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Summary

This paper proposes an approach for the estimation of states, actuator, and sen-

sor faults in nonlinear systems represented by a polytopic linear parameter varying
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(LPV) system with inexact scheduling parameters. In the traditional LPV approaches,
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work proposes the design of a proportional multiple-integral sliding mode observer

(PMISMO) for fault diagnosis that copes with LPV systems with inexact schedul-
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observer is a nonlinear parameter varying (NLPV) system for which stability and
robustness performance are formulated using the Lyapunov technique and a H
performance criterion. It is shown that the design conditions boil down to a set of
linear matrix inequalities (LMIs) whose solution allows computing the observer gain
matrix along with the tunable parameters of the nonlinear functions. Results obtained
using the simulator of an octocopter-type unmanned aerial vehicle (UAV) are used
to demonstrate the applicability and performance of the proposed fault diagnosis

scheme.
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1 | INTRODUCTION

Modern control systems are prone to faults, which can damage the systems themselves or the environments in which they operate.
For this reason, fault diagnosis (FD) algorithms become essential, since they enable fault-tolerant actions that minimize the
effect of faults and improve the overall system’s reliability and safety. An FD algorithm can be seen as a two-step process in
which at first the fault is detected, i.e., a boolean logic value about the presence of a fault is provided, and then it is isolated,
which means that its location is discovered. In many cases, fault estimation is also considered because it provides an information
about the magnitude of the fault that can be sent to the fault-tolerant modules in order to improve the system’s performance.
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Among the possible approaches to achieve fault detection, the model-based ones have been recognized as a handy tool by the
scientific community and have been applied successfully to many physical systems, e.g. lateral dynamics of a vehicle?, aerospace
benchmarks,? aircraft,# satellites,” unmanned aerial vehicles,®? and wind turbines,® among others. These approaches use a
description of the process in terms of a mathematical model, so that the fault is detected by comparing discrepancies between
the model and the estimated states.

Most physical systems are nonlinear, and therefore their fault diagnosis should employ nonlinear algorithms, which are dif-
ficult to generalize and apply in many cases. Convex mathematical models such as Takagi-Sugeno and quasi-linear parameter
varying (quasi-LPV), have proved to be a good representation for systems with complex dynamics.”!¥ Convex systems are
composed of a set of linear state-space models whose dynamics vary as a function of specific time-varying parameters. These
functions are known as weighting functions, scheduling functions, or membership functions. It should not surprise that many
works have proposed extensions of fault diagnosis approaches initially developed for LTI systems to convex systems. /2 In this
way, the range of applicability of these approaches could be widened to include many nonlinear systems. For example, Rodriguez
et al.¥ proposed an adaptable polytopic observer to estimate constant and time-varying actuator faults for LPV descriptor sys-
tems. Bedioui et al.'* developed a robust adaptive observer to estimate sensor and actuator faults. Brizuela et al.> proposed to
use an observer based on a polynomial LPV system for simultaneous actuator and sensor fault estimation. The solution presented
in work by Li and Zhu''® employed a reduced-order observer to accomplish this task. On the other hand, Li et al.1Z obtained the
estimates using an unknown input proportional-integral observer.

The above works, similarly to the majority of the FD methods proposed for convex systems, assume that the scheduling
variables can be measured correctly. However, in most cases, perfect knowledge of the scheduling variables is an unrealistic
assumption, since in practice they are immeasurable or affected by strong uncertainties due to noise, offsets, low-quality, or
uncalibrated sensors, among other factors.!® If these limitations are not considered during the design, then the applicability and
effectiveness of the FD methods are reduced, as discussed in the work by Zhang et al.'l”

Therefore, in a more realistic scenario, it is essential to take into account inexact scheduling variables in order to obtain an
FD system that can be trustworthy and effective. This issue has been investigated by a few papers. For instance, the problem of
robust fault detection observer design for convex systems with immeasurable scheduling variables was addressed by Aouaouda
et al.’ by means of a mixed H_/ H_, performance index. Lopez-Estrada et al.?!' proposed a sensor fault estimation observer for
descriptor LPV systems for which the influence of the error induced by the immeasurable scheduling variables was minimized
using H_, optimization. Hassanabadi et al.“% proposed a polytopic unknown input proportional-integral observer to estimate
actuator faults in singular delayed LPV systems. Zhu and Zhao?? dealt with switched LPV systems where they presented an
approach for simultaneous control and fault detection in systems with inexact scheduling parameters. More recently, Gomez-
Pefiate et al.”* proposed a method for simultaneous state and actuator/sensor fault estimation in quasi-LPV systems using a
proportional-integral observer that took into account the uncertainty in the scheduling variables to enhance the performance
and robustness. The original idea behind their work is that, apart from setting up a H_, optimization problem to constrain the
effect that the exogenous disturbance and the faults have on the 2-norm of the output signal of interest, some nonlinear signals
were introduced in the observer equations to compensate for the effect of the inexact scheduling variables. In this sense, their
work fits into the innovative class of nonlinear parameter varying (NLPV) techniques>2 that, in contrast with traditional LPV
techniques, maintain some nonlinear characteristics in the formulation, such as quadratic2/25222

It is well known that sliding mode techniques offer good potential for increasing the robustness of FD by including a non-
linear discontinuous term that depends on the output estimation error into the observer!*2, For this reason, there has been a
lot of interest in using sliding mode observers for fault diagnosis,**** with the development of extensions that allow for fault
estimation in convex systems.**> Notably, one of the recent research directions points towards obtaining design conditions for
sliding mode FD schemes that can be applied to convex systems under the situation of imperfectly known scheduling parameters.
For example, Chen et al.*® have proposed an adaptive algorithm driven by an equivalent output error injection signal to adapt the
values of the scheduling parameters used by the observer such that the performance level is maintained in spite of the mismatch
between the real and the measured scheduling parameters.

In line with the recent developments, the main contribution of this work is to build upon the previous work reported in
Gomez-Pefiate et al.”* by incorporating a sliding mode action which improves the performance of the fault estimation observer,
in particular concerning the robustness to disturbances and uncertainty. Hence, this works presents the development of a propor-
tional multiple-integral sliding mode observer (PMISMO) for LPV systems with inexact variables that achieves a simultaneous
estimation of the system states and the time-varying actuator and sensor faults. Due to the introduction of some nonlinear func-
tions, the proposed observer is an NLPV system for which stability and robustness requirements with respect to noise and

and Lipschitz®! terms.
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uncertainty in the scheduling variables are formulated in the form of linear matrix inequalities (LMIs).*? The performance and
effectiveness of the proposed observer are shown using results obtained with the simulator of an octorotor-type unmanned aerial
vehicle (UAV).

The rest of the paper is organized as follows. Section [2] presents the background and problem description. Section [3]describes
the design of the NLPV PMISMO for actuator and sensor fault estimation with inexact scheduling variables. Section [4] shows
the simulation results obtained by applying the NLPV PMISMO to an octorotor UAV. Finally, Section [5|presents the conclusion
and the proposed future work.

2 | PRELIMINARIES AND PROBLEM DESCRIPTION

Consider an LPV system affected by disturbances, sensor noise, as well as faults in sensors and actuators described by:

x(1) =A(p())x(1) + B(p(1)u(®) + F,(p(0)) f,(1) + T (p()w(1),
¥(@) =C(p)x(@) + Fi(p()) (1) + D(p(1)w(?), ey

where x(r) € R”, u(t) € R™, and y(t) € R", are the state, input and output vectors respectively. f,(f) € R", f.(t) € R"/ and
w(t) € R" are actuator faults, sensor faults and exogenous disturbance/noise vectors respectively. p(f) € R? denotes the vector
of scheduling parameters, for which dependence on time will be omitted from now on, in order to simplify the notation. A(p) €
R™" denotes the state matrix, B(p) € R™" the input matrix, and C(p) € R™*" the output matrix. F,(p) € R™"% and F,(p) €
R"*"s; are the actuator and sensor fault distribution matrices, and J(p) € R™", D(p) € R"*" are the disturbance/noise
distribution matrices, respectively. It is assumed that F,(p) and F,(p) are full rank, and that there is no interdependence between
different scheduling variables. Then, if the scheduling variables bounds are known, (I)) can be represented by a polytopic LPV
model with 29 vertices with matrices S = { A(p), B(p), C(p), D(p), J (p), F,(p), F,(p)}, such as:

2 2
S = {Y(p)IY(p) = Z a(pY;0< a(p) < 1; Z a;(p) = 1} , )
i=1 i=1
where Y; = {A;, B;,C;, D;,J;, F,;, F ;} and, for each vertex, the values of the matrix set is known. The weighting functions
a;(p) can be computed online since the values of the scheduling variables are measured in real-time.

It is important to note that if the scheduling variables were measured perfectly, the weighting factor could be used straight-
forwardly for the design of control systems elements such as controllers and observers. Nevertheless, in many cases, these
parameters cannot be measured with high accuracy. For example, in electric vehicles, the speed is estimated through the rotation
of the motors, the radius of the tires, the drive train, among other factors that change continuously with respect to time, and there-
fore the estimated speed is not exact. These differences between the measured and the real values affect the weighting factors
and could deteriorate or destabilize the system. Therefore, the use of a robust approach that takes into account inexact schedul-
ing parameters is required to ensure stability and performance requirements not only under sensor noise and disturbance but also
under the inexact scheduling variables. To solve this problem, the weighting factors are assumed hereafter to be described by:

a;(p) = 4,0)a;(p), €)]
where the terms &;(p) are uncertain due to the inexact scheduling variables denoted as p; A,(¢) are the uncertainty factors, which

are bounded by minimum and maximum values, denoted as 4, and ;i, respectively. Then, the elements of (2) can be rewritten as:

24

24 24 24
Y(0) = Y @Y, = Y, A0&DY, = X, 4G, + (40 - DY) = X &) (Y, + AY,0). )
i=1 i=1 i=1

i=1
with ¥ &,(p) = 1 and:
AY;(t) = (4,() - DY,. (%)
Based on the above discussion, (I) can be expressed as the following uncertain system:
(1) = (A(p) + AA(D)) x(1) + (B(p) + AB(R) u(r) + (F,(p) + AF,(D)) fo(0) + (J(§) + AJ (p)) w(n),
y(®) =(C(p) + AC()) x(1) + (Fy(p) + AF,(p)) f,(1) + (D(p) + AD(p)) w(1). (6)
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In order to estimate actuator and sensor faults simultaneously, the LPV system (0) is transformed by introducing z(r) € R,
which is a filtered version of y(¢),%81% updated as z(t) = E (y(t) — z(¢)), where E is any Hurwitz matrix with appropriate
dimensions, as shown in Figure[I]

By defining augmented state and fault vectors as X (1) = [x(t)T z(1)" ]T € RPand f(t) = [ f,0)7 f,®F ]T € R" with
fi=n+ny,ng=n; +n;,the dynamics of the augmented system is expressed by:

FIGURE 1 Block diagram of the filter.

X (1) =(A(p) + AAP)X (1) + (B(D) + AB(p)u() + (F(p) + AF(p) f (1) + (H(p) + AH (p)w(1),

Y (1) =2() = CX (), ©
with:
o[ A6 0 Lo _ [ 84k 0 s [ BD s [ABD] s
A(p)_[EC(ﬁ) _E], AA(p)—[EAC(ﬁ)O], B(p)—[ . ] AB(p)—[ . ] c=|o1,]|

- _[E® 0 O [AED 0 ] o [ ID ] aqa [ AIG)
F(”)‘[ 0 EFs(m]’AF(")‘[ 0 EAFS(ﬁ)]’H(p)_[ED(ﬁ)]’AH(p)_[EAD(ﬁ)]'

Note that in the augmented system (7)), sensor and actuator faults are embedded in a single fault vector f(¢) and the matrix
F(&) is full column rank.

Assumption 1. The faults f(¢) are assumed to be time-varying signals whose k—th time derivatives are bounded by f,:8

S@® = f1(0,
£i0 = £,@),

fk_l(t) = fi (@),
fi@® < fo. ®)

The following Lemma will be consider to derived our main result:
Lemma 1. (Ichalal et al.**) Given matrices X and Y of suitable dimensions, the following property holds for any u > 0:

XY +YTX <uX"X+u'YTYy.

3 | PROPORTIONAL MULTIPLE-INTEGRAL SLIDING MODE OBSERVER

The proposed NLPV PMISMO estimates system states and faults simultaneously regardless of inexact scheduling variables, and
is defined as follows:
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X(0) =A@)X (@) + Bu() + F(P)F () + Kp(D)sign (S1)) + @,(5).
F@&) =K;(p) (Y(O) =Y (@) + [1() + 9 ,(p),
[i0)=K; (3) (Y0) =Y () + f,() + @, (D),

fea® =K, (0) (YO = YD) + foei (D + 0, (D),
fio®=K;_(®) (YO -Y®)+ 0, ()

Y1) =CX@),

€))

where Kp(p) and K;(p), Ky (), ..., K, (p) denote the proportional and integral gains, respectively, that must be designed;
@, (p), and @ f(ﬁ), @y, @, ....p s (p) are signals that compensate for the effects of the inexact scheduling variables, as shown
later in Theorem S(t) € R™ is the sliding surface, defined as S(t) = Y (¢) — Y (7). In order to determine the gain Kp(p), the

following representation of sign(.S(¢)) is used:

40

sign(S) = SO @ |SM] = S0) = SWe (1SOI -1, ) @ S|

where |S(7)| denotes the elementwise absolute value of S(#), 1, is the column vector of 1s with length ny, and the symbols o
and @ denote the Hadamard product and division, respectively.
Considering (8)), the augmented form of the LPV model (7) and the NLPV PMISMO (9) are given by:

X (1) =(A(D) + AAG)X (1) + (B(B) + AB(D)u(t) + (G(p) + AG(p)w(t) + Rf, (1),

Y(t) =CX(1),

and:

X O =APX @) + B@u@) + KO ) = ¥ (1) = K,(5) + 0(p).

Y (1) =CX (1),

respectively, where:

X X@) ?(p) |
) [ . f® )
Xo=| fin |, XoO= LO |, e@®=| @;,® |,
Sr—1(@® fk—l(’) Pt ) |
with X (1) € R™, p(p) € R™, n, = ii + k X n; and &(1) = X (1) — X (1),
Ap) F(» 0 0 .0 B(@) Kp(p) [ AB(p) 0
0 0 I, 0.0 K (p) 0 0
A(p) = 0 0O O I,,k ... 0], B(p = 0 |, K@= K,l(ﬁ) ,AB(p) = 0 ,R=| 0
0 0 00 ..0 0 K, 0 ”
AA(p) AF($) 00 ... 0 H(p) AH(p) Kp(D)S, (1)
0 0 00...0 0 0 0
AAP)=| © 0 00..0[LG=| 0 |LaG@m»=| 0o [ K p= 0 ,
0 0 00..0 0 0 0

c=[C000..0],S,=Swo <|S(t)| - 1) ?150)].

(10)

an

12)
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AA(p), AB(p) and AG(p) are unknown and time-varying matrices with appropriate dimensions. These matrices represent
the model uncertainties, which are due to the inaccurate measurement of the scheduling variables and are related to equation
(3. For further reasoning, the following assumption is considered:

Assumption 2. The uncertainties are bounded by:

[AA,DI <&, (13)
NAB,DI <&, (14)
AG, I < &30 (15)

with positives scalars ¢, ;, §,; and {5 ;.

A consequence of Assumption [2]is that the following inequalities hold true:

24 24 24

HAADI =11 Y} &AAOI< Y, aGlIAAOI < Y, ¢, = &), (16)
i=1 i=1 i=1
24 24 24

HABMI| =11 Y, a,AB OIS Y, & IABOI < Y &8, = &(p), (17)
i=1 i=1 i=1
24 24 24

HAG@I| =11 Y} &AGOIIS Y, &lIAG O < Y &8, = &5(h), (18)
i=1 i=1

i=1
where the explicit dependence of &; and p has been omitted to relieve the notation. The evolution of the augmented state
estimation error, denoted as &(¢), is given by:

60 =(AD) - KG)C )e(t) + AAGX©) + ABEu) + AGEwW®) + W (Ho) + K, () - 9(5), (19)
where:
@) . A
o(t) = [ M’; o ] and W) =[RG®H]. (20)

Equation (T9) is associated with the state vector X (7), the input u(7), the noise w(f), and the function ¢(5). The design goal
is to select a gain K(p) which makes (19) asymptotically stable, hence ensuring that the estimation error will converge to zero
when there are no uncertainties. Let us define the new variable:

¢ = Leé(), 2y

where L is a constant matrix that is chosen by the designer to express which elements of é(¢) should be prioritized when rejecting
the effect of v(f) using the H_, performance index. The following theorem provides the conditions to tune the observer gain
K(p) and the discontinuous function ¢(p), such that the system (T9) is asymptotically stable (in the sense of the estimation error
converging to zero when there are no uncertainty and noise), and the effect of v(¢) onto the signal &(¢) is bounded by:

€D, < yllo@ll (22)

where || - ||, denotes the 2-norm of a £,-bounded signal and y is the H_, performance index.
It is important to emphasize that the H_, performance index y quantifies the influence of the disturbance v(¢) over the signal
&(?). The goal is to make the value of the performance index y as small as possible.

Theorem 1. Given a scalar y > 0, let P > 0, matrices M, and positive scalars u,, ps, tg, Hg be such that the following set of
LMI is feasible:

(A, +L"L PR PG, P {0 &P &P
* —y2I 0 0 0 0 0
* ¥  (g—yHI 0 0 0 0
* * * —ugl 0 0 0 [<0O, i=1,..,29 (23)
* * * *  —ul 0 0
* * * * *  —usl 0
* * * * * 0 —pel
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with:
A=A P+PA,-C"M! - MC,
compute the vertex observer gains in (I2)):
K, =P 'M, (24)
and choose the nonlinear function ¢(p) as:
A 0 if éy(t)Téy(t) <e
)= { pn Gy (PP 2O po16Ta (1) 4 i OO pICTe (1) + py MK D poicTa 1) it g, (n7E, () > € 25)

26,072, (1) 2,(07e,(1) 22,()7e, (1)

where:

_ > 2 1 Hg
eM=Y0-YW®), m=—, U=—""—"—"-—,
Y : Mo My T - Mopg(py + 1)

with p, and e arbitrarily chosen positive scalars. Then, the estimation error (I9) is asymptotically stable with H_ performance

and attenuation level y > 0.
Proof Requiring (22) is equivalent to'™:
J@) 1=V +EO"E@) -y’ o) o) <0,
where V(1) = é(t)" Pé(r), with P > 0. Hence, by considering (T9), the following inequality is obtained:
J (@) =& [(Ap) = KPCO) P + P(AD) = K(P)O)|et) + T, (1) + T, (1) + J.(0) + T, (1)
+ ()T PW (H)v(t) + v(t) W ()T Pé(r) — 2e(t)" Po(p) + ()" LT Lé(t) — y>v(t)T v(r) < 0.
where:
J0) =X ()" AAP)" Pe(t) + &) PAARP)X (1),
Ty =u®)" AB(p)" Pe(t) + &) PAB(pu(1),
J.(0) =w®)" AG(p)" Pe(1) + &n)" PAG(p)uw(r),
Jy(0) =K (p)" Pe(t) + &n)" PK(p).
Using Lemma 1, we obtain:
T < py' (Pe@)" Pe(t) + i X(" AARP AARPX (1),
with u; > 0 and considering (I6), the following relationship is established:
py (Pe()! Pe(t) + pu X (1) AAR) AAPDX (1) < uy'e) P2e) + u & (A X ()" X (),
where X(f) = &(t) + X(¢). Then, (33) becomes:

ur'e)’ P2e(t) + u & (pPX 0T X (1) = ui' e Pre) + ui&, (ﬁ)z(émTe'(t) + X" + e X0+ XOTXW).

Applying Lemma 1 again, can be rewritten as:
e Pe) + iy (5 (2070 + X7 ew) + e X0+ XOTX(0)) < e Per)
+ 15 G (BPeT e + w (PP X T X (1),

where ;42_1 = (1 + py) and p3 = p; (1 + y;l), with p, > 0.
Following a similar reasoning and taking into account (I7)-(I8), we obtain:

Jy(t) < 5 e PAB(P)AB(P)' Pe(t) + usu() ut) < pu5' &, (pye)” P2e(t) + psu() u(),
J.(1) < ug'e)" PAG(DAG(D)" Pe(t) + pgw(®) w(t) < ug'&3(p)*en)" P2e(t) + pgw ()’ w(t),

Ju(t) < uy'e)" P*et) + i, K (D) K (D).

with ps, pe, pu; > 0.

(26)

27

(28)
29)
(30)
(€19}

(32)

(33)

(34)

(35)

(36)

(37

(38)
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Since the subsystems of the augmented system in @ are observable, if € y(t) is zero, the estimation error is zero, therefore
@(p) = 0. If & (1) is non-zero, in order to cancel the effect of the uncertainties on the dynamics of the output system, @(p) is

selected as in Equation (23), such that:

5(1\ T ~ —251\7T ) )?(I)T)?(t) 1T 5 _ T u®u(®)
2e(t)’ Po(p) =2e(t)’ Pus¢,(p) 2éy(t)Téy(t)P C ey(t)+2e(t) PMS—Zéy(t)Téy(t)P C ey(t)
g KWD'KGB)
+2¢é(1) Pﬂ7—2éy(t)Te'y(t) P~ C e (1)
_ N2 BT S T T 1 o n 280P | -
= <M3C1(P) X' X (@) + pusu@®) u@®) + u, K (p) Ks(p)) —Ze'y(t)Te'y (I)P Cle,(n

considering that e (1) = Cé(?):
2e)' PP-ICT Ce(r)
2e(HTCTCe(t)

260" Po(p) = (s, (P XOF X (O + s uto) + K, (5 K.(9))

=361 (B X7 X (0 + usu®) u(®) + 1 K (5) K, (P),
Hence, taking into account (33)-(39), leads to:
J (1) < &0 T(p)e(t) + &) PW (p)o(®) + o) W (D) Pe(t) + pgro()" w(t) — y* o) v(r) <0,
where:
T(p) = (A(p) = K(PIO)" P + P(AD) = K(P)C) + g P + 15 61D T + 5 &Y P* + g ' (5 P* + LT L,
and pg 1= /41_1 +u; !, then using (20), @0) can be rewritten in a compact matrix form as follows:
I'(p) PR PG(p) e(r)
e f.OT wT|| RTP —y*I 0 fio|<o
GHTP 0 (ug— I || wi®)

which holds if:
() PR PG()
RTP —y71 0 <0
GPT'P 0 (ug—rHI

(39)

(40)

(41)

(42)

(43)

Since (@3) is nonlinear, due to the product between decision variables K(p) and P, the change of variable M (p) = PK(p) is
needed to obtain an LMI representation. Finally, by taking into account (2)) and applying Schur complements, (23)) is obtained

from (@3), thus completing the proof.

In a practical implementation of the proposed technique, as the estimation error &,(#) approaches to zero, the value of ¢(p)
will increase without limit. One can overcome this problem by considering a small region in the neighborhood of zero defined

by a small positive scalar € where &(7) is kept, as pointed out in Theorem

4 | FAULT DIAGNOSIS OF AN OCTOROTOR UNMANNED AERIAL VEHICLE

In this section, the proposed methodology for actuator and sensor fault estimation is applied to an octorotor UAV and it is

validated using simulation results. The considered actuator faults are losses of effectiveness in the UAV’s motors.
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FIGURE 2 Star-shaped octorotor configuration

Figure[2shows the configuration of the octorotor UAV considered in this paper whose dynamics are described by the following

equations:“!

-

Translational part< y,(f) =  (cos ¢(?) sin 6(¢) sin y(¢) + sin ¢(¢) cos y(¢)) %u ()

Z,(t) = —g+cos¢(t)sin H(t)%uf(t)

.
-

s = dow (2222 - Lonaw + 1
w1 = (t)w(t)< 7 >—I— (DD + 774(1)

_ ) LI\ I 1
Rotational part 4 0(f) =  p(Or(r) ( ) —y(OQ>) + —1,-()
1 1 y 1 y

y
I -1 1
x y
+—1, (1
T > 7"

zZ

OENR G0 <

“

X,(t) = (cos¢(t)sin O(¢) cos y () + sin ¢(¢) sin y(¢)) %uf(t)

(44)

(45)

where x,(¢), y,(t), z,(t) and Xx,(t), y,(?), z,(¢) define the position and velocity of the translation of the octorotor, ¢(¢) is the roll
angle, 6(¢) is the pitch angle, y(¢) is the yaw angle, ¢(¢), (1), ys(¢) are the angular velocities, Q(¢) is the disturbance caused by

the residual of overall rotor speed, defined as:

Q) = =8, (1) — Qy (1) + Q3(1) + Q4 (F) — Qs(1) — (1) + Q,(F) + 4(0),

and u ,(?) is the total thrust, 7, (?), 7,(#) and 7, (?) are the torques, defined as:
up(t) =F (1) + F,(1) + F5(t) + Fy(1) + F5(1) + Fo(1) + F;(1) + Fg(1),

74(t) =Q(Fy (1) + Fy(1) = F3(t) — F,(1)) + Q(F,(t) + Fo(1) = Fy(t) — F5(1)),
1o(t) =Q(Fs(t) + Fo(t) — F,(1) — Fy, (1)) + O(F,(t) + F,(1) — Fy(t) — Fy(1)),

7, (1) =73(1) + 74(t) + 77(1) + 75() — 7, () — 7o (F) — 75(1) — 74(D),

(46)

(47)
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with:
Fi(t) =b - Q}(1), (48)
T,(t) =d - QX(1), for i=1,...,8, (49)

where Q,(7), i =1, ..., 8 are the angular speeds of the rotors, Q = / cos(x/8) and é = I sin(x/8), | are the arm lengths, m is the

total mass, I, I » and I, are the inertia on the x, y, and z axis, respectively, b is the thrust coefficient, d is the drag coefficient,
1. is the inertia of the motor, and g is the gravitational acceleration. The nominal parameters used for the simulations are listed

in Table[T]

TABLE 1 Parameter values used in the simulations

Parameter value unit Parameter value unit Parameter value unit
l 0.4 m b 10x107® N2 1, 0.044 kg m?
m 1.64 kg d 03x10° Nms? I, 0.044 kgm?
g 9.81 m/s? I 90x 107¢  kgm? I, 0.088 kg m?

Remark 1. The octorotor UAV is inherently unstable; for this reason, a controller is necessary to stabilize this system. An
altitude controller will calculate u (¢) to get the total thrust. The x — y position controller will calculate the desired pitch and roll
angles depending on the desired values for x and y. These angles, along with the desired yaw angle, are inputs to the attitude
controller which provides z,(?), 7,(¢) and 7,,(7). A sliding mode control (SMC), developed in the work of Adir and Stoica®2, has
been chosen to stabilize the system for its characteristics of robustness to disturbances and uncertainty. Also, according to the
works of Li et al. %3, Wang et tal.** and Saied et al.** the SMC can be used as a passive fault-tolerant control since it can maintain
the stability of the system under certain faults. It is important to note that the proposed work is not dedicated to analyzing the
controller, but the fault diagnosis method. Therefore, for more information about the FTC, the reader should refer to the cited
works.

4.1 | LPV model of the octorotor

The dynamics of the octorotor UAV can be separated into two subsystems: the translational part and the rotational part, as it
can be seen in (@4) and @3). It is well known that the attitude dynamics is much faster than the translational one. Moreover,
the attitude dynamics is decoupled of the translational dynamics. Nevertheless, the translational dynamics is related with the
attitude dynamics. Thus, it is possible to separate the system into two independent subsystems.#% Because it is assumed that the
vehicle is flying in a hover position and actuator faults are considered, only the rotational dynamics of the UAV is used for the
design of the fault diagnosis system.#/484950 The corresponding differential equations (@3)) can be reshaped into a quasi-LPV
structure, as follows:

X(1) = Alpy (1), py())x(1) + Bu(t) + F,(p, (1), py(0).£o(0) + (o, (1), py (1)) (0), (50)

where:
x(t) = [ () () w(t) () 60) ()] = [x,() xo(8) x30) x,(0) x5(1) x6(0)]" (51)
u(t) = [ 7,(0) 70 7,0]" (52)

and the exogenous disturbances/noise vector is w(t) = [Q(t) w,(t) ]T, with Q(#) denoting the disturbances and w, (¢) the noise,
respectively.
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By defining p,(¢) = x,(t) and p,(¢) = x5(), the matrices A(-), B and J(-) are defined as:

[000 1 0 O 0007 0 0

000 O 1 O 000 0 0

000 0 0 1 000 0 0

A = B = =

2= 000 0 0epmo| oo TeOno=|_ ot (53)

000 0O 0cp(® 0cs O cgp() 0

000 c3p,(1) 0 0| | 0 0 ¢4 | | 0 0]

with constants ¢; = (I, = 1)/, c; = (I, — 1)/ ), c3 = U, = 1))/1,), ¢y = 1[I, cs = 1/1,, ¢ =1/1,, ¢; =1,/I, and

g =111,

By considering p(t) = [p,(?), pz(t)]T as the scheduling variables vector with p,(¥) € [p1,uin  Pimax] = [=2 2] rad/s,
02() € [Pomin Pamax] = [=3 3] rad/s, the quasi-LPV system (50) can be rewritten into a polytopic representation using the
nonlinear sector transformation,2! as follows:

4
=Y ai(p(t))<Aix(t) + Bu(t) + F,, f,(1) + Jiw(t)) (54)
i=1

where the weighting functions are defined as:
P10 = Pimin P2) = Pomin
&y (plt)) = ————mn 2,

tmax " Plmin P2max—P2min

1) — ; - 1
az(p(t)) — ,01( ) Pimin P2max ,02( )’ (55)
Pimax—Pimin P2max—P2min

(13([)(1)) — Pimax — pl(t) pZ(t) B pZmin’

tmax " Plmin P2max—P2min

6(4(,0(1‘)) _ Pimax — pl(t) Pomax — ,02(1)’ (56)

tmax " Plmin  P2max—P2min

with Al = A(plmax’pZmax)’ A2 = A(p]max’ p2min)’ A3 = A(plmin’pZmax)’ A4 = A(plmin’ p2min)’ Jl = J(plmax’p2max)’ J2 =
JP1max> Pamin)> I3 = I P1mins Pamax)s J4 = I (P1in»> Pamin)- In the following section, F, ; and f,(¢) are characterized.

4.2 | Actuator and sensor faults on the octorotor system
In order to consider the presence of actuator faults, the losses of effectiveness are represented by:
T
N(@) = [ N,(t) Ny(@) ... Ng()] (57)

where N, (?), ..., Ng(7) represent the level of effectiveness of each rotor. In particular, N;(r) = 0 means that the rotor j is working
without fault, whereas 0 < N,(7) < 1 means that the rotor j has a partial fault and, as a consequence, the corresponding actuator
operates with reduced capacity. If N;(r) = 1, then the rotor j is undergoing a total fault.

The thrust and torque produced by a faulty rotor are described by:

F(t) =(1 = N(t)F),
(0 =(1 - N,0)7,(), (58)

then, the loss of efficiency in a rotor appears as an additive fault on the control inputs of the system (z,,(7), 7,(7) and 7,,(7)), which
can be isolated and estimated by means of a fault diagnosis scheme. It is important to emphasize that it is possible to approximate
the loss of efficiency through an additive representation if and only if the fault occurrence does not cause instability.>2 Therefore,
when a rotor fails, there appears a loss of thrust that generates positive or negative moments in the Euler angle directions,>?
which causes residual torques to occur in the input torques. In this situation, the real inputs [?¢(t) To(2) ?W(t)]T applied to the
system are unknown, so they can be described as follows:

7,(1) 74(1) Aty ()
To(1) | =] 7o) |+]| Azy(r) (59)
7, () 7, (1) Az, (1)
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where [7,(t) 7y(7) rw(t)]T are the nominal inputs calculated by the controller and f,(r) = [A7y(t) Aty(7) Aru,(t)]T are
the residual torques, that are considered to be faults for estimation purposes, in this case, F;, = F, = F; = F, = B. For
example, when there is a loss of effectiveness in the rotor 1, the thrust is F;(¢¥) = (1 — N,(#))F,(#), and the torque is given by
7,(t) = (1 — N, ()7, (?) so substituting these expressions in (7)), the corresponding torques developed by the actuators are:

(1) =Q(Fy(t) + Fy(t) = F5(t) — Fy(1) + O((1 = N{())F, (1) + F4(t) — Fy(1) = F5(1)),

Ty(1) =Q(Fs(1) + Fy(1) — (1 = N (D) F, (1) — Fy(1)) + O(F,(1) + F;(1) — F;(1) — F(1)),

7, () =13(t) + 7,(t) + 7;(t) + 75(1) — (1 = N ()7, (1) — 7,(1) — 75(t) — 74(2), (60)
and using (@7), (60) can be expressed as:

7(1) =74(0) = N, (DO F, (1), ©61)
T,(1) =7,(t) + N, (HQF, (1), (62)
z,(t) =1, + N7, (D). (63)
Then, the residual torques are:
At,y(t) = —=N,(NOF, (1), (64)
A7y(1) = +N,(DQF, (1), (65)
A7, (1) = +N, (D)7, (). (66)

Generalizing to the other rotors, the corresponding torques provided by the actuators are:
{%m=%mimmgwx
o(1) = 75(1) = N;(DQF,(1),

Ty(0) = 7,0 + NOOF(), . . _
{ (1) = (1) = N.(DQF,(1), for i=1,2,5,6 (68)

for i =3,4,7,8 (67)

?W(t) =17,(0) £ N,®O7,@), for i=1,....8 (69)
then:

{A%m=iNﬂDEmwmi=1418 (70)

Azy(t) = =N, (DO F,(1),

Azy(1) = £N, (OO F,(1), -
{ Aty() = N, (HQF(1), for i=1,2,5,6 o

Az, (1) = £N,0)z (0 for i=1,...,8 (72)

where the actual sign represented by the symbol + depends on the considered torque and motor, as summarized in Table 2]

TABLE 2 Additive faults according to the failing motor

Fault Aty(t)  Aty(r) Az, (1) Fault Aty(t)  Aty(r) Az, (1)
Motor 1 - + + Motor 5 + - +
Motor 2 + + + Motor 6 — - +
Motor 3 —+ + - Motor 7 - - -
Motor 4 + - — Motor 8 — + -

Using Table[2] the fault of a rotor can be isolated, and then using the information on the nominal angular speed of the rotor
calculated by the controller, and by the equations (70}, or (72), the efficiency can be estimated. In this work, it is considered
that the octorotor is equipped with sensors that measure the angular positions ¢(t), 6(f) and w(¥), and the angular velocities
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d@), 0(r). Also, two additive sensor faults /() are considered affecting the angular positions ¢(¢) and 6(¢). Hence, the output
equation is defined as follows:

y(1) = Cx(1) + F f(1) + Dw(t), (73)
where:
100000 10 01
010000 01 01
C=|1001000], F,=]100], D=(01
000100 00 01
000010 00 01

Solving the LMI 23) of Theorem|[I] the unknown gains of the PMISMO are obtained. The constants are selected as E = 30,
e=10"", #4 = 0.1 and since the main objective is to estimate the faults the matrix L is chosen as:

L= [05><6 Osys Isys 05x5] . (74)
In this case, to consider a 10% uncertainty in the weight functions, the uncertain factors are bounded as follows:
A, €109 1.1], fori=1, ..., 4, (75)

and it is possible to compute ¢, ;, {,; and 5 ; from (I3), (I4) and (T3)), respectively, whose values are found in the Appendix.
The simulation results are carried out with an attenuation level y = 0.23, the obtained constants p, = 32.6039, us = 11.3383,
He = 0.0480, pg = 0.0011 and matrices K; (i = 1, ...,4), whose values can be found in the Appendix, are used to implement
the PMISMO (12)) whose performance is validated by simulations.
The initial conditions of the rotational part of the system is:

xo=[000000]", (76)
the initial conditions for the PMISMO is: .
X = 051515 (77
and for the filter is:
z,=10.01 0.01 0.01 0.01 0.01 17. (78)

The measurement noise w(t) in the output is a band-limited white noise, with noise power 1 x 107, The system outputs, the
filtered signals and the estimates are shown in Figure [3]and Figure [4]

For a more realistic scenario, the scheduling variables applied to the NLPV PMISMO are obtained from the measurements
of y,(t) = ¢(t) and ys(t) = (t), which are affected by measurement noise. The uncertainty weighting functions that depend on
the scheduling variables are shown in Figure[3] In this case, the measurements of the scheduling variables are considered to be
fault-free.

To demonstrate the effectiveness of the observer to estimate actuator faults, a time-varying fault has been induced in rotor 2,
which causes a maximum loss of 50% in the efficiency of the rotor from ¢t = 10s to t = 60s approximately, which causes residual
torques in the system that are estimated by the NLPV PMISMO. The signals Az, (1), Azy(t), Az, (7) and their estimations are
shown in Figure [6] and their signs are compared with the values of Table[2]in order to isolate the actuator fault. In this case, the
fault in the rotor is considered to be a time-varying signal with a norm-bounded second-derivative. By knowing the nominal
values of the motors speeds calculated by the controller and using either equations ({70}, or ([72)), the efficiency of the rotor
is reconstructed. The loss of efficiency in rotor 2 and its estimation are shown in Figure[7]

To verify the effectiveness of the NLPV PMISMO to estimate sensor faults, two time-varying faults are induced: f, () is
the fault on the sensor that measures the angular position ¢(f) from 7 = 20s to # = 70s and f; (¢) is the fault on the sensor
that measures the angular position 6(¢) from ¢ = 30 to ¢ = 80s, both faults are time-varying signafs with maximum magnitudes
of 0.25. Figure E] shows the sensor fault and its estimation. As it can be seen, the time lapses in which the two faults occur
are overlapping, which allows verifying the efficiency of the proposed observer in the event of simultaneous faults. The fault
estimation turns out to be successful.

Figure [0]show that the state of the system is estimated correctly despite the actuator and sensor faults and the measurement
noise that affects the output and the scheduling variables.

The obtained results demonstrate that the proposed NLPV PMISMO has a good performance for the estimation of actuators
and sensors faults in LPV systems with uncertain scheduling variables.
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FIGURE 4 Measured angular velocities y,(#) and ys(¢), their filtered signals z,(f) and z5(¢), and the estimates Z,(f) and 25(%).
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This paper dealt with the estimation of system states, sensors and actuator faults in nonlinear systems described by LPV models
affected by noisy measurements in the scheduling variables and system outputs. A proportional multiple-integral sliding mode
observer was designed with a H_ performance criterion in order to guarantee stability and robustness against the sensor noise
and the uncertainty induced by inexact scheduling variables. Finally, the developed observer was applied in a physical system
consisting of an octorotor UAV system in order to show the applicability and effectiveness of the proposed approach. It was
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demonstrated that the proposed approach allows estimating simultaneously states and faults with good performance. There are
different research paths that could be explored next, for instance, the authors will work in integrating the method with fault-
tolerant control techniques. Based on the computed fault estimation, a reconfigurable control scheme can be developed with the
aim of maintaining an acceptable performance and close-to-nominal steady-state of the system under fault occurrence.
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