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Abstract

Teacher learning in lesson study has been the focus of recent research by many authors. The
current study considered teacher learning as a change in teachers’ noticing of their teaching-
both on their students' learning and classroom routines. Literature reveals that noticing
students’ thinking in a class as a whole or a particular student and the teacher’s pedagogy is
one way of achieving teacher learning. In this study, van Es’ (2011) framework for learning to
notice students' thinking was used to analyse a group of five teachers in a Malawi secondary
school on the teaching of Pythagoras theorem. Though only one cycle was followed, the study
aimed at finding the opportunities lesson study offered the teachers to learn as they were trying
to promote geometric reasoning in their students. Three opportunities were identified as having
the potential to support the teachers' learning. These were the teachers’ collaboration, a mistake
committed in the lesson, and the presence of a knowledgeable other.

Keywords: teacher learning, lesson study, Pythagoras theorem, noticing, and teacher

noticing.
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Chapter 1: Introduction

The current research investigates the opportunities for teacher learning in lesson study when
promoting geometric reasoning in a Malawi secondary school classroom in the teaching of
Pythagoras' theorem. This chapter gives an overview of the study in terms of background,

problem statement, purpose, research questions and significance.

1.1 Background
Japan International Cooperative Agency (JICA) in 2008 launched a three-week Seminar for
Mathematics Lesson Evaluation for African educators to learn about the Japanese model of
lesson study (hereon LS). The seminar aimed at checking how to deepen and formulate
viewpoints necessary for mathematics lesson evaluation and how that contributes to lesson
improvement in those countries and Malawi was one of the beneficiaries (Fujii, 2013). It was
from this encounter that teacher educators (TE) from Malawi teacher training colleges (TTC)

were introduced to LS.

Huang et al. (2018) recognised that TEs in Malawi especially those new to LS had problems
in coming up with research questions, predictions, and observations. For the research
question, the teachers did not understand the usefulness of having it before planning, while in
predictions they were troubled in predicting their students' answers to the given tasks. In
observation, the challenge was not so much compared to the two formerly mentioned. In the
repeated cycle, improvements were noted in all the areas (research lesson, predictions and
observations) (Huang et al., 2018). In agreement with Huang et al. (2018), Fauskanger et al.'s
(2019) study discovered that the TEs struggled in focusing on their learning in line with
student teachers’ learning and that they also had problems predicting student teachers’
responses. The findings of these two studies are in harmony with the earlier study by Fujii
(2013). Despite the challenges noticed, participants still benefited in other ways. Just like
Lewis et al. (2019) found out that LS has four different types of outcomes on teachers which
are; knowledge, motivation, self-efficacy, and capacity to enact knowledge of content and
teaching in a classroom. The four outcomes observed by Lewis and colleagues stood as the
inspiration for the current study that LS impacts teachers in different angles therefore, it was
necessary to investigate the opportunities for teacher learning in LS when promoting

geometric reasoning in a Malawi secondary classroom context.



The LS was next extended to primary schools in a project called “strengthening numeracy in
the early years of primary school through a focus on the professional development of
teachers” by the University of Malawi (UNIMA) in collaboration with the University of
Stavanger (UiS) (Fauskanger et al., 2021). In their study, Fauskanger and colleagues
discovered that the teachers who took part in the LS cycle recognised that they lacked
concentration on; how to involve students in mathematics sessions, how to create space for
the students’ participation, and how to emphasise the value of letting students explore
mathematics for themselves (Fauskanger et al, 2021). The realisation of the mentioned
weaknesses shows that LS created an opportunity for the teachers to learn which acts as a
good sign of progress. Subsequently, the team from UNIMA proceeded with the project to
secondary school with the help of a South African project called Wits Maths Connect
Secondary Project (WMCS) and the focus was put on geometry (Adler et al., 2023;
Mwadzaangati et al., 2022). They named the project Promoting Geometric Reasoning (PGR).

PGR is an introductory project of LS for Malawi secondary school mathematics teachers
(Adler et al., 2023; Mwadzaangati et al., 2022). The project's main goal is to provide
professional development (PD) experiences to enhance the teaching and learning of geometry
(Adler et al., 2023) in secondary schools through LS. PGR is working with two secondary
schools in Malawi. This study is a follow-up of the PGR project in one of the two schools’
second phase of the LS involving Pythagoras theorem. Adler et al. (2023) and Mwadzaangati
et al. (2022) did studies on the first LS phase on the exterior angle of triangles and lines and
angles where attention was centred on language use and exemplification respectively (see the

next section).

1.2 Problem statement
In Malawi, mathematics is taught in all classes and compulsory for all students at all levels.
For instance, the curriculum matrix for both junior and senior secondary school indicates
mathematics in category A, a set of core subjects which are mandatory in all schools
(Ministry of Education Science and Technology (MoEST), 2015). In Malawi secondary
schools, geometry covers up to 33% of the total topics (16 out of 49 topics) of mathematics in
both junior and senior secondary curricula making it the second-largest covered area of study
after algebra (MoEST, 2013a, 2013b). One of the rationales for teaching mathematics in the
Malawi curriculum is that; “mathematics is a vehicle for the development and improvement
of a person’s intellectual competence in logical reasoning, spatial visualisation, analysis and

abstract thought” (MoEST, 2013a, p. xi). Logical reasoning and spatial visualisation are

2



products of learning geometry, this emphasises the significance of successful learning of

geometric concepts.

Geometry is one of the most important branches of mathematics that has a direct application
to real-life situations and in other areas of study like engineering, art, and geography (Singh
& Kumar, 2022). However, the literature shows that it is one of the hard-to-learn and hard-to-
understand hence hard-to-teach topics (Serin, 2018; Tachie, 2020). In a study of challenges in
teaching geometry in South Africa by Tachie (2020), lack of subject matter content was
observed as a major setback which resulted in two problems for teachers 1) chalk-and-talk
teaching where teachers were talking and writing a lot without giving explanations of the
content for students to understand and 2) the negative attitude of the teachers which was
noted as a result of a lack of confidence (see Chapter 2). Similar problems are faced in
Malawi, and they affect students’ performance in geometry. For instance, the 2019 Malawi
National Examination Board (MANEB) chief examiners' report for mathematics indicated
that students had difficulties with questions from the core element of space and shape which
is the core element where geometry fall (MANEB, 2019). Two consecutive MANEB
examiners' reports (MANEB, 2019, 2020) indicated that students were applying the
Pythagoras theorem on angles and some were applying it on a non-right angled triangle.

The present study acknowledges that several pieces of research on LS have so far been done
with most of the current ones focusing on teacher learning in LS (e.g. Adler et al., 2023;
Karlsen, 2022; Mwadzaangati et al., 2022; Uffen et al., 2022). Some studies focus also on
teacher noticing of which many focused on pre-service teachers and few on in-service
teachers (Santagata et al., 2021). The socio-cultural and cultural-historical approaches have
been some of the most used in the studies on teacher learning (Hervas & Medina, 2021,
Karlsen, 2022; Lee & Tan, 2020; Uffen et al., 2022).

The few studies the current researcher managed to find for Malawi were on Challenges faced
in LS implementation by Fujii (2013) and Huang et al. (2018) who studied the TEs work,
challenging primary school teachers' views and understanding LS in teacher educators by
Fauskanger et al., (2019, 2021), Adler et al. (2023) and Mwadzaangati et al. (2022). The last
two studies were developed on the ongoing PGR project. Mwadzaangati et al. (2022) study
investigated how Malawi teachers learn about exemplification in teaching geometry. They
put their emphasis on variation in geometry examples with a consideration that in the struggle

of promoting learners’ geometric reasoning, examples play a greater role.



From their observation, they argued that the PD workshop which the teachers attended
instituted learning likewise the presence of an expert educator or a specialised lecturer in
teacher reflection commonly known as a knowledgeable other (KO) (Quaresma et al., 2018).
Reflection on what was successful or not in the classroom also instituted learning in the
teachers (Mwadzaangati et al., 2022). How these contributed to teacher learning was not
addressed and the focus was only on exemplification. While in the study by Adler et al.
(2023), they described how LS might contribute to teachers’ learning of language and the role
of theoretically networked teaching frameworks in teacher learning. From their observation,
they argued that the teachers changed their way of using words compared to their first lesson
plan such that it became more meaningful and detailed in the second lesson plan. They
further argued that the teachers also changed the way they were correlating the supporting

diagrams to their language. This study emphasised teacher language learning.

In brief, the above-indicated students’ challenges by the two MANEB (2019, 2020) reports
reveal that the students’ problems relate to how they learnt the concepts. To my knowledge,
this may mean the students misunderstood the concept and the misconceptions were not
observed and addressed by their teachers in the classroom. With consideration of the
observations and emphasis made by the two earlier studies for secondary school, Adler et al.
(2023) and Mwadzaangati et al. (2022), the current study was designed to investigate teacher
learning in LS in the aspect of how the teachers predict, observe, and promote their student's

mathematical thinking.

1.3 Purpose of study
The current study aims at investigating the opportunities for teacher learning in LS when
promoting geometric reasoning in Malawi secondary classroom in the teaching of Pythagoras
theorem, a grade 10 (form 2) topic in Malawi's lower secondary school mathematics
curriculum. The study assumed teachers’ learning in LS could promote their ability to deliver
the concepts and follow up on the students’ misconceptions and correct them at an early
stage. Data from the ongoing PGR project in the form of lesson plans, field notes, and
transcribed video-recordings of lesson planning, classroom teaching and lesson reflection

discussions were gathered as tools to be used in the analysis.

1.4 Research questions
The following main research question guided the present study: How does LS offer the

opportunity for teacher learning when promoting geometric reasoning in teaching Pythagoras
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theorem in a Malawi secondary school classroom? Three specific research questions were

posed in answering the main question, these are:

1. What do teachers notice when planning in LS in teaching Pythagoras' theorem?

2. How do teachers’ predictions and observations in LS promote students’ thinking and
learning of Pythagoras' theorem?

3. What knowledge do teachers gain from classroom incidents in teaching Pythagoras

theorem?

1.5 Significance of the study
The findings of the present study may give a clue to Malawi MoEST through the Department
of Teacher Education and Development (DTED) when planning for teacher professional
development (TPD). They can adopt LS in the education system by creating academic
development programmes that incorporate instruction observation, collaboration, research,
and reflection (Hervas & Medina, 2021). In addition, the findings might add knowledge to
the earlier studies on teacher learning in LS in Malawi by Adler et al. (2023) and
Mwadzaangati et al. (2022). From the current study, the knowledge is focused on what
teachers notice when planning in LS, how they make predictions and observations to promote
students’ learning and the knowledge teachers attain in LS. While as a pedagogical
implication, the findings may be useful for teachers to boost understanding and improve the
teaching of geometry hence improving mathematics education. Just as Jones (2000)
highlighted that for teachers to properly teach geometry at secondary school they need to

attain a full understanding of the mathematics to teach.

1.6 Scope of the Study

The core focus of the study was to discover the possibilities of teacher learning in LS when
LS was introduced in a Malawian secondary school while they thrive to promote students’
reasoning in geometry specifically in the teaching of Pythagoras theorem. This was done by
exploring the following things: the teachers’ noticing in the two planning and the
implementation of the planned research lessons. The teachers’ predictions and observations in
the planning and presentation of examples to their students were also assessed. No focus was
put on individual teachers. The study followed only one cycle of LS (see Chapter 2) which
may not be enough to generalise learning as it is a gradual process just like development

(Ono & Ferreira, 2010; Van Driel & Berry, 2012). In addition, changing one’s traditions in



teaching resists as Stigler and Hiebert (1999) articulated that teaching is considered as a

cultural activity and is learnt over a long time.

1.7 Chapter Summary"

This chapter has shed light on the background of LS and PGR in Malawi, what motivated the
study and the purpose of initiating it, the research and its guiding questions, and the
importance of the study. In brief, Malawi adopted LS as a PD beginning with teacher
educators then primary school teachers and now to secondary school through the PGR project
intending to promote geometry teaching in secondary schools. Two other studies on teacher
learning through exemplification and language use are available on the PGR project and the
current study wished to investigate the opportunities for learning of the involved teachers by
observing how they noticed their predicted and observed work for their students from
planning to reflection in their discussion sessions. In terms of importance, the study will add
to the existing knowledge on teacher learning in LS, it may give clue to the Malawi MoEST
in planning for TPD in the future, and can also support in improving mathematics education
in Malawi by increasing teachers’ knowledge in the teaching of geometry, Pythagoras
theorem, which is one of the longest areas of study in mathematics and has a lot of real-life

applications.

The study is segmented into six chapters. The first chapter is the introduction which is
followed by the review of the literature and theory used in the study (Chapter 2), methods and
methodology followed in the study in Chapter 3. Chapter 4 presents the findings of the
analysed data, Chapter 5 covers the discussion of the results, and the last chapter presents the
conclusion, pedagogical implication for further research, limitation and recommendations of
the study.



Chapter 2: Literature Review and Theory

This chapter presents a brief overview of previous studies related to lesson study (LS) and
geometry. The chapter is segmented into four sections of which the first section (2.1)
provides a background of LS, its cycle, and a review of studies of LS beyond Japan. Next is a
presentation of a brief description of geometry and Pythagoras' theorem in 2.2. A brief review
of studies on teacher learning in LS is presented in 2.3 while the last part of the chapter (2.4)

focuses on the analytical framework used in the study.
2.1. Lesson Study as an Approach for Professional Development

2.1.1 Background of lesson study

LS is currently among the most common and fast-growing approaches to TPD used (Dudley,
2015; Lewis et al. 2019; Warwick et al., 2016 ). There are a lot of studies carried out on the
introduction of LS, its effectiveness and the challenges faced in its implementation in the
adopted countries (Bjuland & Mosvold, 2015; Fujii, 2013; Murata, 2011; Stigler & Hiebert,
1999). This section reviews some of such studies as a foundation for the current study and
shows the necessity of continuing with the study.

LS was first discovered in Japan somewhere around the 1880s (Pjanic, 2014) and was
adopted outside Japan in the late 1990s (Murata, 2011; Seleznyov, 2018; Stigler & Hiebert,
1999; Takahashi & McDougal, 2016). The Japanese LS was made popular by the study of
Stigler and Hiebert (1999), “The Teaching Gap”, where they observed video recordings of
mathematics lessons from three countries, Germany, Japan and the United States of America.
They discovered that in Japanese lessons the students were actively engaged in mathematics
with inquired-based problem-solving activities. In Germany there was less involvement of the
students rather the teacher was the one giving explanations and justifications needed. While
for the USA, there were lots of interactions but not easy to see the mathematics (Stigler &
Hiebert, 1999).

In that study, the teaching gap was found to be in terms of teaching methods, consideration of
the teaching itself not the teacher, and the cultural nature of teaching (Stigler and Hiebert
(1999). These three things brought the uniqueness of Japan from the other two nations'
mathematics lessons. This provoked researchers to further investigate Japanese mathematics
lessons. Since its discovery in Japan, LS has been an issue of international interest and in

2002 it came out as one of the foci in the ninth conference of the International Congress on



Mathematics Education (ICME) (Murata, 2011). Later it was adopted in many countries

around the world as a new form of TPD.

This form of TPD has been considered unique and effective just as Murata (2011, p.2) argued
that lesson study “incorporates many characteristics of effective professional development
programs identified in prior research: it is site-based, practice-oriented, focused on student
learning, collaboration-based, and research-oriented ”. Agreeing with Murata are Dudley
(2013), Lewis et al. (2019) and Qi et al. (2023) who indicated the evidence of teacher
learning in LS (see Chapter 2.3).

The universal idea of LS is the coming together of teachers physically, with an agreed
question about their students’ learning, organising a research lesson that will make their
students learn visibly and then they examine and discuss observations made within the lesson
(Murata, 2011; Dudley, 2014). This is done to collect data about students’ learning to
improve instruction (Lewis et al., 2013). LS in Japan has been practised in three categories,
depending on shape and size and thus at a small, medium and large scale (Chen & Zhang,
2019; Murata, 2012; Lewis et al, 2013). Small-scale LS happens as school-based, medium-
scale happens as district-based while large-scale happens as national activity (Chen & Zhang,
2019; Murata, 2012; Lewis et al, 2013). Large-scale lesson study is vital when a new
educational approach, new content, or a sequence of content instruction is introduced. The
teachers together try to understand what it means by discussing, asking questions about it and
constructing a shared understanding and this can be done through a live public research
lesson (Dudley, 2014; Lewis et al, 2013; Murata et al., 2012).

Lewis (2009) noticed three types of knowledge teachers develop in a LS namely, knowledge
of the subject matter, development of interpersonal relationships among teachers, and
development of teacher personal qualities and disposition. Lewis et al. (2019) also tested the
efficiency of LS for 20 years using four theoretical perspectives: knowledge integration
environment, self-determination theory, self-efficacy theory, and pedagogies of practice.
They discovered the following five pieces of evidence of LS impacts: “impact on students’
learning; impact on teachers’ knowledge for instance knowledge of tasks and pedagogical
content; on teachers’ belief; impact on routines and norms of professional learning for
instance regarding students’ interaction with content not content independently; and on
instructional tools and routines” (Lewis et al. 2019, p.17). Lewis et al.’s study also proved

that LS works both on the teachers' and students’ learning. These findings show that LS is a
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promising tool for improving the quality of teaching and increasing teacher development

hence it is necessary to study how the teachers learn in it.

2.1.2 Lesson Study Cycle

Literature shows different steps in which the LS cycle is conducted but the goal remains the
same as indicated above. Stigler and Hiebert (1999) managed to identify eight main steps in
the LS process which are: defining the problem; planning the lesson; teaching the lesson;
evaluating the lesson and reflecting on its effect; revising the lesson; teaching the revised
lesson; evaluating and reflecting again; and sharing the results. These steps make up the LS
cycle and can either be fitted in one cycle or can be trimmed. In another review of the
literature, Seleznyov (2018) identified sourcing outside experts (KO) as another component
of LS. The KO can be someone with more knowledge in the field and who specialised in

teachers’ reflection (Murata, 2011; Quaresma et al., 2018).

Lewis (2009) presented a four-stage cycle of LS consisting of studying, planning, doing
research lessons and reflecting (see also Lewis, 2019; Lewis & Perry, 2017; Murata, 2011;
Murata et al., 2012 and Figure 1). These stages involve formulating student learning and
long-term development goal, planning together a research lesson which puts the goal/s into
action, one member volunteering to teach the lesson while others observe and get facts about
students learning and development, reflecting on and discussing the data collected during the

lesson to improve the lesson, the unit, or the instruction.

Further, the focus on the stages is shown by Lewis et al. (2019). They asserted that the study
phase should aim at building team members' knowledge about the topic and helping them
develop an understanding of how best to apply the knowledge in practice. According to
Murata (2011), goal development for a start can be general and be narrowed down and
focused within the process making it a specific research goal. In planning, she said the
teachers choose or design a teaching approach which they wish to use to enable students to
learn visibly focusing on the set lesson goal to test the effectiveness of the approach and not
necessarily making a perfect lesson (Murata, 2011). Fujii (2013) and Stigler and Hiebert
(1999) suggested that the choice of a topic should be based on how difficult or easy it is for
students or it should be something hard for teachers to teach. The difference in planning this
lesson from other lessons is that teachers try to predict students’ possible responses and their
thinking and reasoning; they also study curriculum materials which may assist in developing

content knowledge (Murata, 2011).



Lesson Study Cycle

1. STUDY

Study curriculum and
standards.

Consider long-tarm goals
far student lsarning and
developmant

4. REFLECT
Share data

What was learnad about
student leaming?
What are implications
for this unit and mara
broadiy?

What understandings and
new guestions do we want
to carry forward in our

2. PLAN

Salsct resaarch lassan

Anticipate student
thinking

Plan dsta collection and
lesson

3. DO RESEARCH
LESSON

Ona team mambar
taaches, othars
collact data

Figure 1: Lesson study cycle
Note: Adapted from Lewis (2009, p.97)

The do research lesson is the stage where one team member teaches the lesson while the rest
observe how students are thinking and notice differences in their approaches (Lewis, 2009;
Murata, 2011). Stigler and Hiebert (1999) included rehearsing and role-playing the lesson
with fellow teachers before the actual day of teaching. The primary objectives of this stage
are to test the team's ideas about how to teach the subject matter, cultivate the habit and
ability of attentive student observation, and improve the calibre and effect of educators' talk

by rooting them in a joint classroom experience (Lewis et al., 2019).

Finally, in the reflection stage, teachers meet at the end and discuss what they have noticed in
the lesson, the lessons learnt about students learning, the implications of the unit and their
understanding, and decide a new question they want to carry forward (Lewis, 2009; Lewis et
al., 2019; Murata, 2011). From Lewis et al (2019), the main objective of the reflection phase
is to express what each team member and KO learnt from the LS cycle so that others within
the team and outside of it can benefit from this knowledge. This helps the participants to
incorporate what they learnt into their thinking and practice, and for educators to reaffirm
their commitment to improving their knowledge and practice as well as that of their

colleagues (Lewis et al., 2019).
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Currently, the LS cycle remains in four stages but there are some modifications for example,
the inclusion of repetition of the research lesson (Dudley, 2013, 2015; Banda et al., 2021) and
the use of a guiding theorem (Adler & Alshwaikh, 2019; Larssen & Drew, 2015; Schoenfeld
etal., 2019). In Dudley's (2013, 2014 & 2015) modification to the Japanese LS, the teachers
choose special students within the class, say three students, based on their progress in class
(good, average or below average) on top of following all the normal procedures of the
Japanese LS. The teachers’ attention is put on these case students and at the end of the lesson,

the cases are interviewed to obtain evidence of the student’s learning.

Due to the differences in the adaptation of LS in different countries which can be a result of
what Stigler and Hiebert (1999) said about teaching being a cultural activity, Lewis et al.
(2019) presented goals, challenges, and possible ways of overcoming them in each of the LS
stages. It can be stated that LS works better depending on set goals and how to move toward
them (Lewis et al., 2019). For example, the goal of Japanese LS is to improve teaching and
strengthen the teacher's professional community with a focus on problem-solving and student
thinking (Lewis et al., 2019; Adler & Alshwaikh, 2019). What you want to achieve in LS
should be clear to maintain focus.

An emphasis on the implementation of LS was indicated by Ebaeguin (2015) who reported
two approaches: fidelity and a culturally embedded approach. He said the fidelity approach is
when the Japanese LS is adopted directly as it is practised in Japan. The cultural-embedded
approach is the one that changes the features of Japanese LS which cannot be transferred
exactly due to cultural differences, without necessarily changing the whole LS process.
Ebaeguin discovered that adapting and critically implementing LS makes it successful and
gives teachers opportunities to grow professionally. Most current LS practices are based on
the cultural-embedded approach with the addition of a component of guiding the LS with a
theory (e.g., Adler et al., 2023; Adler & Alshwaikh, 2019b; Mwadzaangati et al., 2022).

Considering Ebaeguin’'s (2015) and Lewis et al.'s (2019) studies, knowing what to do in each
LS stage and knowing what to adapt depending on your nation’s education culture promotes
the success of LS outside Japan. Many studies have indicated that LS leads to professional
changes in teachers. For instance, Lewis et al. (2009, p. 286) claimed that LS “creates
changes in teachers’ knowledge and beliefs, professional community, and use of teaching-
learning resources,”. In addition, LS discussions along with mathematical content and student

reasoning, have been shown by Murata and colleagues to aid teachers in developing new
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mathematical skills for instruction (Murata et al. 2012). Lewis and Perry (2017) also showed
that teachers in LS can obtain subject-matter expertise by utilizing specialized mathematics

resource packages.

The present study was developed on a medium scale as it involved two different secondary
schools within the same district (of which only one is the focus here, see Chapter 3). Even
though each school had its topic of concentration, the teachers had a common goal of
promoting geometric reasoning, so they were having some common meetings and shared
their findings. Adapting from South African LS, the current study followed a repetition cycle,
so the lesson was repeated in another class after a second preparation (see Chapter 3.3). The
current study aimed at investigating opportunities for teacher learning in LS when promoting
geometric reasoning in a Malawi secondary classroom through the teaching of Pythagoras

theorem.

2.1.3. Lesson Study outside Japan

After the LS discovery in Japan, other countries have been adopting and implementing it in
their own countries. This section highlights some studies on LS in other countries beyond
Africa and within Africa in terms of how they differ from each other, their achievements, and
what has been done so far in Malawi. The countries are the United States, China, Norway,

South Africa, Zambia, and Malawi.

2.1.3.1 Lesson Study beyond Africa

In Asia, three models of LS have been practised: the Japanese LS, the Mainland China LS,
and the Hong Kong learning study (Chen & Zhang, 2019). The Japanese LS aims at
constructing school culture, focusing on student thinking development and teacher learning.
Mainland China's LS aims at expanding students’ learning by improving strategies of
teaching, while the Hong Kong learning study aims at scientific investigation and student
learning assessment (Chen & Zhang, 2019). The current study follows the Japanese LS,

where the development of subject matter and teaching strategies is part of the LS process.

In the US, LS has been applied in different forms; some schools implement it directly as
stipulated, while others modify it to fit their system constraints (Lewis et al., 2006). In their
study, Lewis and Perry (2013) showed that LS has positively impacted students' and teachers'
mathematical knowledge. On the other hand, Schoenfeld et al. (2019) asserted that LS in the
US has not been so successful in its implementation. Schoenfeld et al. (2019) indicated that

among American teachers, there is less time for combined collaboration among themselves.
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This observation contributed to Schoenfeld et al.'s (2019) development of a guide in the form
of a framework named Teaching for Robust Understanding (TRU) with LS to help improve
collaboration (see 2.4). Nowadays, LS guided by a theory is being practised in many
countries including South Africa and Malawi (Adler et al., 2023; Mwadzaangati et al., 2022).

Malawi is where the current study is positioned.

In Norway, LS has commonly been practised in teacher education (e.g., Bjuland & Mosvold,
2015; Fauskanger & Bjuland, 2021; Munthe et al., 2016). From Munthe et al.'s (2016) and
Larssen’s (2019) studies, they realised that introducing improved teaching habits to student
teachers contributes to lifelong professional learning and exposes them to the individual
realisation of classroom realities and an understanding of how their actions affect the
student's learning outcomes. Bjuland and Mosvold (2015) discovered the challenges LS can
have in teacher education if not carefully considered before implementation. In their study,
they identified four indicators that signal whether the LS will bring positive results or not.
These are student teachers’ lack of pedagogical content knowledge (PCK); focus on
mathematics without a research question; lack of focus on observation; and difficulties in

making structured observations (Bjuland & Mosvold, 2015).

The four indicators give hints that when preparing to conduct an LS as a form of PD,
especially with student teachers, they at least need to have knowledge of the subject matter
and pedagogy of the content as Shulman (1986) highlighted. They should also develop a
question they need to investigate with their students throughout the cycle, they need to centre
their observations on both the students and their learning as LS focuses on both (Lewis et al.,
2019). In LS, student teachers should avoid basing the lesson's attention on their plan rather,
the actions of the students during the lessons need to be considered as much as possible. The
current study focused on qualified secondary school teachers, but the stated observation

appears to be necessary when conducting LS at any level.

2.1.3.2 Lesson Study in Africa

In South Africa, LS has been used as a form of TPD. For instance, the Wits Maths Connect
Secondary Project (WMCS), a project in South Africa adapted and shaped LS activities to fit
in the SA context (Alshwaikh & Adler, 2017a). In their project, LS is being used as a medium
of TPD with an inclusion of a theoretical lens, the lens called Mathematics for Teaching
Framework (MTF) (Alshwaikh & Adler, 2017a). These researchers suggested two things
from the findings; 1) students' errors should be a component to attend to in the planning of LS
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and 2) the role of participating observers should be known before the commencement of the
teaching. In a related study by Adler and Alshwaikh (2019a), participating teachers expressed
their satisfaction with LS. The teachers confessed they learnt about choosing and using
examples. Following up on how changes in the examples happened, Adler and Alshwaikh
(2019a) identified two ways; when the teachers noticed that the examples were not enough
and when they realised that different representations were needed. More evidence of teachers
benefiting from LS in South Africa was demonstrated by Helmbold et al. (2021). They
discovered that content knowledge, pedagogy content knowledge and general professional
development in LS execution were positively influenced by the teachers (Helmbold et al.,
2021).

Uganda, Zambia and Malawi are among the African countries that adopted lesson study
(Fujii, 2013). After JICA introduced LS to some African countries, the project team members
conducted a two weeks follow-up study in the countries like Uganda and Malawi where they
interviewed the JICA participants and observed research lessons followed by the post-lesson
discussion (Fujii, 2013). In their observation, the team members noticed some
misconceptions in the implementation of the LS. Some of their findings were: considering LS
as a workshop, not as a teacher-led or bottom-up activity where the teacher initiates the
activities; following a lesson plan exactly as planned without accommodating classroom
situations; putting the teacher as the focus in the post discussion and not the teaching, and re-
teaching a research lesson after evaluation which lead to adding steps to the four basic steps
in the Japanese LS. These observations show that apart from having a live observation of
Japanese LS and learning from it, countries adopted the development activity but
implemented it differently. These modifications in some instances are for the better of the
successful implementation of the PD to meet their education system for instance in the USA
as indicated by Duez (2018); Schoenfeld et al. (2019).

In Zambia, LS was introduced in 2005 as a tool for science lessons and teacher skills and
knowledge development (Banda et al., 2021). Zambia’s LS follows a repetition cycle and has
eight steps as below; 1) defining the problem or challenge; 2) collaboratively planning a
lesson; 3) Implementing demo-lesson; 4) discussing the lesson and reflecting on its effect; 5)
revising the lesson; 6) conduct the revised lesson; 7) discuss the lesson and reflect; and 8)
compile and share reflections (Ministry of Education, 2010, p. 12). From the time of its
introduction in 2005, LS was incorporated in all twenty-nine secondary schools by 2009 as
part of the school curriculum (Banda et al., 2021). Despite the claim by Fujii (2013) that the
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inclusion of repetition of the cycle is a misconception, Banda et al.’s findings indicate that the
implementation produced successful results in Zambia as the examination pass rate improved
in schools where LS was implemented compared to where it was not. Two things highlighted
as contributing factors to the success of LS implementation were the presence of well-trained
facilitators and sufficient environments. The high pupil-teacher ratio and heavy teacher

workload negatively affected the implementation (Banda et al., 2015).

In Malawi as earlier indicated in Chapter 1, LS was first introduced to TEs (Fujii, 2013), then
to primary schools (Fauskanger et al., 2021), and next to secondary school teachers
(Mwadzaangati et al, 2022). Despite challenges faced in its implementation in Malawi, LS
has shown to be a better resource in teacher development. For instance, in Fauskanger et al.’s
(2019) study, primary school teachers discovered what they needed to do in assisting their
students to learn as shown in Chapter 1. Malawi like Zambia and South Africa adopted a
repeated cycle of LS. Mwadzaangati et al.'s (2022) study used Mathematics Teaching
Framework (MTF) to assess how these teachers (the same teachers studied in the current
study) use variation against the invariant of examples in teaching geometry. These
researchers found that there were variations in two forms: the complexity of examples and the
orientation of the diagrams. The teachers realised the importance of giving examples from

simple to complex and changing the orientation of diagrams to minimise memorisation.
2.2. Geometry and Pythagoras theorem

2.2.1 Geometry

Geometry is an area of study of mathematics that deals with shapes and space (Jones et al.,
2012; Serin, 2018) whereas Duval (1998) defined reasoning as any process that enables
someone to draw new information from given information. Thus, reasoning involves coming
up with a fresh sequence of facts from what was given. This is done to show understanding,
explain and convince others (Hershkowitz et al., 1998). On the other hand, geometric
reasoning is the act of “inventing and using formal conceptual systems to investigate shape
and space” (Battista, 2007 p.843). For students to develop mathematical reasoning they must
be able to make, refine and test their conjectures (Gunhan, 2014). This is in agreement with
what Hershkowitz et al. (1998) called ‘Mathematising’. Mathematising is “a human activity
by which elements of context are transformed into geometrical objects” ( p.5). This means the
ability to present visually the learnt mathematical concepts and then explain and represent
them. Gunhan (2014) noted that having better reasoning skills implies good problem-solving
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in students. This relatively implies that emphasis on promoting geometric reasoning in
students positively impacts their problem-solving skills. Therefore, it is the teachers’ role to

track the students’ thought processes when promoting geometric reasoning.

The teaching of geometry has been hard for a long time for instance; Hershkowitz et al.
(1998) observed that geometry has been taught in the context of deductive reasoning. From
their scrutiny, it was presided over by two parts; 1) deductive reasoning as part of human
culture to be learned and 2) a vehicle for verifying geometrical statements and showing their
universality (Hershkowitz et al., 1998). In these aspects, the product which is written proof
was considered the most essential part other than the process of proving. This shows that
teaching tended to neglect both the visual geometric context and the students, hence

encouraging memorisation.

Jones et al.'s (2012) paper concentrated on three issues they considered vital in geometry: the
mathematical definitions, representations, and form of teachers’ instruction. They highlighted
that definitions are important in the deduction of different properties and the determination of
reasoning and proving processes in students. But they said care should be taken in defining to
avoid memorisation. Instead of giving students definitions, they should be actively involved
in coming up with such definitions as supposed by de Villiers (1998). According to Jones et
al. (2012), representation is another important thing when “introducing theorems, explaining
proofs and posing problems” (p.2390). They added that to avoid mismatches, emphasis and
care should be taken when providing external representation of diagrams. The promotion of
geometric reasoning was also observed to be supported by teachers’ varying ways of teaching
instruction techniques and strategies. The strategies should direct the attention of students to
facts of the content being taught (Jones et al., 2012).

Introduction of the geometric concepts in the lower classes plays a great role in students’
understanding of geometry. As Giilkilik et al. (2015) highlighted, memorisation of
mathematical concepts, as stated in the paragraph above, does not mean one has an
understanding of the content, rather understanding is a process that develops from informal to
formal with a basis of previous knowledge. To improve students’ geometric thinking skills,
different teaching methods must be practised (Serin, 2018). Therefore, teachers need strong
pedagogical approaches on top of content knowledge to assist students to have better and
more reasonable thinking. Courtney and Armstrong (2021) elaborated that, in teaching
geometry, the teacher should help the students see and appreciate some concrete connection
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between the content and their previous knowledge, experience and the real world so that they
can link with and make sense of it. With such connections, the students can easily learn and

understand hence develop their reasoning skills.

In a study by Tachie (2020), teachers' lack of content and pedagogical knowledge were
identified as challenges in teaching and learning geometry. This was observed as many
teachers deployed to teach mathematics were partly and some were not trained. This made
them lack confidence and hence had a negative attitude toward the teaching of Euclidean
geometry, a mathematics topic. Many of the teachers were observed using chalk-and-talk
teaching, teaching by following the textbook and explaining the concepts for students to
understand (Tachie, 2020).

2.2.2 Pythagoras theorem

Promoting Geometric Reasoning in Pythagoras

Pythagoras theorem was named after a Greek philosophic-religious leader sect, Pythagoras,
in around 500 BC (van der Waerden, 1978). Pythagoras' theorem is under Euclidean
geometry which is a form of geometry that requires students’ ability to connect new to
existing knowledge (Kotzé, 2007). It is considered one of the most important theorems in
geometry as it has more mathematical relationships and applications (Wittmann, 2021) as
indicated in Chapter 1. In a right-angled triangle where the values of two sides are known,

Pythagoras' theorem is applied to find the value of the third side (Wittmann, 2021).

Literature shows that defining and proving the theorem is done in many ways. For instance,
Chambers (1999) indicated four ways of defining the theory and Loomis (1968) indicated up
to 370 ways. From Chambers, the theorem can be defined by 1) just stating it in words with
drawing (“the square on the hypotenuse is equal to the sum of the squares on the other two
sides”, p.23), 2) thinking in terms of areas and using a diagram of a right-angled triangle
with squares on the sides (C=A+B) Figure 2, 3) using labels on the sides like a, b and ¢ where
c is the hypotenuse (a?+b?=c?) Figure 3, 4) using labels on the vertices of the right-angled
triangle like A, B and C (AB?+BC?=AC?) Figure 4 (Chambers, 1999, p.23).
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A a

Figure 3: Right-angled triangle b

Figure 2: Right-angled triangle a

Figure 4: Right-angled triangle ¢

When teaching any geometry topic, Pythagoras theorem for example, teachers must make
sure that the goals of the topic are attained therefore, teachers' awareness in teaching the
ancient history of mathematics and the use of scaffolding can help (Wulandari et al., 2021).
The students need to appreciate how the theory came in unlike just stating it to them
(Chambers, 1999). Similarly, when designing a teaching unit on the Pythagoras theorem,
Wittmann (2021, p. 130) proposed that introductory teaching of the topic should be clear with
the following boundaries:

1. Students should be faced with a problem that is typical for the use of the Pythagorean
Theorem and rich enough to derive and explain (prove) the theorem.

2. The conceptual underpinning of the unit should be as firmly rooted in students’ basic
knowledge as possible.

3. The setting should be as concrete as possible to account for different levels in the

mastery of basic concepts, to stimulate students’ ideas and to facilitate checking.

Wittmann also presented a teaching plan on one of the many ways in which a Pythagoras
theorem introduction lesson can be planned. The plan starts with presenting the guiding
problem, then redefining the problem, specialising the problem, generalising the solution, and

finally discussing the formula where the history and importance of the theory are explained.

The highlighted observations show how challenging teaching the Pythagorean Theorem is.
Teachers need to understand the concept and know the better definition/s and way/s of

proving the theorem for students to understand and promote their reasoning. It is from this
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understanding that the current study was developed to investigate the opportunities for
teacher learning through LS in Malawi in the teaching of Pythagoras theorem a junior

secondary (grade 10) mathematics topic.

2.3. Teacher learning in lesson study

Most researchers currently on LS are paying attention to teachers learning in the process (i.e.,
Alshwaikh & Adler, 2017b; Karlsen, 2022; Huang & Huang, 2023; Qi et al., 2023). Xu and
Pedder's (2015) review of the literature recognised that most of the studies analysed what
teachers say about their experiences with LS as descriptive evidence for statements about
teacher learning instead of focusing on teachers' discussions as an adaptor of learning and
development. This is a weakness in the potential of discovering LS as a tool for teacher
learning and PD. Another review of literature by Larssen et al. (2018) observed that learning
or the details of the learning theory framework were not commonly defined and examined by
researchers which resulted in a lack of coherency between results and theory. It is therefore
necessary to understand the definition of teacher learning just like Larssen et al. (2018)
articulated that observation of learning should be established based on how it is understood

and defined.

Bakkenes et al. (2010, p. 536) defined teacher learning as “an active process in which
teachers engage in activities that lead to a change in knowledge and beliefs (cognition) and/or
teaching practice (behaviour)”. While Tyskerud and Mosvold (2018, p.53) defined teacher
learning in LS as a “change in teachers’ discourse on teaching — either in their discourse on
student learning or in their routines in the classroom”. From the two definitions, teacher
learning can be demonstrated either in the way the teachers communicate with students or in

their teaching practices, knowledge, and belief.

It is not yet clear how teachers learn in LS (Lee & Choy, 2017) but, several studies revealed
what teachers learn through LS for example, a study by Qi et al. (2023) demonstrated that
teachers understood the difference between their authenticity and students’ authenticity. The
teachers realised that their assessment criteria in terms of language and expression stood
above the knowledge of their students (Qi et al., 2023). Students’ preference was seen to be

in working collaboratively with peers.

In another study by Alshwaikh and Adler (2017b), they recognised that learning in LS came
about because of errors or mistakes that took place in the classroom caused either by the

students or by the teacher. In one research lesson they had, some mathematical errors
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occurred with the students which the teacher of the lesson corrected. In another lesson, it was
the teacher’s mistake which the teacher of the lesson did not notice until during the reflection
of the lesson (Alshwaikh & Adler, 2017b). They recommended that during planning teachers
should foresee learners’ errors and misconceptions that may arise and pose a question on
whether observers should interfere in a research lesson. Karlsen (2022) on another hand
indicated that teacher learning can be represented by a change in teaching approach like
changing from the traditional model of receiving expert knowledge. She further claimed that
putting together classroom observed evidence and interpreting them offers the opportunity for

professional learning.

An earlier study by Cajkler et al. (2014) also disclosed that discussion sessions in LS
provided crucial discursive possibilities through planning and in-depth reflection on the
standard of teaching and learning. Similarly, consideration of the problems that students have
with various areas of their learning of mathematics also helped to influence professional
learning in LS Cajkler et al. (2014). Hervas and Medina (2021) highlighted several aspects
that contribute to teacher learning in LS. They include sincerity and respect for other
teachers’ views, making clear underlying understanding, focusing on the group, not
individual students, sharing personal pedagogy and professional knowledge, and the presence
of a KO. The positive effect of the presence of the KO was also identified by Uffen et al.
(2022) although the teachers preferred using a facilitator in sourcing information for the LS

team over KO.

Another study by Vermunt et al.'s (2019) assessed the “Impact of lesson study professional
development on the quality of teacher learning” following Bakkenes et al.'s (2010) work.
They measured the three orientations of learning; application, meaning and problematic-
oriented learning (Bakkenes & Vermunt, 2010; Vermunt et al., 2019). Application-oriented is
where teachers try to improve teaching by making use of what they have learnt. In meaning-
oriented, the teachers attempt to understand the cause and reasons for new practices and
ideas, while problematic-oriented is where teachers find challenges in what worked in their
teaching and how that happened (Bakkenes et al., 2010). Vermunt et al.'s (2019) realised that
meaning and application-oriented learning increased in schools where LS has been practised
while the problematic-oriented decreased in such schools, unlike the control school this
shows that LS PD influences the quality of teacher learning through meaning and application-

orientations.
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Dudley (2015) affirmed that LS supports teachers’ learning through dialogues, sharing gained
insights and the experience of classroom work for both teacher and student. In learning
through talks or dialogue, he indicated that throughout the planning, teaching, and reflection
the teachers assume they are in the role thus they take responsibility. Within the talks, raising
and testing the hypothesis of the lesson opens the teachers' minds hence developing chances

of changing their beliefs and practices (Dudley, 2015).

There seems to be a relationship between teacher learning and teacher noticing. For instance,
a literature review by Dindyal et al. (2021) considered three contexts of noticing namely:
“noticing in the mathematical contents and along content trajectories, noticing in the practices
contexts, and noticing in the context of teacher knowledge, skills, and dispositions” (p. 8).
The third noticing context relates to teacher learning as both (teacher noticing and learning)
deal with teachers’ knowledge, skills, and disposition. Both teachers learning and noticing
need to be applied in a context like mathematical context which is Dindyal et al.'s (2021)

noticing context number one stated above.

On the same note, including an element of teacher learning when promoting teacher noticing
suppresses the noticing from being influenced by their personal belief as Schoenfeld (2011)
supposed that teacher noticing is intimately connected to the teacher's orientations and
resources. He also claimed noticing is consequential, what one sees he or she does, hence
leads to transformed practices. Cajkler et al. (2014) also suggested that teachers must be
proficient observers to notice and comprehend instructional important elements in difficult
classroom settings. These claims show that teacher learning can also be followed and
assessed through their noticing of classroom situations. Thus, the current study was designed
to investigate the opportunities of teacher learning in LS through observing the teachers
noticing of their students’ mathematical thinking in the teaching of geometry. A van Es
(2011) framework for learning to notice student thinking was applied in the data analysis of

the current study (see 2.4.1).

In terms of definition, the present study adapts Tyskerud and Mosvold's (2018) definition of
teacher learning that it is the change in teachers’ noticing of their teaching-both on their

students' learning and classroom routines.

2.4. Theoretical Framework
A framework in research is considered a structure that provides “guidance for the researcher

as study questions are fine-tuned, methods for measuring variables are selected and analyses

21



are planned” (Liehr & Smith, 1999, p.13). It acts as a mirror for checking whether findings
agree or disagree with the hypothesis or research question/s in explaining the findings
(Imenda, 2014). The current study adapted the learning to notice students’ thinking
framework (hereon noticing framework) by van Es (2011). This section presents some
possible frameworks for assessing teacher learning as used by other researchers. The other
part of the section is to present the details of the analytical framework used in the analysis of

the current study.

Xu and Pedder (2015) called for research to theorise teacher learning in LS of which several
studies so far have been done in response, for example (Alshwaikh & Adler, 2017b; Cajkler
et al., 2014; Karlsen, 2022; Huang & Huang, 2023; Qi et al., 2023). For example, Qi et al.
(2023) used Interconnected Model for Teacher Professional Growth (IMTPG) combined with
Bannister’s framework. IMTPG believes in four domains in which changes in teachers occur,
1) the personal domain which they adapted as a group domain (e.g., knowledge, beliefs, and
altitude), 2) the external domain (i.e., influence from beyond the teacher), 3) the domain of
practice which was also modified to group activity experiences and 4) domain of

consequences (significant outcome).

Alshwaikh and Adler (2017) and Mwadzaangati et al. (2022) used the Mathematics Teaching
Framework (MTF) a mathematics framework developed by Adler and colleagues in the
WMCS project in South Africa in 2010. MTF is an adaptation of Mathematical Discourse in
Instruction (MDI), and it consists of all components of MDI with adaption to help teachers in
planning and as a tool for observation of reflections on the quality of teaching mathematics in
LS (Alshwaikh & Alder, 2017; Alder & Alshwaikh, 2019). Alshwaikh and Adler (2017)
used MTF in their project as a research tool and a tool for teaching while Mwadzaangati et al.

(2022) used it as a guiding framework in the LS.

Teaching for robust understanding with lesson study (TRU-LS) is another feasible framework
for exploring teacher learning. It is a synthesis of the TRU framework and LS, the developers
viewed that the two can overcome the difficulties of transferring LS from Japan to the United
States environment (Schoenfeld et al., 2019). The framework gives teachers the chance to
thoroughly investigate students' thinking in their classrooms, as well as to set up and put into
practice LS research cycles (Schoenfeld et al., 2019). Teachers can select, study, and improve
their research topic and theory of action for “kyouzaikenkyuu” (LS) using the TRU
framework. TRU-LS work in such a way that all the stages of the LS cycle are guided by the
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TRU conversation and observation guides with a focus on how students perceive the lesson
(Schoenfeld et al., 2019).

The interest of the current study is to observe the opportunities for teacher learning in LS
through noticing their work from planning to reflection based on how they collectively
predict, observe, and promote students’ mathematical thinking in the teaching of Pythagoras
theorem. The researcher preferred the use of the noticing framework over TRU-LS and the
MTF framework to achieve the goal of the study. TRU-LS would have worked better if it was
to be applied as a guide for the LS process, but the current study had no option to implement
it at the beginning. MTF on the other hand, could also have been a possible framework but
for the sake of assessing a different angle of the teachers’ learning in the PGR project, the
researcher decided to use another analytical framework different from Mwadzaangati et al.’s
(2022) study. The subsection below presents the discussion of the noticing framework
adopted in this study.

2.4.1. A framework for learning to notice students’ thinking

Jacobs et al. (2010, p.172) defined professional noticing as a set of three interrelated skills:
“attending to children's strategies, interpreting children's understandings, and deciding how to
respond based on children's understandings". So, in education, as defined by Jacobs et al,
noticing interest needs to be paid to what students do and their understanding then decisions
be made based on the two observations. Van Es (2011) described noticing as being an
interpretive type of talk in which teachers attend to and make sense of classroom events and
boundaries to make proper decisions on them. In van Es’ description, noticing goes together
with talking, interpretation and decision-making. Van Es further classified teachers’ noticing
in three areas which are “what stands out to teachers when they observe teaching, the
strategies they use to analyse what they observe and the level of detail at which teachers
discuss their observations” (p.137). She related the three areas to two main categories; What
teachers notice and how they notice (van Es, 2011). The what and how of noticing produces
four levels of noticing framework: baseline (level 1), mixed (level 2), focused (level 3) and
extended (level 4) (van Es, 2011) see Table 1.
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Table 1 A framework of teacher noticing students’ thinking

What Teachers Notice

How Teachers Notice

Level 1 Attend to whole class Form general impressions of what occurred.
(Baseline) le:\uq;me:;, dbe:l:\'x:):;;n: Provide descriptive and evaluative comments.
pedagogy. Provide little or no evidence to support analysis.
Level 2 Primarily attend to teacher Form general impressions and highlight
(Mixed) pedagogy. Begin to attend noteworthy events.
. ' pastiomec I -’ Provide primanly evaluative with some
:;al::::::ncal g interpretive comments.
Begin to refer to specific events and interactions
as evidence.
Level 3 Attend to particular Highlight noteworthy events.
(Focused) e ki - TN Provide interpretive comments.
Refer to specific events and interactions as
evidence.
Elaborate on events and interactions.
Level 4 Attend to the relationship Highlight noteworthy events.
(Extended) Peteen particular ™ Provide interpretive comments.

mathematical thinking and
between teaching strategies
and student mathematical
thinking.

Refer to specific events and interactions as
evidence.

Elaborate on events and interactions. Make
connections between eveats and principles of
teaching and leaming.

On the basis of interpretations, propose
alternative pedagogical solutions.

Note: Adapted from van Es (2011, p.139)

What is noticed includes who and the topic of discussion. Who is concerned with the
emphasis of noticing like the whole class, learners in groups, specific learners or teachers
themselves and the topic of noticing denotes identified matter such as “remarks focused on
the pedagogical strategies, behaviour or mathematical thinking, or the classroom climate”
(van Es, 2011, p. 138), while how noticing consists of the analytical positions and levels of
depth of noticing. The analytical position covers the approaches taken by the teachers
whether the inquiry is into the teaching and learning as well as evaluation or interpretation of
what was observed (van Es, 2011). Evaluating involves judging good or bad or what could
have been done differently in the lesson (van Es, 2011). Based on what and how the noticing
was, van Es further grouped the levels into low and high levels. Low-level noticing is shown

when teachers evaluate, describe or make claims while interpreting, explaining and giving

24



reasons with a focus on students’ mathematics representing higher level (Fauskanger &

Bjuland, 2021b; Karlsen & Helgevold, 2019; van Es, 2011).

In distinguishing professional noticing from reflection, Criswell and Krall (2017) indicated
that professional noticing prioritises recognition and responding to important events
immediately while in reflection the focus is on sense-making at the end of the event. Schon
(1983) pointed out that the two (professional noticing and reflection) can reinforce each other
reciprocally. Professional noticing, on one hand, can support teachers in recognising what to
reflect on and establish how to respond, on the other hand, reflection can drive the teachers to

critically analyse their interpretation (Schén, 1983).

The latest study by van Es and Sherin (2021) suggested three things in expanding the van Es
(2011) noticing framework. The three are 1) inclusion of the aspect of ignoring less
impacting classroom situations as another part of attending in addition to choosing instruction
observation attributes, 2) investigation of observed phenomena being essential in forming
conclusions regarding observed occurrences, and 3) inclusion of shaping as another

component in teacher boundaries of noticing.

Noticing has been used differently in different studies. For example, Jacobs et al. (2010) used
“noticing-in-the-moment” which is similar to Schon's (1983) “reflection-in-action” where
noticing is done within the process of teaching. Santagata (2011) used noticing-after-the-
moment thus in the evaluation part of a lesson. Amador et al. (2017) and Choy et al. (2017)
proposed that in LS noticing should be considered in all three parts which are; noticing
during lesson preparation, lesson implementation and after the lesson (i.e., preparing-to-
notice, noticing-in-the-moment, and noticing-after-the-moment). In terms of definition,
Bakker et al. (2022, p.3) defined noticing in LS as the “process by which teachers jointly set
up reasoning about pupils’ subject-related learning (preparing-to-notice) and after (noticing-
after-the-moment) the research lesson”. In their study, Bakker et al. (2022) considered

noticing during the preparation and evaluation of the lesson.

The current study followed Bakker et al.'s (2022), Karlsen and Helgevold's (2019), and Lee
and Choy's (2017) studies by analysing preparation and reflection on the lessons. In addition,
the study analysed the implementation part of the LS to observe the link between what the
teachers planned and how the teacher of the lesson implemented it focusing on the teacher’s
noticing and supporting of the student’s thinking. Unlike other forms of teaching, in LS

teachers only collect data from the teaching process which they reflect on after the lesson
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(Murata, 2011; 2012). This means there were no teacher-to-teacher interactions established

during the teaching phase compared to the planning and reflection phases.

2.5. Chapter Summary

The chapter has presented a review of existing studies on LS as an approach for PD and
teacher learning. It has been revealed that outside Japan LS is practised in modified ways for
example, there is repetition of the research lesson, use of a guiding theory, and inclusion of
case students who are interviewed at the end of the lesson. The chapter has also revealed that
teaching geometry, for instance, Pythagoras theorem, has been a challenge for a long time.
This in some occurrences was found to be due to the existence of many methods of
introducing the concept and the lack of content knowledge in the teachers. It has been
observed that teaching using approaches that actively involve students promotes their
thinking skills and reduces memorisation. Teacher learning in LS is another thing addressed
and it has been noted that teachers change can either be in terms of classroom discourse or
classroom routines. Collaboration, classroom mistakes or errors and the presence of KO are
some contributors to this learning. To achieve the goal of the current study, a teacher noticing
framework was chosen to help in establishing the opportunities teachers have of learning in
LS in the teaching of Pythagoras theorem in Malawi secondary school classroom. The next
chapter will present the methods and methodology followed by the study and how the chosen

framework was used to analyse the empirical data.
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Chapter 3: Methodology

The current study is a qualitative case study designed to explore the opportunities for teacher
learning in LS. This chapter describes the research design, research methods and instruments,
research context, sampling procedure and sample size, data analysis procedure, validation and
reliability, and ethical considerations. An important part of this chapter also describes the
process of approaching the empirical material, a description of how data was collected and
coded. In this process, the analytical framework (see 2.4) was linked to empirical examples
from the data material, illustrating how the analytical framework was used to guide the

analysis to generate results presented in Chapter 4.

3.1 Research design

Research designs are “plans and procedures for research that span the decisions from broad
assumptions to detailed methods of data collection and analysis” (Creswell, 2009, p. 22). Of
the three research designs, qualitative, quantitative and mixed methods (Creswell, 2009;
Dawson, 2002), the current study adopted a qualitative procedure. Qualitative research is a
“means for exploring and understanding the meaning individuals or groups ascribe to a social
or human problem” (Creswell, 2009, p. 22). It allows the researcher to investigate the
attitude, behaviour and experience of the participants in their setting (Dawson, 2002).
Qualitative research is believed to produce data that is culturally specific and contextually
rich through its use of open-ended questions and interaction between the researcher and the
participant/s (Mack et al., 2005).

To build an in-depth understanding of the opportunities for teacher learning in LS, the current
study followed a qualitative case study approach. The case study strategy of inquiry involves
the researcher discovering in depth a program, event, activity, process, or individual in its

actual occurrence (Cohen et al., 2007; Dawson, 2002).

3.2. Research methods and instruments

Dawson (2002, p.14) defined research methods as “tools used to gather data”. While Yin
(2016, p. 138) defined data as “the smallest or lowest entities or recorded elements resulting
from some experience, observation, experiment, or other similar situation”. There are several
methods of collecting these elements in qualitative research, some of them are; observation,
focus group discussions, and interviews (Creswell, 2009; Dawson, 2002; Yin, 2016). Three

methods were used to collect data for this study: video observations of planning, teaching,
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and reflection sessions of two LS cycles (one about Pythagoras theorem and another similar

triangle), document analysis in the form of lesson plans, and field notes.

3.2.1 Lesson study observation

Observation in research gives a researcher opportunity to collect first-hand data from a live-
occurring situation (Cohen et al., 2007). The roles a researcher plays in observation may
differ from being a complete participant, a participant as an observer, an observer as a
participant, to a complete observer (Cohen et al., 2007; Yin, 2016). In the current study, the
researcher was a participant observer. Participant observation involves researchers dipping
themselves into the culture of their participants to make a trusting relationship so that they
can be able to gain a deeper understanding of their culture and belief or feeling (Dawson,
2002). As a participant observer, |1 was observing the teachers planning, teaching, and

reflection sessions and participated in the discussions at times.

The videos were recorded in all two iterations of the planning, teaching and reflection
sessions of the LS cycle and these videos were the major data collection tool for the study.
Video recordings were selected in this study because they are an unassuming way of data
collection as they give a direct opportunity to the participants to share their reality, and visual
concentration is confined (Creswell, 2014). Some challenges of using video recordings are
that the data may be difficult to process and interpret as well as responses may be affected by
the presence of the observer (Creswell, 2014). To overcome the two challenges, data analysis
was repeated several times until it was understood and taking part as a participant observer
also helped much as | had a physical follow-up and field notes to refer to. The second

challenge was minimised by establishing a friendly atmosphere with the teachers.

3.2.2 Document analysis

According to Bowen (2009), document analysis involves reviewing or evaluating either
printed or electronic documents. This study also used documents in the form of lesson plans
which the teachers developed to use in their teaching. The lesson plans were used to trace the
examples and flow of the planned work. This method was chosen because it allows the
researcher to get the participant's exact language and word use, it is easily accessed at any
time when the researcher needs it, and it saves the researchers’ time and costs of transcribing

(Creswell, 2014).
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3.3 Research context

The present study was developed from a pilot project (PGR project) of introducing LS in
Malawi secondary schools where two schools were involved. Participants are serving
mathematics teachers in those schools. The PGR project has two LS teams from two different
schools. The teams worked on two different geometry topics selected within the group
(Pythagoras' theorem and similar triangles). In the teams, | had been observing and
participated without interfering with the teachers’ discussions. The project started with a
workshop for the teachers where they were trained on the promotion of geometric reasoning
and were also introduced to LS as a PD. The teachers were then given time within their
groups to select a geometry topic they wished to work on. This is when Pythagoras' theorem
and similar triangles were selected by the teams from which the current study chose its
mathematics focus, Pythagoras theorem. The PGR project LS adapted a theory-guided and
repeated cycle from the WITS math connect project in South Africa to suit the Malawi
context (Adler et al., 2023) (see Figure 5). The teachers started by studying the curriculum
(grade 10 (form 2) books and syllabus). From their study, they identified two books and
suggested methods to use in the implementation of the lesson. This was followed by first
planning which was done twice; the very first lesson plan (LP1a) was solely done by the
teachers which they later sent to the KO for checking. The KO then suggested some
modifications to the plan which were discussed afterwards with the teachers, and changes
were made where both parties agreed and came up with an improved plan. This is the lesson
plan they used during the first lesson implementation (LP1b). For LP2 the KO did not make
changes as it was an improvement from what they noticed during the first research lesson

reflection.

Participating teacher 4 (P4) volunteered to teach the first lesson (T1) then reflection (R1)
followed immediately after T1. The teachers planned the second lesson after the first
reflection which was taught by P1, who also volunteered. The second reflection (R2)
followed immediately after the second teaching (T2) (see Figure 5). The teachers at the end
of R2 had a joint reflection with the other school where they presented their overall reflection
of the whole LS cycle (R3). R3 was done in the form of a report on how the teams
independently managed to answer their lesson research question/s and lessons learnt. The

two research lessons were taught to students of the same grade but in different classes.

The present study consisted of eight participants in the teaching stage which were the

researcher (the participant observer addressed as P6), the KO who is an education expert
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from a University within Malawi, five teachers (one female and four males) and about 100
male and female students (at most 50 per class) of ages 16 to 18. The planning and reflection
stages had seven participants excluding the students. The teachers' experiences ranged from
three to thirteen years as shown in Table 2: Participating teachers and their mathematics
teaching experience. All five teachers in this study once had experience in teaching during
the earlier phases of LS, thus, the two who taught in the research lessons of this LS cycle

were their second-time experience.

Lesson
Planning
LP2
4/ Lesson ‘— & Lesson
{ Planning Planning
LP1la LP1b
TEACHING
PROBLEM ‘
' Reflection Teaching
R1 T1 A
N P »
Reﬂsgtlon " Teaching
: v T2

Figure 5: PGR lesson study

Note: Adapted from Mwadzaangati et al. (2022, p.221)

3.4 Sampling procedure and sample size

Mack et al. (2005) claimed that getting valid findings does not necessarily mean data should

be collected from all members of a community rather a subset of it can still be a better

representation. Research objectives and the characteristics of the population determine the

type and size of the sample to use (Mack et al., 2005). With the current study’s aim of

investigating teacher opportunities for learning in LS, five experienced mathematics

secondary school teachers in one of the cities in Malawi were identified (see Table 2). The

sample was selected purposefully as the school is one of the two beneficiary schools of the
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PGR project. In purposive sampling, the cases are handpicked depending on the researcher’s

judgement of the needed characteristics (Cohen et al., 2007).

| had access to data for both schools and it could have been interesting to study both groups
as the topics they covered are equally important in geometry. However, considering the time
factor analysing data for both schools would not be easily accommodated in this study.
Instead, | chose the school that was working on Pythagoras' theorem with an interest in their
research question of helping students to see and understand the relationship between the
hypotenuse and the other two sides of a right-angled triangle. Reflecting on the 2019 and
2020 MANED examiners' reports on how students were confused about when and how to use
the Pythagoras theorem as prior indicated supported the choice. The other reason was that |
had more time as a participant observer with the Pythagoras theory school than I did with the

similar triangles school.

Table 2: Participating teachers and their mathematics teaching experience

Participant teacher (P) Mathematics teaching experience in years
P1 12
) A
P3 3
P4 9
PS5 13

3.5 Data analysis procedure

Data analysis for the study was done in all the LS stages, planning 1 and 2, teaching 1 and 2
and reflection 1 and 2. The teachers’ general reflection of the whole LS cycle was also
considered. Each stage of the LS was analysed to facilitate the attempt to answer the three
specific research questions of the current study which helped in answering the main research
question - how does LS offer the opportunity for teacher learning when promoting geometric

reasoning in teaching Pythagoras theorem in a Malawi secondary school classroom?

In the discussions, the teachers were given the freedom to express ideas in any language they
felt comfortable with. So, they could alternate between English and Chichewa (the local

language). The data was transcribed without editing any grammatical or colloquial language
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the researcher only translated the local language to English for easy communication with the
audience. The translated words were written in square brackets and italicised. The words in
curly brackets were used to interpret referenced work for instance if a teacher said, “I wrote
that”, the researcher was clarifying what “that” was in the discussion. In the teaching stage, T
is for the teacher, BS is for a boy student, GS is for a girl student, and SV was used when |
could only hear a student's voice but could not tell the gender. SS was used when the same
student was answering a follow-up question and MS for many students when answering as a
group. Commentaries are put in round brackets and italicised while translations are put in

square brackets and italicised.

The study used the learning to notice students’ thinking framework by van Es (2011)
presented in chapter 2.4 to analyse its data. After transcription, further analysis process of the
data followed three steps 1) division of the data into episodes and sequences, 2) coding of the
episodes and sequences, and 3) content in-depth analysis.

The transcribed data in all the stages of the LS were segmented into episodes and some
further into sequences. An episode represented a change in a topic of discussion while a
sequence was considered a local shift within the topic of discussion. The use of episodes and
sequences was employed as the unit of analysis. It was considered a better way in the process

as utterance-by-utterance coding was found hard to use with the noticing framework.

The episodes and sequences identified were then coded. The coding used the noticing
framework where ‘what” and ‘how’ teachers noticed in their discussions and teaching were
categorised into the four levels of noticing (L1-baseline, L2-mixed, L3-focused, and L4-
extended). In some local shifts no noticing was observed as such the researcher coded those
sequences as level zero-LO (no noticing) (Bjuland & Fauskanger, 2023) see the example
given below on low and zero-level noticing. This data was further segmented into two, high
and low-level, where low-level combined 1 and 2 and high-level combined 3 and 4. This
process helped in narrowing the huge amount of data that was available and in the

identification of the teachers’ major focus in the LS.

Note that, the evaluation of how teachers noticed was based on six components adopted from
Lee and Choy (2017, p.129), showing whether the statement; 1) was general or specific, 2)
was descriptive, evaluative or interpretive, 3) was based on evidence, 4) elaborate on events
and interactions, 5) made connections between events and principles of teaching and learning,

and 6) proposed alternative pedagogical solution considering what the teachers notice.
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Relating to van Es’ (2011) noticing levels, general, descriptive, and evaluative noticing
statements were considered lower level while statements that were specific, interpretive,
based on evidence, elaborate events and interactions, made connections between events and
principles, and propose alternative pedagogy solutions signify higher level noticing (van Es,
2011). Attending to particular students’ thinking in this study was considered in two ways, as
the teacher/s’ focus on a student’s stated idea and as the teacher/s predictions of their

students’ thinking on a particular concept.

A qualitative in-depth analysis was finally applied to respond to the research question for this
study. In this phase, thematic episodes which were developed following the LS principles
were assessed for the predictions and observations teachers made that allowed them to learn
from the LS process. Content analysis was done. Here, patterns and relationships between the
text in the dialogues and the research aim were identified. The consideration was on the
display of a better amount of the teachers’ predictions, observations, and promotion of their
students' thinking on the tasks and examples. Content analysis according to Cohen et al.
(2007) is a “process of summarising and reporting written data — the main contents of data
and their messages” (p. 475). Since the LS was in two iterations, each stage in the iteration
was considered separately then data was related. For example, T1 was coded independently
of T2, later the similarity and differences were analysed to answer the research question. The

same thing was done with planning and reflection 1 and 2.

Below are examples of zero and low-level coded noticing from planning 1 and reflectionl

respectively.

P1: Winaakhale chair bwa [someone should be the chair] because it seems I’'m the chair

and I’m also writing.
P4: But you are doing a good job.
P1: No! Let us all participate.

P1: No, anthumuli [you people are] silent. Winaakhale [someone should be] chair or else

winaazilemba [someone should be writing]
P4: The way you are combining we are very impressed.

P all: (laughing)
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p4: Okay, let us continue.

In the discussion extract above, P1 wanted one of the participants to help him with the role of
chairperson of the discussion as he realised he was performing two duties. None of the other
participants showed interest and suggested he continued with the role. In this dialogue the
teachers were not noticing anything related to students’ mathematical thinking therefore it was

coded level zero. In the part below, the teachers were reflecting on the first lesson:

P3: So, we are saying in terms of probing, aah probing was done eh?
P1: Was done.

P3: Participation in activities, the students participated in the activities. And did they come
up with the right answers or the expected answers? Okay! And the mathematical language?

P1: Yes, was there.

They noticed that probing and involving students to participate happened in the classroom.
This discussion shows that the teachers were attending to the whole class environment and
did not provide evidence to support their analysis of the observation hence coded level 1.

Noticing in the planning discussion, the teaching of the research lesson, and the reflection
discussion was noted to be different. This brought a difference in the use of the framework in
the three sessions (planning, teaching, and reflection). Below is a brief explanation of how

the differences were addressed in the analysis process.

When coding the planning sessions, the researcher applied only the ‘what’ part of the
noticing framework as traces of ‘how’ teachers noticed was not clear. Therefore, in the
planning sessions, noticing focused only on ‘what teachers planned to notice " adopting
Fauskanger and Bjuland (2021a). Further analysis was done on the high-level noticing to
identify what teachers planned in their predictions and observations on the tasks and
examples to give to their students to promote their mathematical thinking. While coding the
teaching and reflection sessions, traces of both ‘what’ and ‘how’ teachers noticed were

visible and all the coded transcripts were further analysed using the noticing framework. The
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teaching phase was included to observe the link between how the teacher's plan and its

implementation in the promotion of students’ mathematical thinking were achieved.

Results of the analysis were presented from the episodes. For the episodes that had sequences
within them, each sequence was coded independently. Wherever sequences had combined
levels (low and high), the episode was considered a high-level episode because the
researcher’s attention as already stated was on the high-level noticing of the teachers. So,
leaving out any high-level code was felt to be a loss in the analysis. To answer the research
question of the current study, the selection of episodes presented in the next chapter (See
Chapter 4: Findings) was based on the discussion that displayed a better amount of the
teachers’ predictions, observations, and promotion of their students' thinking on the tasks and

examples.

3.6 Validation and reliability

Joppe (2000, p.1) defines reliability as “the extent to which results are consistent over time
and an accurate representation of the total population understudy” while validity is the
“determination of whether the research truly means that which it was intended to measure or
how truthful the research results are”. Though studies show that validity and reliability are
more difficult issues to demonstrate in qualitative than quantitative research but they are
important in showing the trustworthiness of the results (Cohen et al., 2007; Golafshani,
2015). Validity depends on reliability therefore, it is satisfactory to consider reliability first
(Lincoln & Guba, 2023).

According to Mathison (1988), triangulation is considered one way of achieving validity and
reliability in qualitative research. Triangulation is the “combination of methodologies in the
study of the same phenomenon” (Denzin, 1970, p.291). While Joppe (2000) also articulated
that, validity can be shown by asking several questions and seeking answers from other
research. The current study used a combination of participant observation and documents to
attain reliability. In addition, all stages of the LS were recorded and transcribed without
editing the teachers’ discussion and further analysed. A coding test of a smaller sample of the
data was earlier done so that amendments could be implemented before approaching the

whole data. This also helps in achieving reliability as highlighted by Weber (1990).

3.7 Ethical consideration
Consent to work with the teachers was requested from the PGR project coordinator
(Appendix 1). When permission was granted, the teachers were consulted before the
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commencement of the research. Consent was also taken from the National centre for
Research Data (NSD) (Appendix 2). The researcher tried in all ways possible to keep,
respect, and protect the dignity, privacy, and interests of all participants as highlighted by
Cohen et al. (2007). For instance, instead of names the study used number identification and
when taking videos students were at all costs avoided. All participants took part voluntarily
and were given the authority to withdraw at any time they chose to do so. Cohen et al. (2007)
also talked about the purpose and procedure of research that it should be clearly explained
which this study has done so that the audience will be able to follow through.

3.8 Chapter Summary

This chapter presented a description of how the study collected its data and how the
framework was applied in analysing the data. Issues of validity and reliability have also been
discussed as to how the study handled the ethics of research. Just in passing, data was
collected in all the stages of LS; the data was in the form of videos, field notes, and
documents. The videos were transcribed and coded using the four levels of noticing in all the
stages of the LS and through all two iterations of the LS cycle. Episodes coded level 3 or 4 of
the noticing framework were the ones considered for further analysis. Finally, content
analysis was applied to interpret the data. The presence of teachers’ predictions, observations,
and promotion of students’ thinking leads to the analysis of the data. The next chapter will

present the findings of the analysis.
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Chapter 4: Findings

The present chapter provides findings of the analysis of the empirical data from the planning,
teaching, and reflection of the lessons. The LS analysed in this study was repeated in another
class. For easy following, the results of each of the two iterations are presented separately
within the chapter. The first three sections (4.1, 4.2 and 4.3) present findings of the first
planning, teaching, and reflection while sections 4.4, 4.5, and 4.6 present findings of the
second iteration. Section 4.7 provides findings from the examples used in the two lessons,
overall reflection is presented in 4.8, and a summary of the chapter is placed in section 4.9.
The researcher could not present the whole episode in each section in this chapter therefore,
parts of the discussions in the episodes are the ones presented and each section contains two
parts. Note that teacher noticing was used as the analytical framework and that high-level
episodes were the only ones considered for further analysis and presentation.

4.1. First planning
Coding for this session generated thirteen (13) episodes of which eight contained sequences
of high noticing within them. This implies that eight episodes were coded high and eight low,

see

Table 3. The two parts of discussion identified in the first planning are the discussion on
introducing the hypotenuse and the discussion on the teacher's plan on what to observe in the
teaching.

Table 3: Noticing episodes in the first planning

Noticing level Low High
Baseline | mixed Focused Extended
Number of episodes 0 5 4 4

4.1.1. Introducing hypotenuse

When introducing hypotenuse, some teachers assumed that the students will be able to
mention it. They later agreed to let the students draw right-angled triangles and show the
hypotenuse. The idea of letting students draw was also discussed earlier in the introduction
part where they needed assurance that the students know the triangle they will be working on
both in words and diagrammatical form. In the second demand of drawing the triangles, the
teacher's concern was on the variation of orientation. The part below is a dialogue that

demonstrates what they discussed.
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P3: They should draw their triangle,

P4: Mmmh.

P3: And show us the hypotenuse,

P4: Mmmbh. But the problem is they will be limited in terms of orientation.
P A: Yah.

P 4: That will be the problem.

P1: True aah on the orientation, most of them I think will just draw aah,
P2: The normal one.

P6: The usual one.

After a time discussing how they should introduce the term hypotenuse, they also thought of
whether the students will be able to mention it or not. Some teachers predicted that students
will be able to mention it if asked to name the side opposite the right angle (90° angle) while
others thought they may not be able. The dialogue presented above is a continuation of that
discussion. P3 suggested that they should allow the students to draw their right-angled
triangles to show the side representing the hypotenuse. They all agreed but P4 predicted that
the only problem will be on varying orientations of the right-angled triangles which the other
three participants, P1, 2 and 6, agreed. They assumed the students would draw the
normal/usual right-angled triangle with a 90° angle located to the left side or what P1 called a

‘right, right triangle” where the right angle is at the right-hand side of the triangle.

In the episode, the teachers were planning to attend to students’ specific thinking on a right-
angled triangle in terms of shape, they also pointed out noteworthy events. The noticing in

this episode was coded as focused (level 3) (see Table 1).

4.1.2. Discussion on what to observe in the lesson
In terms of planning what to observe in their lesson, the teachers wanted to promote

mathematical language in their students by demanding and supporting them.
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P1: [...] so we will still say that’s the Pythagoras theorem. And this is how we state it.

That is now mathematical language.
P2: Okay.

P1: Yes, and stating it in mathematical language ndekuti ka [means we are]
supporting or developing language, Waiona imeneyo [have you seen that]? So, what
we were doing, in asking them about the relationship, means we were demanding

language

P2: Demanding.

P1: So now we are supporting language.

P2: Mmmh.

P 1: Yah. Should we go further in developing?
P2: No, we are only supporting.

P1: We are still on supporting only?

P2: Yah.

After Activity 3 where the students were developing the relationship of the three sides of a
right-angled triangle to come up with the Pythagoras theorem, P1 elaborates that they still
must tell the students that what they have discovered is the Pythagoras theorem and they
should state it with better mathematical language. In so doing P1 claimed that they will be
developing mathematical language in the students. P1 and P2 agreed with each other on the
point claiming that the idea would promote demanding and supporting mathematical

language in the lesson.

This discussion paid attention to the relationship between the student’s thinking regarding
their findings and teaching strategy. Where the teachers plan to demand from the students and
support them in case of difficulties represent the teaching strategy. This episode was coded
extended (level 4) (refer Table 1).

4.2. First teaching
In this session, six episodes were identified from which three were coded high and three low,

see Table 4. Discussion on the complex triangle a student drew and how the teacher handled
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the observation and the challenge faced in the development of the relationship among sides of

a right-angled triangle are the two parts of discussion identified in the first teaching.

Table 4: Noticing episodes in the first teaching

Noticing level Low High
Baseline Mixed Focused Extended
Number of episodes 1 2 2 1

4.2.1 Right-angled triangle
During the teaching, the teacher followed their developed plan and asked students to draw
right-angled triangles as part of the introduction of the lesson. Two students came and drew

triangles as in Figure 6.

Figure 6: Right-angled triangles students drew

The teacher asked students if the two triangles are different from each other. The students
acknowledged that the triangles were similar the only difference was size. Then the teacher
demanded different oriented diagrams from the students by saying: “So, do we have another
way of drawing a right-angled triangle? Or this is the only way how we draw a right-angled
triangle, I just wanted to find out from you” (from empirical data). In response to the
teacher's demand, one more diagram was presented (Figure 7) which also raised some
controversy within the lesson. Below is the discussion that took place after the diagram was

drawn.
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Figure 7: The complex and split-up triangle

T: Okay so, we have another triangle, eh, this one (points at the triangle). What do you
think class? (Silence for about 4 seconds). So, there is a triangle here (points at the
triangle drawn by the students), and a right-angled triangle (points at one of the right
angles in the triangle). So, what do you think about this triangle? [...] Is it a right-angled

triangle?

MS: No.

T: So, why are you saying is not a right-angled triangle? What is the reason?
(Nominates a girl student).

GS: Because it doesn’t have a hypotenuse.

T: It doesn’t have the hypotenuse?

SS: Yah.

T: Okay so I will come back to you on the hypotenuse. Someone is saying it’s not a
right-angled triangle because it doesn’t have a hypotenuse. Okay, but any other reason?
(Nominates a boy who raised a hand).

BS: A right-angled triangle has one slanting edge.

T: It has one slanting edge. So, someone is saying this one is not a right-angled triangle
(points at the big triangle) because it has more than one slanting edge. Eeh what do you
think, anything else?

BS: Okay I think the triangle contains two right-angled triangles.

T: Okay so someone is saying, this one (points at the big triangle) contains two right-
angled triangles. Ehe maybe you can come in front and show us, the two that you are
talking about. The two right-angled triangles that you are talking of or you can just
indicate using letters that this one is (giving chalk to a boy student).

BS: Aaah, we have a triangle like this one, (tracing around one of the small triangles)
T: Mmmh.

SS: And another like this one also (tracing around the other small triangle)
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T: Okay. So, someone is saying, in this triangle (points at the big triangle), we have got
two right-angled triangles. Do you agree with him?
MS: Yes.

As a result of the challenge the teacher made to the students, a diagram to the right side of
Figure 7 was drawn. The teacher wanted the students to apply their reasoning skills by asking
them to defend whether the triangle was indeed right-angled. Many students (MS) thought it
was not until one boy student (BS) suggested that the triangle could be split into two right-

angled triangles (diagrams on the left side of Figure 7).

The teacher in the first extract of the episode attended to students’ thinking on the similarity
and differences between the first two diagrams. In the third diagram, he also attended to
students thinking on verification of the presence of a right-angled triangle considering that the
symbol of a right angle was shown within the triangle. The teacher tried to highlight noteworthy

events and refer to specific events in the lesson. The episode was coded level 3 (refer Table 1).

4.2.2 Developing the Pythagoras theorem

The next observation was on Activity 2 (Figure 10) where the students were supposed to come
up with the Pythagoras theorem. There was a mismatch between what the teachers expected in
solving Activity 2a (Figure 10) and the results that were found in class. Below is part of the

dialogue that took place.

Figure 9: Activity 2 solution b

Figure 8: Activity 2 solution a

T: So, if we add 81 plus 256, is equal to 625?

MS: No.

T: Is what you are telling me, huh? Just add or punch in the calculator and see.
What are you getting this side? (Starts writing on the board).

BS: 337.
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T: Heh?

MS: 337.

T:3?

MS: 37.

T: So, 337 is equal to 6257

MS: No.

T: So, it means there is something wrong with the figures, right?

MS: Yes.

T: According to our findings, so but we will see. What | wanted to find out from
you is, are these the figures that you put in your boxes?

MS: Yes/no (in unison) [some said yes others no].

T: Any group that has come up with different figures? (Nominates a student from

those who raised their hands).

In working on the second activity, the teacher realised that they have missed something in the
example, 81 adding to 256 cannot be equal to 625. He had to inquire back from the students
about what they found and if it was similar. Some students got the same results (Figure 8) while
others found the results as presented in Figure 9. From their planning of Activity 2, the students
were asked to find ‘areas’ of the squares on the sides of the given right-angled triangles. The
results were supposed to be filled in the three squared boxes provided. Since the students were
instructed to find the area of the squares, they did, and the next step was to insert the digits in
the three boxes. But because the boxes had indices of two (2), the students together with the
teacher were prompted to square the number (the found area).

The teacher used learner centred principle of teaching and inquired more from the students. A
different result was presented as shown in Figure 9 which was also the expected result by the
teacher. This episode shows the relationship between students’ geometrical thinking and

teaching approach, so it was coded level 4 (refer Table 1).
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Activity 2: Establishing the relationship between sides of a right-angled triangle.

Procedure

e You are provided with two right-angled triangles with known sides.

A

Icm

X
e Draw squares on each side of a triangle

e Find areas of the drawn squares

e Observe the relationship of the areas in each triangle and fill in the boxes below

1 »
a) LI+ 1-=1 |

p LA+ 1=1 ]

e Explain what you have observed from the filled boxes

Figure 10: Activity 2



4.3. First lesson reflection

This reflection session was done in twenty-five (25) minutes and was identified with four
episodes; two were coded low and two high-level noticing see Table 5. The two parts of
discussion identified in the first reflection are observations by the teacher of the lesson who
saw that it was difficult for him to connect two activities they planned and a discussion on the

observation on the application of the Pythagoras theorem in solving examples.

Table 5: Noticing episodes in the first reflection

Noticing level Low High
Baseline Mixed Focused Extended
Number of episodes 1 1 0 2

4.3.1 Observation by the teacher of the lesson
Two main observations were made in this session. The first one was made by the teacher who
taught the lesson on a part where he felt hard to progress. Below is part of the discussion the

teachers and the KO had on this observation in the episode.

P4: Okay so on Activity 2 (see Figure 10) on our expected answer eti? [right?] aah,
that column the last column where it is written the square of the hypotenuse is equal
to the sum of squares of the two sides. And I think, then we have Activity 3 {where
the students were supposed to generalise the finding from Activity 2 using letters}
this point in a right-angled triangle, the area of the square on the hypotenuse side is
equal to the sum of the squares on the ‘other two sides. Because | noted that when |
was presenting this one {referring to what was on the lesson plan}, | wrote this one
{referring to squared boxes he used in the teaching}. So, | noted that maybe if | only
stopped on what we planned, then it will confuse the learners because some
information is missing. So, I don’t know maybe next time we need to add some
information on this one (Activity 2) even to avoid confusing the learners. So, I also

think it was difficult to move.

KO: So, for me, I thought it’s like building up on that {referring to Activity 2},

P4: On theee, okay.
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KO: Because this one {referring to Activity 2} they are drawing it from empirical

measurements
P4: Mmmh.

KO: From the empirical activity that they have done. So, they are inducing from that
to say the square of the hypotenuse is equal to the sum of the squares of the 2

remaining sides,

P4: Aaah, okay, of course, | think it was the learning point, eh?
KO: Yah so.

P4: It was a learning point yah.

KO: Yah! But it is happening after they have done the,

P1: The activity.

KO: The activity of drawing and finding the areas, eh?

P1: Squares yah.

P4: Mmmh.

KO: They are concluding finding the areas. So, | think there is a need to include the
area because they were finding the areas there.
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Activity 1: Identifying the hypotenuse in a right-angled triangle.

Procedure

e You are provided with four right-angled-triangles.

a) b)
A

M 0

¢ Identify the longest side in each given triangle

Figure 11: Activity 1
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In this dialogue, P4, the teacher of the lesson, noticed challenges in coordinating Activity 2
(where students were asked to establish the relationship between sides of a right-angled
triangle) see Figure 10, and Activity 3. For him to proceed he noted it would confuse the
students. To avoid that he had to add more information on the work within the lesson but still,
he suggests they needed to investigate the activity. The KO did not see it as much of a
problem as the two activities were following each other. Activity 2 used raw data the students
discovered from Activity 1 (Figure 11) whereas Activity 3 was just a generalisation of the
results in Activity 2. She then agreed on the need to focus on area not only on squares.

Later in the dialogue P1lcommented on the use of area by saying:

“That means when stating the definition of the Pythagoras theorem, we will talk about
the areas. As, the sum of the areas of the two squares of the legs, is equal to the
area of the square of the hypotenuse. Kenakonde [then] in Activity number 3, that’s

when we will state the exact definition of the Pythagoras theorem”.

P1 agreed with the KO that they should emphasise the term area in Activity 2 instead of just
talking about squaring so that in Activity 3 they should exactly define the theorem. They
planned to introduce the definition in terms of the area of squares of the sides of the right-
angled triangle-the sum of the areas of the two squares of the legs is equal to the area of the
square of the hypotenuse. In this dialogue, the teachers and the KO provided an elaboration
and an interpretation of what happened in the lesson-stagnating of the teacher. They also
suggest an alternative pedagogical solution. They attended to the relationship between
mathematical concepts and teaching approach hence coded level 4 (Table 1).

4.3.2 Application of the Pythagoras theorem

The second observation was on the application of the theorem in solving mathematical
problems. After the theorem was developed, the teachers planned to demonstrate the use of it
with the students in solving examples. In the presented part of the discussion, noticed a lack
of emphasis on the organisation of the theorem which later the KO assumed was a result of a
lack of proportionality of the length of the sides of the sketch of a right-angled triangle and
the assigned value the teachers used. See below the figure and the part of the discussion they
had.
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Figure 12: Example e in the lesson

P1: Now on the examples, I think because of time, we were unable maybe to do the
other example very well. But this example {Referring to example e. where students
were asked to show if a triangle with sides 6, 5 and 3 is a right-angled} that you said
6, 5, 3, yah! I liked it. Maybe next time when you are teaching aah tizangoibwerezaso
kunena kuti [we should just repeat it to say] we are using the Pythagorean triples.
Group lija limazanena the arrangement, ndeanazanena kuti [that group which was
stating the arrangement said] 6 squared plus 5 squared is equal to chani [what?] 3
squared. Ndekutiti kuyenera kufotokoza kuti tikugwiritsa ntchito [so we needed to
explain that we were using] Pythagorean triples to test if the triangle is right-angled,
tinayeneranso [we also needed] to specify kuti [that] we have to isolate the longest
side and compare its square to the sum of squares of the other numbers.

P all: Mmmbh.

P3: That’s, the side to be considered to be the longest should be assumed as the

hypotenuse.

P1: Yes! The longest side. Zichitekukanika zokhankatimo kuti [it should fail because]
they are not balancing.

KO: So, maybe it’s also the, I think the way we have drawn, if I look aah, I have to

look at the longest side,

P1: Yah! (Laughs).

KO: By, looking at the diagram itself,
P1: The diagram,

KO: It shows that the longest side is where there is 3 (laughs)
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In the discussion of examples used in the teaching, P1 observed that students straggled in
presenting their reasoning in example e (see Figure 12) where a diagram of a triangle was
provided for the students to verify if the given measurements qualify it to be a right-angled
triangle. Students failed to; 1) arrange the numbers properly and 2) give a reason for their
arrangement. The KO came in with another observation where she assumed that the way the
triangle was drawn and labelled - the side that looked long was assigned a lower value, would
also be a contributing factor. From the KOs’ assumption, the students were just following
what they discover as the property of a hypotenuse-always the longest side hence the

arrangement 62 + 5%= 32,

On the same note on diagrams, P1 also suggested that “it shouldn’t fully show that it’s right-
angled”. P1 suggested that the diagram should not look exactly like a right-angled triangle
instead this should be discovered after calculations when they found that both sides of the
equation are equal. P3 also brought another suggestion “This time around, can’t we even add
two more examples? One, where there is a proof looking at the issues of the triangles, and the
other one where you only give three numbers but no diagram” which they agreed to adopt in

the next lesson.

The participants in this episode provided elaborative and interpretive comments on specific
classroom occasions through P1 and the KO. Participants based their noticing on the
relationship between a particular student’s mathematical thinking on the arrangement of
numbers in using the Pythagoras theorem in the given example and teaching strategy. They
noted an important event, interpreted, and elaborated on it and then proposed modification of

the teaching pedagogy. The episode was coded level 4 (refer Table 1).

4.4. Second planning
This session was identified with eight episodes, four high and four low (see Table 6). The
first discussion presented is on the identification and definition of the hypotenuse and the

second is on establishing the relationship of the sides of a right-angled triangle.

Table 6: Noticing episodes in the second planning

Noticing level Low High

Baseline | Mixed | Focused Extended

Number of episodes 1 3 2 2
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4.4.1 ldentifying and defining hypotenuse

In the second planning discussion on identifying and defining hypotenuse, the teachers
identified two issues to address; 1) that the definition should focus on both length and
position. 2) To allow students to voice out their reasoning. In their discussions within the
episode, they noted that from their previous lesson and some books, the definition of
hypotenuse was focused either on it being the longest side or opposite the right angle, but this
time they planned to cover both definitions. The dialogue below shows how the teachers
planned to give students more opportunities to think on their own.

P1: We should avoid thinking for the students. So, they should tell us what name is
given.

P all: (Agrees).

P3: What name is given to the side opposite to a 90-degree angle, in a right-angled
triangle yah?

P1: [...] okay tachosa word ya hypotenuse [we have removed the word hypotenuse]
P4: Mmmh.

P1: The word should come from the students {referring to the word hypotenuse}. What
about those legs? Should we bring them, or should it also come from them?

P2: The word should come from the learners.

P4: Okay, I don’t know kuti ana angalote word imeneyo? [But can they just dream of
that word?]

P1: In the lesson muja sanaitchulepo wina wake [didn’t anyone mention it in the

previous lesson?]

In the dialogue, the teachers planned to allow students to think before the teacher explains to
them. P1 suggested that they should avoid putting themselves much in the students’ thoughts
which may result in limiting the students. They then agree to ask students to provide the name
of the side opposite the right angle. They tried to refer to their first lesson and discovered that
some students mentioned it. The teachers planned to focus on students thinking by avoiding
thinking for them but letting them think and present. The basis of such focus was on the

previous lesson where they saw students’ ability to mention the sides as legs. The episode was
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coded level 3 as the teachers were planning to pay attention to students’ thinking in the

identification of the hypotenuse.

4.4.2. Discussion on how to establish a relationship between the sides of a right-angled
triangle

In this episode, the teachers discussed how they needed to help their students develop the
relationship between the sides of a right-angled triangle. From the observation made in the
first lesson, two amendments were made: provision of triangles with already drawn squares
on the sides and removing squares on the boxes given for showing the relationship. Below is
part of the discussion on the change of presentation of the second activity.

P4: Mmmh, or after kupeza ma areas ama square, chimenetufuna apange next
ndichani? [After finding the areas of the squares, what do we want them to do next]?

P3: We want them to observe the relationship between each triangle.

P4: Mmmh. Okay, ndekuti instruction iliapopo izakhala yokuti apange observe
relationship yomweyo [the instruction that is there will be for them to observe the same

relationship].
P all: Yah!
P6: That will be the first one.

P1: And what’s that relationship?

P3: That, if they add 2 areas, the sum is equal to the area of the square of the
hypotenuse.

P1: Yea uziwa [you know] this bullet says, ask learners to observe the relationship of
the areas in each triangle and fill in the given boxes. We were not supposed to give
squared boxes, because we have already talked about the areas.

P all: (Agrees).

P1: And that’s what confused the learners when we were teaching. So, these boxes

must not have squares.

The students were provided with right-angled triangles from which they requested to find

the area of the squares on their sides and then present the relationship observed. From the
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first planning of the same activity, the teachers provided students with squared boxes
where they needed to record their findings. It was noted that the boxes compromised the
work. In this plan, students were still asked to find the area and present the results in the
given boxes. But this time the boxes had no indices. In the presented extract, P4 wanted
to know what the students were supposed to do after finding the areas to which P3
explained that they were to observe the relationships of the area in both triangles. For
example, some of the areas of the two sides are equal to the area of one side-the
hypotenuse. Their basis of comments and arguments in this episode was the observations

made in the first teaching.

The teachers focused on students’ particular thinking on the relationship among sides of
the triangles. There is a change of strategy regarding the first lesson observation. This
episode was coded level 4 as the teachers were attending to the relationship between

particular students’ mathematical thinking and teaching strategy.

4.5. Second teaching

This session was identified with six episodes; two low and four high (see Table 7). To
highlight the findings of the analysis in the second teaching, a discussion on how the teacher
helped students to understand that reflex angled is not a type of triangle, and another one on
how the teacher was involving students in solving given mathematical examples are

presented.

Table 7: Noticing episodes in the second teaching

Noticing level Low High
Baseline Mixed Focused Extended
Number of episodes 1 1 4 0

4.5.1 Clearing misconception on reflex angled as a triangle

In this episode, students were asked to mention types of triangles by angles and one student
mentioned reflex angled. The teacher did not want to impose on the students that such type of
triangle does not exist instead he let the students think and come up with a conclusion. Part of

the discussion is presented below.
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T: [...] Now, which triangle is reflex-angled? Or can someone define a reflex-angled
triangle? Just give it a trial. Can you define a reflex-angled triangle? Yes! (Nominates a

boy student who raised a hand).

BS: A reflex-angled triangle is, is a triangle which has got, an exterior angle which is
more than 180 degrees.

T: Let me write that. A reflex-angled triangle is a triangle which has an exterior angle
which is more than 180 degrees (recites while writing on the board). That’s according to
him. You’re right about triangles and polygons. The exterior angles of triangles, Aah,
what is the sum of the exterior angle of a triangle? We need to clarify this. The sum of
exterior angles of a triangle is equal to what? 300 and?

MS: 60 degrees.

T: 360 Degrees. Now for the exterior angles, do we have an exterior angle which is more
than 180 degrees? I don’t want us to go back to the topic of triangles and polygons. But

do we have an exterior angle in a triangle which is greater than 180 degrees?
MS: No!
T: We don’t have right?

MS: Yes!

The teacher started by asking the students to state what they know about a reflex angle and
one boy student, BS, defined it as above. He then asked for a recall of students’ knowledge
on the sum of exterior angles of a triangle which adds up to 360 degrees. Finally, he inquired
if there is a possibility of having an exterior angle of a triangle being more than 180 degrees
which students declined. So, they together conclude that there cannot be an exterior angle
with more than 180 degrees therefore there cannot be a reflex-angled triangle. The teacher
further emphasised by saying “T: All angles in a triangle that we calculate are within 180 and
zero exclusive. We do not include 180 because the sum of interior angles in a triangle adds up

to what?” and many students responded “MS: 180”.

In this episode, the teacher paid attention to particular students’ thinking on the existence of a

reflex-angled triangle by helping them make their discovery. He highlighted noteworthy
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classroom incidence and provided an elaboration on the incident. The episode was coded
level 3 (Table 1).

4.5.2 Students’ involvement in solving examples

The next dialogue is from the solving of examples. The part of the discussion below shows
how the teacher was following up on particular students thinking in the application of the
Pythagoras theorem. Some indicators that demonstrate how the teacher wholly focused on
students’ mathematical understanding are also highlighted (refer to section 4.7 for more

examples).

T.[...] let’s look at the first question. Can you identify the hypotenuse in this triangle?
Because in a right-angled triangle, the hypotenuse is the longest side so, can you identify
the hypotenuse in the triangle given here with sides 6, 8 and p. what is our hypotenuse?
Yes! (Nominates a girl student)

GS: P is the hypotenuse.
T: Is she correct?
MS: Yes!

T: Aah, what about aaah, who can give me an equation, an equation on the relationship

on how to find P? To the same student, can you give me the equation, please?

SS: 8 square plus 6 square is equal to P square.

T: Reason for that? (He asks the questions while writing the solution on the board).

SS: Aaah, the sum of the squares of two legs of a triangle is equal to the hypotenuse side.
T: So, what did we say aah the correct name for that?

SS: Pythagoras theorem.

T Pythagoras theorem, can you give her a hand
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In approaching the first example, the teacher started by assessing students’ ability to identify
hypotenuses and then came up with the Pythagorean Theorem equation. In the above dialogue,
we see the teacher inquiring more from the same student. The student was asked to identify the
hypotenuse then she had to give a reason for her choice then the teacher asked her to present

the formula to be used in solving the problem.

Within the episode but in a different example where they were finding the value of one of the
legs, a student presented his response as “hundred will be subtracted from six hundred
seventy-six.” The teacher intervened on how the student mentioned the number 100 as
‘hundred’. He corrected the student that the number is supposed to be mentioned as ‘one
hundred’.

The teacher in this episode focused on particular students’ mathematical thinking by
inquiring more on the same student to state and give explains on the example. He also
corrected the student who mentioned a number in the wrong mathematical language.
Elaboration and interpretation of specific instances in the lesson are demonstrated therefore

the episode was coded level 3 (Table 1).

4.6. Second lesson reflection

The second reflection session lasted for twenty (20) minutes and was identified with four
episodes; one low and three high (see Table 8). A part of a discussion on what the other
teachers observed in the lesson and an observation by the KO on a type of triangle a student

mentioned are presented.

Table 8: Noticing episodes in the second reflection

Noticing level Low High
Baseline Mixed Focused Extended
Number of episodes 0 1 2 1

4.6.1 Individual teachers’ observation

During the second reflection, the chairperson of the session asked the teachers individually to
comment on the lesson. The first to comment was the one who taught the lesson followed by
the other observing teachers. Below is a dialogue of what P3, P2 and P4 discussed.
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P3: Yah! Aah, yah the lesson went well. | could see an emphasis on aah pressing
students for justification. There was a sort of consistency on that one to say when a
student answers, the teacher made sure that he or she is supposed to justify why he/she
Is saying so. Things like identification of hypotenuse, aah, basically there are two ways,
one is that of aah being an opposite side to the right angle and the other one is that of
being the longest side. So, there are situations especially when we are dealing with the
example aah where they are not given all the sides so someone could say aah, that one
is the longest side, the hypotenuse because the is the longest side, so you could say how
is this the longest side because you have got 3, 4 and y (unknown side). So, later, | mean
the teacher could give a chance to the very same student to think of another way to say
it. So, | could see that, that aah following the students, was there trying to follow them
in terms of even language they could use and the also he made sure that if there is no
any mathematical language that has been used, | mean he was identifying that problem
the same time at the very same time. Trying to sharpen them to use aah, the
mathematical language appropriately.

P2: Alright. I also note that demanding, the teacher was able to demand more from the
learners. When the learner has failed to give the correct answer, he tried to ask the same
learner so that he has to think more about the answer. When the other one failed, he
asked others to help so that she also has to come up to say whatever the other learners
said. That I liked most. And also, there is a sense of patience with the learners. A certain
learner Anamuzuma kutiiiih [they murmured at him] but the teacher came up so that he
would have the courage. She had to polish up the statement that she came up with and
then that one was correct. | also had missing information on the last part when | look at
the conclusion. On a statement saying the Pythagoras theorem that the sum of the
squares of the 2 legs is equal to the square of the hypotenuse. There was just a missing
mention of a right-angled triangle.

P4: [...] I will focus on the conclusion because | have seen that mmh, the teacher was
able to probe more when students are giving half answers and that was good because
aah during the conclusion that’s where maybe some students are getting what they are
supposed to take aah outside. So, that was the last chance for the teacher to come in for
those who were having some minor problems. So that was good. The teacher was able
to come in and correct some minor mistakes that some of the students had when he was

concluding the lesson.
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Teachers in this episode expressed their observations on the lesson. P3 observed two things: 1)
the teacher’s emphasis on justification from the student. He gave an example of identification
of hypotenuse that could be either considering the side opposite the right angle or the longest
side for example in the triangle with sides 3, 4 and y. 2) The teacher’s encouragement of proper
use of mathematical language. The teacher was supporting the students to be using proper
mathematical language. P2 observed three things: 1) demanding the students to explain more.
She gave an example of asking a student to re-think when s/he gave an incorrect response. 2)
The teacher was patient with the students for example she said he could ask the same student
to rethink. 3) She observed missing emphasis in stating the Pythagoras theorem that it is ‘only
in a right-angled triangle’ when the teacher was concluding the lesson. Finally, P4 commented
on the teacher’s probing techniques when the students gave half-baked answers. These
observations showed the teachers' emphasis was on a particular student’s mathematical
thinking. They gave elaborative and interpretive comments on classroom-specific instances
hence coded level 3 (Table 1).

4.6.2 More suggestions on clearing misconception on reflex angled as a triangle

The next discussion is on the KOs first observation of what a student mentioned as a type of
triangle, reflex angled. The teacher helped in making it clear to the student that it is not a type
of triangle. The KO asked the teachers this “imagine if we are to teach again and come across
a child who will also give us a reflex angled triangle as a type of triangle. How would we

assist?” See below what the other teachers suggested.

P2: Maybe we may use the logic that when we look at a right-angled triangle that
means we are looking at a 90 degrees angle in that triangle. And then an acute-angled
triangle means there’s an acute angle inside the triangle so we may try to draw a
reflex angle on the board and then ask the learner to draw a triangle where the reflex
angle should be inside. So, if they fail to draw that triangle, they will know that this is
not correct.

P all: (Laughs).

P4: Yah! Because | was also thinking the same, why not give a chance to the student
maybe to come in front and draw that type of triangle, aah because maybe it might be

an issue to do with mistaken identity. Maybe it’s failing to identify which one is an
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exterior and which one is an interior. So, maybe by drawing the triangle some of the

issues might have come out.

P2 suggested that they draw a reflex angle and ask the student to come up with a triangle
enclosing the reflex angle. P3 agreed with her and continued to say if the student could not be
able to do so it means such type of triangle does not exist. The point for KOs was not
opposing the explanation made by the lesson teacher, P1, but rather to explore several ways
of promoting students' geometric reasoning as she said, “We are not saying that the way you
approached it is not the correct way, but we are just saying assuming that we meet the same

situation again”.

In this episode, the teachers and the KO attended to a particular student and her thinking on
the types of triangles, and they suggested alternative pedagogical solutions to the specific
observed instance. This episode shows the relationship between particular students’
mathematical thinking, mathematical concepts, and teaching approach hence coded level 4

(refer Table 1).

4.7. Results from analysis of examples used in the lesson plans

An analysis of the lesson plans used in the two teachings showed that the teachers made some
changes. Referencing Table 9, four major changes were noticed. 1) Change of side to find its
value. In example d in lesson plan 1b the two sides to calculate their values were hypotenuse
so they changed one side, g, to be a leg. 2) Swap in numbers assigned to the sides of the
triangle in e. The side assigned number 3 was the longest but was assigned the smallest value.
3) Addition of a question on the proof of the Pythagorean triples. 4) Change in questioning in
f. The teachers first wanted the students to calculate the perimeter which they changed in the
same example in the second lesson plan claiming that the question was out of the concept

under assessment. They also included a limit in the approximation of the result.

Table 9: Examples in lesson plan 1b and lesson plan 2

Lesson plan 1B examples Lesson plan 2 examples

In a, b, ¢ and d the question was to find the In a, b, ¢ and d the question was to find the
length of the unknown side. length of the unknown side.
a. b.
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rectangle. Give the answer to 4 significant

figures.

15.8cm

XCm
/ 23.7cm

4.8. General reflection

The teachers were investigating how they would help learners to establish and understand the
relationship between the hypotenuse and the other two sides of a right-angled triangle. In the
general reflection session where both teams were present (the Pythagoras theorem and similar
triangles team), P3 presented the agreements of the discussion they had within their LS team.
Four things were highlighted, which are: 1) Choosing examples that will help students to
understand - from simple to complex and giving students word problems. 2) Being patient
with the students allows them to reason and express their ideas. 3) Need for much emphasis
on mathematical language, they suggested demanding more and varying activities can be
helpful. 4) Careful presentation of diagrams, they suggested from simple to complex and

realistic representation.

The teachers' general reflection after the LS cycle showed that they came to realisation that
the co-planning discussion, the teaching, and the reflection sessions they had in the two
lessons brought some changes wealthy to support them in improving their professionalism.
The area of changes and improvements are illustrated in their way of thinking about students
and the way they could present mathematical concepts to the students in the four ways stated

above.

4.9 Chapter Summary

The chapter has presented findings of the analysis of the data which was collected for the
current study. The LS followed a repetition cycle, so it was repeated in another class. Results
for each stage have been presented in a separate section. In a nutshell, episodes which were
coded level 3 (focused) and level 4 (extended), qualified to show what and how teachers
noticed in the planning, teaching, and reflection sessions. But for the goal of the current study
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which was to investigate the opportunities for teacher learning in LS, teachers’ predictions,
observations, and promotion of students’ thinking in the suggested or given tasks and

examples were prioritised and presented in the chapter.

The following twelve themes, two from each of the repeated planning, teaching and reflection
sessions have been presented: introducing hypotenuse and discussion on what to observe in
the lesson for planning one; right-angle triangle and developing the Pythagoras theorem in
teaching one; observation by a teacher of the lesson and application of the Pythagoras
theorem for reflection one; identifying and defining the hypotenuse and establishing the
relationship of the sides of a right-angled triangle for planning two; clearing misconception
on reflex angled as triangle and students involvement in solving examples for teaching two;
and individual teachers lesson observation and strategy suggestions on clearing
misconception on a reflex-angle as a triangle for reflection two. Results of analysis of the
example used in the two lesson plans were presented as well as the general reflection of the

cycle. The next chapter will present a discussion of the presented results.
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Chapter 5: Discussion

The present study was developed to investigate the opportunity for teacher learning in LS
when promoting geometric reasoning in Malawi secondary classroom in the teaching of
Pythagoras theorem. The study aimed to investigate ways in which the opportunity is offered
to the teachers involved in LS in one secondary school. To establish the ways, three
supporting research questions were developed. These are: what do teachers notice when
planning in LS in teaching Pythagoras' theorem? How do teachers’ predictions and
observations in lesson study promote students’ thinking and learning of Pythagoras' theorem?

What knowledge do teachers gain from classroom incidents in teaching Pythagoras' theorem?

The current study considered teacher learning as a change in teachers' awareness of their
teaching, including its effects on students' learning and daily classroom routines. The findings
of the present study reveal the possible opportunities teachers had to learn to change in those
two angles from the LS process under study. It showed that all the stages of the LS offered
the teachers at least a new thing to learn from. The study agrees with a discourse suggestion
made by Lee and Choy (2017) that attention and interpretation of mathematically important
teaching and learning features are associated with high levels of noticing. The focus of the
analysis was based only on high-level noticing (focus-level 3 and extended-level 4). How the
possibilities were observed in the LS is discussed within the chapter with each of the three
research questions discussed separately in sections 5.1 to 5.3. Further discussion of the

findings is presented in section 5.4 and the chapter summary in 5.5.

5.1 What do teachers notice when planning lesson study in teaching Pythagoras’
theorem?

To answer this question, teachers’ predictions and plans for observations in the selection of
examples and tasks to give their students were considered. From the findings of the two
planning sessions, the teachers were observed planning to attend to their students’
mathematical thinking and also its relationship with teaching strategy (noticing levels 3 and
4). In the first planning session, eight episodes of high-level noticing were identified from a
total of thirteen episodes while in the second planning, four of six were identified. The
findings agree with Fauskanger and Bjuland (2021) who found that in co-planning teachers
are concerned with students’ thinking alone or students thinking in relationship with
pedagogy (high-level) more than focussing on their pedagogy (low-level). However, the

findings defer from the two authors' current article (Bjuland & Fauskanger, 2023) which
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discovered that there was less high-level noticing in their study but they acknowledged that

the lower-level noticing acted as important starting points of the high-level noticing.

We can wonder why the difference. The current study suggests that the differences may be in
terms of the focus of analysis. In Fauskanger and Bjuland (2021), they focused on what the
teachers noticed only while in their latest article, they focused on both what and how teachers
notice (Bjuland & Fauskanger, 2023). The current study focused its analysis only on what
teachers noticed in the planning session like Fauskanger and Bjuland (2021) thus where the
current study assumes the similarity comes from. But further focus on the unit of analysis
might help to minimise the difference so that an enhanced conclusion can be drawn.

Another observation reveals that there was coordination among the teachers in their planning.
This was demonstrated in the way they were allowing each other to share ideas on an
approach then together they were brainstorming with a focus on particular students’
mathematical thinking (van Es, 2011) and come up with one agreed approach to be applied in
the lesson. In their discussion, the teachers were observed using the phrases like ‘what should
they..., what do we want them to...” These phrases may show that the teachers were planning
to expect more from the students than they could give them. The teachers debating and
coming to one agreement supports Karlsen and Helgevold’s (2019) claim that teachers in LS
jointly make sense of the observations gathered from the research lesson. Sincerity and
respect for each other’s raised ideas were observed agreeing with Herva and Medina (2021)
which may be the reason for the teachers’ progress in their planning. This also supports
Lewis et al.'s (2013) claim that in LS, different ideas are debated, contested, and ultimately
accepted to produce co-construction of the teachers' knowledge, which is then passed to and
fixed in the knowledge of the individuals..

In terms of the teachers’ basis of predictions, in the first planning, the teachers based their
predictions on personal knowledge which was unlike the second planning where they based
the predictions on the success and failure of the previous research lesson. The teachers act in
the second planning may agree with the suggestion pointed out by Bjuland and Fauskanger
(2023) of testing activity in a class of one of the participants before the co-planning session.
This they assumed would inspire the teachers attending to students’ mathematical thinking
(high-level noticing) which the current study assumes supported the teachers in second
planning as it is noted that there was a high percentage of high-level noticing in second
planning compared to first planning. This also may mean the teachers demonstrated learning
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through application orientation (Bakkenes & Vermunt, 2010; Vermunt et al., 2019) as they

were improving their research lesson using the experiences from the previous lesson.

Results of the analysis of the examples from the lesson plans also show that the teachers were
focussing their attention on the student’s mathematical thinking by presenting the examples
from simple to complex. For instance, the first example (see Table 9) demanded the students
calculate the value of the hypotenuse-the theorem here is applied directly (c?= a?+b?), then
one leg-where the theorem needs rearrangement then introduce square root, either a?= ¢2- b?
or b%= c?- a2, until the last one where they were asked to prove the Pythagoras triple-where
they needed a careful arrangement of the given set of numbers to fill in the formula. From the
examples, it was also observed that the teachers were changing the orientation of the shapes
from one example to another (see examples a to d in Table 9. This finding agrees with
Mwadzaangati et al. (2022) who discovered that the teachers were varying the use of
examples from simple to complex. The variation in this study was observed to be based on
the experience from the classroom or the reflection of the research lesson when they noticed
deficiency. Using diagrams and varying orientations also agrees with Jones et al. (2012) who

claimed that drawings act as a better mathematical representation in the teaching of geometry.

Further analysis of the examples in comparison of lesson plans one and two, it was observed
that the teachers made some adjustments. For instance, in example d from plan one, the two
unknown sides were both hypotenuses, so they changed in plan two to make the other side a
leg. There was also inclusion of approximation in example g which was example f in plan
one (see Table 9). One more example was added in plan two where they wanted the students
to prove if the given three numbers were Pythagoras triples. These changes may mean the
teachers utilised what Lewis (2009) articulated that planning discussions offer teachers
opportunities to check the quality of teaching and learning for specific planning and focused

reflection of their work.

Another observation from the findings of the planning is on defining what to observe in the
LS cycle. The teachers within their first planning session discussed that they wanted to
promote the use of mathematical language through demanding and supporting techniques.
This may contribute to the teachers’ focused attention on their students’ mathematical
thinking (van Es, 2011) just as Bjuland and Mosvold (2015) study claimed that student
teachers need to have clearly defined observations to focus on in LS to make it profitable.
This could apply to serving teachers too as revealed in the current study.
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5.2 How do teachers’ predictions and observations in lesson study promote students’
thinking and learning of Pythagoras’ theorem?

The findings from the teaching sessions reveal that the teachers were giving students
opportunities to express their ideas and justify their responses. It is also observed that the
teachers referred students’ raised questions and ideas to the whole class to look at them,
brainstorm, and conclude. The teachers were observed following through on the students’
work to establish a common understanding. In one of the lessons when the teacher was
solving an example together with the students, he noticed there was a problem in the solution
of the example. He then invited other students to present their findings from their work. The
teacher’s actions demonstrate that he focused on particular students’ thinking and the

relationship between teaching strategy and students’ mathematical thinking (van Es, 2011).

In the discussion in 4.2.1, the teacher observed a noteworthy event in the lesson where the
diagram a student drew had a symbol for the right angle but wondered if the students could
identify it as really being a right-angled triangle. He asked the students to observe and think
and then present their geometric thinking. A similar incident was observed in the second
research lesson (see 4.5.1) where the teacher asked other students to explain whether a reflex-
angled triangle mentioned by one of the students exists. Just as Wittmann (2021) proposed
that students should be challenged with typical and rich enough problems that require them to

derive and explain to make the underpinning of the unit firmly rooted.

It was also noted that the teachers made connections between the classroom events and
principles of teaching and learning (van Es, 2011). The shifting of the discussion from
general class discussion to asking individuals to present their discovery in the findings in the
discussion presented in section 4.2.2 is an example of such a connection. However, the
findings show that it was rare to see the teacher of the research lesson attending to the
relationship between particular students’ mathematical thinking and between teaching
strategies and students' mathematical thinking (level 4). The researcher managed to identify
one episode of the three high-level episodes coded in the first teaching and zero of the four in
the second teaching. This according to Lee and Choy (2017) means the teacher of the
research lesson was not relating his observations and interpretations focused on instructional
decisions which may harm students' mathematical thinking within the lesson. Further

attention needs to be put on this part.
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5.3 What knowledge do teachers gain from classroom incidents in teaching Pythagoras'
theorem?

Findings from the reflections of the lessons conquer van Es and Sherin's (2021) proposition
that teachers use their understanding of mathematics, learners, learning, and teaching
mathematics, as well as their prior experiences as math teachers and once students, to
interpret student thought as a manifestation of a greater mathematical idea. The findings
revealed that the teachers in their discussion were attending to particular students’
mathematics thinking and the relationship between particular students’ thinking with teaching
strategy (van Es, 2011). This was observed when they were highlighting significant incidents
that took place in the classroom and interpreting each other’s comments while elaborating on
the events (van Es, 2011). They were also observed making connections between the events
and principles of teaching and proposing alternative pedagogy (van Es, 2011) to replace the

one which they noticed had some weaknesses in the previous research lesson.

For example, in the first part of the discussion presented in 4.3.1, the teacher of the first
research lesson noticed the mistake that took place in his lesson which he assumed was due to
the teaching approach they used. He suggested they improve the teaching approach which
they discussed and agreed to improve the approach to attend to how the students were
thinking concerning how the approach was presented. The teachers' adjustments of
instruction were observed to be based on the evidence of the students’ struggle displayed in

the lesson.

Another interesting finding was the contributions the KO provided in the reflection sessions.
The KO was seen in several instances starting a discussion for the teachers to reflect on. In
one instance the KO was observed playing a role in helping the teachers to advance their
attention on their students’ particular mathematical thinking (Mwadzaangati et al., 2022; van
Es, 2011). She asked the teachers to think of another possible pedagogy in helping to clear
misconceptions in students’ thinking. This gave the teachers time to think of the relationship

between their students’ thinking and pedagogy.

Two of the four discussions presented in this study were initiated by the KO echoing Adler
and Alshwaikh's (2019b) argument that the human resource provided by the KO in LS is of
great value. The KO was observed supporting the teachers to refer further to specific events
by asking them to think of more ways of supporting their students’ reasoning on clearing

misconceptions. She was not quick in suggesting alternative pedagogy but encouraged the
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teachers to consider the flow of the activities first and then based on interpretation make
modifications to the approach (see 4.3.1 and 4.6.2). The KO’s role observed here agrees with
the claims made by Bjuland and Helgevold (2018), Hervas and Medina (2021), and Uffen et
al. (2022) that KO supports teachers’ learning in LS by increasing their attention and inter-
thinking.

Finally, the results of the LS's general reflection show that the teachers' planning, teaching,
and reflection sessions for the two research lessons helped them to see how they could
improve their observation of their students' thinking and how they could communicate
mathematical concepts to the students. For example, they mentioned “being patient with the
students” as one lesson learnt. This may be one way of allowing the teachers to follow
through with a particular student’s mathematical thinking (van Es, 2011). This is in
agreement with Dudley (2015) that teachers' minds get open from the talks and the raising
and testing of the hypothesis of the lesson hence, developing chances of changing their

beliefs and practices.

5.4 Further discussion

The observation shows that a larger percentage of the findings, about 58%, of the episodes
was coded high level. As indicated above, this is in agreement with Fauskanger and Bjuland
(2021) but disagrees with Bjuland and Fauskanger (2023). Further scrutiny on the existence
of more high-level episodes than low ones may be due to the influence of two more things;
the teachers having a clear goal of what to notice in their students (Bjuland & Mosvold,
2015) and the LS being guided by a theory. The LS in the PGR project which the current
study is following was guided by MTF theory with a focus on exemplification and
explanatory talk adapting the South Africa LS by Alshwaikh and Adler (2017a and b). These
suggestions are in agreement with what Star et al. (2011) argued that teachers observe a broad
range of occurrences and facts, both relevant and irrelevant to the purposes of LS if they do
not have an apparent guiding focus. So having a guiding theory and structured observations
could mean the teachers had a target.

These teachers as presented in 4.1.2, wanted to observe the promotion of mathematical
language in their students. It may be possible that in their quest of promoting the language
they were paying attention to particular students’ mathematical thinking which is what the
current study was trying to observe in relationship with the opportunities teachers had to learn
from the LS process.
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The findings reveal that the teachers were concerned with students’ mathematical thinking
and the relationship between students’ mathematical thinking and teaching strategy (van Es,
2011) in all the stages of the LS. In the first planning stage, the teachers were conscious of
what to give to the students and better ways of presenting while in the second planning, they
were concerned with rectifying the research lessons’ weaknesses. During the teaching phase,
they were observant of the implementation of the research lesson and its success and failure.
Whereas in the first reflection session, the teachers were more inquisitive in their noticing
than they were in the second reflection. This may be as a result that the teachers were

contented with the improvements made that far as also observed by Cajkler et al. (2015, p.21)

“While a quarter of the discussion about the second research lesson was focused on
the responses of learners during the lesson, their engagement in the tasks and their
progress, the second evaluation meeting acted more as a celebration of success, which
boosted teacher morale but offered only limited evidence of detailed critical

evaluation”.
But further research focusing on the major cause is needed to make a general conclusion.

Interestingly, the teachers were making links in all the happenings in the LS cycle and
showed to have a universal desire to improve and change their next research lesson just like
Karlsen's (2019) study asserted.

5.5 Chapter Summary

The chapter has presented discussions of the findings from Chapter 4. The findings reveal
that the LS offered the teachers an opportunity to learn in all the stages. Planning offered
them the opportunity to brainstorm and condense their discussion to a single possible
approach. Predictions were at first from their personal experience then from the observation
noticed in the first research lesson. Finally, in reflection, the KO played a major role in
supporting the teachers to reflect more on their work and attending more to their students’

mathematical thinking.
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Chapter 6: Conclusion, Implication, Limitations, and Recommendation

The study has discovered that LS offers teachers the opportunity to learn. The present chapter
presents a summary of the study, the pedagogical implication of the study on further research,
limitations faced in the process, and what the study recommends.

6.1 Conclusion

The present study aimed at investigating how LS offer the opportunity for teacher learning
when promoting geometric reasoning in teaching Pythagoras theorem in a Malawi secondary
school classroom. Three specific research questions were developed addressing the stages of
the LS cycle. A single cycle of one LS group consisting of five teachers was followed. The
group was researching how they would assist learners to understand the relationship between
the hypotenuse and the other two sides of a right-angled triangle. Video recordings from the
stages of the LS cycle in the two iterations were used as the main data which were coded and
further analysed using the teacher learning to notice framework by van Es (2011). The
teachers noticing progressed from level 0 (no noticing), level 1 (baseline), level 2 (mixed),
level 3 (focused), to level 4 (extended). The levels were further categorised as low (1 and 2)
and high (3 and 4). The current study paid attention to the high-level coded episodes to
observe the teachers’ noticing in the two planning sessions, the implementation of the
planned research lessons, and the reflection sessions. The study also observed the teachers’

predictions and observations when given examples and activities to their students.

This study suggests that the LS stood as a possible platform for teacher learning agreeing
with some studies on teacher learning in LS (e.g., Alshwaikh & Adler, 2017; Hervas &
Medina, 2021; Mwadzaangati et al., 2022; Uffen et al., 2022). The findings of the study
indicated three ways through which traces of teacher learning opportunities in the study

arose. These are the teachers’ collaboration, classroom mistakes, and the presence of the KO.

The teachers’ collaboration was displayed in their teamwork in the LS process by
accommodating each other’s views and combining them to come up with what they
considered a possible way of paying attention to students’ mathematical thinking. The
existence of a mistake in one of the research lessons was noticed and discussed by the
teachers in their first reflection and it was also a point of reference for change of approach in
the second planning. The presence of the KO also supported the teachers by asking the
teachers probing questions which required them to think over while considering their

students.
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6.2 Pedagogical and methodological implication of the study on further research

The teaching of geometry has been observed to be difficult in literature (Serin, 2018; Tachie,
2020) even though geometry covers a larger percentage of the total topics in mathematics,
especially in Malawi. Jones (2002) claimed that a knowledgeable teacher can teach the topic
better for students to understand. From these findings of the current study, it may be possible
for other teachers to gain the knowledge needed in their teaching of Pythagoras theorem and
learn from the experiences of the teachers in reducing the challenge presented by Serin
(2018) and Tachie (2020) in chapter 2.

On another hand, teachers’ noticing their work provides the opportunity to check back on the
work and understand the students’ actions just like Jacobs et al. (2010) and van Es (2011)
said that noticing works together with talking, interpretation and decision making. It may
therefore mean that, if teachers can notice their students’ learning, then they can be able to
make the right decisions that support students” mathematical thinking hence promoting

geometric reasoning in their students.

The methodological implication of this study is that the use of the teacher noticing framework
in observing the teachers' focus on their students' geometric reasoning helped the researcher
to concentrate on what teachers’ pay attention to when planning, teaching, and reflecting on
research lessons in LS. Lee and Choy (2017) said teachers learn in LS but what brings the
learning is not clear so, observing what teachers notice displayed to be a better way of
observing the opportunities teachers have to learn. The application of the noticing framework

in the analysis was one way of inspecting and interpreting the teachers’ work.

6.3 Limitation

The study used only one LS cycle which may not be enough to display clear evidence and
long-time teacher learning. Since teaching is regarded as a cultural activity and takes time to
develop (Stigler & Hiebert, 1999) and that teacher learning has been considered as a change
in teachers noticing in their teaching, then more than one cycle can help in the establishment
of what the teachers learn in LS. In addition, the promotion of geometry reasoning cannot just
be concluded in the teaching of one geometry topic like Pythagoras theorem covered in this
study rather a combination of two or more LS groups working on different geometric topics

can be helpful to strengthen the findings.

The findings in this study were generated from the teachers’ collaborative discussions from

the planning, teaching, and reflection work, this means the traces of learning observed are for
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the team, not individual teachers. For further studies, it would be interesting to follow the
teachers’ conversation utterance by utterance and use interviews as a research tool to capture
individual teachers’ views and experiences from the PD. Finally, the current study used
episodes as units of analysis which the study later realised were bigger units. The researcher

suggests the use of smaller units for example using sequences in another study.

6.4 Recommendation

The researcher can claim that LS in this study has shown to be one form of TPD which has
promising effects on teacher learning. The researcher may recommend Malawi MoOEST
consider introducing LS on a wider range so that many secondary school mathematics
teachers can have the experience of learning from each other. This may help in the promotion
of the teaching of geometry and promoting students’ interest in mathematics. The findings of
this study have recognised collaboration as one-way teachers learn to improve their
professionalism. So, the study recommends that teachers within the school or at the zone
level can be working in groups to support each other on how they can teach or help their

students in the teaching of geometry.

To the teacher educators and mathematics experts and professors, the study has also
recognised the importance of their closeness to the teachers; therefore, the researcher
recommends that spending some time with the teachers in the schools is another way of
supporting them professionally. They can be organising short seminars for them to meet the
teachers and discuss how to overcome some geometry teaching challenges they meet in their

teaching process.

Finally, for the PGR project, the findings of this study display some potential strength of the
achievements of the project in impacting Malawi secondary school mathematics teachers
with teaching knowledge learnt from within the teachers. The study recommends the
extension of the project to other secondary schools and in other mathematics topics to reduce
the challenges in students’ mathematics performance especially geometry as the study noted
from the MANERB reports referred to in Chapter 1.
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