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Abstract

We present an invariant characterization of black holes in the Szekeres spacetime
with positive cosmological constant. In the formation of the black holes, we locate
geometric horizons, and show that they coincide with the more traditional apparent
horizons in the Szekeres models. We also define an invariant approach for detecting
shell crossings. It is shown that shell crossing regions in the Szekeres models can
be contained within the geometric horizons for situations where no naked singularities
form, allowing for the study of astrophysical models that are inhomogeneous and with a
cosmological constant. A measure of inhomogeneity through the dipole functions in the
Szekeres models is used to compute shell crossing surfaces along particular directions
in the spacetime. An example of the method applied to the axially symmetric collapse
of a quasispherical dust is given, motivated by previous work on primordial black hole
formation. Future extensions and generalizations of this work are also discussed.

Keywords— General Relativity, Black Hole Formation, Invariant Classification, Apparent
Horizons

1 Introduction

The quasi-spherical Szekeres models are inhomogeneous solutions to Einstein’s field equations that
admit a perfect fluid source, with homogeneous pressure, and can include a cosmological constant
[21, 20]. These models assume no symmetries in the spacetime, and hence are used as generalizations
of the Lemâıtre-Tolman-Bondi (LTB) models that do not contain homogeneity, but are isotropic
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and spherically symmetric about a common center. The subfamilies of the Szekeres spacetime
include Friedmann-Lemâıtre-Robertson-Walker (FLRW), Schwarzschild, de-Sitter, and LTB. The
family of Szekeres models are characterized by an irrotational geodesic flow, a Petrov Type D
Weyl tensor, and a shear tensor with two equal eigenvalues and eigensurface that coincides with
the gravitoelectric part of the Weyl tensor [10, 18, 23]. Due to the lack of pressure gradients in
the spatial coordinates, these models are also a special type of cosmological models called silent
universes, where all worldlines are geodesic lines, and do not interact with neighbouring worldlines
[9].

Following conjectures on geometric horizons [7], it has been shown for some exact solutions that
special surfaces in a spacetime can be located through determining the zero set of certain curvature
invariants in an invariant frame, which are referred to as geometric horizons. It has been shown that
these geometric horizons coincide with the apparent horizons (properly referred to as marginally
outer trapping surfaces) in other work [3]. With the inclusion of a positive cosmological constant,
the equations in the Szekeres models need to be solved numerically except for certain subcases,
and additional attention needs to be paid to tracking shell crossings in these collapsing models to
develop physically reasonable models.

A full invariant characterization of the quasispherical Szekeres spacetime is given by [6]. Fol-
lowing the same procedure, given the Szekeres spacetime in the LT-type parameterization, we can
utilize the Cartan invariants to describe the properties of the formation of the black holes. For this
model to fit in with the theme of black hole collapse, we consider a situation where the model has
a FLRW background, with a central overdense region that starts to collapse into a black hole, and
another with a constant density. Motivated by previous work in primordial black hole formation
[6, 13], we use similar examples of initial data to show how the method applies to collapsing models.
An example of black hole formation is given, and is a qualitative example of applying the methods
discussed here, and in principle the method applies to any example valid in the Szekeres models.

Previous work on analyzing the apparent horizons in the Szekeres spacetime [14, 18, 16, 4, 2, 19]
have characterized the spacetimes as exact solutions without a cosmological constant. We formulate
a more generalized model of the formation of black holes in the Szekeres spacetime embedded in a
background spacetime with positive cosmological constant, and analyze the formation of multiple
geometric horizons due to the presence of the cosmological constant. Since the cosmological constant
in general does not allow for exactly integrable solutions in the Szekeres models except in very special
cases, a numerical approach is required.

2 Szekeres Models

The standard line element for the Szekeres models can be written as

ds2 = −dt2 + e2αdz2 + e2β(dx2 + dy2), (1)

where α(t, z, x, y), and β(t, z, x, y) are determined by the Einstein Field Equations with an irrota-
tional dust source. There are two classes of Szekeres models, Type I: β,z ∕= 0, and Type II: β,z = 0.
In general, these two classes need to be discussed separately. For this work, we will only discuss
the β,z ∕= 0 class of spacetimes.
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2.1 LT-type Szekeres Metric

In the LT type parameterization of the Szekeres metric, we have the line element in stereographic
projective coordinates (t, r, p, q)

ds2 = −dt2 +

󰀓
R′ − RH′

H

󰀔2

󰂃+ 2E
dr2 +

R2

H2
(dp2 + dq2) (2)

where the metric functions R(t, r), H(r, p, q), are the areal radius and a dipole term to introduce
inhomogeneities to the spacetime respectively, and we use the notation ′ ≡ ∂

∂r and ˙ ≡ ∂
∂t . The

parameter 󰂃 determines the geometry of the solutions, 󰂃 = +1 is quasi-spherical, 󰂃 = 0 is quasi-
planar, and 󰂃 = −1 is pseudo-spherical. We will restrict our analysis to the quasi-spherical 󰂃 = +1
case.

H(r, p, q) = A(p2 + q2) + 2B1p+ 2B2q + C,

AC −B2
1 −B2

2 =
1

4
, 󰂃

(3)

The functions A(r), B1(r), B2(r), C(r) depend only on the radial coordinate r. And we cannot have
A(r) = 0 or C(r) = 0 for 󰂃 = +1 models, else the constraints are not satisfiable for real valued
B1, B2. To keep the Lorentzian signature of the metric, we require that the function E(r) satisfies:

E(r) ≥ −1

2
(4)

Imposing the field equations on this model gives a Friedmann equation for R(t, r) and a second
equation for the density:

Ṙ2 =
2M

R
+ 2E +

ΛR2

3
, (5)

4πρ̃ =
M̄ ′

Y 2Y ′ =
M ′ − 3MH ′/H

R2(R′ −RH/H)
. (6)

The functions M̄, Y above are obtained from M̄ ≡ M
H3 , Y ≡ R

H . The function M(r) is an arbitrary
function of integration of the field equations. This function M(r) will be one of the functions
necessary to fully specify a model. Integrating equation (5) gives us another arbitrary function:

t− tB(r) = ±
󰁝 R

0

dR̃󰁴
2M
R̃

+ 2E + ΛR̃2

3

, (7)

A full solution to the Friedmann equation (5) in terms of elliptic functions of the third kind
is given in [1]. In analogy to the LTB solution, we have three LT-type functions to specify for a
model:

E(r), tB(r), M(r), (8)

where we can interpret the functions analogously to the LTB models. E(r) is the energy per unit
mass in each shell, the sign of E(r) determines the type of evolution in the spacetime. The function
tB(r) is the bang or crunch time function, which defines the spatial dependence of the big bang and
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can be determined by setting t = 0 and integrating (7). M(r) is the gravitational mass of each shell
at coordinate radius r, in the quasi-spherical spacetime this is the total gravitational mass inside
the sphere of radius r, though it is not the same as the mass contained in the sphere.
From the constraints in equations (3), we can rearrange the dipole term to write it as [15]

H(r, p, q) =
S

2

󰀥󰀕
p− P

S

󰀖2

+

󰀕
q −Q

S

󰀖2

+ 1

󰀦
, (9)

the functions S(r), P (r), Q(r) are arbitrary functions, and are related to the constraints in (3) by:

A =
1

2S
, B1 =

−P

2S
, B2 =

−Q

2S
,

C =
P 2 +Q2 + S2

2S
.

(10)

We have introduced 3 more arbitrary functions, bringing the set of functions necessary to define
a model to 5 with a 6th function used to rescale the r coordinate.

E(r), tB(r), M(r),

S(r), P (r), Q(r),
(11)

The functions S, P,Q effectively set the dipole distribution of the matter in the comoving coordi-
nates.

2.2 Solution to the Marginally Bound Model

The marginally bound model is exactly solvable for the Szekeres/LTB Friedmann equation (5),
corresponding to the case with E(r) = 0. Previously, this solution was given in these coordinates
in [1]. The solution is a simple hyperbolic trigonometric function:

Ṙ2 =
2M

R
+

Λ

3
R2, (12)

R(t, r) =

󰀕
6M

Λ

󰀖1/3

sinh2/3

󰀣
ι

󰁵
3Λ

4
(t− tB(r))

󰀤
, (13)

tB(r) = −ι

󰁵
4

3Λ
sinh−1

󰀣󰁵
ΛR3

0

6M

󰀤
, (14)

where R(0, r) = R0 is the initial scaling (typically set to R(0, r) = r due to the scaling freedom of
r in the metric coordinates), and ι = +1,−1 corresponds to the exploding and imploding solutions
of (12) respectively.

We also include the various derivatives of R(t, r) for completeness:

Ṙ = ι

󰁵
Λ

3
R coth

󰀣
ι

󰁵
3M

4
(t− tB)

󰀤
, (15)

R′ = R

󰀥
M ′

3M
+ ι

󰁵
Λ

3
t′B coth

󰀣
ι

󰁵
3M

4
(t− tB)

󰀤󰀦
. (16)
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There has been a history of work done on these marginally bound exact solutions for various
phenomena, and they can be useful to aid the numerical analysis when introducing E(r) ∕= 0. This
set of solutions is also useful when constructing models where E(r) changes sign in the domain, as
all regions separated by E(r) = 0 can be matched numerically to these exact solutions.

2.3 Invariant Classification of the Szekeres Spacetime

We summarize the results in [6] for classifying the Szekeres spacetime in terms of Cartan invariants
by using the Cartan-Karlhede algorithm here. The invariant coframe determined by the Cartan-
Karlhede algorithm for the Szekeres metric in terms of a complex null tetrad of covectors is:

g = −2ℓ(anb) + 2m(am̄b) (17)

where the round brackets denote the symmetrization of the indices, and

ℓa =
1√
2

󰀕
dt+

HY ′
√
1 + 2E

dr

󰀖
, na =

1√
2

󰀕
dt− HY ′

√
1 + 2E

dr

󰀖
, (18)

ma =
Y√
2
(dx− idy), m̄a =

Y√
2
(dx+ idy), (19)

and the dual frame vectors are {na, ℓa, m̄a,ma}, such that −ℓana = mam̄a = 1, and all vectors are
null, ℓaℓa = nana = mama = m̄am̄a = 0. The Ricci-Newman-Penrose scalars are related by

4R = 4Φ00, Φ22 = Φ00, Φ11 =
1

2
Φ00. (20)

The non-trivial Newman-Penrose (NP) curvature scalars in terms of the metric functions are

Φ00 =
ρ̃

κ
=

2(M ′ − 3MH ′/H)

R2(R′ −RH ′/H)
, Ψ2 = −M ′ − 3MH ′/H

2(R/H)3
+

κ

12
ρ̃, where κ =

8πG

c4
= 8π. (21)

The Weyl tensor is of type II/D, and the Ricci tensor is of Type I relative to the alignment
classification [5]. The non-zero spin-coefficients are:

ρ =
1√
2

󰀣
Ṙ−

√
1 + 2E

R

󰀤
, µ = − 1√

2

󰀣
Ṙ+

√
1 + 2E

R

󰀤
, (22)

γ = −󰂃 =
1

2
√
2

Ẏ ′

Y ′ , τ = ν̄ = −κ̃ = −¯̃π = − i

2
√
2

󰀕
(HY ′),q − i(HY ′),p

HY Y ′

󰀖
. (23)

The covariant derivative of the Weyl tensor yields the following terms with positive boost weight:

C1214;3 = C1434;3 = C1213;4 = C1334;4 = 3ρΨ2, (24)

2C1423;1 = C1212;1 = C3434;1 =
−2∆Φ11 − 32󰂃Φ11 − 4µΦ11 + ρ(18Ψ2 + 4Φ11)

3
. (25)

with ∆ being the covariant derivative operator in the direction of the tetrad vector na, ∆ ≡ ∇n.
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2.4 Kinematic Quantities of the 1+3 Fluid Flow Approach

For the kinematic quantities of the comoving dust fluid, we have the following variables, in terms
of the Cartan invariants, and the metric functions [6, 19, 9]:

ρ̃ =
κ

2
Φ22 =

2 (M ′ − 3MH ′/H)

κR2 (R′ −RH ′/H)
, (26)

3R = 18Φ22, (27)

W = 2Ψ2 =
M

3R3

3R′ −RM ′/M

R′ −RH ′/H
, (28)

Θ = −
√
2

2
(2󰂃− ρ+ µ) =

Ṙ′ + 2ṘR′/R− 3ṘH ′/H

R′ −RH ′/H
, (29)

Σ =

√
2

6
(4󰂃+ ρ− µ) = −1

3

Ṙ′ − ṘR′/R

R′ −RH ′/H
, (30)

where ρ̃ is the fluid energy density, 3R is the Ricci scalar curvature of t=const hypersurfaces
orthogonal to the fluid velocity, ua, W is the electric Weyl scalar, Θ is the expansion scalar, and
Σ is the shear scalar. The terms (26) - (30) can be assembled into the 1+3 covariant evolution
equations, including a cosmological constant:

ρ̃,t = −Θρ̃, (31)

Θ,t = −Θ2

3
− κ

2
ρ̃− 6Σ2 + Λ, (32)

Σ,t = −2

3
ΘΣ− Σ2 +W, (33)

W,t = −ΘW − κ

2
ρ̃Σ+ 3ΣW, (34)

subject to the Hamiltonian and spacelike constraints, including a cosmological constant modified
from Sussman and Bolejko’s equations [19]:

Θ2

9
=

κρ̃

3
−

3R
6

+ Σ2 +
Λ

3
, (35)

∇̄bσ
b
a −

2

3
hb
aΘ,b = 0, (36)

∇̄bW
b
a − κ

3
hb
aρ,b = 0. (37)

2.5 Subspaces of the Szekeres dynamical models

Given the set of covariant evolution equations (31)-(34) for the dynamics of Szekeres models, in
addition to the Hamiltonian and spacelike constraints, we can identify conditions on the equations
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that produce a FLRW model. A vanishing Weyl tensor identifies the family of FLRW models. In
the Szekeres models, this corresponds to the vanishing of the electric Weyl scalar (28). Now given
equation (34) for the evolution of the electric Weyl scalar, if we have an initial hypersurface with
W = 0, to keep a flat geometry, we necessarily require zero shear as well. This is a well known
condition that vanishing shear results in a family of FLRW models. Due to the coupling of the
evolution of the shear scalar and Weyl scalar through equation (33), we then note that the initial
data must not contain both vanishing shear and vanishing electric Weyl scalar simultaneously, else
we are immediately restricted to FLRW evolution along each worldline. For the shear scalar in
terms of the metric functions in (30), an initial zero shear surface corresponds to the numerator
vanishing:

Σ = 0 =⇒ Ṙ′ = ṘR′/R. (38)

Using the Friedmann equation (5), we find an expression for the vanishing of the shear to be a
solution to:

3MR′ + 2ERR′ −R2E′ −RM ′ = 0. (39)

which has a solution for R in terms of M and E:

R(t, r)|Σ=0 =

󰀫
−M

E if E < 0
M
E if E > 0

(40)

The expressions above also appear in LTB and Szekeres models as the characteristic length
scale for Λ = 0, as in [14]. In the case of Λ = 0, this condition corresponds to a critical value of
the Friedmann equation (5), and is unphysical in those models. When Λ = 0, this expression is the
maximum expansion of R for each worldline. For the case of non-zero cosmological constant, we can
have a surface of zero shear existing in the model at some time which is not a critical value for the
Friedmann equation for R. Observing the covariant evolution equations for the Szekeres models,
we see that initial conditions can exist initially with zero shear, as long as the Weyl curvature
scalar is non-zero as well, as the coupling of equations (33) and (34) will introduce shear or Weyl
curvature as long as neither are simultaneously zero. Similarly, initial conditions can contain zero
Weyl curvature initially, with non-zero shear, so that we avoid the FLRW models. Thus we must be
careful in defining initial conditions to avoid any situation where the shear and electric weyl scalars
are zero on some worldline in the domain. This condition requires modifying either the forms of the
metric functions M and E so any initial data does not coincide, or rescaling the initial conditions
using the bang time function, tB . If the zero shear condition holds for all t, this implies that the
areal radius R(t, r) is separable and thus defines a FLRW family as a subset of the Szekeres models.

The existence of special surfaces in the Szekeres spacetime with vanishing shear and Weyl
curvature allows the existence of special homogeneous slices of the spacetime that preserve their
inhomogeneity for all time. This feature of the Szekeres models has been discussed in [10] and
allows for regions for matching multiple Szekeres regions to other regions in the spacetime.

3 Shell Crossings

Shell crossing singularities in the Szekeres models occur (in the LTB parameterization) when the
grr metric function vanishes.
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√
grr =

󰀓
R′ −RH′

H

󰀔

√
1 + 2E

= 0, (41)

For regularity conditions, we require the denominator term to be positive definite via conditions on
E. The vanishing of (41) also corresponds to the energy density function becoming singular, from
equation (6). Thus we can get a simple expression for the first occurrence of a shell crossing as

R′

R
=

H ′

H
. (42)

And from the work done by Hellaby et al. [15], they showed that a tighter constraint on the

existence of the shell crossings is given by making sure that R′

R is greater than the maximum of the
dipole term. For no shell crossings to exist, it requires:

R′

R
>

H ′

H

󰀏󰀏󰀏󰀏
max

. (43)

Where H ′/H|max is given by the expression:

H ′

H

󰀏󰀏󰀏󰀏
max

=

󰁳
S′2 + P ′2 +Q′2

S
(44)

It would then be necessary to track the time evolution of the term R′

R to determine if a shell crossing
has occurred after some time in a given model.

We define the term

ζ ≡ R′

R
, (45)

Then take the time derivative of ζ to study the time evolution.

ζ̇ =
Ṙ′R− ṘR′

R2
. (46)

For some physical considerations on the expected dynamics of ζ, in a collapsing model, we know the
signs of the terms. With collapse, Ṙ < 0 is always true. R′ > 0 must be true for the density to be
non-negative and finite. R ≥ 0 because the areal radius being negative has no physical significance.
And since the shells are drifting from a quantity larger than the dipole maximum, towards a shell
crossing, then the time rate of change of ζ should be negative, or potentially zero, which we will
study the consequences of. If we imagine ourselves in the collapsing LTB case, then the quantity
R′ decreases towards zero before the shells cross at R′ = 0, indicating that the term Ṙ′ ≤ 0. For
ζ̇ < 0, we then require that Ṙ′R < −ṘR′

3.1 Stationary solutions to ζ̇

In the special case where ζ̇ = 0, the term R′

R is constant for all time, and this corresponds exactly
to the FLRW subcase of these models, which is expected because the vanishing of this parameter
also corresponds directly to the vanishing of the shear. The condition for these models to reduce to
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FLRW is that the areal radius, the ‘scale factor’, be separable. Let us suppose R(t, r) = F (r)a(t),
then

ζ̇ =
F ′ȧFa− F ′aF ȧ

F 2a2
≡ 0. (47)

Thus, when ζ̇ = 0, the evolution of R′/R is equivalent to the FLRW subcase, since ζ̇ vanishes
identically. Moreover, we can find the conditions on which our initial data is on an FLRW subspace.
Expanding equation (46) using the evolution equation (5), we arrive at a differential equation, which
has a solution for when ζ̇ = 0, which corresponds to R(t, r) being related to M(r) and E(r) as:

R(t, r) =
−M(r)

E(r)
a(t), (48)

where a(t) is the FLRW scale factor. In [14], the quantity −M/E (M/|E| solves the ‘zero shear’
term for E ∕= 0) can be regarded as a characteristic length scale in the LTB models, which is
consistent with the Szekeres models in the LT parameterization.

3.2 Shell Crossing ‘Evolution’ Equation

To locate shell crossings when numerically integrating the field equations, we also need to compute
the r-derivative of R(t, r), so we introduce another ODE derived from the Friedmann equation (5):

Ṙ′ =
1

Ṙ

󰀕
M ′R−MR′

R2
+ E′ +

Λ

3
RR′

󰀖
. (49)

This equation can be integrated alongside the Friedmann equation to calculate the time evolution
of R′. In the case where initial conditions are R(0, r) = r, this reduces to R′(0, r) = 1.

4 Defining Model Parameters

To fully specify a Szekeres model, we require the LTB functions tB(r), M(r), E(r) and the dipole
functions S(r), P (r), Q(r). Here we provide generic functional forms for the model functions to
examine the occurrence of shell crossings in black hole models.

4.1 LTB Functions

For the collapse/bang function, we choose an initial scaling R(0, r) = R0 and compute it with the
integral

tc(r) =

󰁝 R0

0

dR󰁴
2M
R + 2E + ΛR2

3

. (50)

This integral needs to be integrated numerically for each model, and is done so by using a generic
quadrature method. Alternatively, the collapse time function can be determined numerically in a
collapsing model by solving the evolution equation (5) and determining the time each worldline
takes to reach R = 0, which in general will give an approximate collapse time since the integrators
will fail when R is near zero. However, with sufficiently high precision time steps the collapse time
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function will be similar to the integral as expected. For any given collapse function, it is clear that
if tc(r) contains maxima or minima anywhere on the domain of the r coordinate, we expect shell
crossings to occur, at least at late times. Additionally, if t′c(r) < 0 inside the domain, this implies
that the outer shells collapse through (in the LTB sense) all inner shells until the crunch time.
The energy functions are all for the elliptic type of evolution, with E(r) < 0, and for regularity of
the energy function, we have the conditions E(0) = 0, E ≥ −1/2, motivated by previous work by
Harada and Jhingan [12], we will include their ‘Model D’, and modifications for E(r):

E1(r) =

󰀻
󰀿

󰀽

󰀓
r
rc

󰀔2 󰀓
1 +

󰀓
r
rw

󰀔n1

− 2
󰀓

r
rw

󰀔n2
󰀔4

if 0 ≤ r ≤ rw

0 if r ≥ rw.
(51)

where rb is another parameter used to move the energy curve around the domain of r. And we also
take rw = 1, rc = 10, and vary n1, n2.

4.2 Mass and Density Profiles

For the mass and density in a model, given an initial scaling, we can opt to specify a density profile
and compute the mass from it by integrating the density equation (6) along the direction where
the dipole term vanishes H ′/H = 0, since M(r) is a function of a single variable. Given a density
profile, and an initial scaling R(0, r) = r, the mass is computed by the integral of

M ′(r) =
κ

2
ρLr

2, (52)

M(r) =
κ

2

󰁝 r

0

ρLr̃
2dr̃. (53)

where ρL is the equivalent to an LTB density profile along the direction H ′/H = 0, motivated by the
work of Vrba and Svitek [22], when it comes to cosmological applications, it might be more insightful
to specify density profiles and a density contrast when constructing models, and generalized exact
perturbations from FLRW models.

We define density profiles in the spacetime, to study the appearance of shell crossings and the
horizons:

ρL =
3

κ
, (54)

ρL = ae−(br)2 + c, (55)

ρL = atanh(b(r − c)) + d. (56)

The constants a, b, c, d in the above equations are chosen to see the behaviour of the collapse in
each of the density profiles, and monitor the appearance of shell crossings.

4.3 Dipole Functions

For the dipole terms, we choose a set of generic functions for the dipole:

S(r) = e−αr, P (r) = Q(r) = B, (57)
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where the exponent α ∈ [0, 1), and B a positive real constant. Since B is a constant in this case,
these dipole functions define an axially symmetric subcase. Varying the parameter α tells us how
strong we can make a dipole and still keep the shell crossings behind the horizon. We keep α < 1 so
that there are no shell crossings on the initial data set. The case of α = 0 is equivalent to S(r) = 1,
which corresponds to the LTB subcase of these models (up to appropriate rescaling).

5 Invariantly Defined Horizon Structure

We have shown in [6] that the extended Cartan invariant ρ determines the location of the geo-
metric horizons due to its presence in the covariant derivative of the Weyl tensor (24), defining
an algebraically special surface. In previous work on the structure of the apparent horizons in the
quasi-spherical Szekeres models [4], we showed that the geometric horizon coincides with the ap-
parent horizon. This shows us that the apparent horizon in these Szekeres models is an invariantly
defined, algebraically special surface in the spacetime.

The extended Cartan invariant ρ is given by

ρ =
Ṙ−

√
1 + 2E√
2R

, (58)

where the geometric horizon is defined by the surface ρ = 0, giving us the condition

Ṙ =
√
1 + 2E. (59)

We take the Friedmann equation for R, bringing in this condition for the horizon, giving an algebraic
expression for the geometric horizon

2M

R
+

ΛR2

3
− 1 = 0. (60)

Written in another way:

g(R) := ΛR3 − 3R+ 6M = 0. (61)

In previous work on Szekeres models [17, 1, 11], the apparent and cosmological horizons were
determined by an algebraic constraint equivalent to (61). This shows that the apparent horizons
and cosmological horizons are geometric horizons in the Szekeres spacetime. For tracking the
appearance of the geometric horizons in the spacetime, the Cartan invariant ρ locates the horizon
in the expanding spacetime (Ṙ > 0), and in the collapsing spacetime (Ṙ < 0), the horizon is
detected by the spin coefficient µ = 0. Additionally, since ρ = 0 detects the horizon, (59) tells us
that the expansion of R on the horizons is independent of time.

5.1 Locating the Horizons

From the algebraic expression for the horizon in (61), we can analyze the roots of this equation to
determine the circumstances in which the horizon appears. The only two parameters that determine
the number of roots of the cubic equation are M(r) and Λ. We must have positive gravitational
mass, M(r) ≥ 0, and positive cosmological constant, Λ > 0. If we consider the locations of the
critical points of (61) in terms of R:

11



3ΛR2 − 3 = 0. (62)

The critical points of the function are fixed depending on Λ:

Rcp = ± 1√
Λ
. (63)

The values of the critical points tells us that one of the three roots has to be negative, and it will be
shown that for a single positive root to exist, this requires negative mass, violating our condition on
M(r) being positive. One of the roots will be negative, and is unphysical. The simplest case to deal
with is when Λ = 0, which reduces the expression to Rgh = 2M , equivalent to the Schwarzschild

radius. Taking Λ > 0, and M(r) = 0 gives two solutions, Rgh|M=0 = {0,
√
3√
Λ
}, the second of which

is similar to the de Sitter cosmological horizon. When the function M(r) ‘increases’, it moves
the image of g(R) upward, bringing the two real roots together, and they meet at the critical
point Rcp = 1√

Λ
. If M(r) increases further, there will be no positive real roots of g(R), therefore

no horizon. The maximum restriction on M(r) can be determined by equating the root and the
critical point of g(R).

Λ
1

√
Λ
3 − 3

1√
Λ

+ 6M = 0, (64)

We then find that the restriction on M(r) provides a critical value of M(r) that determines the
number of roots of g(R), and thus the number of horizons in the spacetime.

Mcrit := M(r)|r=Rcp =
1

3
√
Λ
. (65)

If M(r) = Mcrit, there is only one horizon located at R = 1√
Λ
. If M > Mcrit, there are no horizons

(no positive real roots). And if M < Mcrit, then there are two solutions, corresponding to the
positive roots of the function g(R), which can be written as

Rk =
2√
Λ
cos

󰀕
θ − 2πk

3

󰀖
, (66)

where cos(θ) = −3M
√
Λ, and k = 0, 1. The two roots correspond to a generalized cosmological

horizon with k = 0, and k = 1 corresponds to the apparent horizon, both of which are invariantly
defined by the Cartan invariant ρ. And a similar result is given in [4] for the apparent horizons
they detect. A list of the different horizons that can form are given in Table 1. Thus each worldline
in the spacetime can encounter either 0, 1 or 2 horizons throughout its evolution.

5.2 Timing the Horizons and Shell Crossings

To determine when and where the horizons appear in the spacetime, we can solve the Friedmann
equation (5) and use the expressions for the areal radii of the horizons from Table (1) as follows:

tgh(r) = −
󰁝 Rgh

0

dR󰁴
2M
R + 2E + ΛR2

3

+ tc(r). (67)
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Table 1: All possible positive real roots of the function g(R) (61) that detects the horizon.
The critical value of M is given by Mcrit =

1
3
√
Λ
, and θ is defined by cos(θ) = −3M

√
Λ.

The work done in [8] is comparable to our results, and a similar expression and discussion
of roots of this cubic function are also found in [11]. When there are two positive real
roots, k = 0 corresponds to the cosmological horizon, and k = 1 corresponds to the
geometric/apparent horizon.

Condition Geometric Horizons Admitted

Λ = 0 R = 2M

M(r) = 0 R =
√
3√
Λ
, R = 0

M(r) < Mcrit Rk = 2√
Λ
cos

󰀃
θ−2πk

3

󰀄
, k = 0, 1

M(r) = Mcrit R = 1√
Λ

M(r) > Mcrit No positive solution

The shell crossings on the other hand, must be determined by solving the Friedmann equation as
an ODE from initial conditions, then compute R′(t, r) to locate them. We locate the shell crossings
by computing the zero set of the shell crossing detector

6 Models of Black Hole Formation

We present a model for black hole formation with a non-zero cosmological constant. Previous work
on apparent horizons and shell crossings in this context for the Szekeres metrics were studied in
[4, 11, 12, 17]. For a non-zero cosmological constant, shell crossing formation in Szekeres models
can be censored by a geometric horizon in a collapsing region embedded in some exterior spacetime.
The parameters that we focussed on are the ‘energy’ function E(r), the cosmological constant Λ,
and the non-sphericity functions that define the Szekeres dipole S, P and Q. These examples were
motivated from the work done in [12], and can be interpreted as models of primordial black hole
formation, but here they are used more in a qualitative sense for a general model of black hole
formation. These models with cosmological constant make more sense in the context of late-time
black hole formation. The numerical examples are presented in geometric units c = G = 1, and the
emphasis of this choice is on the application of the geometric horizon detection.

6.1 Examples of Shell Crossing Profiles

We construct a set of models to examine shell crossing profiles numerically, with the dipole functions
(57) and the density profiles (54), and display their horizon structure.
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Figure 1: Model with E(r) given by equation (51), n1 = 8, n2 = 10, where the dipole
variation has α = 0.9, B = 0, with positive cosmological constant Λ = 0.01, and the
initial density given by the constant function in (54). This model is axially symmetric
since P = Q = 0. The vertical axis is cosmic time, the worldlines of radial coordinate
r are represented on the horizontal axis. The black line is the zero set of the horizon
detector ρ = 0, the upper branch of the line is the geometric horizon, and the lower branch
is the cosmological horizon, and both horizons connect on the right side of the domain
at approximately t = 0.86. The blue line is the time until each worldline collapses to
R(tc, r) = 0, and the red and green lines are the LTB shell crossing and maximal dipole
shell crossings, respectively. There are wordlines along which no horizon appears, but a
shell crossing does appear, thus shell crossings are not fully censored by the geometric or
cosmological horizon formations. The two directions for the shell crossings are shown since
the shell crossings along the maximum of the dipole term will be the first to cross in these
cases, and for H ′/H = 0, we can see the LTB subcase for comparison. The coordinates
(p, q) are thus suppressed in this graph. The focus is on the detection of the horizons and
the shell crossing surfaces along particular directions.
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Figure 2: Model with E(r) given by equation (51), n1 = 8, n2 = 10, where the dipole
variation has α = 0.7, B = 0, with positive cosmological constant Λ = 0.1, and the initial
density given by the constant function in (54). This model is axially symmetric since
P = Q = 0. The black line is the geometric horizon, which appears initially at the r = 1
worldline at t = t0, and all interior worldlines collapse to a geometric horizon after the
initial data. No cosmological horizon is shown for the range of times given, but occurs
earlier in the spacetime. All shell crossings appear after the formation of the horizon in
this configuration. Similar to figure (1), we choose the directions along the maximum and
the LTB subcase to show the ‘earliest’ shell crossing times. Shell crossings appear after
the formation of the geometric horizons along each worldline.
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Figure 3: Model with E(r) given by equation (51), n1 = 8, n2 = 10, where the dipole
variation has α = 0.99, B = 0, with positive cosmological constant Λ = 0.1, and the initial
density given by the constant function in (54). This model is axially symmetric since
P = Q = 0. The shell crossing profiles significantly deviate from the LTB models but the
horizons still appear before the shell crossings along every worldline. This shows clearly
that Szekeres model dipole functions are very important when it comes to shell crossings,
as Szekeres models are more prone to shell crossings due to these dipole variations. The
Szekeres and LTB shell crossings are censored by a geometric horizon, and as α → 1, the
shell crossings and geometric horizons will overlap on the initial data surface.
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Figure 4: This model has E(r) from equation (51), with a gaussian density profile from
equations (54) with a = 1, b = 10, c = 3/κ, and Λ = 0.1. All horizontal axes are the radial
coordinate for each worldline in the collapsing region. The LTB density profile is in blue,
and the density profile along the maximal dipole direction is in red, where the dipole term
has α = 0.5. The cosmological horizon exists but is not plotted. The geometric horizon is
plotted on the collapse time graph in green (bottom right panel), along with the collapse
time of each worldline in blue. No shell crossings appear in this model since t′c(r) ≥ 0 in
the domain of r.

Figure 1 shows a model where the shell crossings are not censored by any horizons. In Figures
2 and 3, the same model with different dipole terms is shown, to see the effect of the dipole on the
appearance of the shell crossings. Both models share the same collapse times, horizon locations, and
LTB shell crossing profiles, and only differ in the parameter α, which greatly affects the appearance
time of the Szekeres maximal dipole shell crossing (the shell crossing along the direction of the
maximum of H ′/H). Figure 4 shows a variant of the model with a gaussian density profile, where
the shell crossings do not appear anywhere in the domain, the cosmological horizon appears at an
earlier time in the solution, and is not plotted. The focus on these pictures is the detection of
the horizon and the comparison to the detection of the shell crossings along each worldline, and
are strictly a qualitative example of the applications of the Cartan method, rather than physical
models of collapse.
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7 Discussion

We have presented the full invariant characterization of the quasi-spherical Szekeres models with
positive cosmological constant. And we have described series of models of black hole formation
in the Szekeres spacetime that may contain shell crossings. The shell crossings, when they do
appear, as well as the geometric horizons, can be located by using the scalar curvature invariants
derived by the Cartan-Karlhede algorithm. These horizons can sometimes appear before shell
crossings in solutions, and when dealing with the case E(r) < 0, any model construction that has
shell crossings needs to be inspected numerically (see Figures 1, 3, 2). The case where E(r) = 0
presents a way to exactly solve the Friedmann-like equations for the spacetime, and can be used
for matching conditions where a region with E(r) < 0 is matched to a region where E(r) ≥ 0.
For example, we may wish to match the interior spacetime where the black hole is forming to an
exterior Schwarzschild spacetime. Alternatively, in cosmology we may like to match the black hole
forming region to an outer FLRW model. The Szekeres models allows us to describe complicated
formation processes in an actual background cosmology, something that isn’t possible in a more
restrictive model without approximations. The models presented give a natural way to build up a
spacetime to describe black holes, or galactic black holes [6], and match these models to a desired
exterior.

It is expected that the occurrence of shell crossings in these dust models is simply an indicator
of a breakdown of the model, and that an inclusion of a pressure term would either prevent their
formation, or delay them during the collapse. In more general Szekeres-Szafron models with a
perfect fluid source, there is the possibility of including a homogeneous pressure term, p(t) to the
model, which modifies the Friedmann and density equations. With these more general perfect
fluid sources, choosing a valid equation of state is a more difficult problem, as the Szekeres models
are not compatible with common equations of state used in applications such as a barotropic
equation of state. It has been shown that in an invariant coframe as determined by the Cartan-
Karlhede algorithm, certain features of the curvature tensors allow for the detection of invariantly
defined surfaces, like the geometric horizons. These geometric horizons coincide with the traditional
apparent horizons in the Szekeres spacetime, allowing for an invariant way to characterize any
applications of these models to black hole formation, structure formation, or any other conceived
physical application. This carries forward into the non-zero cosmological constant case, and future
extension of the invariant classification of the Szekeres-Szafron spacetime with pressure included
would be a logical step forward.

In general, to show that a shell crossing is properly censored behind a horizon, we need to check
that any path starting inside the horizon cannot escape for all time. A common way to do this
is to integrate the geodesic equations for light emitted inside the horizon, and show that all null
geodesics stay inside the horizon. For these Szekeres models, this needs to be checked numerically,
and work done by Hellaby et al [15], and Krasinski and Bolejko [17] has show that, in general, this
is difficult, as it is a numerically intensive process even with Λ = 0. In comparison to this other
work, the models constructed here admit shell crossings in a collapsing region of spacetime where
the shell crossing region is always contained within a geometric horizon. The time of appearance
of the geometric horizon along a particular worldline can always be forced to happen before the
time of the appearance of the shell crossings, by choosing the set of arbitrary functions accordingly.
The models considered here are on a restricted domain where the geometric horizons are always
covering the entire region where shell crossings occur. This means that the shell crossings in these
models, since they appear behind a geometric horizon, are censored, and thus the model behaviour
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outside the horizon is not affected by the shell crossings inside the horizon.
Szekeres-Szafron models are generalizations of the Szekeres model where the solution is no

longer a dust, but admits a time dependent (homogeneous) pressure term. These models would be
more suited to accurately describe the properties of the formation of black holes through collapse
with a perfect fluid, and are part of future investigation. The notion that a Szekeres model with
zero pressure correctly describes the process of collapse is, of course, only an approximate one, and
extending the problem to Szekeres-Szafron models might qualitatively change the way the formation
process occurs. With respect to the shell crossings, the pressure between the worldlines might delay
or prevent shell crossing occurrence altogether. An examination of the dynamics of collapse of a
perfect fluid with a homogeneous pressure term in the Szekeres models is a topic of future work.
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