-Ay,- (3.47)
In addition, the following condition must hold,
(Te)aba, A, — fgbcchl..,Ak + cyclic permutations of a,b,c = 0. (3.48)

As for the WZ forms discussed in sections 3.3.2 and 3.3.4, it seems difficult to solve the
above two conditions in general. A reasonable approach is to first focus on the h-invariance
condition that can be dealt with using standard group-theoretic methods, and then impose
the condition (3.48) on the (presumably few) invariant forms found. Let us work out some
concrete examples.

Separable WZ terms. As before, explicit solutions to the conditions (3.47) and (3.48)
can be found by decoupling the a,b and A1, ..., A indices. In order for the invariance and
closedness conditions to be satisfied, it is thus sufficient that cgpa,...4, is a fully symmetric
g-invariant tensor with respect to the A1, ..., Ag indices, and that fz-‘}cab Ay A QPAQINQT =
0 for all possible values of Ay, ..., A;. The latter condition then automatically guarantees
that cqpa,..4, is an antisymmetric h-invariant tensor in its a,b indices. Now the d-form
g,‘?lmA’“, when contracted with a fully symmetric g-invariant tensor coupling, is closed. It
follows that for the form (3.45) to be closed but not exact, cqpa,...4, Q2% A QP itself must
be closed but not exact. For compact and connected Lie groups G (stemming from the
Lie algebra g), such 2-forms are classified by the second de Rham cohomology of the
corresponding coset space G/H [45]. There is one such 2-form for every U(1) factor of
H, or every generator of the center of its Lie algebra, h. Going back to the full (D + 1)-
form (3.45), its D-form potential then is

w% = CaAl---AkQa VAN g?lmAk, (3.49)

where the index o now labels generators of the center of b and cgupa,...a, = % hCaAL A -
Upon imposing the IHC (3.9), we finally read off the class of WZ Lagrangians,

— MoMy - MgAg11-Ag V1 Vi «a A A
L = Catyooa BOMMN N OQ 91,0y, 041 - Oag, Dy 00, (3.50)

where the component Q}W is defined through Qf = QéwdxM and we used the letter E to
denote the D-dimensional Levi-Civita symbol.

Let us have a closer look at the first two Lagrangians of the series (3.50) to understand
their content. First, we have %y = ¢,€)§. This is a WZ term since for generators of the
center of h, Q% transforms under g as an Abelian gauge field, Q% — Q¢ + de®, where €“
is now a parameter of an induced h-transformation, depending on spacetime coordinates
implicitly through the NG fields [1, 2]. This Lagrangian is responsible for the appearance
of type-B NG modes in quantum many-body systems with a compact internal symmetry
group, for instance in ferromagnets [4]. It is topological in nature and generates a Berry
phase when the ordered ground state is driven by a time-dependent external field [5, 55].
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The next Lagrangian in the series (3.50) reads
B = can (050,010 — Q000"0%) . (3.51)

While it realizes trivially all symmetry transformations acting on 64, it does realize non-
trivially the action of g on 2¢. Namely, upon the Abelian gauge transformation of %, the
Lagrangian shifts by the surface term

021 = can [0 (90e0"0™) — 0o (Due0r0™)] . (3.52)

All the Lagrangians .Z;, with k& > 1, if permitted by the required g-invariance of cqa,...4,
with respect to the Ai,..., Ay indices, represent nontrivial interactions between the
Galileon fields 4 and type-B NG bosons.

Non-separable WZ terms. The discussion of possible non-separable WZ terms follows
the same pattern as in the previous subsections. Namely, while we are not able to give a
general solution to the conditions (3.47) and (3.48), the latter can be identically satisfied
if eq. (3.27) holds, which leads us to consider non-semisimple algebras of the type (3.28).
The (D + 1)-form w#,,; then boils down to

Whi1 = Capaya,dO® A" A g, (3.53)

The integration of this form is trivial, leading to the class of Lagrangians

EMoMi-MyAgy1--Ad V10V

Ly = Capay o a, Mesr g0 080" 001, 0 04 - g, D, 0% (3.54)

This is formally similar to the Lagrangian (3.50), but is based on very different require-
ments on the Lie algebras g and h and the representation ¢; of g on the Galileon fields.
The assumed antisymmetry of cqp4,...4, in a,b makes the very existence of a nontrivial
Lagrangian possible; whatever symmetric part of cgp4,...4, might be present contributes a
pure surface term to the Lagrangian (3.54).

To see some concrete examples, consider g/h = ISO(2)/SO(2). In this case, we have a
natural £ = 0 Lagrangian,

Lo = eap0®000°. (3.55)

This is invariant under SO(2) and shifts by a surface term under the spontaneously broken
translation part of ISO(2). Similarly, for g/h = ISO(3)/SO(3), we have a natural k = 1
Lagrangian,

L = eapal® (00°0,0"0° — 0,0°000"0") . (3.56)

This is likewise manifestly invariant under SO(3), and transforms as
021 = capac” [0, (000°0"0) — 0 (9,6°00")] (3.57)

under the translation 8¢ — 0% 4+ €%.
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3.3.6 Absence of WZ terms with wSB

With the experience accumulated by the analysis of the WZ terms above, it is now easy
to understand why no WZ terms can be built using the wSB form. Consider the following
schematic rotationally invariant (D + 1)-form,

k A1 A Az--Apyo
Whi1 = CodrAg W Awp' ™2 A gy : (3.58)

where w without a subscript can be any of wg, WS’ wSB and Q% and o is the corresponding
abstract index. By the antisymmetry of wSB in its two indices and of the wedge product,

the coupling cy4,. must be antisymmetric in A1, A2 and symmetric in As, ..., Axio.

Apga
As is clear from eq. (3.6), the exterior derivative of wlf) 41 will contain the following term,

k A A Az Agis
dwh 1 Bchl...AkHw”/\wKL/\wf( A gy 2 (3.59)

and no other contribution that would contain the same number of wf{A 1-forms,® hence this
term has to vanish by itself, should w}, ; be closed. But this is only possible if ¢, 4,...4,,,
is symmetric under the exchange of one of A;, A2 with one of As,..., Agio, which is
forbidden by the a priori (anti)symmetry of the coupling. We conclude that indeed there
are no invariant and closed forms of the type (3.58).

4 DBI-like theories

Upon having investigated in detail nonrelativistic Galileon-like theories, we shall now switch
gears and focus on another infinite set of EFTs, arising from the general class of Lie algebras
introduced in section 2. In contrast to the Galileon-like theories where g4p = 0, we shall
assume that gap is nonsingular. The matrix g4p then behaves as a metric that can be used
to raise and lower indices. This interpretation is supported by eq. (2.5), whose structure
is identical to that of the pseudo-Euclidean algebra. Altogether, the generators J,,, P,
K4, Qa and Q4p span the pseudo-Euclidean algebra in a flat (d 4 n)-dimensional space
equipped with the metric g,, ©® gap. The generators Q4p and Q4 act as generators of
rotations and translations in the n extra dimensions, while the generators K, 4 represent
rotations between the d physical dimensions and the n extra dimensions. The NG fields
64 can be thought of as the fluctuations of a d-dimensional brane, spontaneously breaking
translations in the extra dimensions [56].

The fact that gap is invertible makes it possible to redefine the generators as [23, 24]

Qi = Qi + daig*PQp. (4.1)

It follows from eq. (2.7) that Qa= ai‘Qi = 0. At the same time, it is obvious from eq. (4.1)
that any @Q; that is mapped to zero by this change of basis must be a linear combination
of the () 4s. The set of generators (); thus naturally splits up into the set of ()4 and those
of Q; that are nonzero. We will not list all the commutation relations among the various

8In the exceptional case where w? itself is of the wSB type, there will be two terms of the type (3.59),
which turn out to equal each other thanks to the symmetries of the c;4,...4,,, tensor coupling.
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generators upon the redefinition (4.1). They mostly copy egs. (2.1) and (2.5) thanks to
the fact that @ 4p is unaffected by the redefinition (4.1). We will thus focus solely on the
commutators of the redefined scalars themselves, which simplify to

[Qi, Kpua) = (t)P 4K B,

[Q’UQA] (t:)” 4QB, (4.2)
[Qi, Qan] = (t:)° 4Qcn + (1) pQac:

[Qi, Q5] = if55Qx.

The last line of eq. (4.2) shows that the Q;s still span a closed Lie algebra. The first three
lines indicate that they act upon K, 4, Q4 and Qap separately via the representation ;.

Altogether, the Lie algebra of symmetry generators, denoted from now on as “DBI-
like,” has the structure of a semidirect product. It is specified uniquely by the Lie algebra
of Q;, its representation t; and the invariant metric gap. Since the coefficients da; are
now absorbed into the change of basis of the Lie algebra, the metric g4ap can be chosen
truly independently of the rest of the structure, and is only constrained by the fact that it
operates in the target space of the representation ¢;. The structure of nonrelativistic DBI-
like algebras is general enough to accommodate the static (Aristotelian) kinematic algebra
and the Poincaré algebra. The Galilei (or Bargmann) and Carroll algebras do not fit in this
category, having mutually commuting boosts. For the Poincaré algebra, the Hamiltonian
must belong to the Abelian subalgebra generated by the @ 4s due to the fact that it appears
in the commutator of boosts with spatial translations. In case of the static algebra, we do
not have a vector of boost generators, and therefore naturally expect the Hamiltonian to
fit into the algebra of Q;. In this case we will assume for the sake of simplicity that the
Hamiltonian commutes with all the other scalar generators, which implies by eq. (4.2) that
it also commutes with all the K 4.

4.1 Coset construction

In order to work out concrete EFTs, we have to choose what physics we want to describe.
Similar comments to those made in the introduction to section 3 apply here. In particular,
note that not all of the K, 4s have to be nonlinearly realized, but those that are should be
accompanied by a spontaneously broken scalar generator Q4 and the corresponding NG
field 4. In order to be able to employ the machinery of the coset construction, we choose
the following parametrization of the coset space,

Ul(t,z,0,¢) = et el Fu (104 Qa i€ A K 0 Qa (4.3)

This is very similar to the parametrization (3.3) used for Galileon-like theories, except that
the explicit 947 term is missing as it is now included among the 8¢ fields. The fact that the
et factor is included indicates that we have implicitly in mind the static algebra case. For
the Poincaré algebra, this factor is to be removed and the Hamiltonian identified among
the @ 4 generators.

The MC form of DBI-like theories takes the general form

1,
w=wyH +whP, + wSQA + wﬁ(AKMA +Q'Q; + iwf; - (4.4)
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Before we provide explicit expressions for the various components of the MC form, let us
introduce some auxiliary notation. First, we define the functions

ch(z) = cosh v/z, sh(z) = sin\l}i/f’ (4.5)

which are, in spite of the appearance, both analytic functions of the argument . Second,

it turns out convenient to combine pairs of the redundant fields ¢#4 by taking a product
and contracting one pair of indices. This can be done in two different ways,

)Y = gap&le?, TP =gactCef =465 (4.6)

Being constructed out of the same building blocks, these matrices satisfy a set of natural

intertwining relations,

FaAD]Y e =P [F )", &l )t = ), ¢k, (4.7)

where f is an arbitrary analytic function of its argument. It is now a matter of a straight-
forward calculation to evaluate selected components of the MC form using the parametriza-
tion (4.3) [23, 24],

wWHg = dt,
why = da” (chI) V“ — dgAgy (shin) V“ : (4.8)
= () o (@), - o ()]

The components Q' are the same as in the Galileon-like case, and only depend on the
algebra of Q; and the fields 6%. The component w“KA and the spin connection w‘J”' do not
seem to have a simple closed expression within the coset space parametrization used here.

Unlike in the Galileon-like case, the spacetime geometry is affected nontrivially by the
presence of the NG fields. Accordingly, there is a nontrivial basis of 1-forms (vielbein) on
the spacetime that must be used when extracting covariant derivatives of fields from the
MC form. Following largely the notation of ref. [57], we denote the covariant vielbein and
its dual respectively by

efr = (e, BN = (VM EY), (4.9)

where nys, VM are the temporal parts of the basis and e EM the spatial ones. From
wp = dt it follows that ny; = (1,0), and from w’, we extract

efy = —0o04 (sh1I) V“, el = (ch1I) V“ — 9,04} (sh1T) A“ . (4.10)
The dual vielbein is then given implicitly by
VM (1,—Bref),  E0=0, el =g (4.11)

Before proceeding to the construction of actions based on the DBI-like algebras, let us
clarify what symmetry these algebras generate. Working in a close parallel to the discussion
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of transformation rules in section 3, we find that the symmetries generated by H, P, and
Q4 act as trivial shifts respectively on ¢, z* and ##. Transformations generated by Q; act
linearly thanks to the choice of coset space parametrization,

S ) I R (4.12)

Finally, by multiplying eq. (4.3) from the left by eiBNAKHA, and assuming now the static
algebra case where the Hamiltonian necessarily commutes with all the K, 4s, we deduce
the transformation rules under the symmetry generated by K, 4. The rules for z# and 64
take a closed form,
m v n B hApu (30 K A B (1 A waB (T3 A
S (chnﬁ)y +048Y (shnﬁ)y TN (chuﬁ)B +at gl (shuﬁ)B o (4.13)
where (Ilg),,” = gABBfB”B and (Il5) 48 = gACB“CBE. The redundant field €4 undergoes
a constant shift to linear order,
gt erd 4 gt 4 0 (8%,€7). (4.14)
Finally, for those of Q45 that are spontaneously broken, we find
1
A A A A
0% = 048 —  (Bler? — plent) 0 (8%0°). (4.15)
4.2 Invariant actions

In order to be able to construct actions invariant under the above symmetry transfor-
mations, we need to identify the covariant building blocks that we can utilize for the
construction. This means in particular covariant derivatives of the various fields and an
invariant spacetime volume element. Covariant derivatives of NG fields are extracted from
the corresponding components of the MC form with the help of the vielbein,

wS = waMd:UM = Vn0el da, 0% = Q%,deM = Vyerel dzM. (4.16)

At the end of the day, the redundant fields ¢4 are eliminated by setting to zero the
spatial covariant derivatives of §4. This leads to an implicit expression for &4 in terms of
(ordinary) derivatives of #4,

—~ A — v

sh I sh 1l
chIl ) 5 chII "

The invariant volume element is in general given by the determinant of the vielbein. Since

in our case ny; = (1,0), only the determinant of the spatial part of the vielbein is required.
Upon some manipulation and using the ITHC (4.17), the volume element can be cast as

dtd?z VG, where G, = gu — 940,070,607 (4.18)

The effective metric G, describes the extrinsic geometry of a d-brane embedded in a (d+n)-
dimensional pseudo-Euclidean space. What is left of wS upon imposing the IHC (4.17) is
just the temporal covariant derivative of 64,

A_ UM, A _ 6%\ A Cian B _ (-0t \A c(A-12) B
Vo0t = VMg ap = (e7014) 4500 (ch ID) P = (e710°1) L 900 (G )C . (4.19)
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where
G AP =08 — gac0,0¢0"07 = 65 — 9,0.0"67. (4.20)

To complete the general discussion of the construction of effective actions for DBI-
like algebras, note that once the THC (4.17) is imposed, wj;‘(A necessarily contains more
than one derivative per each #4. At the leading order of the derivative expansion of the
EFT where each of the physical NG fields carries at most one derivative, the only building
blocks available for the construction of invariant Lagrangians therefore are the volume
element (4.18), the temporal covariant derivative Vo4, and the covariant derivative V6%
In a given operator, the indices of the covariant derivatives are to be contracted in a way
that preserves all unbroken symmetries. The volume element (4.18) gives a well-defined
spatial part of the kinetic term for 84 as long as the matrix gap is positive- or negative-
definite. Under the same assumption, one can then construct a well-defined temporal part
of the kinetic term through gagVo84V0Z.9 Hence, without any further assumptions on
the choice of Lie algebra of Q; and its representation ¢;, the DBI-like algebra is guaranteed
to give a perturbatively well-defined EFT. The simplest possible theory, containing the
full kinetic term for all the NG fields #4, then assumes the form

S— / dtds VG (1+egapVob Voh”) = / Atd%e VG [1+e(G1) | onotans®], (4.21)

where c is a free parameter, and we used the invariance of g4p under the representation ¢;
of the algebra of Q; to eliminate the 6% fields from the action. This is the nonrelativistic
version of the multi-flavor DBI theory, discussed for instance in ref. [22].

4.3 Example: ISO(2) theory

Given the complexity of the expressions for the vielbein and the covariant derivatives of
the NG fields, it is best to work out in detail at least one simple, concrete example of
a multi-flavor DBI-like theory. Let us consider the n = 2 case with two NG fields 64,
A = 1,2. There is a single generator Qap = e4pQ. To keep things simple, we assume that
there are no other scalar generators Q; except for the Hamiltonian that commutes with
all the other generators. Setting gap = dap, we see from eq. (2.5) that the scalar sector
of the theory spans the ISO(2) algebra with @ playing the role of rotations and Q4 that
of translations in the two extra dimensions. For the reader’s convenience, we put together
here all the relevant commutation relations of the symmetry algebra,

[Py Kva] = iguwQa,
(K, B] 104w + 9ueaBQ),
[Ku4,QB] = _15ABPW
[Qa, Q5] = (4.22)
[Q,Qa] = —ie,"QB,
Q, Kua] = —1€A K,B.

9Depending on which of the generators Q; are spontaneously broken or not, this is of course not neces-
sarily the most general invariant term with two temporal derivatives that can be added to the Lagrangian.
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The transformation (4.12) generated by @ becomes a simple two-dimensional rotation,
0" — 0' cose — 0% sine, 0% — 0" sine + 62 cose. (4.23)

The transformation induced by K, 4 remains the same as displayed in eqgs. (4.13) and (4.14).
In case the generator @) is also spontaneously broken, the corresponding NG field 8 trans-
forms under K, 4 by a modified version of eq. (4.15),

9%9—%6A3,8Ao53+(9<ﬁ2). (4.24)

The invariant volume element in the action is defined by the determinant of the effective
metric G, (4.18), which by the Weinstein-Aronszajn identity equals the determinant of
Gap (4.20). (Since we chose gap = dap, there is no difference between upper and lower
capital indices.) This in turn is easy to calculate explicitly in the present two-flavor case,

G =1-5a50,040"0% 1 (9,0")" (a,0%)" — (9,0'00%)". (4.25)

It would appear that we are now ready to write down the most general effective action,
at least at the leading order of the derivative expansion. But should we be careful enough,
we must inspect possible Wess-Zumino terms. To that end, we first write down the MC
structure equations as obtained directly from the commutation relations of our DBI-like
Lie algebra,

dwh = wé Awh 4+ ANwpy,
dwé = etpwg A wg +wh A w}%w (4.26)
dwh = A pug AP + ot AW,

dwg = eABw}%M A wf(B.
We can scan for possible WZ terms in the same way as we did for Galileon-like WZ terms
in section 3.3, that is, by combining a set of basic rotationally invariant d-forms built out
of wh, and wf(A with pairs of scalar MC forms picked from wg, wé, wq- There is however
only one candidate (D + 1)-form that is manifestly invariant as well as closed,

Wp41 = em...“deABwS A wg AwWhE A A wh (4.27)

This form is insensitive to whether the SO(2) subgroup generated by @ is spontaneously
broken or not. Indeed, if @) is spontaneously broken, the corresponding NG field 6 enters
wé through an overall SO(2) rotation, see eq. (4.8). Since e4p is an invariant tensor of
SO(2), 0 then simply drops out of the form wpyi. This is a consequence of our choice of
parametrization (4.3), which ensures that the NG fields 4 transform linearly under Q.

10Tn the simplest DBI theory with a single Q* generator (denoted here as Q), describing the fluctuations
of a flat D-dimensional brane embedded in a (D + 1)-dimensional flat spacetime, there is likewise a single
candidate WZ (D + 1)-form. This is €,,...u,wo Awa Awis! A+ Awh?, and it leads to the tadpole operator
for the single NG field of the theory [47].
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Given the rather complicated expression (4.8) for the MC form, it is not immediately
obvious how to integrate the (D+1)-form (4.27) and in turn directly deduce the correspond-
ing Lagrangian. We can however take a shortcut. To the leading order in an expansion in
powers of the NG fields 04, we have Wp41 = em...udeABdQA AdOB AdzF A Adatd -
Guided by this, it is now straightforward to check that

Swz = / dt Az € 45640007 (4.28)

is, in fact, exactly invariant under the whole ISO(2) algebra, and thus gives the desired,
complete WZ term.

The WZ term (4.28) canonically conjugates the two NG fields, 12, leading to a single
type-B NG mode in the spectrum. This is so in spite of the fact that the generators
Q1,2 of the algebra (4.22) used to construct the action commute. The explanation is that
the ISO(2) algebra becomes centrally extended upon quantization. This is a nontrivial
manifestation of a phenomenon present already in the theory of a free Schrédinger field [7].
The same remark applies to some of the WZ terms constructed in section 3.3.

Altogether, to the leading order in the derivative expansion, the effective action for
our two-flavor DBI-like algebra takes the generic form

S = Swy + / dtd%e VG F (Voo Varb) | (4.29)

where F' is an arbitrary function of the indicated covariant derivatives of the NG fields. In
case the SO(2) generator @ is not spontaneously broken, the 6 field is naturally absent. In
case the SO(2) is spontaneously broken, the Lagrangian in eq. (4.29) includes a term of the
type eaVof4. The coupling e4 can be physically interpreted as the vacuum expectation
value (Q4). It is easy to see that the bilinear part of such e4 term is fe e 40007 . Hence
this term couples 6 to one specific linear combination of the #4s. One can always choose a
basis in the space of the 645 so that, for instance, only e; # 0 whereas e = 0. Then the e
term mixes 6 with 62, in accord with the fact that ([Q, Q2]) = i(Q1) # 0. If both the WZ
term and the e4 term is present, one has to block-diagonalize the part of the Lagrangian
containing a single time derivative to see the precise relation between the fields 64,0 and
the NG modes in the spectrum.

5 Summary and conclusions

In this paper, we have initiated the classification of exceptional EFTs living in spacetimes
with a non-Lorentzian kinematical algebra. To that end, we first mapped the landscape of
possible symmetry Lie algebras, obtained by augmenting the algebra of spacetime trans-
lations and spatial rotations with additional scalar and vector generators. The good news
is that we were able to save considerable amount of effort by directly utilizing the corre-
sponding result for Lorentz-invariant systems, obtained in ref. [23].

Even better is the news that when it comes to concrete EF Ts based on the thus classified
Lie algebras, giving up Lorentz invariance opens the door to a new world of potentially
interesting theories with nontrivially realized symmetries. We followed the basic division of
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EFTs into two infinite classes, dubbed “Galileon-like” and “DBI-like,” discussed previously
in refs. [23, 24]. Both directions turned out fruitful. For the Galileon-like algebras, we
found several novel types of Wess-Zumino terms compared to Lorentz-invariant theories.
These generate nontrivial interactions between Galileon and non-Galileon NG bosons, and
among others open the possibility to couple Galileons to type-B NG bosons. For the DBI-
like algebras, we gave a concrete example of a WZ term that turns fluctuations of a brane in
two extra dimensions into a single type-B NG boson, without having to couple the system
to other, non-DBI-like NG bosons. We expect many of the concrete examples of EFTs
given here to share the appealing properties of relativistic Galileon and DBI theories such
as the presence of scattering amplitudes with enhanced soft limit.

It should be stressed that due to the focus on the two infinite classes of EFTs based
on the Galileon-like and DBI-like algebras, we did mot necessarily cover the full scope of
well-defined EFTs arising from the Lie algebras classified in section 2. This is a challenging
problem and some other possibilities were discussed previously in ref. [23]. To complement
the analysis of multi-flavor EFTs in the main text, we show in appendix C that a full
classification of EFTs is possible in the simplest case of a single scalar and a single redundant
vector generator. Altogether four different tentative EFTs emerge from this classification.
Two of these are the one-flavor special cases of the Galileon-like and DBI-like theories
discussed at length in sections 3 and 4, respectively. Another is the well-known EFT for
nonrelativistic superfluids, based on the Bargmann algebra. The last one is, to our best
knowledge, new and represents an interesting deformation of the Galileon theory featuring
a combination of the usual Galileon symmetry and temporal scaling.

Our analysis opens new questions, a detailed investigation of which would not fit in the
scope of a single paper. The classification of closed invariant (D + 1)-forms that may give
rise to a WZ term, outlined in section 3.3, suggests the possibility of novel, “non-separable”
WZ terms where the actions of the Galileon and non-Galileon symmetries are entangled.
Whether the corresponding algebraic invariance and closedness conditions can be solved in
full generality remains to be seen. It would also be interesting to see whether the relativistic
“special Galileon” symmetry [58] has a nontrivial nonrelativistic counterpart. This could be
investigated either by extending the present framework by allowing for higher-rank tensor
generators [24], or by checking whether a special choice of couplings for the various WZ
terms listed here could further enhance the symmetry of the action [59].
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A Symmetry algebras in d = 3 spatial dimensions

As stressed in section 2, the general symmetry Lie algebra presented therein only includes
contributions to the commutation relations that exist in an arbitrary number d of spatial
dimensions. Additional terms, proportional to the Levi-Civita tensor, may in principle
enter the commutators for d < 4. Here we show that in the physically most interesting
case of d = 3, such additional terms either vanish by means of the Jacobi identities, or can
be absorbed into a redefinition of the generators. In order to prove this claim, we will have
to make the additional assumption that the generators Q4 are linearly independent, or in
other words that the matrix a’; has maximum rank.

Let us start by putting together all the commutation relations among the generators
Juvy, Pu, K4, Qi in their most general form admitted by spatial rotational invariance
(skipping those commutators that are known to vanish),

[Juvs Jer] = 1(gurdvr + Gundur — Gundur — gurJux),
[ Sy, PA] = 1(gua Py — 9urPy),
] =
vA]

[Jum Kxa i (QVAK;LA - gM)\Kl/A) s
[Py =1 (aAg;in +badu + aseuaPt + /3ABEWAK§) , (A1)
[ ,uA) (gABJ,uZ/ + CfélBg;in + 'YABeuV)\P)\ + 5ABCEMVAK()\7) )

(KA, Qi} =i (dAiPu + e Kup + GAiﬁu,,AJW\) :

The a priori unknown parameters of the Lie algebra that exist in any number of spatial
dimensions are highlighted in blue, following the notation introduced in ref. [23]. The
unknown parameters that are particular to d = 3 dimensions are highlighted in red and
labeled with lowercase Greek letters. We need to find out how the unknown parameters
are constrained by the various Jacobi identities that are required for the consistency of the
Lie algebra. For the sake of brevity, we will refer to the Jacobi identity of the type

[A,[B,C]]+ B, [C,A]]+ [C,[A,B]] =0 (A.2)

as the “{A, B, C} Jacobi identity.”
We start with the contributions to the {P, P, K} Jacobi identity, proportional to the
Q; generators (referred to as the “Q-terms”). The vanishing of these terms requires that

B4"aQi = 5,"Qp =0. (A.3)
It is here that we need the assumption of linear independence of ()4, which immediately
implies that 3 AB = 0. Similarly, the Q-terms in the {P, K, K} Jacobi identity imply, again

using the linear independence of () 4 and the just deduced fact that AB vanishes, that

Sap" = aad$ + apdq, (A.4)
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where the -symbol on the right-hand side refers to the usual Kronecker tensor. Further-
more, the P-terms in the {P, K, Q} Jacobi identity allow us to solve for the e4; coefficient,

1
€A = 56%&3. (A.5)

Finally, the Q-terms in the {K, K, K} Jacobi identity give the constraint
(’yABQC — 5ABDciC~DQi> + cyclic permutations of A, B,C = 0. (A.6)

Upon using the antisymmetry of the ¢!y coefficient in A, B and the solution (A.4) for
04 BC, the second term in the parentheses is seen to drop out upon summation over cyclic
permutations. Hence the sum of permutations of y4pQ¢ alone has to vanish. Using once
more the linear independence of )4 and the symmetry of vap, we infer that y4p = 0.

We are left with only three candidate contributions to the commutation relations that
are specific to d = 3 dimensions, namely the a4, d 4 BC and € 4; terms. These can, however,
be removed by a change of basis of the generators. Indeed, let us set

. 1
Kua=Kya+ §(XA6HZ,)\JV)‘. (A.7)
This redefinition is designed so that upon using eq. (A.5), the e4; term disappears, that
is, [f(uA,Qi] = i(dai Py + eﬁlffﬂB). It is straightforward to check that the [J.,, K)4]
commutator is unaffected by the change of basis from K, 4 to K uA- Furthermore, the oy
term drops out of the commutator [P,, K, 4]. Finally, it follows from eq. (A.4) that

|:K;,LA7 KVBi| =1 (gABJ/u/ + C%BguuQi) ,  where JAB = JAB — QL AQB. (AS)

This completes the argument that when searching for the most general extension of
the Euclidean algebra in d = 3 spatial dimensions by adding a set of scalar and vector
generators, the red-marked parameters in the commutation relations (A.1) can without
loss of generality be assumed to be zero. The only additional assumption that is needed
for the proof is that the set of generators Q4 = a%4Q; is linearly independent. The details
of the derivation of the symmetry algebra as presented in section 2 from the ansatz (A.1)
for the commutators are given in the Supplemental Material of ref. [23].

B Absence of central charges for d > 2

In this appendix, we address the question to what extent the assumption of absence of
central charges, made in section 2, limits the generality of the resulting Lie algebra struc-
ture. While several basic results on the presence or absence of central charges belong to
standard textbook knowledge [60], we make the discussion self-contained.

— 30 —



We start by collecting all the commutators for the generators J,,, P, K,4, Q; as
listed in section 2, and adding a tentative central charge to each of them (in red),

[J,um JH)\] =i (gu)\Jun + ng]p)\ - g/mJu)\ - gzl)\J;m + a;ﬁzfm\) )
[J;w» P/\] =i (gu)\P,u - gu)\PI/ + O/;{f)\) s

(S, Kxa) = (gu)\ wA = GuaKya + QZSA) ;
[y, Qi) = uuu
[P,,P,)] = W , (B.1)
P, A] = (gWQA + o)
[ Qi] = o ,“ ;
[Kua, KBl = (gABJ;w + 9w QaB + (yu,,AB)
[Kua,Qi] =i [i ()7 4 Kpup + daiPy + aﬁﬁ} ;

Qi Q)] =i (f5Qk+al?).

The Jacobi identities for double commutators of the generators give rise to a set of nonlinear
constraints for the coefficients of the generators on the right-hand side of the commutation
relations, and a set of linear constraints for the central charges. The two sets of constraints
are independent from each other and thus all the constraints on the commutators discussed
in section 2 remain valid. Here we only focus on the constraints on the central charges.
We will split the discussion of the various central charges into several groups.

Central charges in the Euclidean algebra. The constraint imposed by the {.J, J, J}

Jacobi identity allows us to express a’’

HVE
JJ — kAL JJT
w =9 a,um/)\’

 in terms of a rank-2 temsor of coefficients,

« as

1
JJ JJ JJ JJ
Qpuka = d — 9 (gufﬂau)\ + GuAC e — GuaQy, — gl/fﬂa'u,)\) . (BQ)

The a )\ central charge is then seen to be trivial in that it can be removed by a redefinition

of the generators
JJ

~ O[“l/
JMVEJ/U/_m' (B?))

The existence of a nontrivial central charge in the commutator of rotation generators is
therefore not compatible with the structure of the rotation algebra, which is a special case
of a more general statement valid for all semisimple Lie algebras [60].

Assuming that the central charge a“m/\ has already been removed, we proceed to
the commutator of rotation and translation generators. Here the {.J, J, P} Jacobi identity

imposes a linear constraint that allows us to express aif/\ in terms of aip = g¥ /\aif )\ as
gp _ 1 JP JP B.A
Qppr = d—1 GuaQy = Guray, (B.4)
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The central charge can then be removed from the commutator [.J,,,, P\] by the redefinition

JP

P
di

(B.5)

Note that the central charge o’ uw )\ 4 can be dealt with in exactly the same way. We find that
as a consequence of the {.J, J, K'} Jacobi identity, it can always be removed by a redefinition
of the K, 4 generators.

Finally, the {J, P, P} Jacobi identity implies that the central charge aﬁf necessarily
o
central charge in the Euclidean algebra. It is relevant for instance for the two-dimensional

vanishes unless d = 2, in which case it becomes «;,, = e“yap P This is the only possible

dynamics of a particle in a uniform background magnetic field.

Central charges that only exist for d = 1. There can be no central charge that
transforms as a vector under spatial rotations. This limits the possible existence of some
of the central charges to d = 1, in which case there are no continuous rotations. In
particular, the {J, P, @} Jacobi identity thus excludes the aP-Q central charge unless d = 1.

The {P,Q,Q} Jacobi identity then further constrains it by lej 5,? = 0. Similarly, the
{J, K,Q} Jacobi identity excludes the afﬁ unless d = 1. In the following, we will only
focus on Lie algebras in d > 2 spatial dimensions, where a nontrivial Euclidean algebra to

build upon exists.

The o’/? central charge. This is forced by the {J, J, @} Jacobi identity to vanish unless

d = 2, in which case it necessarily takes the form ozi,?i = ew,oz;] Q. The {J,Q,Q} Jacobi

identity further constrains the coefficients af]Q by

fEal? =o0. (B.6)
Moreover, it follows from the {.J, P, K'} Jacobi identity that there is no central charge in
the commutator [J,,,, Q4], that is, a‘]Q =a Aa‘]Q = 0. In a similar fashion, it follows from

the {J, K, K'} Jacobi identity that there is no central charge in [J,.,, QaB].

The o and oX central charges. The {J, P, K} Jacobi identity requires aiﬁ to
take the form

oPK ~PK

QA = guVaA + e;waA y (B7)

where the first term can exist in any number of dimensions, whereas the second can only
exist for d = 2. Similarly, the {J, K, K} Jacobi identity requires aﬁﬁ p to take the form

KK _ KK ~KK
QuyAB = JuwAp + €uisp (B.8)
where the first term can exist in any number of dimensions, whereas the second can only
exist for d = 2.

The form of these two central charges is further constrained by the {P, K,Q} and
{K, K,Q} Jacobi identities, which imply respectively the pairs of conditions

i(t; )BAaB + a =0, (B.9)
i(t) P 4abE + d o o =0, (B.10)
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and

c C

ol +i[(t) 4 ol E + (8 ohE] + daiaf" — dpiai€ =0, (B.11)

—gapo? +i[(8)° ) a8 + (1) palE ] + daB + dpiak® = 0. (B.12)

The ang and a&% coefficients arise from projecting @; in the commutator [Q;, Q;] to the
subspace of Q4 and Qap, respectively. A bit of straightforward algebra then shows that
as a consequence of egs. (B.9) and (B.11), the redefinition

Qa=Qa+ il Qap = Qap +iif (B.13)

removes the parameters o/ and o5 from the Lie algebra. Incidentally, it also removes

central charges from all commutators of Q)4 and @ ap.

Summary of the result. The central charges aQQ

in the scalar sector are independent
of the number of spacetime dimensions. They can nevertheless always be treated as addi-
tional Abelian scalar generators, and are thus already implicitly included in the framework
developed in section 2. Apart from these, the a K and a parameters which we just
successfully removed by a redefinition of the generators, were the only candidate central
charges that could exist for d > 2. We therefore conclude that, as asserted in the main
text, our extended Euclidean algebra does not have any nontrivial central charges in d > 2
spatial dimensions.

In d = 2 spatial dimensions, the following commutators may feature a central charge,'!

[J,uz/y Qi ] le,uuaJQ

[Py, P)| = 16WaPP,
[Py Koa] = i (GQa + G5, (B.14)
[Kuas Kop] =i (94800 + 9Qan + €udhh ),
(@i, Q) =i (fhQx +ad?).

JQ

The central charge «; k7@

is constrained by the condition fjza; ™ = 0, and vanishes when

projected on the subspace of the Q4 or Qap generators. The central charges af”, aﬁK

and XK are constrained by egs. (B.10) and (B.12). These require in particular that both

PP ~PK

and a," vanish as soon as a single component of the matrix g4p is nonzero.

QQ -

Finally, the central charge ;5 is restricted by the generic condition

Fhagl + Fhal® + fhaS? =o. (B.15)

Whether or not a nontrivial solution exists depends strongly on the nature of the Lie
algebra of the scalar generators ;. In any case, as stressed above, such central charges
can always be included by extending the set of scalar generators appropriately.

HEor d = 2, there can be additional contributions to the commutators between the various generators,
proportional to the Levi-Civita tensor. These are not addressed in detail here.
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C Effective theories with a single scalar

In the main text, we focused on working out two infinite classes of EFTs, based on the
Galileon-like and DBI-like algebras. The price we had to pay for being able to construct
concrete Lagrangians was discarding an a priori large set of potentially interesting Lie al-
gebras that do not fall into any of these two categories. In this appendix, we demonstrate
that at least in the special case of a single NG boson, corresponding to a single scalar gen-
erator and associated with it a single redundant vector generator, all allowed Lie algebras
can be found explicitly. This simple setting also makes it possible to explore the different
ways to incorporate the Hamiltonian in the scalar sector of the Lie algebra.

All we have to do is to restrict the general Lie algebra structure outlined in section 2
to a single value of the index A, with a single scalar generator Q4 = Q) and a single vector
generator K,4 = K. We also include explicitly the Hamiltonian H but no other scalar
generators (); apart from Q and H. The full symmetry Lie algebra then consists of the
Euclidean algebra of J,,, and P, augmented with the following commutation relations,

] .
]
[P;u Kl/] = ig;u/Qy
[P,an]:[P;LvH]_Oa (C 1)
[KM,K,,] = —ivd,
(K, Q] =1ivP,,
(K, H| = —iwK,, +iuP,,

The parameters v, w are mutually exclusive, that is, subject to the constraint vw = 0; this
is what remains of the general condition that g4p be invariant under the representation of
the algebra of @Q); by the matrices ¢;. As a consequence, eq. (C.1) defines a two-parameter
family of Lie algebras.

C.1 The w = 0 case: Galileon, DBI, and Galilei-invariant superfluid

Let us inspect what Lie algebras are included in the family (C.1), starting with the class
of w = 0 algebras. The three possibilities that we find and work out in detail below are
presented in a graphic form in figure 1.

The v = v = 0 case: Galileon. When all the parameters u, v, w are zero, the only
nontrivial commutators contained in eq. (C.1) are

[J,uz/a K)\] = i(guAK,u - g,u)\Ku) )
[P/u KV] = iguuQ~

This is the single-flavor nonrelativistic Galileon algebra, a special case of the class of

(C.2)

Galileon-like algebras analyzed in section 3. All the conclusions made therein regard-
ing the symmetry transformations and coset construction of effective Lagrangians remain
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SO(d+1) DBI

Bargmann 'Galileon

Ve

SO(d,1) DBI

Figure 1. The “phase diagram” of EFTs with a single scalar and a single vector generator in the
plane of u, v parameters, see eq. (C.1). The parameter w has been set to zero. “Bargmann” refers
to the EFT for nonrelativistic superfluids, based on the spontaneously broken Bargmann algebra.

valid here. Due to the absence of any other scalar generators than ¢ and H, only the WZ
terms derived in section 3.3.1 are relevant for this single-flavor case. These constitute a
verbatim copy of the relativistic Galileon Lagrangians, originally derived in ref. [26], upon
reinterpreting the Greek indices as describing spatial coordinates only.

The v # 0 case: DBI. In this case, the parameter u can be consistently removed from
the Lie algebra by redefining the Hamiltonian, H = H — 5 Q. Subsequently, the parameter
v itself can be reduced to sgnv = s by rescaling the K, and @) generators by Vvl We
thus end up with a discrete set of two Lie algebras, following from eq. (C.1),

]
[Py, Ky] = ig,,,Q, (C.3)
[KM,K,,] = —isduw,
(K., Q| =1isP,

This is the single-flavor special case of the class of nonrelativistic DBI-like algebras inves-
tigated in section 4. Namely, the scalar () acts as a generator of translations in an extra
dimension, whereas the vector K, generates rotations between the d physical spatial di-
mensions and the extra dimension. The sign of the metric in the extra dimension is fixed by
s. Hence, for s = 1 the Lie algebra of symmetry generators is isomorphic to the Euclidean
algebra SO(d + 1) x R4*! whereas for s = —1 it is isomorphic to SO(d, 1) x R4, (The
Hamiltonian is separate and commutes with all the other generators.)
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It follows from the discussion in section 4 that to the leading order of the derivative
expansion where each NG field factor € carries one derivative, an invariant action can be
built out of the invariant volume element, dt dz /1 + s(9,0)2, and the temporal covariant
derivative of the NG field, equal to

Vo= 0 (C.4)

1+ 5(9,0)?

To the leading order of the derivative expansion, the most general effective action for the
single-flavor nonrelativistic DBI theory therefore assumes the form

S — / dt dde /11 5(9,0)2 F(Vob), (C.5)

where F(V0) is an arbitrary, sufficiently smooth function, only constrained by the require-
ment that it admits a series expansion in powers of dp/0. In the formal series expansion,
F(Vo0) = >0 ocn(Voh)", the ¢o term leads to an action describing the induced spatial
geometry of a d-dimensional flat brane, fluctuating in the extra dimension. The ¢; term
drops out of the action, being a total time derivative. The ¢y term is needed alongside the
co term to get a full, both spatial and temporal, kinetic term for 6. All the higher-order
terms ¢, with n > 3 parametrize self-interactions of the NG mode 6.

The v = 0, u # 0 case: Galilei-invariant superfluid. In this case, the parameter «
can be set to one by rescaling the Hamiltonian. We thus end up with a unique Lie algebra,
whose only nontrivial commutators following from eq. (C.1) are

[JMV7 K)\] = i(guAKu - gu)\KV) )
[P;La Kl/] = ig,uuQa (CG)
[KM,H] = iPM.

This is the Bargmann algebra where K, is the Galilei boost and @ is the central charge.
In quantum many-body systems, () can be interpreted as the operator of particle number.
An EFT based on its spontaneous breaking then describes nonrelativistic superfluids.

The construction of EFTs for nonrelativistic superfluids based on the spacetime and
internal symmetries alone is by now well-known [61, 62]. For the reader’s convenience, we
will however briefly summarize the main steps. In line with the notation used in sections 3
and 4, we parametrize the coset space, spanning nonlinearly realized symmetries, as

Ult,z,0,8) = et " Puld@pie" Ky (C.7)
The symmetries generated by H, P, and @ act simply as shifts on ¢, 2# and 6, respec-
tively. The only nontrivial transformation is induced by a Galilei boost with parameter

B*, under which

ot = gt — BRt 0= 0+ Bt — %5%, € s gH 1 B (C.8)
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A few lines of calculation give the nonzero components of the MC form,

wp = dt,
wh = dat + &Mdt, (C.9)
whe = d¢*,

1
wg = df — &, dz" — §§2dt.

Using the same notation as in section 4, we find from wy and wf that the covariant
vielbein equals

nr = (1,0),  ef = (&,90), (C.10)
whereas its dual reads

vM=(1,-¢"), EM=(0,g). (C.11)

The corresponding invariant volume element is d d%z. The spatial part of wgq provides the
THC necessary to eliminate the redundant field £#; it takes the same form as for Galileon-
like theories, £, = 0,0. The rest of wg gives the temporal covariant derivative of 0,

Vob = VMwg s = 000 — £19,0 + %8 THC, 906 — % (8,0)°. (C.12)

This is invariant under all the symmetries, and at the same time it is the only covariant
operator that contains at most one derivative per 6. To the leading order of the deriva-
tive expansion, the effective Lagrangian for a nonrelativistic, Galilei-invariant superfluid
is therefore given by an arbitrary function F(Vyf). The form of this function can be
constrained by matching to the equation of state of the superfluid [61, 62].

C.2 The w # 0 case: deformed Galileon

In this case, one necessarily has v = 0. Also, the parameter v can be consistently removed
by redefining K p = K, — ¢ P, Finally, the parameter w can be set to one by rescaling the
Hamiltonian. At the end of the day, we thus find a unique Lie algebra, determined by the
commutation relations

]
[Py, K] =19, @, (C.13)
(K, H| = —iK,,

This can be thought of as the Galileon algebra (C.2) deformed by temporal scaling act-
ing on the K, and @ generators. From the group-theoretic point of view, both alge-
bras (C.2) and (C.13) have the structure of a semidirect product of the subalgebra spanned
on {J,,,H}, acting on the subalgebra spanned on {P,, K,,Q}. The action is, however,
different in the two cases.

Let us see how the difference is reflected in the coset construction of invariant actions.
Using the same coset space parametrization as in eq. (C.7), we find that the time and space
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translations generated by H and P, act as trivial shifts of ¢ and x*, respectively. Under a
transformation generated by @), with parameter ¢, the NG field 6 shifts as

0 — 0+ ee. (C.14)

Similarly, under a transformation generated by K,, with parameter 5*, the scalar and
vector fields shift respectively as

0 — 0+ e'Buat, g 4 el pH. (C.15)
The MC form is evaluated by a simple calculation and reads

wy = dt,

wh = da*, (C.16)
whe = dgt — ¢hdt,

wg = df — dt — £,dz".

The geometry of the flat spacetime is not affected by the spontaneously broken symmetry,
that is, the vielbein arising from wpy and wh, is trivial. The vector field £* is eliminated by
setting the spatial part of wg to zero, which corresponds to the IHC &, = 0,,6. Invariant
actions are then built out of the following covariant derivatives, extracted from the temporal
part of wg and from wh,

Vol = 90 — 0,
Voet = ot — e 1S 90010 — arg, (C.17)
v, = g,¢en S, 5,010,

While the deformed Galileon structure looks certainly interesting, it is not clear whether
a perturbatively well-defined EFT can be constructed using the above building blocks.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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