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Modal analysis of offshore monopile wind turbine: An analytical solution
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ABSTRACT

An analytical solution of the dynamic response of offshore wind turbines under wave load with
nonlinear Stokes’s wave theory and wave-structure and soil-foundation interactions is developed.
Natural frequencies and the corresponding modes are obtained. The effect of the wave-structure
interaction, the added mass, the foundation stiffness, and the nacelle translational and rotational
inertia on the motion of the structure is investigated. The nonlinear loading provided by the drag
term of Morison’s equation is successfully handled. A parametric study to examine the effect of
the structural parameters on the dynamic response is conducted and the results of the proposed
analytical solution are compared to numerical ones. The proposed method has the following
advantages: a) it is accurate and straightforward because of its analytical nature, b) it does not
ignore the drag term in the wave loading by keeping its nonlinearity nature, c) the structure of
the wind turbine is modeled as a continuous system, d) it takes into account the effect of the
rotational and translational inertia of the nacelle on the dynamic response, e) it provides an
interpretation of the effect of the sea level variation in changing the natural frequencies.

Keywords: Offshore Wind Turbine, Response, Natural frequencies, Natural modes, Wave-
Structure interactions, Nonlinear wave kinematics, Soil-Structure Interactions.

! Corresponding author information can be added as a footnote.
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1. Introduction

Passing from carbon-emission to carbon-neutral energy sources motivates many countries to
invest in renewable energies. Among them, offshore wind turbines (OWTs) have been chosen as
the main source of renewable energy for many European countries [1]. Being installed in the
offshore and nearshore mostly by fixed support structures poses challenges in optimum
designing. Furthermore, the prediction of the long-term structural behavior of these structures
required for structural integrity assessment is not available because the majority of the OWTs
have been installed in the past ten years, and the data acquisition is very costly.

OWTs are subjected to coupled dynamic phenomena due to the interaction of wind and wave
loads and the rotor’s vibration. Therefore, dynamic stability and vibration control [2,3] is a topic
that attracts the attention of researchers. Pioneering works on vibrational control of large real-
life structures under dynamic loading have been performed by Adeli and Saleh [4-7]. Reviews of
advances in vibration control algorithms for smart structures up to 2017 are presented by [8-10].
Since the coupling phenomena are complicated to be modeled by regular deterministic
techniques, Machine Learning (ML) algorithms seem to be a promising alternative tool. Adeli and
associates developed intelligent control algorithms employing neural networks and ML
techniques as far back as 2008 [11,12]. More recent work on intelligent control of large real-life
buildings and bridge structures was presented by [9,13—-19] to discuss and advance the novel
concept of integration of vibration control, health monitoring of structures [20,21] and energy
harvesting [22] for smart cities of the future.

A key technology in the field of structural engineering in recent years has been automated
structural health monitoring (SHM). There are two fundamentally different approaches to SHM,
one based on vibration [23] and the other based on imaging and computer vision [24]. Vibration-
based SHM technology requires adroit integration of vibration theory, signal processing such as
wavelets [25], and machine learning [26,27]. SHM technology has been used successfully and
there is a significant body of research on health monitoring of building structures and bridges [28],
dams [29], railways [30], pavements [31], retaining structures along highways [32], and tunnels
[33], but little work has been reported on health monitoring of offshore structures and wind
turbines. A method of vibration-based SHM is based on computing and monitoring the structural
properties such as natural frequencies and mode shapes [34]. Besides, the remaining fatigue life
is also necessary to be evaluated and monitored in the case of offshore structures. One of the
main challenges in fatigue life estimation, apart from selecting a novel accumulating damage
model [35—-37], is the availability of the stress history resulting from dynamic response of the
structure in the hot spots.

The stress history required for fatigue life evaluation can be obtained from two main sources. One
source would be simply by measuring the stress history of the real operating structure. Although
the field data is extremely valuable because it reflects the real behavior of the structure,
harvesting field data is expensive and in some cases, impossible. An alternative source would be
generating data through the mathematical models by simulating the real operating situation. An
immediate method in providing the response or stress history of an OWT structure, including all
its complexities, is to utilize the numerical models by discretizing the structure via finite elements

2202 Joquia)das 1 uo Jasn Aysianiun JeBueaels Aq Jpd'z901L-2z-0BWO/ZE LELBY/Z0YSSOY L/SL L L 0L/10p/pd-0joiLie/SoluEy98WaI0YS0/BI0"aWSE U0N0a||00|eYBIpaLISE/:dllY WOl PapEojumMod



84
85
86
87
88
89
90
91

92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116

117
118
119
120
121
122
123
124
125
126

Thejouirnal of Offshore Mechanics and Arctic Engineering (OMAE)

methods. Many researchers [38-48] are using commercial software packages or numerical
platforms to simulate these structures due to their accessibility and ability to create high-fidelity
models. However, numerical solutions are still time-consuming, and their performance is affected
by stability issues especially in very complicated time domain problems. The other alternative to
generating response data is to develop the analytical solutions to achieve the response as a single
function by which the response is evaluated for arbitrary loading parameters. Analytical solutions
are straightforward, provide always-true and reliable results as opposed to the numerical ones
but challenging to achieve because of complex mathematics.

Unlike a large number of existing numerical models, very few analytical models of the OWTs have
been published. Scientists such as Graff [49] and Meirovitch [50] started early works on the
classical methods of solving the wave equation in a cantilever flexural beam in the 60s and 70s.
They introduced some methods for solving these equations. For instance, Graff [49] listed five
methods: 1) Finite Fourier transform, 2) Expansion in the natural modes (in the spatial domain),
3) Laplace transform, 4) Laplace transform-natural mode expansion, and 5) solution by the natural
modes (in both spatial and temporal domain). In the first two methods, it is assumed that the
solution contains two separate parts in time and space. While for the last three ones, the solution
begins directly from the equation of motion with an arbitrary function. Among these methods,
expansion in the natural modes relies on the structure’s natural modes, which can be found from
the homogeneous form of the equation of motion with respect to its boundary conditions. This
method also provides the result in the form of a single function as apposed to numerical solutions
where a set of numbers is obtained as the response. Expansion in the normal modes is also flexible
in the external load situations. Complex loading can be expanded by using the Fourier series and
analyzed. Selecting other methods requires more effort, and sometimes impossible to find the
solution. For instance, the method of Laplace transforms requires inverse Laplace transform,
which is nearly impossible to be determined analytically for complicated boundary conditions.
Pavlou [51] developed an analytical solution for the evaluation of the response of the OWT under
the linear waves. In this work, the translational and rotational inertial effect of the nacelle, the
hydrodynamic damping, and the soil-foundation interaction have been analytically investigated
for gravity-based supported structures. The achieved analytic inversion of Laplace Transforms was
very challenging in this analysis. Apart from mentioned methods, very few analytical solutions
have been proposed in the past years. In a rare case, Wang et al. [52] developed a mathematical
model for dynamic analysis of an onshore wind turbine by using the thin-walled theory [45,53—
55] to simulate the comprehensive behavior of the wind turbine.

Expansion of the response in the natural modes requires having an accurate and reliable
estimation of the natural frequencies of the OWT structure. In the past few years, researchers
have attempted to provide models in which the realistic situation of an OWT is included. Most of
the works have been focused on the soil and foundation situation. In a study conducted by Arany
et al. [56], an analytical model was developed by simulating foundation flexibility using three
springs. The effect of boundary conditions on the natural frequencies has been parametrically
studied by defining some non-dimensional parameters. Having compared the analytical natural
frequencies with the measured ones from the actual OWTs, a slight inaccuracy was reported,
which is not improved by modeling the tower with the Timoshenko beam theory. In another
study, They [57] proposed a simplified methodology to have a quick hand calculation of the 1
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natural frequency of an OWT. In their works, the effect of the fluid-structure interactions of the
added mass has not been considered, which may be the reason for the inaccuracy they have
reported. Bouzid et al. [58] established a nonlinear finite element model [59] to obtain the head
stiffness of the monopile support structure at the mudline. Their purpose was to improve the
accuracy of the results obtained by Arany et al. [56,57]. Recently, Alkhoury et al. [60] established
a full 3D model for the DTU 10 MW OWT including all the details of the nacelle, blades, rotor, as
well as full 3D modeling of the soil inside and outside of the monopile and cross-sectional variation
of the tower structure. More details about this work will be presented later in this paper for the
sake of verification.

The natural frequencies of the OWT were also measured in the real-operating systems. Damgaard
etal. [61] have reported the cross-wind modal properties of an OWT. They have reported that the
1%t natural frequency is time-dependent which might be because of erosion of the soil around the
monopile or soil scouring. Later, variation of the natural frequency in time attracts the attention
of Prendergat et al. [62,63], resulting in two publications. In their first work [62], the scouring
effect on the natural frequency was investigated without considering the effect of added mass in
the system. In their second work [63], however, they considered other factors such as water
added mass influencing the dynamic properties of the system. Another investigation on the
measured data conducted by Dong et al. [64] also reported the time-dependent dynamic
properties of an OWT. Moreover, a precise analysis was performed on the measured data by
Cosgriff et al. [65]. The 1% natural frequency was separately plotted versus the wave height and
wind speed based on 20 min measured data in the calm sea condition while the wind velocity was
under the cut in speed. The trend reveals that the 1°* natural frequency is reduced as the wave
height and wind speed increase. This phenomenon raises suspicion about the effect of added
mass on the natural frequencies by sea level variation.

Attempts toward providing an accurate response require accurate and realistic inputs in the
analysis alongside accurate and realistic models and solutions. In the case of bottom-fixed OWTs
which are mostly installed in shallow to intermediate water depth, measurements and studies
reveal that nonlinear wave theory should be implemented to simulate the realistic sea states. A
study conducted by Natarajan [66] showed that using the 2" order wave theory significantly
increases the extreme loading on the monopile support structure of OWTs. Yingguang Wang [67]
utilized a transformed linear method to simulate the 2" order irregular wave to obtain the wave
load by including the sea bottom effect. Shaofeng Wang et al. [68] conducted a case study to
investigate the ultimate wave loads on a 10 MW OWT. All of them have reported a significant
increase in wave load on the structure.

In the present work, a new analytical solution for modal analysis of OWT structures is presented.
Nonlinear waves and wave-structure and soil-foundation interactions are accounted for in the
solution. The consideration of the 2" nonlinear wave kinematics improves the ability of the
method to cover a higher range of wavelength and height, providing more realistic loading on the
structure. OWTs are subjected to different types of environmental loading such as wind, waves,
ocean currents, earthquakes, ship collisions, etc [69]. Among them, dealing with the wave loads
is still a challenging task due to its complexities and uncertainties [70]. Therefore, this study
focuses on the wave load. Moreover, the analytical modeling of the translational and rotational
inertia effect of the nacelle and the fluid-structure and soil foundation interaction improves the
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reliability of the dynamic simulation. The novelty of the presented work beyond the published
literature is based on the following advantages: The solution is accurate and straightforward
because of its analytical nature, it does not ignore the drag term in the wave loading, the structure
of the wind turbine is modeled as a continuous system by including its geometrical discontinuities,
it takes into account the effect of the rotational and translational inertia of the nacelle, and it
provides an interpretation of the effect of the sea level variation on the natural frequencies. The
research presented in this paper can be extended for health monitoring of offshore structures
and wind turbines which is intended as part of future research by the authors.

2. Formulation of the problem

A typical horizontal axis OWT consists of nacelle and blades systems mounted on the top of a
tower fixed to the seabed by a monopile, as illustrated in Figure 1-a. A transition part connects
the tower and monopile at sea level. In this paper, an OWT is modeled as a cantilever column
supported by a set of springs at one end and free at the other end, see Figure 1-b. This cantilever
beam, which is called the system for the rest of this paper, consists of two parts separated from
the platform level at the top of the transition part. This is because their dimensions and properties
can be significantly different. The cross-sectional properties of each part are assumed constant.
The symbols definition used in this paper is represented in Table 1. The monopile under the
seabed is also modeled by a set of four springs representing the lateral, rotational, cross-coupled,
and vertical stiffnesses with constants of K, Kg, K; g, K, respectively [71].

In this study, the motion of the system is considered as a lateral deflection due to the wave load
applied up to Mean Sea Level (MSL). As shown in Figure 1-c, the deflection, x(z, t), is defined as
a continuous function of time, t, and space, z, implying to represent the motion of the system with
an infinite degree of freedom.

2.1. The governing equation

For the system introduced in Figure 1-c, the Bernoulli-Euler beam theory can be applicable for
small displacements [49]. Therefore, the equation of motion along the height of the system with
the origin from the seabed can be written as

El(z) x®)(z,t) + M(2)%(z,t) = q(z,t) H3(2) (1)

where, q(z,t) is the external forces acting perpendicular to the monopile’s longitudinal axis.
EI(z) and M(z) are the flexural rigidity and mass per unit length of the system. For the system
defined in Figure 1, they are defined as follows:

M(z) = myoy Hi(2) + MyonHz(2) + MyonHs (2) (2)
El(z) = ElrowH1(2) + ElyonHy(2) + ElyonH3z(2) (3)

Where H;(z),i = 1,2, 3 are the step functions defined as
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1, fOT'LplatSZSL
Hi(z) =40, ford <z < Lpgt (4)
0, for0<z<d
0, forLpjg <z<L
Hz(Z) = 1, fOT' d<z< LPlat (5)
0, for0<z<d
0, fOT'LplatSZSL
H;(z) =140, ford <z < Lpjgt (6)
1, for0<z<d

For a slender structure, Morison’s equation from [72,73] can be adopted for dynamic modeling.
Also, the relative velocity formulation is applicable for a moving slender structure subjected to
the wave loads. Since the bottom-fixed support structure is of interest, it is expected that the
underwater motion of the system to be way below its diameter. Therefore, the relative velocity
in the drag term can be reduced to the wave horizontal particle velocity. For an ocean wavelength
larger than five times the monopile diameter and the small displacement, the wave load on the
monopile can be represented by the relative velocity formulation [72] as

Du(z,t) 1
T-}_EIOWCDDMonu(Z' t)lu(Z, t)l (7)

q(z,t) = —pwCaAmon¥(z,t) + puwCyAmon
In equation (7), the two first terms inside the curl bracket are inertial and the third one is the drag
term. The total derivative of the wave horizontal particle velocity, Du(z,t)/Dt = du/dt +
udu/dx + w du/0dz, in the inertial term can be reduced to u(z,t) = du(z,t)/dt by neglecting
the advocative terms which are reported to slightly increase the load when they are included [70].
The inertia term reveals that the —p,, C4A,1,n% (2, t) provides an additional mass to the system
affecting its oscillating properties. This added mass can represent itself in the equation of motion,
Eqg. (1). By substituting Eq. (7) into Eqg. (1) the result will be

) 1
xW(z,0) + A(i(z,t) = Q(z,t) Hy(2) (8)
EIMon
where
1 1 1
A(z) = —5—H(2) + 7 H(2) + = H3(2) (9)
ATow ama amu
EI
2 Tow
= 10
aTow Mrow ( )
El
abp = — (11)
Mpyron

2202 Joquia)das 1 uo Jasn Aysianiun JeBueaels Aq Jpd'z901L-2z-0BWO/ZE LELBY/Z0YSSOY L/SL L L 0L/10p/pd-0joiLie/SoluEy98WaI0YS0/BI0"aWSE U0N0a||00|eYBIpaLISE/:dllY WOl PapEojumMod



216
217
218
219
220

221
222
223

224
225
226
227
228
229

230

231
232
233
234
235
236

237
238

Thejouirnal of Offshore Mechanics and Arctic Engineering (OMAE)

El
2 Mon
o = (12)
MU Mpon + Pw CAAMon

1
Q(Z' t) = prMAMonu(Z' t) + E,DWCDDMonu(Zv t) |u(Z' t)l (13)

Eqg. (8) represents a partial differential equation governing the motion of the system subjected to
the wave load. The added mass is included on the right side of the equation. Thus, the left side is
not dependent on the motion of the tower. Parameter a;,; are containing the mass of the system
underwater including added mass. Therefore, the wave-structure interaction is included in the
equation of motion.

It can be seen in Eq. (8) that there are three separate systems, the tower, monopile above water
and monopile underwear, acting together to govern the motion of the system. Therefore, it can
be separated in the form of three independent equations as

; 1
x;fv)v (z,t) + Z Xrow(z,t) =0, forLpjgs <z<L (14)
Tow
(iv) 1 _
Xpa (Z,t)+aT Xpmalz,t) =0, ford <z < Lpig: (15)
MA
(iv) 1 1
xyy (2,0) + —— iyy(zt) = Q(z,t), for0<z<d (16)
amu EIMon

In the three above equations x1,,,(z, t), x4 (2, t) and xy (2, t) stand for the lateral motion of
the system in the tower, monopile above water and underwater, respectively. Eq. (14) and (15)
are homogeneous partial differential equations implying that the motion above water is a kind of
free vibration whereas the underwater motion, represented in Eq. (16), is a forced vibration due
to the external load. Therefore, the above water motion is activated by the motion of the
underwater part via a series of boundary conditions which will be introduced later.

2.2. The boundary and initial conditions

To accommodate the motion of the system with the equation of motion in Eq. (8), two sets of
conditions at the two ends of the system are needed. The motion of the system at the seabed is
governed by a set of 4 springs as illustrated in Figure 1-b. Vertical stiffness, K,, can be neglected
because the vertical motion of the system is negligible. The three remaining springs can be
collected in the matrix form to obtain the shear force, F, and bending moment, M, at the seabed
by the following equation [71]:

[F(t) _ [KL KLR] [x(O, t)] (17)
M(t) Kir  Kgrllx'(0,0)

By substituting the shear force and bending moment from the beam theory into the above
equation and expanding, it yields to the following two boundary conditions.
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—Elyon xmy(0,t) = Kpxyy (0,8) + Kprxpp (0, 1) (18)
Elyon xmy(0,t) = Kppxpy(0,t) + Kg x015(0, ) (19)

At the top of the tower, a heavy nacelle is mounted providing lump mass to the system. The effect
of the translational and rotational inertia of the mass of the nacelle can be simulated as the two
following conditions:

—Elrow X%’OW(L, t) = ]ch.;"ow(Lv t) (20)
Elrow x%’(’)w(L' t) = MNjC.Tow(Lr t) (21)

The rotational motion of the nacelle produces the momentum proportional to the tower’s
rotational acceleration X1,,, (L, t) at the top of the system which should be in equilibrium with
the total moment of the system producing boundary condition in the form of Eq. (20). Besides,
the translational acceleration of the nacelle, %7,,, (L, t), creates an inertial force that should be
equal to the internal shear force of the tower at the nacelle level. This equilibrium is represented
by Eq. (21).

As mentioned earlier, the two Egs. (15) and (16) govern the motion of the monopile. Therefore,
it is necessary that these equations are linked together at the sea level via some boundary
conditions. They are

xmy(d,t) = xya(d, t) (22)
xuy(d, ) = xya(d, t) (23)
xmy(d, 1) = xy4(d, t) (24)
Xy (d, t) = xpa(d, t) (25)

Also, Egs. (14) and (15) are connected by following boundary conditions

Xma(Lpiar t) = Xrow(Lpiar, t) (26)
Xpa(Lpiae, £) = Xrow (Lpiae, t) (27)
Elyonxma(Lpiat:t) = ElrowXTow (Lpiat, £) (28)
Elyonxma(Lpiat:t) = ElrowxTow (Lpiat, £) (29)

The last eight boundary conditions are based on the system’s continuity on deflection and slope
of the motion at sea level as well as the internal shear force and bending moment continuity of
the system at a point where two systems are linked together.

It is assumed that the tower motion starts from the position when it is at the rest. Therefore, the
initial deflection and the velocity of each part of the tower are zero. It yields to the following initial
conditions

8
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x(z,0) =x(z,0) =0 (30)

3. Solution for the equation of motion

The method that has been chosen to solve Eq. (8) is to expand the response in the natural modes
of the system. The natural frequencies of the system and consequently the natural mode shapes
will be obtained. Then, they will be utilized in the solution for the forced vibration.

3.1. Natural modes

The natural modes will be evaluated by using the homogenous form of Eq. (16) as well as Eq. (14)
and (15) which are

. 1
x;l;{) (z,t) + 5— Zrn(z,t) =0, forLpa <z<1L (31)
aTow

(iv) 1

Xpran (2, 1) + P Xpman(z,t) =0, ford <z < Lpjgt (32)
MA
(iv) 1

Xpm (2, ) + P Xyun(z,t) =0, for0<z<d (33)

MU

It should be noted that the subscript n in quantity indicates that it belongs to the nt"* natural
mode. So, X, (Z,t), Xpyan(z,t), and xyyn(z,t) are the natural mode shapes of the tower,
monopile above water and monopile underwater, respectively. The solution for the above
equations is proposed in the form of

xrn(2,8) = Xpn(2) T (0), forlpg<z<L (34)
Xpman(Zt) = Xpan (2) Ty an(t) ford <z < Lpg (35)
Xmun(Z,t) = Xyyn (2) Tyyn (8), for0<z<d (36)

Substituting the Eqgs. (34) to (36) into Egs. (31) to (33) will yield

; 1 ..
Xp @Trn(®) + —— Xra@Trn(t) =0, forLpa SzsL (37)
Tow
(iv) 1 ..
Xnan @ Tran () + 2 Xpan (@) Tyan() =0, ford <z <Lpyg (38)
MA
(iv) 1 ..
XMUn(Z)TMUn(t) + az_ XMUn(Z)TMUn(t) =0, fOT' 0<z<d (39)
MU

After some algebraic manipulations, they are transformed to
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(w) .
Xrn ' (2) 1 Trp(®)
= , Lpjge <z<1L (40)
XTn(Z) ﬁTTl a%ow TTn(t) fOT Plat 4
XIE/;,Z)n(Z) _ ,84 _ 1 TMAn(t) f d<z<lL (412)
Xpan@) AT TG Ty OO S = et
X zﬁz)n (z ) 1 Tyyn(®
131Un=——2 N for0<z<d (42)
XMUn(Z) ayy Tmun(t)

Where Brn, Buman and Byun are the wavenumbers for the tower and monopile above water and
underwater, respectively. Egs. (40), (41), and (42) can be separated to form the following
equations

XE(2) = BtnXrn(2) =0, forlpg <z<L (43)
Xitan(2) = BryanXuan(2) =0,  ford <z < Lpyg (44)
Xifun(2) = BiunXmun(2) = 0, for0<z<d (45)
And
Trn(®) + 20w Bin Trn() =0,  forlpg <z<L (46)
Trun(®) + @Gy Biun Tuun(®) =0, ford <z < Lpqe (47)
Tran(®) + 314 Bitan Tuan(®) =0, for0<z<d (48)

In the above six equations, the temporal and spatial variables are separated. Therefore, they can
be solved independently. Since every section of a continuous system should vibrate with the same
natural frequency in each mode shape, 50 Try, = Tyan(t) = Tyyn(t). By comparing the two Egs.
(46) and (47), one can conclude that a%,., Brn = a4y Briun = A4 Bran because Tr, =
Taan(t) = Tyyn(t). Therefore,

T,t) +w2T,(t)=0, for0<z<L (49)
Where

2

_ 2 4 _ 2 4 _ 2 p4
Wy = ATow Brn = Ay Bmun = Aa Bman (50)

Since T is a periodic function, it will oscillate with the cyclic frequency of w,, which is a natural
frequency of-the system.

The solution of the motion Egs. (34), (35), and (36) can be imposed into the boundary conditions
defined by Egs. (18) to (29) to yield the boundary conditions independent from the time variable.
They are

10
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" ’ K KLR
Xmun(0) + a1 Xyyn(0) + ax Xy, (0) = 0, a; = Bl % = El,, (51)
on on
" r KR
Xuun(0) — axXpypyn(0) — asXyyn (0) =0, az = £l (52)
Mon
XMUn(d) - XMAn(d) =0
XIIVIUn(d) - XI’VIAn(d) =0 (53)
53
XI,VIIUn(d) - XIIVIIAn(d) =0
XI,VIIIUn(d) - X1’V’1:4n(d) =0
Xman(Lpiat) — Xrn(Lpige) = 0
XpanLpiat) = Xrn(Lpiae) = 0 Elpgy
, 0y = — (54)
n n EI
Xpan(Lpiat) — @4 X7y (Lpiae) = 0 Mon
Xpvan(Lpiat) — @4 X1y (Lpge) = 0
rn ! ]
Xn(L) = aswiXpn(L) = 0, a5 =t (55)
Tow
X (L) + agw2Xpn(L) =0 _ M (56)
™ AgWpATy ) Ag El
Tow

Where a;,i = 1...6 are the solution variables introduced to implement the soil-structure
interactions, nacelle-blades mechanical properties, and the systems mechanical properties at sea
level.

The solution for Egs. (43), (44) and (45) are in the form of
Xrn(z) =Ty cos(Brnz) + Ty cosh(Brnz) + Tz sin(Brnz) + Ty sinh(Brnz) (57)
Xman(z) = Ay cos(Buyanz) + Az cosh(Byanz) + Az sin(Byanz) + Ay sinh(Byanz)  (58)
Xuun(2) = Uy cos(Byunz) + Uy cosh(Buyynz) + Uz sin(Byynz) + Uy sinh(Byynz)  (59)

where T;, A;, and U; are the constant coefficients for each natural mode shape. Substituting the
proposed solutions expressed by Egs. (57), (58), and (59) into the 12 boundary conditions
represented by Egs. (51) to (56) will yield a system of 12 linear equations. In matrix form, they can
be represented as

PxD= 0, D = {Ul Uz U3 U4_ Al Az A3 A4_ Tl TZ T3 T4_}T (60)

11
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Where P is the matrix containing trigonometrical and hyper trigonometrical functions and D is the
constant coefficients vector. The concept of natural modes oscillation is that the oscillation should
be independent of the constant coefficients in Eqgs. (57) to (59). Therefore, the determinant of
matrix P should be zero to yield a singular matrix. In matrix P, there are three variables Br,, Byan
, Buun » and the singularity condition of matrix P. Two more conditions are needed to find them
with one equation. As mentioned earlier, the cyclic frequency of the system is unique so recalling
the definitions of the wavenumber from Eq. (50) and rewriting them yields

4 mM
Buman = YarBrn Yar = |@y—— (61)
Tow
4 mM +p CAAM
Bmun = YurBrn Yur = \/%( n 7 on) (62)
Mrow

where yyr and y,4r are defined to introduce the effect of added mass as well as the rigidity
changes at sea level and platform level to the natural mode shapes, respectively. To find the
coefficient matrix D for each natural mode, Eq. (60) should be solved by substituting the
wavenumbers obtained from the singularity of matrix P. Finally, the natural mode shapes of the
system can be found by substituting variables found for each mode in Egs. (57), (58) and (59). By
merging them, it can be represented in a single function as

Xn(2) = X7 (2) Hi(2) + Xpa(2)Hz(2) + Xyy(2)Hs(2), 0<z<L (63)
3.2. The solution for an external load

The solution of an equation of motion in the form of

x®)(z,t) + A(z) ¥(z,t) = H3(2)Q(z,t) (64)

EIMon

can be obtained by using the expansion theorem to represent the motion of the tower in the form
of

X0 = ) Xp(Ta(0) (65)
n=1

where the X,,(2) is the natural mode of the system which satisfy

X — 02 A(2) X, (2) = 0 (66)

The above equation is obtained by substituting Egs (50) into (43) and (44) and merging them by
using Eq. (9). Substituting Eq. (65) into Eq. (64) yields

12
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o)

Y XD, +A@ Y Xa () =
n=1

n=1

A QLCD (67

Multiplying both sides by X;,,(z) and integrating over the length of the tower, it yields

i L o L
D@ [Kn@XP @ dz+ Y @) [ ADKn @z
n=1 0 n=1 0 (68)

L
f Hy(2)Q (2 DX (2)dz
0

 Elyon

Substituting X,(liv)from Eqg. (66) into Eq. (68) results in

XL L
> [ AKX a2 (1@ + 0RTu0) = 57— | B30 OXn()dz  (e9)
n=1 0 0

EIMon

The natural modes are orthogonal and normalized. Therefore, the above equation is simplified to

L
7.(0) + 02T, (6) = f Hy(2)Q(2, )X (2)d2 (70)
0

EIMon

It should be noted that the natural modes are normalized such that

L
f A(Z) X2(z)dz=1 (71)
0
By finding T;,(t) from solving Eq. (70), it can be substituted into Eq. (65) to obtain the response of

the tower.

3.3. Solution for the wave load

The wave load acting on the tower was introduced in section 2.1. It was shown that Eq. (8) governs
the motion of the tower with the external load in the form of Eq. (13). It is a function of horizontal
particle wave velocity, u(z, t) which is defined based on the 2™ order wave theory [72] as

u(z,t) = f; cosh(kz) cos(wt) + f, cosh(2kz) cos (2wt) (72)

where
_ wH 73
fi=3 sinh(kd) (73)

13
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3  wkH?
f2 = 1 sinbt (k) 74)
Eqg. (72) can be rewritten as
u(z,t) = f, cosh(2kz) (f (z) cos(wt) + cos(2wt)) (75)
where
_ 8sinh®(kd) cosh(kz)
f2) = 3 k cosh(2kz) (78]
Substituting Eq. (75) into Eq. (13) yields
Q(z,t) = Fi(z,t) + Hi(z,t) F5(z,t) (77)
where
Fi(z,t) = —pyCyAwf, cosh(2kz) (f (z) sin(wt) + 2 sin(2wt)) (78)
Fy(z,t) = %prDszz cosh?(2kz) (f (z) cos(wt) + cos(2wt))? (79)
+1, u(z,t) >0
He(z,6) = {—1 u(z,t) <0 (80)

Eq. (77) is the wave load based on Morison’s formula rewritten from Eq. (13). H:(z,t) is a step
function representing the absolute value function in his formula. To find the response of an OWT
under this load, it needs Eq. (70) to be solved after substituting Eq. (77) in it. The resultant will be
an ordinary nonhomogeneous 2nd differential equation. The solution to this differential equation
can be found by solving Eq. (70) for F;(z,t) and H.(z,t) F,(z,t) separately and adding them by
using the superposition principle. Substituting F; (z, t) as Q(z, t) into the right side of Eq. (70) and
solving the integration with respect to the z variable analytically will lead to the trigonometrical
functions depending on the temporal variable left on the right side of Eq. (70). The solution of it
is pretty straightforward. So, the solution for F; (z,t) can be proposed in the form of Eq. (65)
where T, (t) is found by solving Eq. (70) for F;(z, t).

However, the solution for Eq. (70) when the second term of Eq. (77), H:(z,t) F»(z,t), is
substituted as Q(z, t) in the right side of it will be challenging. This term consists of F,(z,t) in Eq.
(79) in which temporal and spatial functions are squared and H;(z,t) in Eq. (80) which is a step
function depending on the sign of u(z, t). To obtain a solution for Eq. (70) in this matter, it needs
to work on these two parts to transfer them into the conventional form of functions with a
combination of spatial functions and linear trigonometrical terms. To start, the squared term of
Eqg. (79) is expanded to obtain

14
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Fy(z,t) = %prDDMonfzz cosh?(2kz) (f%(z) cos?(wt) + 2f(z) cos(wt) cos(2wt)

(81)
+ cos?(2wt))
By using the following trigonometrical relationships
1
cos?(0) = 5 (cos(20) + 1) (82)
1
cos(0) cos(20) = 2 (cos(8) + cos(30)) (83)
and substituting them into Eq. (81), it yields
1
Fy(z,t) = Zp‘,VCDD,\,,onfz2 cosh?(2kz) (f?(z) + 1 + 2f(z) cos(wt)

(84)

+ f2(2) cosRwt) + 2f(z) cos(3wt) + cos(4wt))

which is a function in which the trigonometrical terms are linear.

The value of H¢(z, t) can be determined by the sign of u(z, t). Recalling u(z, t) from Eq. (75) and
using the trigonometric relationship in Eq. (82) yields

u(z,t) = f, cosh(2kz) (2 cos?(wt) + f(z) cos(wt) — 1) (85)

The above equation reveals that the sign of u(z, t) depends on the values of cos(wt) and f(2).
To evaluate the sign of u(z, t), one needs to find when and where it becomes zero. From Eq. (76),
it can be found that f(z) is continuously decreasing when z is increasing because the numerator
is always smaller than the denominator. Also, cosh(kz) is always positive and sinh(kd) is positive
as long as kd is positive. Therefore, f(z) is always a positive quantity and does not influence the
sign of u(z, t). For this reason, the only term that governs the sign of u(z, t) is f(z) cos(wt) +
cos(2wt). For f(z) > 1, there are two positive roots in the [0,27/w] domain. They are

t,(2) = %cos‘l(_f(z) * 4' ff@a+ 8) (86)
t,(2) = %T —t,(2) (87)

Therefore,

21
+1, 0<t<t;(z)orty,(2) <t SZ

H:i(z,t) = (88)

-1, t1(z) <t <ty(2)
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359 The above equation represents the value of H,(z, t) in the time domain of [0,2m/w]. For the time
360 domain beyond it, the value of H;(z, t) can be evaluated by considering the time variable relative
361  toaone-period time frame since F,(z, t) is a periodic function.

362  Therefore, Eq. (13) can be written in the form of

2 4
Q(zt) = Z P;i(z) sin(iwt) + Hi(z,t)P,(z) + H¢(z,t) Z P;;(z) cos(jwt) (89)
i=1 j=1

363  where
P11(2) = —pwCyAmon @ f> cosh(2kz) f (2) (90)
P12(2) = =2py CyAyon®f, cosh(2kz) (91)
P,(z) = 0.25 py, CpDyonfs cosh?(2kz) (f2(z) + 1) (92)
P3,(2) = 0.25 p,, CpDyronf cosh?(2kz) 2f (2) (93)
P3,(2) = 0.25 p,, CpDyonf? cosh?(2kz) f2(2) (94)
P33(2) = P31(2) (95)
P34(2) = 0.25 p,, CpDysonf cosh?(2kz) (96)

364  The solution for Eq. (89) can be found by using the superposition principle since the properties of
365  the system is linear. The solution for Eq. (89) can be expanded in the natural modes as follows:

x(z,t) = Z T, ()X, (2) (97)
n=1
366  where T, (t) satisfies
2 4
T,(t) + 02T, (t) = 2 V1p; Sin(iwt) + vy, + Z V3pj cos(jwt) (98)
i=1 =1
1 a
v = 57— | Pu@a()dz (99)
onvJ0
d
von =7 — | HezOPXn () (100)
Elyon Jo
1 d
vany = g — | ez 0Py ()X (212 (101)
EIMon 0
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Solving Eq. (98) is possible by using the superposition principle in three parts namely Ty, (t),
Ty, (t), and T3, (t) where

2

Tin(t) + W2Ty,(t) = 2 V1p; Sin(iwt) (102)

i=1
Ton(t) + WiTop(t) = vop (103)

4

Tan(t) + 02 T3, (t) = 2 V3pj cos(jwt) (104)

=

Therefore,

T (t) = Tyn(t) + Ton () + T3,(0) (105)

For Eg. (100), substituting into Eq. (103) results in

7.1271(15) + a)rleZn(t) =

d
EIMon-[(; H:(z,t)P,(2)X,(2)dz (106)

The solution for the above equation can be represented as

1 1

Tyn(t) = —
2n (1) o El

t rd
f f H.(z,7)P,(2)X,,(z) sin(wn (t—1 )) dz dt (107)
0 Jo

In the above equation, the function H:(zt) poses challenges in solving the integration
analytically. To solve the double integration in the above equation, it requires the removal
H;(z,t) from inside the integrations to have a conventional double integration. As defined in Eq.
(88), H¢(z,t) governs the sign of v,,. It can be either positive or negative, depending on which
time frame it is evaluated. H,(z, t) is positive in the time frame of [0, t; (z)], negative in the time
frame of [t;(2),t,(2)], positive in the time frame of [t,(2),t,(2z) + 2t;(2)] and so on. By
introducing a new integer variable, m, by which H;(z, t) is positive when m is an odd integer and
an even number when it is negative. Therefore, H;(z,t) can be redefined as

+1, 1,3,5, ..
He(z,t) = {—1 ez (108)

Since t € [te(m-1)(2), tem(2z)], one can conclude

Hi(z,t) = (=D)™1 (109)

where t0(z) =0, to1(2) = t1(2) , te2(z) = t5(2) , tez(z) = t,(2) + 2t1(2) , and so on.
Substituting the above equation into Eq. (107) and reversing the integration order yields

17
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1 d t1(2)
Ton(t) =— f P,(2)X,(2) f sin(wn (t—1 )) dr
wn EIMon 0 0
t2(2) t(2)+2t1(2)
—f sin(w, (t — 7)) dr+f sin(wp(t —7))dr—-  (110)
t1(2) t2(2)
t
+ (=)™ f sin(w,(t—1)) d‘[) dz
te(m—1)(Z)

Similarly, for Eg. (104), the solution is

- d t1(2)
T3, (t) = Z winEllton-[(; P3i(2) X (2) (Jo cos(jwt) sin(w, (t — 7)) dr

Jj=1

t2(2)
— J cos(jwt) sin(w, (t — 7)) dr
t

zZ
%g(;)+2t1(z) (111)
+ f cos(jwt) sin(wn(t -7 )) dr — -
t2(2)
t
+ (=1)m-1 cos(jwt) sin(w, (t — 7)) dr) dz
te(m—l)(z)

Therefore, a method of solving the double integration in Eq. (107) is proposed by removing the
function H;(z,t), or better to say the staging of the integration domain, as represented in Egs.
(110) and (111).

4. Parametric study and numerical example

In this section, the effect of the three solution variables, a3, as, and a4 introduced in Egs. (52),
(55), and (56) representing foundation rotational stiffness, nacelle rotational mass, and nacelle
mass, respectively, as well as the water depth on the natural wavenumbers, and the effect of
added mass on the response are investigated.

A numerical example is represented for a reference OWT. The geometry of the system has been
chosen from the DTU 10 MW three-bladed OWT presented by Bak et al. [74]. The structural
properties are summarized in Table 2. Note that the density is considered approximately 8% more
than the regular steel density to take into account the mass of the components such as paint,
bolts, flanges and stiffeners [75]. The average tower diameter is the average of the tower
diameter along its height, and the average thickness is calculated from the actual tower mass [57].

Table 3 represents the hydrodynamic loading parameters used in this study. The coefficients are
chosen by the recommendations provided by DNV-RP-C205 [72].

The values for the coupled springs model are provided in Table 4 by the work presented by
Alkhoury et al. [60]. They calculated these values for the loose sand from the finite element model
created for their study in which the same DTU 10 MW OWT is modeled and studied.

18
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For this case, the solution variables are calculated and represented in Table 5. By using the
procedure described in section 3.1, the natural frequencies of the tower, f,), are calculated for the
first six modes and represented in Table 4. The corresponding mode shapes are illustrated in
Figure 2 which is to satisfy equation (71).

In Table 6, the natural frequencies are calculated for both cases of considering the added mass
and without the effect of added mass. As represented, including the effect of added mass in the
system decreases the natural frequencies. This effect in the 1% mode is not as significant as in
higher modes. The reason can be explained by using Figure 2 where the displacement of the
underwater section in 1% mode is remarkably less compared to the higher modes. Besides, the
presence of the weighty nacelle-rotor assembly mass dominates the motion of the 1°* mode.
Therefore, the motion of the system in the higher modes is less than in the 1 mode due to the
substantial inertial force at the top of the system.

4.1. Comparison with the finite element model and the degree of accuracy

To evaluate the accuracy of the results, they are compared with the study conducted by Alkhoury
at el. [48,60]. They created a detailed 3D finite element (FE) model within Abaqus/Standard to
compute the natural frequencies of the DTU 10 MW OWT. They used shell elements to model the
tower, including the diameter variation in length and solid elements for monopile. They also fully
modeled the soil inside and outside the monopile to investigate the soil structure interaction.
They also performed a parametric study on the 1°t natural frequency by varying the water depth
and monopile’s diameter and thickness. The 1 natural frequencies of the system are calculated
and compared with the values they calculated for the loose sand that are represented in Table 7.
Note that the values of the coupled springs used in this study are also calculated by them which
are obtained from the FE model. The differences between the results obtained by the proposed
model and the FE model reveal that the proposed model underestimated the 1 natural frequency
for every water depth in the range between 13% to 16.8%. Alkhoury et al. [60] also compared the
results of the full 3D model with the one in which the tower cross-section is constant for a water
depth of 25 m. They found that simplifying modeling by considering the tower’s cross-section
constant reduced the 1% natural frequency by 11% for the monopile with 8.3 m in diameter and
9 cm in thickness. The findings of this paper also verify this underestimation with a 13.8%
deviation. Therefore, this simplification underestimates the 1% natural frequency that requires
using more complicated equations of motion to improve the accuracy of the natural frequency
estimation.

4.2. Parametric study on natural wavenumbers

The effect of the water depth and solution parameters, a3, a5, and a4, on the tower
wavenumber, S, have been parametrically studied for the first 5 modes and the results have
been represented in Figure 3 to Figure 6. In these figures, the tower wavenumbers are normalized
to the values of 1, when a3 = a5 = @y = d = 0. In this study, the ratio of water depth and
tower length, d/L, varies from 0 to 1, implyingd = 0 and d = L, respectively. The variation of
the solution variables as well as their corresponding variation of the parameters used in the
parametric study, is represented in Table 8. It should be noted that the effect of the support’s
lateral stiffness, K;, and cross-coupled stiffness, K;, which are used in variables a; and a5,

19

2202 Joquia)das 1 uo Jasn Aysianiun JeBueaels Aq Jpd'z901L-2z-0BWO/ZE LELBY/Z0YSSOY L/SL L L 0L/10p/pd-0joiLie/SoluEy98WaI0YS0/BI0"aWSE U0N0a||00|eYBIpaLISE/:dllY WOl PapEojumMod



444
445
446

447

448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465

466
467
468
469
470
471

472

473
474
475
476
477
478
479
480

481

482
483

Thejouirnal of Offshore Mechanics and Arctic Engineering (OMAE)

respectively, are well investigated in the literature in ref. [56]. So, their effect is not included in
the parametric study. Besides, the section of the system is kept constant throughout the length
for simplicity.

4.2.1. The effect of water depth

Asillustrated in Figure 3, the wavenumber for the first 5 modes decreases by increasing the water
depth regardless of the boundary conditions properties because of the presence of added mass
to the system for the case of the properties introduced in Table 8. The value of the wavenumber
in the 1% mode remains almost constant by increasing the water depth up to 0.4L and drops up
to L for the case of @z = 0 while the variation is almost constant for the case when ag = 107°.
This can be because of the domination of the heavy mass in the motion of the system in the 1*
mode. The decrease of the wavenumber for the 2" mode starts at 0.2L and decreases
approximately the same amount as the 1° mode at the sea level equal to the tower length for the
cases when ag = 0. The initiation of the drop of wavenumber for higher modes is almost half of
the previous modes. It can be concluded that the effect of shallow water compared to the tower
length and consequently the added mass in the lower modes is not significant as opposed to
higher modes where it drops immediately by increasing sea level. This phenomenon may be
important by the fact that the free sea level varies in each wave period. Therefore, the water
surface variation can significantly change higher natural wavenumbers in the shallow water
proportional to the tower length for each period of wave load. However, for higher values of d /L,
the lower natural modes are also influenced by sea level variation. This variation of the natural
frequencies is also reported in the literature for the 1% natural modes based on the measured
data in refs. [61,65].

The pattern of the variation of wavenumbers by varying the water depth shown in Figure 3 reveals
a wavy-shape decrease in which the reduction rate changes in different mode numbers. It can be
seen that the number of crests in this pattern is equal to the mode number. For instance, for the
2" mode, two crests at around d/L = 0.2 and d/L = 0.8 can be seen while 5 distinguished
crests are visible in the figure for mode 5. Therefore, it can be concluded that the variation of
wavenumbers versus d/L is converging to a linear reduction rate.

4.2.2. The effect of support rotational stiffness, a3

Figure 4 illustrates the variation of the wavenumber against the different values of a3 in 1% and
5" modes at d/L = 0.227, for instance. As expected, by increasing a;, or decreasing the
support’s rotational stiffness, the value of the wavenumber decreases linearly in the 1°* mode and
nonlinearly in the 5" mode. By increasing the rotational softness of the support the wavenumbers
for all natural modes decrease. This is because the higher rotational softness provides higher
rotation in the support resulting in a reduction of the wavenumbers. In the 1°* mode, the effect of
a5 is more than in the 5™ mode. Also, the impact of the a5 is less in higher values of the as and
-

4.2.3. The effect of nacelle-rotor assembly rotational moment of inertia, as

The parametric study on as has been illustrated in Figure 5 for the 1°and 5" modes for two values
ofa; =0 &0.2and a3 = 0 & 107° for d/L = 0.6 when the values of az varying between 0 and
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103, As it can be seen in Figure 5-a, the wavenumber decreases by increasing as for the 1t mode.
For the 6" mode, the natural wavenumber is almost insensitive to the variation of as despite a
rapid decrease of natural wavenumber at small values of a5. The decrease of wavenumber can
be explained by the fact that the rotational moment of inertia at the top of the tower increases
the mass momentum of the system at the top. Therefore, the moment of inertia due to the
nacelle-rotor assembly causes the system to oscillate slower, yielding to the lower values of the
natural wavenumbers.

4.2.4. The effect of the nacelle mass, ag

Figure 6 illustrates the variation of the wavenumber against ag ranging from 0 to 10° for two
values of a3 = 00 & 0.2 and a5 = 0 & 1072 in 1*t and 5" mode when d/L = 0.6. A reduction can
be seen in Figure 6-a for all cases of a3 and a5 in 1° mode. By increasing a,, which is the increase
of the top mass with respect to the tower’s flexural rigidity, the motion of the tower becomes
slower yielding to the smaller values of the natural wavenumbers.

The reduction effect of ag, which is proportional to the nacelle-rotor assembly mass, can be
explained by the whipping effect of the tower. The inertia of the heavy mass at the top of the
tower may cause a delayed motion relative to the mid-section of the tower in the same direction.
When the mid-section of the tower reaches its maximum displacement, the top section is still
moving imposing extra shear force to the mid-section pushing it to move further, consequently,
increasing the oscillation period, decreasing the frequency, and decreasing the wavenumber of
the system, see Eq. (50). Physically speaking, the heavy mass at the top of the tower produces an
inertia force in the opposite direction of the motion which slows down the motion of the tower.

In higher modes, as illustrated in Figure 6, the variation of the natural wavenumber of the system
is @ smooth reduction despite a rapid reduction in the small values of ag. The reason for that can
be explained by the fact that the translational acceleration at the top of the tower in higher modes
is relatively smaller than that of the lower modes due to the whipping effect explained earlier.
This makes higher modes less sensitive to the variation of the nacelle mass. Furthermore, this
effect can also be seen in Figure 3 where the curves are gathering together by increasing the mode
number implying that the effect of the boundary conditions at both sides of the system are fading
out of the natural wavenumbers.

4.3. The response of the reference tower to the wave load

The wave load introduced in Eq. (89) is applied to the system and the response is evaluated by Eq.
(97). The properties of Stokes’s wave kinematics applied to Morison’s formula are briefly
represented. The proposed model's ability to deal with the difficulties posed by the drag term is
explained. Besides, the effect of the added mass on the response is investigated for a certain wave
load configuration. Finally, a comparison is performed between the responses obtained by the
proposed solution and the numerical one.

4.3.1. The application of the wave load in the proposed solution

The inherent properties of wave load based on Morison’s formula with Stokes's wave kinematics
raise some difficulties in evaluating the response of the tower. Before presenting how the
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proposed solution deals with these properties, one needs to discuss the properties of the wave
load with Morison’s equation introduced in Eq. (89). To this end, an ocean wave with a height of
5.1 m and a length of 132 m is chosen. This ocean wave represents a normal sea state of a water
depth of 35 m in a wind speed of 26 m/s which is reported as a nonlinear ocean wave state in the
ref. [76]. The properties of this ocean wave are represented in Table 9. The wave horizontal
particle velocity, u(z, t), introduced in Eq. (72) and the corresponding ocean wave load are drawn
in Figure 7 a&b, respectively. As expected, the wave horizontal particle velocity is a periodic but
non-symmetric function, which is the property of the 2" order wave theory. The wave load is also
not started from zero as shown in Figure 7 because of the presence of the cosine function in the
drag term of the wave load formula.

Moreover, Figure 7-a reveals that the wave horizontal particle velocity, u(z, t), does not become
zero at the same time for all values of z. This is the second property of the 2" order wave theory
that causes difficulties in obtaining the response of a system loaded with it. Therefore, the
situation in which u(z,t) = 0, depends on temporal and special variables. This is shown more
precisely in Figure 8 for the variation of u(z, t) in the z-direction for some instant of time around
the first zero value. Therefore, two functions of t; (z) and t,(z) represented by Egs. (86) and (87)
are defined to evaluate the time when u(z,t) is zero. The importance of defining these two
functions is to evaluate the absolute value function in the drag term of the wave load,
u(z, t)|u(z, t)|, in Eq. (13). To compensate for the absolute value function, H;(z, t) is defined as
a function t;(z) and t,(2) in Eq. (80). This poses difficulties in evaluating Egs. (100) and (101). By
defining H;(z,t) as Eq. (109) and carrying out the integration, it becomes possible to remove
H¢(z,t). In addition, changing the integration order by which the temporal integration is taken
first in the domain as a function of t;(z) and t,(z) results in trigonometrical functions. By
introducing t;(z) and t,(z) and their combinations in periods, the special outer integration can
be evaluated analytically since those are functions of reversed trigonometrical functions as can
be seen in Egs. (86) and (87). Therefore, the response can be obtained as a function without any
need for numerical evaluation.

The presence of H;(z, t) in the wave load is quite essential. To show this, an imaginary wave load
based on Eq. (77) is defined as F; (z,t) + F,(z, t). By drawing it together with the wave load in
Eq. (77), the effect of the H;(z, t) reveals itself. Figure 9 illustrates this comparison at the sea
level, z=35. It can be seen that H;(z, t) causes significant changes in the wave load when u(z, t)
is negative between t;(z) and t,(z). Therefore, its presence cannot be neglected in evaluating
the response. However, the severity of this effect may be different in other wave configurations.

4.3.2. The response of the reference tower to the 2nd wave load

The response history of the system is illustrated in Figure 10 at different heights in which the first
5 natural modes are participating. The selected wave height and length correspond to a wave
frequency of 0.1 Hz, T= 9.52 sec, which is way below the first natural frequency of the reference
tower, 0.1663 Hz, represented in Table 9. As seen in Figure 10, the maximum deflection occurs at
the top of the towers reaching 0.13 m. In addition, the time history deflection curve in Figure 10
reveals that the responses are a non-periodic vibration even though the loading is periodic. This
can be because of the indirect presence of the term H;(z,t) in the response in Egs. (110) and
(111). The indirect presence of H;(z, t) in the response shows itself by being displayed in different
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time frames when the direction of the wave horizontal particle velocity changes. This triggers the
transient responses at the beginning of each stage causing the response to be non-periodic.
Moreover, Figure 10 shows that the natural frequencies originating from the transient response
are carried by the steady-state response. This also causes the response to be non-periodic.

The deflection of the reference tower at the early stages of motion is illustrated in Figure 11. The
motion starts from the rest initial condition and follows by imposing the wave load up to sea level,
in this case, 35 m, causing the lower sections of the tower to move while the movement of the
upper section is delayed because of the nacelle mass and tower softness. This can be referred to
as the whipping effect when the motion of the upper sections is amplified by the motion of the
lower sections of the tower. This effect can be seen clearly in the motion of the reference tower
which has low stiffness or heavy nacelle mass at the top. Moreover, by looking at the deflection
of the reference tower in Figure 11 for time instants from t/T=0.08 up to 0.1, T being the period
of the wave which is 9.6 sec, it implies that the motion of the tower in low sections is slowing
down while the upper section is still moving towards the negative deflections representing an
instance for the whipping effect. It should be mentioned that the wave load at zero time is a
positive value, as seen in Figure 7-b, decreasing in the early stages of the loading and reversing its
direction as time passes.

4.3.3. The effect of added mass on the response

The inertia term of Morison’s formula adds an extra mass to the system up to the sea level. To
represent its effect on the response of the reference tower, it is evaluated by considering C, = 1
and C4 = 0 to simulate a system with and without the presence of the added mass, respectively,
and the time history responses are illustrated in Figure 12 at the nacelle level. As mentioned in
section 4.1.1 and illustrated in Figure 3, the value of the system’s natural wavenumbers decreases
by increasing the sea level resulting from the decrease in natural frequencies based on Eq. (50).
This leads the system with added mass oscillating with higher natural periods falling forward than
the one without added mass, as seen in Figure 12. Furthermore, as seen in Table 6, the added
mass is significantly influenced in the 2" and higher natural frequencies in the case of the system
of this study. The differences between the natural frequencies in higher modes are visible in
Figure 12.

The effect of the added mass up to the sea level can also be seen in the early stages of the loading
in Figure 13. The added mass increases the inertia force of the system. The higher the inertia force
is, the slower the vibration results. Therefore, the system's motion with added mass included
delays compared to the one without the added mass as seen in Figure 13. It is also revealing that
the added mass is appended to the system up to sea level, providing lower deflection at the lower
sections of the system while the upper sections have almost the same deflection. The overall
interpretation from Figure 13 reveals that the effect of the added mass up to the sea level is
successfully simulated by the proposed solution.

4.3.4. Comparison with numerical results

The derived formulation of the response of the system is based on the expansion in the natural
modes. The accuracy of the solution depends on the number of natural modes participating in the
solution. For a continuous system, an infinite number of modes is expected. The higher number
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of modes participating in the solution, the more accurate the response obtained. It is worthwhile
to mention that the Bernoulli-Euler beam theory in the form of Eq. (1) is applicable for the lower
natural modes only. In higher modes, the shearing deformation and rotatory inertia significantly
affect the natural frequencies [50]. Therefore, reaching higher natural modes requires the
equation of motion with those effects considered. However, as far as the wave load by using
Morison’s formula matters, its validity requires that the ocean wavelength should be five times
[72] higher than the diameter of the slender structure. This limitation causes the frequency of the
ocean wave load to be lower than the system’s first natural frequency. Therefore, only the first
few natural modes may be enough to evaluate the tower's response.

To confirm the accuracy of the proposed solution, a numerical evaluation is performed by using
the standard commercial software Mathematica® [77]. The partial differential numerical solver,
NDSolve, is chosen to solve Eq. (8) by introducing the wave velocity from Eq. (72). The properties
of the system chosen for the numerical evaluation are represented in Table 10.

The wave height, H, and length, A, are selected to be 3 and 100 meters, respectively. By setting
MaxStepSize equal to 1.4, and AccuracyGoal and PrecisionGoal to 6, NDsolve solves the PDE by
using the Hermite method in orders of 7 and 3 in z and t variables, respectively, in the domain of
z € [0,115] and t € [0,34]. Besides, the first 6 natural modes of the tower with the properties
and loading the same as the numerical one are selected for participating in the proposed solution
results. The comparison between the response obtained by the numerical solution and the
proposed one verifies the perfect agreement between the two methods, as illustrated in Figure
14,

5. Conclusions

An analytical solution for the modal analysis of offshore wind turbine strucutres has been
developed. The solution includes the wave-structure interaction by appending an extra mass to
the system underwater. In an effort to propose a more accurate solution based on the classical
analytical methods, the flexibility of the foundation as well as the inertial forces induced by the
nacelle-rotor assembly translational and rotational inertia are assigned to the boundaries of the
system. Besides, the considerable cross-sectional changes at the platform level where the
monopile is connected to the tower by a transition part are taken into account in the solution.
Overall, a system of three partial differential equations consisting of 12 boundary conditions and
2 initial conditions has been solved using the expansion theorem.

The effect of water depth, foundation rotational flexibility, nacelle mass, and nacelle-blades
rotational inertia on the system’s natural wavenumber were studied parametrically for the first 5
natural modes of the system. The results reveal that:

1. The natural wavenumber decreases by increasing the water depth to the tower-length
ratio, d /L, for all natural modes producing a wavy pattern based on the modal number.
The effect of the foundation rotational flexibility, nacelle-blades rotational inertia, and
nacelle mass on the natural wavenumber decreases by increasing the modal number for
all sea level values. More importantly, the variation of the natural wavenumbers by
variation of the sea level implies that the natural wavenumbers or natural frequencies of
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the system vary during sea level variation during a period of wave load. Therefore, the
system's natural frequencies can be considered a time-dependent quantity. It can be
essential in the assessment of the ringing-type resonance of the system and fatigue
loading.

The system’s natural frequencies decrease by increasing the foundation rotational
flexibility, mass and the rotational inertial of the nacelle-rotor assembly. This pattern has
been seen at all water depths.

The proposed model, based on the simplification of considering the constant cross-
section for the tower, underestimates the 1% natural frequency of the system between
13% to 16.8%. Reaching higher accuracy requires establishing more complicated
equations of motions by accounting for the cross-sectional variation of the tower.
However, the proposed method is straightforward and agile in calculating cost-efficient
natural frequencies.

The solution for the undamped response of the tower under the wave load with 2"¢ order Stokes’s
wave theory based on Morison’s formula has been developed as an analytical function. Two major
contributions are

1.

The drag term of Morison’s formula, neglected by many researchers, is successfully
included in finding the response of the system by defining H;(z, t) to remove the absolute
value function in the drag term.

The comparison made between the responses of the system with and without added
mass showed that the presence of added mass up to the sea level changes the shape of
the response. This also can be important in fatigue evaluation of the system by providing
a more realistic estimation of the stress status in the structure.
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Table 1- Symbols definition

Symbol | Structural properties
L Nacelle level from the seabed (m)
Lrow | Tower length (m)
Droy | Tower average diameter (m)
trow | Tower average thickness (m)
Mroyw | TOWer mass of unit length (kg /m)
Erow | Tower Young's modulus (GPa)
Elro, | Flexural rigidity of the tower, i.e., Erow Irow (GPa.m*)
M, Nacelle-Rotor assembly mass (kg)
In Nacelle-Rotor assembly rotational inertia (kg. m?)
Lpiqt | Platform level from the seabed (m)
Dyon | Monopile average diameter (m)
twon | Monopile average thickness (m)
Ayon | Monopile cross-sectional area (m?)
Mpyon | Monopile mass of unit length (kg/m)
Eyon | Monopile Young's modulus (GPa)
ElLoy, | Flexural rigidity of the monopile, i.e., Eyonlyon (GPa.m*)
ps | Material Density (kg/m?3)
Symbol | Support Stiffness
K; Lateral stiffness (GN /m)
K;r | Cross stiffness (GN)
Kg Rotational stiffness (GN.m)
Symbol | Hydrodynamic loading properties
d Water depth (m)
Cp Drag coefficient
Cy Added mass coefficient
Cyu Inertia coefficient
pw | Sea water density (kg/m?)
A Ocean wavelength (m)
H Ocean wave height (m)
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Figure 1- a) A typical OWT configuration, b) Schematic of the model, c) wave loading direction and system
coordinates
927
928
929
Table 2- DTU 10 MW OWT structural properties [74]
Symbol Value
Tower length (m) Lrow 119
Tower average diameter (m) Drow 9.6
Tower average thickness (m) trow 0.0295
Tower Young's modulus (GPa) Erow 210
Nacelle-Rotor assembly mass (kg) M, 676723
:\rl]aecrizilzlie(lz{;?;)assembly rotational A 1.7 x 10°
Platform level from mudline (m) Lpiat 45
Monopile average diameter (m) Dyton 8.3
Monopile average thickness (m) tron 0.09
Monopile Young's modulus (GPa) Eyon 210
Material density (kg/m3) Ps 8500
930
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931
Table 3- Hydrodynamic loading properties
Symbol Value
Water depth (m) d 35
Drag coefficient Cp 0.65
Added mass coefficient Cy 1
Inertia coefficient Cyu 2
Sea water density (kg/m3) Pw 1025
932
Table 4- The values of the coupled springs [60]
Symbol Value
Lateral stiffness (GN/m) K, 2.48
Cross stiffness (GN) Kir -20.7
Rotational stiffness (GN.m) Ky 412
933
934
935
Table 5- Solution variables
d/l Arow ama amy a a; a3 Oy as 423 Yar Yur
0.227 | 12125 | 14585 | 7501 | 5.84E-04 | -4.88E-03 | 0.097 | 0.188 | 1.59E-04 | 8.48E-07 | 0.911 | 1.271
936
937
Table 6- The natural mode frequencies of the system with and without the effect of added mass
Mode Number No added massfn (Hz Added mass Difference (%)
1 0.166561 0.166393 -0.1
2 1.13463 1.0322 -9.0
3 2.3888 1.98416 -16.9
4 4.3686 3.8174 -12.6
5 8.025 6.593 -17.8
6 12.198 9.8905 -18.9
938
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Table 7- Comparison of the 1% natural frequency between the proposed method and full 3D FE-based model by [60]

Water Platform Monopile M9nopi|e 1st Natural Frequency (Hz) Deviation
depth (m) | level (m) ' outer thickness (%)
diameter (m) (cm) Alkhoury et al. [60] Proposed Model
9 0.2009 0.1731 -13.8
8.3 10 0.202 0.1743 -13.7
12 0.2056 0.1771 -13.9
10 0.2074 0.177 -14.7
25 35 9 12 0.2112 0.1795 -15.0
14 0.2158 0.1813 -16.0
11 0.2177 0.1809 -16.9
10 13 0.2186 0.1828 -16.4
15 0.2207 0.1837 -16.8
9 0.1909 0.1663 -12.9
8.3 10 0.1928 0.1682 -12.8
12 0.197 0.171 -13.2
10 0.1992 0.1719 -13.7
35 45 9 12 0.2038 0.1734 -14.9
14 0.2092 0.176 -15.9
11 0.2096 0.1768 -15.6
10 13 0.2129 0.1784 -16.2
15 0.2155 0.1795 -16.7
9 0.1811 0.1592 -12.1
8.3 10 0.1836 0.1614 -12.1
12 0.189 0.1648 -12.8
10 0.1909 0.1658 -13.1
45 55 9 12 0.1962 0.1686 -14.1
14 0.2023 0.1708 -15.6
11 0.203 0.1717 -15.4
10 13 0.207 0.1736 -16.1
15 0.2101 0.175 -16.7
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Table 8- The range of solution variables used for the parametric study and the equality to the parameters

37

Solution variable

Equivalent to

= © K, =0

a, =0 Kip=0
02<a3 <> 271 (GN.m) < Kz < o0

a, =1 Elyon = El7o,, = 1357 GN.m?
0<as<1073 0 < Jp < 1.35x10° Kg.m?
0<ag<107° 0 < M, <1357 ton

Yar =1 Amon = Arow

yur = 1.36 See Eq. (62)
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Figure 3- Variation of system’s wavenumber, Br,, for different values of the water depth ratio, d /L, in the first 5
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Figure 4- Variation of normalized wavenumber of the system for the above water section, Bry, for different values of
as in the 1°t and 5% modes.
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a) Wave Horizontal Velocity b) Wave Load
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Figure 7- a) The wave horizontal particle velocity, and b) wave load obtained from Morison’s equation, for H=5.1 m
and A=132m.
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Table 9- Specification of the ocean wave applied to the reference tower
. Ocean .
Height wavelength Water depth | Frequency Period H 2 d 2 E Ursell Number
H (m) A(m) d(m) f (Hz) Tisec) | 97 9T d Ur
5.1 132 35 0.105 9.53 0.00572 | 0.0392 0.145 2.072
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Figure 8- The variation of the wave horizontal particle velocity at around t,(z), for wave with H = 5.1 mand A =
132 m.
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Figure 9- The effect of the term H,(z, t) in Morison’s formula with the 2" order wave kinematics for H = 5.1 m and
A=132matz=35m.
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Figure 10- The response of the reference tower at different heights.
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Figure 11- The response of the reference tower at the early stages of the motion.
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The effect of added mass on the response
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Figure 12- Comparison between the response of the tower at the hub level with and without the added mass.
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Figure 13- Comparison between the response of the reference tower with and without the added mass at early stages

of the motion
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Table 10-The properties of an OWT for the numerical comparison

Structural properties Symbol Value | Support Stiffness Symbol Value
Tower length (m) Lrow 70 Lateral stiffness (GN/m) K; o)
Tower average diameter (m) Drow 6 Cross stiffness (GN) K 0
Tower average thickness (m) trow 0.045 Rotational stiffness (GN.m) Ky 205.72
Tower Young's modulus (GPa) Erow 210
H ic loadi
Nacelle-Rotor assembly mass (kg) M, 0 ydrod\./namlc oading Symbol Value
properties
Nacelle-Rotor assembly rotational
inertia (kg.m2) In 0 Water depth (m) d 30
Platform level from mudline (m) Lpas 45 Drag coefficient Cp 0.65
Monopile average diameter (m) Dyton 6 Added mass coefficient Cy 1
Monopile average thickness (m) tymon 0.045 | Inertia coefficient Cy 2
Monopile Young's modulus (GPa) Eyon 210 Sea water density (kg/m3) Pw 1020
Material Density (kg/m3) Ds 7820
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Figure 14- Comparison of the results of the proposed solution with the numerical one at z=115 m.
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