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Abstract

A nonlinear model is proposed in light of the theory of isodamage curves, to

assess the cumulative fatigue damage under multistage loading. The

isodamage curves were developed through the theory of the S-N fatigue dam-

age envelope, proposed by Pavlou. The adopted functional form of the fatigue

damage is a commonly accepted general form. In the present work, a stress

function for the fatigue life exponent is derived with the aid of the S-N curve

only. In the proposed nonlinear model, no adjusting parameters are necessary

for fatigue damage estimation. The fatigue life prediction of the derived model

is compared with experimental results of various alloys and existing models.

The comparison is made for C35, C45, Al-2024-T42, 15HM, A336 GR 5, and

A387 GR22 for two-stage loading high-low and low-high, and Al 6082-T6 for

multistage loading.
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1 | INTRODUCTION

The commonly applied damage rule, first proposed by
Palmgren1 and popularized by Miner,2 does not properly
account for variable amplitude loading (VAL). The model
is applied through a linear summation of the consumed
life fraction per stress amplitude, where it is assumed that
failure occurs when the summation reaches unity. How-
ever, the model is inherently flawed, due to its negligence
regarding the perspective of loading sequence,3 conse-
quently resulting in failure commonly occurring at a sum
lower than unity for decreasing load amplitude histories

but higher than unity for their increasing amplitude
counterparts.4 This is due to the fact that the fatigue dam-
age accumulation material mechanisms are nonlinear. In
fact, if the applied stress amplitude were reduced from
high to low fatigue loading, a crack might have initiated
in the initial stress amplitudes, which would not have ini-
tiated for the equivalent percentage for the subsequent
low amplitude fatigue loading.5

Despite the shortcomings of Miner's rule, it is still
commonly recommended in both Eurocode6 and
DNVGL.7 This is due to the perspective that an accumu-
lation model is required to design for VAL, that it is
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generally simple to follow, and that the formula yields
acceptable life prediction for uniform random loading
histories.8–11 The inherent error or uncertainty in Miner's
rule for decreasing load amplitude spectra could result in
catastrophic consequences. However, it is commonly
accounted for through the application of a Design
Fatigue Factor, used in conjunction with a design S-N
curve which already has a low probability of failure (2.3%
in DNVGL),12,13 resulting in a more conservative design
due to the application of Miner's rule.

This highlights the need for further research within
the field regarding damage accumulation, at which sev-
eral attempts have been made both from the viewpoint of
theoretical approaches or reflections regarding the S-N
curve and regarding the measurement of fatigue
damage.14–24

Examples of this might be such as the double linear
damage rule (DLDR), developed by Manson et al.,25–27 on
the basis of the suggestion by Grover,28 which shows
good agreement with experimental results. The principle
in Manson's work is to apply two linear damage rules,
which were first categorized as crack initiation and prop-
agation but later categorized as Phase I and Phase
II. This arises from the perspective that no measurable
cracks could be observed after the phase of initiation had
been surpassed, whereas a difference between the phases
was recognized.

Another example might be the isodamage lines. The
theory of isodamage lines is based on the assumption that
the S-N curve has a damage state of 100%, whereas the
damage state for a given number of cycles and stress
amplitudes falls on straight lines and can, therefore, be
related to the next stress amplitude.

Subramanyan29 proposed a set of straight isodamage
lines which converge toward the knee point in an
S-Log(N) diagram. Moreover, this model can then
determine an equivalent n=Nf for the subsequent stress
amplitude. The model implies that the number of cycles
required to induce a certain level of damage increases
with a reduction in stress amplitude and vice versa, thus
being able to capture the loading sequence effect of high
to low and low to high. An interesting paper which
experimentally confirms the theory of isodamage lines
for Al-2024-T42 is that by Pavlou,30 in which isodamage
curves were experimentally derived through the correla-
tion of damage evolution with the evolution of surface
hardness.

In contrast to Subramanyan, Hashin and Rotem pro-
posed a set of isodamage lines which converge toward
the intercept of the S-Log(N) curve with the stress axis.31

The effectiveness of this model was criticized in Hectors
and De Waele.15 Most of the researchers have found that
Subramanyan is the more favorable of the two theories.

However, both models have been found to be slightly
non-conservative.

Rege and Pavlou proposed a one-parameter nonlinear
fatigue damage accumulation model, based on the con-
cept of isodamage curves.32 The objective was to reduce
the non-conservatism of the model proposed by Sub-
ramanyan. It was successfully achieved for low to high
two-stage loading, whereas, for high to low amplitude
loading, little difference was observed.

Aeran et al. demonstrated the importance of a model
which is based on the commonly available S-N cur-
ves.33,34 This arose from the perspective that several dam-
age models, depending on additional material
parameters, had been proposed. This, in turn, resulted in
the models not being readily applicable. Thus, they pro-
posed a damage model based on the commonly applied
S-N curves, in conjunction with a damage transfer con-
cept to account for loading sequence. The damage model
simply depends on the parameter Nf , commonly found
in traditional S-N curves, whereas the transfer concept
also depends on the related stress amplitudes.

Mesmacque et al. proposed a sequential law.35 The
sequential law does not depend on more than the full
range of the S-N curve, which it is suggested can be found
by the limited dataset of commonly used S-N curves
through the Wöhler curve modeling proposed by Kohout
and Vechet.36 The model has, for instance, been adopted
in research to estimate the remaining fatigue life of rail-
way bridges.37 However, even though the study showed a
better estimation in comparison to the Miner's rule, a sig-
nificant deviation from the real fatigue life was observed.

Presenting a function of evaluating the damage enve-
lope and developing a simple tool for damage estimation
and life prediction, which depends only on the readily
available S-N curves, are the major objectives of this
paper. The theory of the S-N fatigue damage envelope
proposed by Pavlou38 is adopted, and a generally
accepted damage function formalism for damage evolu-
tion is utilized to develop the new damage model. The
proposed model can be used for any metallic material,
with any type of loading, and it depends only on the gen-
eral S-N curve.

2 | THE CONCEPT OF THE
FATIGUE DAMAGE ENVELOPE

The fatigue damage envelope proposed by Pavlou is
based on the hypothesis that the area bounded by the
stress and cycles' axes and the S-N curve provides a
fatigue damage map for the material. However, in
contrast to Subramanyan and Hashin and Rotem's com-
mon methodologies for isodamage lines, the proposed
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isodamage curves in Pavlou's theory are not straight
lines converging only at the knee point or at the ulti-
mate stress Su at the stress axis, as can be seen in
Figure 1A,B, respectively. In fact, the isodamage curves
proposed38 are curved and converge at both the knee
point and at the ultimate stress, as can be seen in
Figure 2. The argument for the isodamage curve, in con-
trast to the isodamage straight line, originates from the
fact that the S-N curve has a damage state of D¼ 1, as in
failure, whereas both the S and the N axes have a damage
state of D¼ 0. Consequently, it should be assumed that
no damage is accumulated when the number of cycles is
n¼ 0, and the same follows for the scenario where the
stress amplitude is equal (or beneath) the fatigue limit. It
should be mentioned here that the stress-axis and the
cycles-axis are the normalized quantities presented in
Equations 1 and 2.

σ�i ¼
σi�Se
Su�Se

0≤ σ�i ≤ 1 ð1Þ

n�i ¼
ni
Ne

0≤n�i ≤ 1 ð2Þ

where σi is the applied stress amplitude, Se is the fatigue
endurance limit, Su is the ultimate stress and Ne is the
fatigue capacity at the knee-point stress, resulting in the
normalized parameters σ�i and n�i both having values in
the range of 0 to 1. A schematical representation of the
damage accumulation path under four-stage loading his-
tory is shown in Figure 3. In fact, it can be seen that, for
a subsequent stress amplitude, an equivalent normalized
number of cycles has to be found.

The development of the curves can be performed
through a heat transfer analysis in a finite element soft-
ware, described in detail in Pavlou's paper.38

3 | NONLINEAR FATIGUE
DAMAGE FUNCTION

An increase in the number of loading cycles by dn=n cau-
ses an increase in damage dD=D. Taking this concept into
account, a generally accepted formulation for damage
function D is based on the solution of the following dif-
ferential equation:

dD
D

¼ q σ,mð Þdn
n

ð3Þ

where q σ,mð Þ is a parameter affected by the stress ampli-
tude σ and the material properties m.

FIGURE 1 Isodamage lines

converging: (A) at the knee

point of the S-N curve, (B) at the

Su point. Reprinted from

Pavlou38 with permission from

Elsevier, © 2018 [Colour figure

can be viewed at

wileyonlinelibrary.com]

FIGURE 2 The isodamage lines within the S-N fatigue damage

envelope. Reprinted from Pavlou38 with permission from Elsevier,

© 2018 [Colour figure can be viewed at wileyonlinelibrary.com]
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The solution of Equation 3 yields

Log Dð Þ¼ q σ,mð ÞLog nð ÞþC ð4Þ

where C is the integration parameter.
Taking into account the condition D¼ 1 for n¼Nf ,

Equation 4 yields

C¼�q σ,mð ÞLog Nf
� � ð5Þ

With the aid of the above equation, Equation 4 can be
written as follows:

Log Dð Þ¼ q σ,mð Þ Log nð Þ�Log Nf
� �� � ð6Þ

or

D¼ n
Nf

� �q σ,mð Þ
ð7Þ

The exponent q σ,mð Þ is accepted to be a function of the
stress amplitude by all the existing research.9,15,16,39 Both
the final expression of the function q σ,mð Þ and the num-
ber of material parameters m with their respective values
depends upon the theoretical or experimental method
which is adopted to develop a function, as there are both
theoretical and experimental methods of defining dam-
age. As the theoretical approach proposed by Pavlou38 is

adopted herein, the governing parameters for the
resulting expression with its material parameters are
related to the nature of the S-N curve. According to the
theoretical background of the model, the S-N damage
envelope38 demonstrates the effect of the fatigue mecha-
nisms, in damage accumulation in macroscopic level.

4 | DAMAGE ACCUMULATION
UNDER MULTISTAGE LOADING

The nonlinear fatigue damage model in Equation 7 can
be used to estimate the damage accumulation under mul-
tistage loading. For the sake of simplicity, Equation 7 will
be initially applied to estimate the damage accumulation
due to a two-stage loading history shown in Figure 4A.

FIGURE 3 Schematical representation of the damage

accumulation path under four-stage loading history. Reprinted

from Pavlou38 with permission from Elsevier, © 2018 [Colour

figure can be viewed at wileyonlinelibrary.com]

FIGURE 4 (A) Two-stage loading history and (B) damage

accumulation path during two-stage loading history [Colour figure

can be viewed at wileyonlinelibrary.com]
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The damage accumulation during the first loading
block (σ1,n1) is demonstrated by the path A1 !A2 in
Figure 4B. When the second loading block (σ2,n2) starts,
damage D1 has already been accumulated by the first
loading block (σ1,n1). Therefore, the damage accumula-
tion path for the second block (σ2,n2) starts from the
point A3 that corresponds to damage D1. The damage
accumulation path A3 !A4 for the loading block (σ2,n2)
lies on the isostress curve σ2 and corresponds to the nor-
malized number of cycles n2=Nf 2 (see Figure 4B).

According to Equation 7, the total damage accumula-
tion after the two loading blocks is

Dtot ¼ n�

Nf 2
þ n2

Nf 2

� �q σ2,mð Þ
ð8Þ

The ratio n�=Nf 2 corresponds to the starting point A3

of the damage path A3 !A4 of the second loading block
(σ2,n2). Point A3 corresponds to the same damage as the
end point A2 of the damage path A1 !A2 of the first
loading block (σ1,n1).

Therefore,

D1 ¼ n1

Nf 1

� �q σ1,mð Þ
for pointA2 ð9Þ

and

D1 ¼ n�

Nf 2

� �q σ2,mð Þ
for pointA3 ð10Þ

A combination of Equations 9 and 10 yields

n�

Nf 2
¼ n1

Nf 1

� �q σ1,mð Þ
q σ2,mð Þ ð11Þ

With the aid of the above equation, Equation 8 yields

Dtot ¼ n1
Nf 1

� �q σ1,mð Þ
q σ2,mð Þ þ n2

Nf 2

0
@

1
A

q σ2,mð Þ

ð12Þ

The above equation can be generalized for multistage
loading:

Dtot ¼ ��� n1
Nf 1

� �q σ1,mð Þ
q σ2,mð Þ þ n2

Nf 2

0
@

1
A

q σ2,mð Þ
q σ3,mð Þ

0
BB@

0
BB@

0
BB@

þ n3
Nf 3

1
CA

q σ3,mð Þ
q σ4,mð Þ

þ �� �þ nk�1

Nf k�1ð Þ

1
CA

q σk�1,mð Þ
q σk ,mð Þ

þ nk
Nf kð Þ

1
CA

q σk ,mð Þ

ð13Þ

According to the authors' knowledge, the existing
nonlinear models in the literature commonly propose
exponent ratios q σi,mð Þ=q σiþ1,mð Þ instead of exponent
function q σ,mð Þ. The existing exponent ratios can be uti-
lized only for the case that Dtot ¼ 1, from which the fol-
lowing formulation can result:

� � � n1
Nf 1

� �q σ1,mð Þ
q σ2,mð Þ þ n2

Nf 2

0
@

1
A

q σ2,mð Þ
q σ3,mð Þ

0
BB@

0
BB@

þ n3

Nf 3

1
CA

q σ3,mð Þ
q σ4,mð Þ

þ �� �þ nk�1

Nf k�1ð Þ

1
CA

q σk�1,mð Þ
q σk ,mð Þ

þ nk
Nf kð Þ

¼ 1

ð14Þ

Equation 14 is useful for estimating the remaining
fatigue life nk=Nf kð Þ up to failure, but it is not capable of
fatigue damage estimation or structural health
monitoring for D<1. Exponent q σ,mð Þ, instead of expo-
nent's ratio q σi,mð Þ=q σiþ1,mð Þ, has been proposed in
Pavlou's phenomenological fatigue damage rule30 and in
the one-parameter fatigue model of Rege and Pavlou.32

In the present work, an exponent function q σ,mð Þ that
does not contain any adjusting parameter is proposed for
the first time. The new proposed function q σ,mð Þ herein
is based on the isodamage curves of the S-N fatigue dam-
age envelope38 and needs only the S-N curve of the
material.
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5 | QUANTIFICATION OF
FATIGUE DAMAGE ENVELOPE
RESULTS AND PROPOSED DAMAGE
MODEL

The model is developed through quantification of the
results found in a paper by Pavlou.38 The selected S-N
curve for analysis can be seen in Figure 5, which shows
the simplified example of how damage mapping is per-
formed. The variables of the axes are specified for the
abscissa in Equation 1 and the ordinate in Equation 2.

The results provided by Pavlou included both the
points and an equation to fit to the points, resulting in
the following plot seen in Figure 6. For the sake of dem-
onstration, an isostress line for σ� ¼ 0:5 can also be seen
in the figure, in which each intersection between the
damage curves and the isostress line determines a cycle
ratio for each level of damage for the specific stress
amplitude. Such an evaluation was performed from a
normalized stress of 0:1 to 0:9 with a step size of 0:1.
After the cycle ratios per damage level had been deter-
mined for the evaluated normalized stress levels, the
damage curves were interpolated with the functional for-
malism as presented in Equation 7 to determine the
stress dependent exponent. The resulting damage curves,
where the ratio n=Ne has been normalized to n=Nf , can
be seen in Figure 7.

The exponent in Equation 7 was then plotted as a
function of normalized stress amplitude, with the objec-
tive of finding a relation with the normalized stress
through curve interpolation, as can be seen in Figure 8. It
was found that the best interpolation function was in the
form as presented in Equation 15.

q σ�,mð Þ¼ a
σ�

ð15Þ

where the parameter a was found to be a¼ 6, whereas σ�

is the normalized stress, as previously presented in Equa-
tion 1. Therefore,

q σ,mð Þ¼ a Su�Seð Þ
σ�Seð Þ ð16Þ

FIGURE 5 Isodamage curves including the

damage value for each curve. Reprinted from

Pavlou38 with permission from Elsevier, © 2018

[Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 6 Method to develop the isostress damage curves

[Colour figure can be viewed at wileyonlinelibrary.com]
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inserting Equation 16 into Equation 7, the following
nonlinear fatigue damage model can be obtained:

D¼ n
Nf

� �a Su�Seð Þ
σi�Se ð17Þ

6 | IMPLEMENTATION AND
VERIFICATION OF THE PROPOSED
MODEL

The proposed model was verified and compared with
other models for the following materials C45,40 C35,29

15HM, A387 GR 22, A336 GR 5,41 and Al-2024-T4230 for
two-stage loading, and Al 6082-T642 for multistage load-
ing. The models adopted for the comparison are the
Palmgren-Miner's rule,1,2 Aeran,33 Rege and Pavlou,32

and Mesmacque.35 Within the results used for verifica-
tion, both two-stage loading and the results obtained for
multistage loading were adopted. Therefore, it is practical
to separate this section into two subsections regarding
the two categories of results.

Throughout the verification and comparison section,
the parameter “experimental remaining life” is the mea-
sured number of cycles in the last loading block before
failure, whereas the parameter “calculated remaining
life” is the estimated number of cycles in the last loading
block before failure. For two-stage loading, the “experi-
mental remaining life” is the measured number of cycles

n2 of the second block up to failure (Figure 4A) under
the stress amplitude σ2. The calculated remaining life is
determined by Equation 12 for Dtot ¼ 1, that is,
n2 ¼Nf 2 1� n1=Nf 1

� �q σ1,mð Þ=q σ2,mð Þ� �
. Further information

regarding the loading histories can be found in the
respective references.

6.1 | Verification and comparison of the
model for two-stage loading

6.1.1 | C45 steel

C45 steel is a medium carbon steel, known to have a high
wear resistance and good quenching and tempering capa-
bilities. C45 steel is commonly applied for such items as
bolts, fasteners, shafts, crankshafts, bigger gears, car parts
and structures.43–45 The material was in the normalized
condition, and the cyclic loading was rotating bending,
fully reversed stress-controlled two-stage loading. The
mechanical properties of the material are as follows: yield
strength σy = 371.7MPa, ultimate tensile strength
Su = 598.2MPa and the knee-point stress Se = 262.8MPa.
The cyclic stress amplitudes applied were 331.5MPa and
284.4MPa, where both high-low and low-high loading
were used, resulting in the high to low loading sequence
being 331.5–284.4MPa, whereas the low to high loading
sequence was 284.4–331.5MPa. The results obtained
from the comparison for both the high-low and low-high
loading sequences can be seen in Figure 9. The solid line

FIGURE 7 Isostress curves with the normalized quantity n=Nf

[Colour figure can be viewed at wileyonlinelibrary.com]
FIGURE 8 Damage exponent as a function of normalized

stress amplitude [Colour figure can be viewed at wileyonlinelibrary.

com]
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refers to ideal conformity of the results, whereas the dot-
ted lines represent a scatter band with a coefficient
of two.

6.1.2 | C35 steel

C35 steel is also a medium carbon steel, with slightly less
carbon (0.35%–0.39%) than the C45 steel, resulting in a
reduction in hardness, although its application areas are
within the same domain. The mechanical properties of
the specimens are yield strength σy = 324MPa, ultimate
tensile strength Su = 458MPa and knee-point stress
Se = 255MPa. The specimens were ground in the longitu-
dinal direction, and no heat treatment was given. The
tests were performed as two-stage block loading, under
cantilever rotating beam fatigue, with stress-controlled
conditions, at 3000 rpm= 50Hz. Stress amplitudes of
373, 353, 334, 294, and 275 were used, in various combi-
nations, for two-stage block loading for both high-low
and low-high. The results obtained from the comparison
for both the high-low and low-high loading can be seen
in Figure 10. The solid line refers to ideal conformity of
the results, whereas the dotted lines represent a scatter
band with a coefficient of two.

6.1.3 | 15HM, A387 GR 22, and A336 GR 5

These different steels are commonly used in the elec-
trical power and petroleum chemistry industries under

high temperature and pressure. For such items as
steam heater coils, plates for boiler drums and pressur-
ized vessels, forgings and bars for boiler parts, pressur-
ized vessels and turbines and pipelines of superheated
steam, 15HM (13CrMo4-5) is commonly applied.46–48

Meanwhile, A387 GR 22 (10CrMo9-10) is commonly
used in seamless pipes for steam conditions reaching
high temperatures, such as pressurized parts of boilers
powered by fossil fuels and heat recovery system gen-
erators.49,50 A336 GR 5 can also be found to be appli-
cable in the same domain.51 The specimens were all
fatigued under stress controlled fully reversed (R¼�1)
tension compression loading, at 20Hz in room tempera-
ture (21�C). Each type of material was tested under the
two-stage block loading sequences of high-low and low-
high. The stress amplitudes 375MPa and 400Mpa were
adopted for 15HM steel, 475MPa and 525MPa for A387
GR 22, and 375 and 425MPa for A336 GR5. The results
obtained from the comparison for both the high-low and
low-high loading can be seen in Figure 11. The solid line
refers to ideal conformity of the results, whereas the dot-
ted lines represent a scatter band with a coefficient
of two.

6.1.4 | Al-2024-T42

Al-2024-T42 is an aluminum-copper-magnesium-
manganese, which is solution heat treated and naturally
aged to a substantially stable condition. Al-2024 is

FIGURE 9 Comparison of calculated and experimental

remaining life for C45 steel two-block loading [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 10 Comparison of calculated and experimental

remaining life for C35 steel two-block loading [Colour figure can be

viewed at wileyonlinelibrary.com]
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commonly used in such items as airframes, wing tension
members, shear webs and ribs, due to the requirement
for high strength to weight ratio in conjunction with
good fatigue performance.52–54 The Al-2024-T42 was
fatigued under fully reversed (R¼�1) uniaxial tension
compression, with a frequency of 25Hz at stress ampli-
tudes of 150 and 200MPa, from high to low and low to
high, resulting in 150–200 and 200–150MPa loading.
However, it is well known that aluminum alloys do not
exhibit a clear knee-point stress.55,56 Therefore, it was
decided to adopt a knee point of 0MPa. The results
obtained from the comparison for both the high-low and
low-high loading can be seen in Figure 12. The solid line
refers to ideal conformity of the results, whereas the dot-
ted lines represent a scatter band with a coefficient
of two.

6.2 | Verification and comparison of the
model for multistage loading

6.2.1 | Al-6082-T6

Al-6082-T6 is a high-strength aluminum-magnesium-
silicon alloy, which is solution heat treated and then arti-
ficially aged at a temperature of about 170–200�C.54,57

The 6082 alloy has similar characteristics to those of the
commonly used 6061 alloy. In the T6 condition, the alloy
will also have slightly higher mechanical properties and
will provide good machinability. Al-6082 is commonly
adopted for such items as rods, bars, machining stock,
structural profiles and seamless tubing.58,59 The speci-
mens were acquired as plates of 8 mm thickness, which
were machined to dog bone specimens. Thereafter, the

FIGURE 11 Comparison of calculated and experimental remaining life for (A) 15HM, (B) A387 GR22, and (C) A336GR5 subjected to

two-block loading [Colour figure can be viewed at wileyonlinelibrary.com]
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specimens were subjected to uniaxial constant amplitude
fatigue. The mechanical properties of the material are as
follows: yield stress σy = 347MPa, ultimate tensile stress
Su = 370 MPa, whereas the fatigue knee point Se again is
defined as 0, due to the common fatigue curve seen in
aluminum alloys. The maximum stresses which were
used in the various blocks are 240, 260, 280, and 305MPa
in the low-high and high-low staircase loading, with the
addition of random loading in the sequence 280, 305,
260, and 240MPa. The results obtained from the compar-
ison for the three aforementioned scenarios can be seen
in Figure 13. The solid line refers to ideal conformity of
the results, whereas the dotted lines represent a scatter
band with a coefficient of two.

7 | DISCUSSION

The proposed model is inherently simple to follow for
practicing engineers, and both an estimation of the
intermediate damage level and a prediction of
remaining fatigue capacity can be performed. To carry
out an analysis using the proposed model, the only
requirement is the commonly used S-N or Wöhler cur-
ves, readily available in standards, which can, alterna-
tively, be developed for the specific material or detail
category if desired. From the results, it can be seen that
the model generally obtains good to somewhat conser-
vative results as regards the C35 and the C45 materials,
which are ferritic pearlitic low-carbon steels.

Furthermore, for the materials A387 Grade 22 and
A336 GR 5, it was found that the model would provide
good estimations, well within the scatter bands plotted
with a coefficient of two. However, none of the models
provided very good results for the 15 HM stainless steel.
The results which deviate the most are those for the
high to low loading, and the researcher who published
the results stated that the specimen experienced early
activation of Lüders bands,41 resulting in a concentra-
tion of crystallographic defects, which accelerates the
fatigue damage process. However, the results for the
low to high loading are also non-conservative for the
proposed and all compared models. For the material
Al-2024-T42, with the assumption that the fatigue knee-
point stress is set as zero, the model also has reasonable
accuracy. However, for Al-6082-T6 with the same
assumption, under multilevel block loading, the model
has a result which is very accurate for a load increase
test, whereas the load reduction (at the dashed line)
and random loading (outside the dashed line) resulted
in fairly non-conservative estimations. It should be
highlighted that the proposed damage function herein
is simply validated for cyclic loading with stepwise vari-
able amplitude in order to check the effectiveness of
the model to consider the material memory effect and
to address the effect of the loading sequence in fatigue
life prediction. The proposed function can also be
implemented to random (irregular) service loading with
the aid of a counting method (e.g., Rainflow method).
However, even with the aid of a counting method,

FIGURE 12 Comparison of calculated and experimental

remaining life for Al-2024-T42 subjected to two-block loading

[Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 13 Comparison of calculated and experimental

remaining life for Al-6082-T6 subjected to multilevel block loading

[Colour figure can be viewed at wileyonlinelibrary.com]
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direct implementation of the proposed model to irregu-
lar loading spectra yields numerical error accumulation
in long loading histories. To this end, a multilinear
damage summation technique for utilizing nonlinear
models in spectrum loading and a new counting
method has recently been proposed by Pavlou9 and can
be adopted by the proposed damage function.

In fact, it can also be considered to be a framework
for how to develop fatigue damage accumulation formu-
las through the theory of the S-N fatigue damage enve-
lope. This is from the perspective that, herein, a general,
simplistic form of an S-N curve and a triangular enve-
lope, as presented in Figure 5, was adopted, with a gener-
ally accepted formulation for damage, as presented in
Equation 7, to develop a damage function. However,
material specific, detail category specific or environmen-
tally specific S-N curves might also be investigated, by
applying the method explained herein in conjunction
with the theory of the S-N fatigue damage envelope pro-
posed by Pavlou.38

Furthermore, a short discussion regarding the theory
of the S-N fatigue damage envelope is appropriate here.
During the analysis of the isodamage curves proposed by
Pavlou, it was found that, if the abscissa were trans-
formed to the parameter n=Nf in contrast to n=Ne, but
the ordinate was maintained as the normalized stress in
accordance with Equation 1, the isodamage curves would
be as presented in Figure 14. It can be seen that, within
the domain of high amplitude low cycle fatigue, the
Palmgren–Miner rule might be somewhat accurate,

whereas it will vastly deviate within the domain of low
amplitude high cycle fatigue. This is from the perspective
that, within the domain of high cycle fatigue, the major-
ity of the fatigue life is spent in the initiation stage,
whereas low cycle fatigue is dominated by crack propaga-
tion.60,61 This means that, for the high-low fatigue load-
ing transition, a crack might be initiated in the high
amplitude loading, which could have taken nearly the
entire fatigue capacity for the low amplitude fatigue load-
ing. However, for the low-high transition, the low ampli-
tude fatigue loading region might all have been spent on
crack initiation, which would have occurred within the
few first cycles within the high amplitude fatigue loading,
thus resulting in the commonly accepted phenomenon of
the linear damage rule, namely that the sum of the cycle
ratios will be greater than unity for low-high loading but
less than unity for high-low loading.14 Furthermore,
regarding the higher normalized stress amplitudes, Dowl-
ing specified that “the sequence effects do not occur if all
of the levels cause significant plastic straining, which is
consistent with the observation that the initiation period
is short in the low cycle region.”62 In this regard, C35, for
instance, can be considered, with material parameters of
yield strength σy = 324MPa, ultimate tensile strength
Su = 458MPa and knee-point stress Se = 255MPa. The
consequence is a cyclic stress amplitude equivalent to the
yield strength of the material, resulting in a normalized
stress of σ� ¼ 0:34. It can be seen from the figure that, if
all stress amplitudes are higher than a normalized stress
of 0:34, the relation between various stress amplitudes
will, for the most part, behave linearly, where the devia-
tion from the linear behavior will increase with n=Nf .
Thus, it can be seen that the theory proposed by Pavlou
clearly demonstrates the variable amplitude relation
which has been documented by researchers.

For the derivation of the functional form of q in
Equation 16, and the derived value of a in Equation 15,
the usual engineering S-N curve which is demonstrated
by a straight line passing the ultimate stress Su and the
knee-point Se is used for the sake of simplicity. The
corresponding triangular damage envelope in Figure 538

has been derived in terms of the normalized parameters
of Equations 1 and 2. Therefore, the derivation of the
damage map within the envelope of Figure 5 and the
corresponding isodamage lines are universal. Since the
derived function q in Equation 16 and the parameter a in
Equation 15 are based on the isodamage lines of the uni-
versal triangular damage envelope, they include the
material properties Su, Se, and Ne of any material and
are universal too. Of course, Finite Element analysis can
be performed for the specific S-N curve of each material
and the function q considering the detailed nature of the
S-N curve can be carried out. However, it seems that

FIGURE 14 normalized isodamage curves [Colour figure can

be viewed at wileyonlinelibrary.com]
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Equation 16 is simple for engineering applications and
provides sufficient accuracy in fatigue life prediction.

Almost all the known nonlinear rules are based on
concepts of the rules of Manson-Halford,27

Subramanyan,29 Hashin-Rotem,31 and so on. The major-
ity of the existing damage accumulation rules provide
only ratios of damage exponents q σi,mð Þ=q σiþ1,mð Þ, and
they cannot propose the function q σ,mð Þ. Therefore, they
can only predict the duration of the last loading block
before failure D¼ 1, but they cannot estimate the real-
time accumulated damage at any stage (D<1) during
loading. On the other hand, they are not valid for both
HCF and LCF because some of the models (Figure 1)
assume isodamage lines converging at the knee point of
the S-N curve and they are valid only for large number of
loading cycles (HCF), and other models assume
isodamage lines converging at the Su point and they are
valid for high stress amplitude (LCF). The proposed
fatigue model has the following advantages versus the
existing models: (a) It is based on nonlinear isodamage
lines that take into account the damage map of the whole
S-N damage envelope (Figure 2) and it is valid for all the
fatigue stages, both HCF and LCF, and (b) it proposes a
nonlinear exponent function q σ,mð Þ instead of damage
exponent ratios q σi,mð Þ=q σiþ1,mð Þ and has the capability
for estimation of the fatigue damage accumulation at any
stage of the loading history.

8 | CONCLUSIONS

a. A new nonlinear fatigue damage accumulation model
is proposed in light of the theory of the S-N fatigue
damage envelope, proposed by Pavlou. Consequently,
the expression is dependent on the readily available
S-N curves only.

b. The resulting damage function was verified in experi-
mental results and compared with other models for
several materials, indicating good fatigue damage
estimation.

c. A general framework for how to adopt the theory of
the S-N curve to develop damage functions for general
and case-specific S-N curves has been presented.

d. The theory of the S-N fatigue damage envelope has
been discussed and compared in regard to commonly
accepted relations within the fatigue damaging
process.
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