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We investigate the potential of the warped extradimension framework as an explanation for the recently
observed stochastic gravitational background at nHz frequencies in pulsar timing arrays (PTA). Our
analysis reveals that the PTA data can be effectively accommodated by a first-order phase transition
triggered by a radion at the MeV-GeV scale feebly coupled to the Standard Model. Remarkably, this
outcome remains robust irrespective of the specific details of the warped extradimension embedding,
providing a foundation for future investigations aiming to develop concrete extradimension descriptions of
Nature. We also demonstrate that many existing embeddings are not viable, as their radion and graviton
phenomenology clash with a MeV–GeV scale radion. As a possible way out, we sketch a promising
solution involving multiple branes, wherein the light radion, graviton, and ensuing light resonances remain
consistent with collider bounds and gravity tests.
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I. INTRODUCTION

A stochastic gravitational wave background (SGWB)
signal can originate from the superposition of numerous
independent gravitational wave events, often of astrophysi-
cal nature, that are too weak to be individually resolved.
Alternatively, the SGWB can arise from intrinsically non-
local and stochastic sources which may happen in the
primordial universe. The detection of a SGWB in the nHz
frequency band is a primary goal of pulsar timing array
(PTA) experiments. In this frequency range, astrophysics
predicts a SGWB signal primarily generated by inspiraling
supermassive back hole binaries (SMBHBs) [1–3].
According to current understanding of galaxy formation
and evolution, the SMBHB population produces a SGWB
with a strain following a power law characterized by a
power index γ ≃ 13=3 [4] and an amplitude A ∼ 10−15 at
frequency of f ¼ 1 year−1 [5,6]. Large deviations from this
prediction in the detected SGWB would indicate the

presence of misunderstood astrophysics, or the breaking
of the standard model of cosmology and particle physics.
A few years ago, the PTA collaborations released

their analyses of the data collected over the past decade
or so [7–10]. These analyses independently revealed the
presence of a common red noise contamination in the pulsar
arrival timings. Common red noise is a clear signature of a
SGWB signal if accompanied by evidence in Hellings and
Downs correlation observable [11]. The latter was absent in
all sets of data, maybe due to insufficient statistics, or
overlooked systematics, in the analyses [12]. Furthermore,
the SGWB that could have explained the observed common
red noise would have poorly matched the power-lawlike
signal produced by SMBHBs for both, the power index
[7–10], and possibly the amplitude [13].
With the additional PTA data collected in the past couple

of years, significant progress has been made. For the first
time, there is strong evidence of a detected (isotropic)
SGWB [14–17]. The common red noise has spectral shape
compatible to the one reported in the previous data release,
and Hellings and Downs correlation is now present [14–17].
Intriguingly, the observed SGWB signal can be explained in
terms of SMBHB population models only by stretching the
population parameters slightly beyond what was previously
considered reasonable [5,18], and the hypothesis of a
SGWB sourced by first-order phase transitions (FOPTs),
on the top or without the expected SMBHB SGWB, is more
compatible with the NANOGrav data than the SMBHB-
only hypothesis [19].
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More specifically, a FOPT with gravitational waves
primarily triggered by bubble collisions, strength α� ≳ 1,
reheating temperature 10−2 ≲ T�=GeV≲ 101, and inverse
time duration β=H� ≲ 50 is one of the source candidates
yielding the highest Bayes factor in the NANOGrav
analysis [19]. However, in qualitatively similar ranges of
values of α�, β=H� and T�, also the FOPT SGWB
generated by the sound-waves and turbulence contributions
fits well the PTA observations [18,19].
Shortly after the PTA data release of a few years

ago, various studies explored the possibility of explaining
the observed red noise as a result of a cosmological
FOPT [20–34] (for a recent review see, e.g., [35]).1 The
conclusions drawn from these studies are expected to
remain valid even with these data update, as a few extra
years of data unlikely could significantly alter the common
red noise observed over more than a decade. However,
with the evidence of the SGWB reaching 4-σ, it is timely to
take a step forward. Indeed, despite the anticipation that
PTA experiments were likely on the cusp of strengthening
the previous results favoring new physics, explicit particle
physics frameworks featuring the required FOPT have
been scarce.2 This scarcity highlights the challenges faced
by extensions of the Standard Model with FOPTs at the
MeV-GeV scale in overcoming existing phenomenological
constraints.
In this article, we investigate the feasibility of a BSM

setup that we find particularly intriguing. We introduce a
simple, yet versatile, warped extradimensional model
adapted to the GeV scale. This model predicts unavoidable
FOPTs and offers a phenomenology that, at present,
remains comfortably consistent with, albeit not invisible
to, current or forthcoming experimental searches. While
more complex variations can be developed without
compromising its fundamental characteristics, our pro-
posed model serves as a promising foundation for inves-
tigating the implications of warped extradimensions
in the GeV regime relevant for the PTA SGWB discovery.
Our analysis is structured as follows. In Sec. II we

introduce the setup and summarize its signatures at some
observables. In Sec. III we prove that the model can easily

induce a FOPT compatible with the SGWB discovery
announced by the PTACollaborations and, in the parameter
region fitting the PTA data, its main phenomenological
signatures are broadly compatible with current constraints.
In Sec. IV we study possible embedding options of the SM
fields in the model, as well as their possible phenomeno-
logical signatures due to the interactions of these fields with
the graviton and radion sectors of the model. We finally
devote Sec. V to our conclusions.

II. THE MODEL

The candidate model that we propose as an explanation
of the FOPT possibly at the origin of the PTA SGWB
background, is a slight variation of the Randall-Sundrum
(RS) model. The RS model has been the starting point for
numerous studies, providing a natural solution of the
hierarchy problem, a natural strong FOPT at the EW scale,
and a rich phenomenology at the LHC. Here we review the
main ideas of the model, and while skipping the inter-
mediate steps of calculations known in the literature, we
summarize some key results and adapt them to the scenario
we are interested in. In this brief overview we follow
Refs. [41–43] and references therein.

A. The model at zero temperature

The Randall-Sundrum (RS) model is a 5D setup built on
anti–de Sitter (AdS) spacetime with line element3

ds2RS;T¼0 ¼ gMNdxMdxN ≡ e−2AðrÞημνdxμdxν − dr2;

with ημν ¼ diagð1;−1;−1;−1Þ; dAðrÞ=dr > 0; ð1Þ

with Latin (Greek) indices running over the five
(four) spacetime dimensions. Along the r direction, n
Minkowskian 4D spaces Ba, dubbed branes, are located
at r ¼ ra, with a ¼ 0; I1;…; Im; 1, where B0 is the UV
(Planck) brane, B1 is the IR brane, and we allow in principle
a number m of hypothetical intermediate branes BIi
(i ¼ 1;…; m), at intermediate scales between the Planck
scale and the scale of the B1 brane, which will be considered
to be at the MeV–GeV scale. The total number of branes
would then be n ¼ 2þm. Due to the warped factor AðrÞ,
the energy scale involved in the brane Ba2 is exponentially
suppressed with respect to the one of the brane Ba1 , if
a1 < a2, with the suppression depending on the distance

1For other possible cosmological explanations see, e.g.,
Refs. [36–38]. A statistical comparison of them based on the
calculation of the Bayes factor can be found in Ref. [19].

2In first approximation, the concrete models in the literature
featuring a FOPT successfully fitting the common red noise
reported a couple of years ago (see, e.g., Refs. [26–28,31,39]),
essentially rely on: invoking FOPTs in secluded sectors which are
poorly constrained as hidden to the SM particle interactions;
attempting to move the QCD phase transition from the crossover
regime to the FOPT one; embedding the SM in setups where the
GeV-MeV new physics compatible with current experiments
comes at the expenses of high tuning or cumbersome extensions.
For Bayesian analyses of different models describing the signal,
see, e.g., Refs. [19,40].

3The original RS model assumes AðrÞ ∝ r where r is the extra
dimension in proper coordinates. Here we consider a more
generic function AðrÞ that still warps the extradimension while
fixing the branes distance and thus the radion mass. Depending
on the specific profile of AðrÞ, the technical literature may call the
model “warped,” “soft-wall,” or other names. With an abuse of
language, in this article we denote this wide class of models
simply as RS or warped.
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ra2 − ra1 . The RS setup thus provides an elegant solution for
scenarios featuring hierarchical energy scales. In this paper
wewill consider two possible scenarios: a model withm ¼ 0

(no intermediate brane), just like the RS scenario, and a
model with m ¼ 1, i.e., with an intermediate brane at the
TeV scale, but of course more general scenarios can be
considered for other purposes.
The AdS metric exhibits conformal invariance along r.

The localization of the branes requires a stabilization
mechanism that breaks this symmetry. The Goldberger-
Wise mechanism is a well-known realization of this break-
ing [44]. It involves a (extremely heavy) scalar field, ϕ, that
can propagate in the bulk (i.e., the space between the
branes) and has bulk potential VðϕÞ and brane potentials
ΛaðϕÞ ¼ Λa þ 1

2
γaðϕ − vaÞ2, with Λa, va and γa (≫1 in

the stiff limit) some positive constants (see Refs. [41,44] for
details). In this case, the five-dimensional action of the
model reads as

S ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j det gMN j

p �
−

1

2κ2
Rþ 1

2
gMNð∂MϕÞð∂NϕÞ

− VðϕÞ þ Lbulk

�
−
X
a

Z
Ba

d4x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ḡμνj

q
ðΛaðϕÞ

þ La þ SGHYÞ; ð2Þ

where SGHY is the Gibbons-Hawking-York term canceling
out the boundary terms of the 5D geometry variations, the
induced metric on the branes being ḡμν ¼ e−2AðrÞημν, and
finally κ2 ≡ 1=ð2M3

5Þ where M5 is the 5D Planck scale, a
parameter of order the 4D Planck scale MPl. At this point,
one can see that the potentials of ϕ induce some potentials
for ra. In the AdS=CFT correspondence picture, this
corresponds to the condensation of the SUðNaÞ (conformal)
gauge fields of the Ba brane.
The values of ra of the potentials can be calculated by

solving the equations of motion (EoM) for ϕ and integrat-
ing out the heavy degrees of freedom [44]. Hereafter, we
can limit ourselves to the phenomenology of the two most
IR branes with a coordinate difference Δr.4 They indeed
involve, respectively, the next-to-lowest and the lowest
energy scales of the whole picture, and the study of their
phenomenology suffices for the purpose of our analysis,
namely the FOPT interpretation of the PTA SGWB.5 As

only the difference Δr matters, we fix the lowest coor-
dinate by convention.6 To determine the potentials of their
positions, we solve the EoMs with the “superpotential”
method [45]. This method enables us to reliably explore
the parameter region leading to sizeable backreaction on
the metric [46]. (In the region with small backreaction, the
cosmology of the model tends to get stuck in the wrong
phase [43,47]; see discussion later on). By introducing an
expansion parameter u ≪ 1 [42], we obtain that r1 devel-
ops the potential [42,44]

Ū1;effðr̄1Þ ¼ 2u2v̄21ðr̄01 − r̄1Þ½e4A0ðr̄01Þ−4A0ðr̄1Þ − 1�e−4A0ðr̄1Þ

þ 6λ1e−4A0ðr̄1Þ; ð3Þ

where r̄01 is defined by the condition v1 ≡ v0eur̄
0
1 , A0ðrÞ is

the leading order approximation of AðrÞ at r > 0, and
finally v̄a ≡ κva and r̄1 ≡ r1=l. Notice that in Eq. (3), λ1 is
a free negative parameter whose absolute value is in the
range Oð0.1–10Þ. The position of the minimum of the
potential Ū0

1;eff sets the value r
min
1 at which the brane B1 is

stabilized.
Alternatively, one can reparametrize the degree of free-

dom associated to the r1 coordinate in terms of the radion
scalar field χ1 defined as

χ1 ≡ χ̄1ðr1Þ=l ¼ l−1e−A0ðr1Þ: ð4Þ

For consistency, its potential Vr1 will have minimum at
ρ≡ e−A0ðr̄m1 Þ=l. Moreover, after some algebraic manipula-
tion of Eq. (3), one finds

Vr1ðχ1Þ ¼
N2ρ4

8π2
e4A0ðr̄m1 ÞŪ1;effðr̄1ðχ̄1ÞÞ; ð5Þ

where the function r̄1ðχ̄1Þ is the inverse of Eq. (4) and
N ¼ ð2lÞ3=2π=κ is the number of colors of the SUðNÞ
symmetry of the AdS=CFT correspondence for the next-to-
last brane.
The described procedure is not specific of the behavior

of the brane at r1. Should we have been interested in
energies processes not below the energy of the next-to-last
brane, we could have repeated the procedure for the
positions r0; rI1 ;… as well, introduced radion fields for

4In our convention, for the case of just two branes (n ¼ 2), B0

is the usual UV (Planck) brane which coincides with the UV
boundary of the 5D space and Δr ¼ r1 − r0. For the case of three
branes (n ¼ 3), B0 is still the UV brane, BI is an intermediate
brane (which can be at the TeV scale) while B1 is the IR
boundary, a dark brane with the lowest scale in the theory. In this
case Δr ¼ r1 − rI .

5We could generalize our calculations to the case of two
generic adjacent intermediate branes BIi and BIiþ1

, but the
essence of our analysis would not change.

6In the case of two branes, r0 is the location of the UV brane,
which can be freely fixed as it is an integration constant. In the
case of three branes rI has been stabilized by a previous, highest
temperature, phase transition that might be detected by LISA
and/or ET.
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each position, and obtained expressions conceptually
similar to Eqs. (3)–(5) also for them.

B. The model at finite temperature

As mentioned earlier, our interest lies in the phenom-
enology and the FOPT associated with the lowest B1 and
next-to-lowest BN branes of the complete RS picture.7

Correspondingly, we limit ourselves to consider temper-
atures T below the scale of the brane BN . Only the dynamics
of the BN and B1 branes is then relevant, and we now focus
on it (see Ref. [43] for the finite-temperature picture in the
case with several branes).
In quantum field theory at finite temperature, the

temperature T replaces the time coordinate and the x0
component of the spacetime gets compactified in a circle.
In this regime, the 5D gravity action leading to the AdS
solution in Eq. (1) now admits two geometric/gravitational
solutions [47,48]: the previous AdS solution of Eq. (1)
where the x0 direction is compactified, say ds2RS;T its line
element, and the so called anti–de Sitter-Schwarzschild
(AdS-S) solution. The latter corresponds to the metric of
black hole with line element

ds2AdS-S ¼ −hðrÞ−1dr2 þ e−2AðrÞ½hðrÞdt2 − dx⃗2�; ð6Þ

with the event-horizon singularity at r ¼ rh > 0. Notice
that both solutions are equivalent at r → ∞. The existence
of the brane of next-to-lowest energy scale, BN (with rN
stabilized), is then allowed in both cases. Instead, the
presence of brane B1 at r ¼ r1 is permitted in both
solutions only when rh > r1. Indeed, roughly speaking,
for rh < r1, in the physical space containing the brane BN ,
the event horizon masks the brane B1. Then, when the zero-
temperature RS action is heated up to the AdS-S back-
ground, the relevant 5D action is the one in Eq. (2) with the
B1 terms omitted. The degrees of freedom in the AdS-S and
RST phases are then different: in the former, the light fields
localized in L1 disappear while the SUðNÞ symmetry is
restored; in the latter, the SUðNÞ fields condensate and the
fields of the lightest energy scale emerge. Due to this
feature the AdS-S and RST phases are also respectively
dubbed as “deconfined” and “confined” phases.
Similarly to what happens to r1 in the zero-temperature

case, the gravity action itself does not specify the value of
rh; it is the backreaction of the nongravity content that
stabilizes it. The metric solution with rh at its minimum rmin

h
is the “on-shell” (or classical) gravitational solution. This
implies that, if the scalar field Th takes the role of the degree
of freedom along the direction rh (and hence the potential of
rh is translated into a potential of Th), at the minimum of the
Th potential we must find hThi ¼ T, with T being the

Hawking temperature of the black hole. In analogy with the
radion, we define8

Th ≡ exp½−A0ðrhÞ�=ðπlÞ: ð7Þ
To determine the position at which rh stabilizes, we

follow Ref. [42]. As previously done for the zero temper-
ature case, we introduce a small expansion parameter u and
use the “superpotential” method [45] to solve the EoM. In
the solution we take into account that the blackening factor
hðrÞ must satisfy the boundary and regularity conditions
hð0Þ ¼ 1 and hðrhÞ ¼ 0. This leads to

hðrÞ≃ 1− e4½A0ðrÞ−A0ðrhÞ� and
dA0ðrÞ
dr̄

¼ 1þOðuÞ; ð8Þ

from which, after multiple algebraic manipulations, one can
derive the finite-temperature effective potential, or equiv-
alently, the free energy of Th. Here we report on its value
at the minimum, which is located at Th ¼ T as expected
(see Ref. [42] for the full expression):

FAdS-S
min ðTÞ ≃ −

π4l3

κ2
T4 ¼ −

π2

8
N2T4: ð9Þ

ThequantityFBH
minðTÞ is the “geometric contribution” (i.e.,

due to the singularity) to the total free energy of the model in
the AdS-S phase [47]. No similar contribution arises in the
free energy of the AdS phase. However, a further contribu-
tion comes from the plasma made of the field content of the
two phases. Accounting for them leads to [49]

FdðTÞ ¼ E0 þ FAdS-S
min ðTÞ − π2

90
geffd T4;

FcðTÞ ¼ −
π2

90
geffc T4; ð10Þ

where geffd=c is the number of relativistic degrees of freedom
in the deconfined/confined phase, and E0 ¼ Vr1ð0Þ −
Vr1ðρÞ is the potential gap between the two phases in
the limit T → 0. The main quantities controlling the free
energies are then: the value N of the SUðNÞ conformal
group entering in FAdS-S

min ðTÞ, the radion potential param-
eters v0, v1, λ1; ρ modulating E0, and the field content of
Lbulk, L0, and L1 which sets geffd and geffc . At this point one
may already correctly guess that the details of the brane and
bulk Lagrangians will play a minor role in our final
conclusions because the field content only appears in the
number of relativistic species.

7Just remind the reader that according to our notation, for
n ¼ 2, BN ¼ B0, and for n ¼ 3, BN ¼ BI .

8We remind that T is assumed to be below the energy scale of
Ba controlled by the distance ra − r0 (where ra is the position of
any other brane whose energy scale is known). This is consistent
with the described picture taking rh > r0 as T is also the position
of the potential minimum of Th and, due to Eq. (7), sets the scale
of rh.
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C. The phase transition picture

As just explained, the model in Eq. (2) has two
competitive phases at temperatures below the next-to-last
energy scale of the model, or equivalently for rh > rN.
Both phases have the brane BN at r ¼ rN , but the brane B1

only exists in the AdS phase with the value of r1 already
stabilized. It is like that the event horizon at rh somewhat
hides the brane B1 at r1 when rh < r1. It is however worth
stressing that the two geometries match at r → ∞ as well
as at r1 ¼ rh → þ∞. In the coordinate plane frh; r1g, the
deconfined and confined phases can then be described as9

frmin
h ;þ∞g and fþ∞; rmin

1 g, and one can move from
the former to the latter via the path frmin

h ;þ∞g →
fþ∞;þ∞g → fþ∞; rmin

1 g along which the metric is kept
regular. In terms of the fields χ and Th, this path is
equivalent to fTh ¼ T; χ1 ¼ 0g → fTh ¼ 0; χ1 ¼ 0g →
fTh ¼ 0; χ1 ¼ ρg. To determine the value of the free
energy at the intermediate step, one can notice that the
configuration fTh ¼ 0; χ1 ¼ 0g is an on-shell solution
when T ¼ 0, which implies that the free energy at the
intermediate step is equal to Fdð0Þ and is hence larger than
the free energies of the final and initial phase. The phase
transition between these two phases is then of first order. In
particular, the direction of the phase transition occurring
along the history of the universe, is the one above
described, since jFcj ≪ jFdj at high enough T (but still
fulfilling the condition rh > rN).

10

A peculiarity of this FOPT is that, potentially, a short
epoch of inflation can precede the onset of the bubble
nucleation, and the phase transition can end up with a
sizable reheating. Indeed, the considered FOPT is often
very strong, leading to a sizable supercooling and thus to
Tn ≪ Tc, with Tc implicitly defined by FcðTcÞ ¼ FdðTcÞ.
In the deconfined phase, inflation starts at the temperature
Ti, obtained by imposing that the energy density in the
deconfined phase,

ρdðTÞ ¼ E0 þ 3π4l3T4=κ2 þ π2geffd T4=30; ð11Þ

be dominated by the vacuum energy E0. This yields

Ti ≃ Tc½3þ 4geffd ðTnÞ=15N2�−1=4; ð12Þ

which leads to Ne ¼ logðTi=TnÞ e-folds of inflation
provided Ti > Tn. This entropy injection would dilute
all abundances, in particular the baryon-over-entropy ratio
which is fixed at the BBN epoch to ηB ¼ nb=s ∼ 10−10.
Assuming that baryogenesis takes place at the electroweak
phase transition (electroweak baryogenesis), or earlier
(e.g., leptogenesis), this means that the entropy injection
triggered by the FOPT has to be taken into account in the
baryogenesis mechanism, and the required value of the
generated ηB has to compensate for this late entropy
production.
Moreover, the energy balance requires that at the end of

the FOPT, the energy density in the deconfined phase,
ρdðTnÞ, is converted into radiation density in the confined
phase, ρcðTRÞ, which implies11

4

15N2
geffc T4

R ¼ T4
c þ

�
3þ 4

15N2
geffd

�
T4
n; ð13Þ

where TR is the final reheating temperature.
Overall, these expressions show that TR, Tc and Tn are

mildly sensitive to variations of geffc and geffd due to the
fourth power dependence. This is an extra hint to the fact
that our numerical results of the FOPT are almost inde-
pendent of the particular model setup that specifies Lbulk,
L0, and L1.

III. ANALYSIS OF THE PHASE TRANSITION
AND COMPATIBILITY WITH THE SGWB

PTA DATA

A FOPT is characterized by the following thermody-
namic quantities: the inverse time duration β=H�, the
strength α�, the nucleation temperature Tn. From these,
other quantities follow, e.g., TR in Eq. (13). We compute the
thermodynamic quantities by solving numerically the Oð3Þ
and Oð4Þ bounce equations along the aforementioned
path fTh ¼ T; χ1 ¼ 0g → fTh ¼ 0; χ1 ¼ 0g → fTh ¼ 0;
χ1 ¼ ρg. The procedure is standard in the FOPT literature
and we omit its description (see Ref. [42] for the details of
the procedure we adopt).
Once nucleated, the FOPT bubbles expand and even-

tually collide. During this process, they perturb the plasma
from its equilibrium. Both the bubble collisions and the
plasma motion generate a SGWB. As the plasma motion
can occur via turbulence and sound waves, in total three
dynamical mechanisms contribute to the final SGWB
production: the “bubble collision“, the “sound waves”
and the “hydrodynamic turbulence” [50,51]. For each of
them, the produced SGWB frequency shape at the time of
production has its own dependence on α�, β=H� and vw,
with vw being the bubble expansion velocity. The

9Here we denote by rmin
1 the value of r1 at the minimum of

the potential, while rmin
h is given by the value of rh at the

minimum of the potential as a function of Th in the AdS-S phase
where Tmin

h ¼ T and thus rmin
h =l ¼ − logðπlTÞ.

10If one considered generically high temperatures, the addi-
tional phases with rIi < rh < rIiþ1

, would enrich the picture.
Multiple FOPTs would then be possible [28], but if there is the
hierarchy rIi ≪ rIiþ1

, only one would dominate the SGWB at
PTA frequencies. This is why we focus only on one of them in the
present analysis.

11The balance is correct up to a small amount of energy going
into GWs. Notice that the transition is extremely fast [49], so that
the expansion of the universe is neglected in the energy balance.
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temperature TR enters to take into account the redshift due
to the expansion of the Universe between the times of the
signal production and detection [51].
In their recent analyses, the NANOGrav, EPTA and

Indian PTA experimental collaborations also provide the
interpretation of the observed SGWB signal in view of a
FOPT source. They consider each mechanism once at the
time. In principle, these mechanisms are not mutually
exclusive so that combinations of them, weighted by some
efficiency factors, are possible. This assumption is however
reasonable for the PTA analyses. Indeed, the PTA measure-
ments are sensitivity to a rather narrow GW frequency band
and, inside it, a single contribution does not dominate over
the others only for peculiar FOPT combinations. Likewise,
we analyze one SGWB contribution at the time too.
Specifically, the NANOGrav Collaboration considers

the “bubble collision” and “sound wave” contributions
with their SGWB predictions parametrized in terms of
the thermodynamic parameters α�, β=H�, TR, H�R� ¼ffiffiffiffiffiffi
8π3

p
=ðβ=H�Þ with the assumption vw ¼ 1 [19].12 The

analysis considers both the presence or absence of a
SMBHB SGWB component accompanying the FOPT
SGWB contribution. We report their results in the top
panels of Figs. 1 and 2. In particular, the thin-dark line in the
top panel of Fig. 1 encloses the NANOGrav 95% confidence
level (CL) favorite region for the “bubble collision+
SMBHB” hypothesis in the parameter space fTR;H�R�g
(after marginalizing over α�). The thick-dark line does the
same for the “bubble collision only” hypothesis, and “sound
wave only” hypothesis in Fig. 1 and Fig. 2, respectively. We
do not consider the NANOGrav 95% CL region for the
“sound wave+SMBHB” as it practically provides no con-
straint (see Fig. 8 of Ref. [19]). For the sake of readability,
we do not display the 95% CL regions in the planes
fα�; TRg and fα�; H�R�g, but we impose their fulfillment.
In the regime relevant in our analysis, namely α� ≫ 10,
this corresponds to request −1.5 < log10ðH�R�Þ < −0.85
and −2.8 < log10ðT�=GeVÞ < −1.6 for the “sound wave
only” hypothesis, and no further constraint for the
“bubble collision+SMBHB” or “bubble collision only”
hypotheses [19].
The analysis in terms of the “hydrodynamic turbulence”

contribution is carried out by the European PTA and Indian
PTA Collaborations [18]. They consider the hydrodynamic
turbulence SGWB expressed as a function of the thermo-
dynamic parameters β=H�, TR and an effective parameter
Ω� encapsulating the spectrum dependence on α�, vw and
other quantities. They do not consider the case of coex-
istence of hydrodynamic turbulence SGWB and SMBHB

SGWB. The resulting 95% CL favorite region in the plane
fTR;H�R�g (after marginalization over α�) corresponds to
the area within the thick line in the top panel of Fig. 3.
Being in this region is sufficient to guarantee falling
inside the 95% CL volume, as the 95% CL regions in
the planes fΩ�; H�R�g and fΩ�; TRg (marginalized over
TR and H�R�, respectively) do not impose further con-
straints at log10ðΩ�Þ≳ 0.2, which is in the regime which
our analysis focuses on (such value is reproduced for
α� ≫ 10, vw ≃ 1 and large turbulence efficiency in GW
production).
To determine whether, and in case in which parameter

region, the radion FOPT provides a fundamental explan-
ation of the PTA SGWB signal, we perform a scan on the
parameter space of the model and calculate the corre-
sponding FOPT predictions. Our input parameters are ρ
(the scale of the B1 brane), N (the number of degrees of
freedom of the holographic theory), λ1 (the brane tension
on the B1 brane), and v̄a (the vacuum expectation values of
the field ϕ̄ on the brane Ba), while our output parameters a
re TR (the reheat temperature after the phase transition),
H�R� (which qualifies the duration of the phase transition),
Tn (the nucleation temperature), Ne (the number of e-folds
during the inflationary period), and mrad (the radion
mass). Specifically, we scan over the parameter region
N ∈ ½10; 30�, log10ðρ=GeVÞ ∈ ½−3; 1�, −λ1 ∈ ½0.3; 2.7�,
log10ðv̄0;1Þ∈ ½−2; 2� with flat priors. For concreteness, we
fix geffc ðTÞ ¼ geffd ðTÞ ≈ geffSMðTÞ. As previously stressed, our
results are stable under (reasonable) variations of geffc and
geffd [cf. Eqs. (12) and (13)]. Order-of-magnitude variations
of v̄0 and v̄1 have no large impact of the FOPT thermo-
dynamic parameters either. A strong dependence on v̄0;1
instead appears in the ratio mrad=ρ, and it is approximately
given by mrad=ρ ≈ ðv̄1=15Þ log ðv̄1=v̄0Þ. Moreover, the
parameter u of the model turns out to have a dependence
with v̄0;1 which is given by u ¼ 1

r̄0
1

log ðv̄1=v̄0Þ with r̄01 ≈ 40.

Then mrad=ρ ≈ 2.7v̄1u, so that the radion mass vanishes in
the limit u → 0. Notice that we have considered v̄1 > v̄0 in
the parameter region to ensure that m2

rad > 0 and u > 0.
Among the FOPT output parameters, we calculate, but

not report on, α�: it always turns out to be much larger than
10, and the FOPT phenomenology is insensitive to varia-
tions of α� at α� ≳ 10. We, instead, do not compute the wall
velocity, and the efficiency factor suppressing the GW
production from turbulence, as their determination is ques-
tionable in even much simpler scenarios than the radion
FOPT. We postulate them to be maximal, for simplicity.
However, our assumption vw ≃ 1 is supported by some
qualitative arguments. Indeed, in the regime α� ≫ 10 one
typically expects vw ≃ 1 unless the friction exerted by the
plasma on the bubble walls is very large. We do not expect
this to be the case in our FOPT since, with the radion and
the SM fields localized on different branes, the interaction of
the bubble wall (i.e. the radion field) with the plasma (i.e.

12The NANOGrav analysis [19] also assumes small reheating,
so that the nucleation, percolation and reheating temperatures are
close to each other. As the explicit T dependence of the SGWB is
only through the redshift, the temperature T� used in the fits of
Ref. [19] is equivalent to our quantity TR.
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the SM fields) should be very weak. On top of this, the
plasma, and then its friction, is diluted in the cases where
there is a significant amount of supercooling, leading to a
certain number of e-folds of inflation. All together, these
observations also suggest that the dynamics of our FOPT

should be close to the runaway scenario, for which the
“bubble collision” regime applies. Still, as we consider a
wide range of parameters and several subtleties might threat
our qualitative arguments, we also investigate the scenarios
where plasma effects are important, and the SGWB could

FIG. 1. Scatter plots of the inputs for the RS framework parameters (ρ, N, λ1, v̄0, v̄1) and the resulting FOPT quantities (TR,H�R�, Tn,
Ne, mrad). Blue points fall in the NANOGrav 95% favorite region of the “bubble collision only” hypothesis, the region covered by
blueþ red points corresponds to the “bubble collision + SMBHB” hypothesis, and the gray points belong to none of the previous
regions. In the top panel, the thin (outer) and thick (inner) lines enclose the NANOGrav 95% CL favorite regions for the “bubble
collision + SMBHB” hypothesis and “bubble collision only” hypothesis, respectively.
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also arise from sound waves or hydrodynamical turbulence
effects in the plasma. A more detail analysis of the phase
transition and, in particular, of the calculation of the bubble
wall is outside the scope of the present paper and is
postponed to a future work.
Figures 1–3 summarize the outcome of the analysis. The

gray [red] {blue} points show the results for whole sample
[the fraction of the sample in the 95% CL region of the

FOPTþ SMBHB hypothesis] {the fraction of the sample
in the 95% CL region of the FOPT-only hypothesis}. Every
blue point overlaps a red and a gray point, and every red
point overlaps a gray point. These figures carry a wealth of
information. The energy scale of the brane B1, represented
by ρ, must be in the MeV-GeV range. Such a scale is even
smaller if the sound-wave regime applies. This may
constitute a challenge for some models built upon the

FIG. 2. As in Fig. 1 but for the “sound wave only” hypothesis. The “sound wave + SMBHB” hypothesis is omitted as its 95% CL
favorite region practically covers the whole, considered parameter region. In the top panel, the gray points enclosed by the black line are
not in blue because they fall outside the NANOGrav 95% CL region in the plane fα�; TRg and fα�; H�R�g, which reduces to
−1.5 < log10ðH�R�Þ < −0.85 and −2.8 < log10ðT�=GeVÞ < −1.6 when α� ≫ 10.
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generic RS setup here investigated (we remind that our
FOPT results are practically independent of Lbulk and La).
In fact, it typically turns out ρ ∼ TR ∼ ð102–103ÞTn and, on
top of this, some e-folds of inflation before the FOPT are
unavoidable. This requires some caution to guarantee the
SM sector to reach to the standard-cosmology conditions
before BBN. We also highlight that there seems to be
slight preference (i.e., higher density) for low N and
large λ1, but different priors should be tested before
clarifying this aspect.

IV. POSSIBLE EMBEDDINGS AND THEIR
PHENOMENOLOGICAL SIGNATURES

As previously explained, the thermodynamic character-
istics of the radion FOPT are almost independent of the
particular embedding, namely Lbulk and La. The phenom-
enology instead strongly depends on it. Before identifying
some promising embedding options, we summarize some
key results and ideas useful for our purpose. Given that the
scale of the IR brane B1 is at the MeV-GeV scale, the bulk
Lagrangian Lbulk cannot contain any SM fields as their KK

FIG. 3. As in Fig. 2 but for the “hydrodynamic turbulence only” hypothesis.
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resonance masses would be too low and should have
already been discovered at LHC and through electroweak
precision measurements. In other words we will concen-
trate the SM in some 4D brane with cutoff higher than the
TeV scale. Two simple options appear at this level.
(1) The simplest option is having a model with two

branes (n ¼ 2), the UV brane B0 (at the Planck
scale) and the IR brane B1 (at the sub-GeV scale).
The SM should be localized in the UV brane, with
Planckian cutoff, so that the running of SM cou-
plings is logarithmic and unification of gauge
couplings can take place at high scales provided
the appropriate matter is added to the SM. In this
model the warp factor does not solve the hierarchy
problem, but the role of the warping is precisely to
create the scale of the IR brane for which the SGWB
is eventually being detected at PTA Collaborations.
The hierarchy problem could be mitigated, e.g., if
the SM in the UV brane is completed by supersym-
metry, in which case we will have the bonus of gauge
coupling unification at scales ∼1016 GeV. In the
brane B1 only some hypothetical dark sector can
eventually live. Only the graviton (and radion)
sectors are propagating in the bulk of the extra
dimensions with KK modes at the sub-GeV scale.

(2) An alternative option is a model with three branes
(n ¼ 3), the UV brane B0 (at the Planck scale), the
most IR brane B1 (at the sub-GeV scale) and an
intermediate brane BT (at the TeV scale).13 Models
with multiple intermediate branes have been studied,
e.g., in Refs. [52,53]. The three branes are located at
r0 ≪ rT ≪ r1, or using conformal coordinates
kz ≃ ekr, at z0 ≪ zT ≪ z1, such that z0k ¼ zTρT ¼
z1ρ ¼ 1, where ρT ≃ TeV. In this model the SM is
located in the BT brane, so that the hierarchy
problem is solved by the warp factor. This model
is an IR extension of the RS model. The graviton is
propagating in the whole bulk providing graviton
KK modes at the sub-GeV scale. There are two
radions: the radion rTðxÞ which stabilizes the BT
brane at hrTi ¼ ρT , at temperatures T ∼ ρT , with
support in the region ½r0; rT � and KK masses in the
sub-TeV scale; and the radion rðxÞ, which stabilizes
the B1 brane with respect to BT at hri ¼ ρ at
temperatures T ∼ ρ, with support in the region
½rT; r1� and KK masses in the sub-GeV scale. For
hierarchically related phase transitions, i.e. for
ρT ≫ ρ, we can assume that, at temperatures
T ≳ ρ, the first phase transition has already settled
the heavy radion rTðxÞ in its vacuum expectation
value hrTi ¼ ρT , while keeping the light radion in
the symmetric phase hri ¼ 0, just leaving a vacuum

energy, so that the second transition may proceed
without any influence of the heavy radion, which has
been integrated out. We then assume a two-step
phase transition. The brane B1 is then stabilized by
the radion rðxÞ leaving the SGWB detected by the
PTA Collaborations.

A. The graviton sector

The model has a graviton sector, which propagates in the
whole bulk, with a massless zero mode and an infinite
number of resonances with masses mn such that m1≃
3.9ρ…. It generates a deviation of the Newtonian potential
given by [54,55]

VðRÞ ¼ −
m1m2

8πM2
Pl

1

R
ð1þ ΔðRÞÞ; ð14Þ

where

ΔðRÞ ¼ 4

3

X∞
n¼1

e−mnR ≃
4

3
e−m1R; ð15Þ

which is dominated by the first KK mode. The exper-
imental constraints on Yukawa-type deviations from
Newtonian gravity yield for KK gravitons 1=m1 ≲
30 μm [56–58], or

m1 ≳ 10−11 GeV: ð16Þ

This is a very mild constraint as a consequence of the
exponential suppression of the correction.
The graviton coupling to matter in the brane Bb is

given by

L ¼ −
1

M3=2
5

hμνðzb; xÞTμνðxÞ: ð17Þ

The equations of motion of the graviton sector can be
found, e.g., in Ref. [59]. There is a massless zero mode,
the physical graviton, while the mass spectrum of the KK
modes is given by mn ¼ xnρ, where xn is determined
by the condition J1ðxnÞ ¼ 0. As for the wave function

of KK modes, after making the expansion in modes hμν ¼P
n h

ðnÞðzÞhðnÞμν ðxÞ one easily finds

hðnÞðzÞ ¼
ffiffiffi
k

p ðkzÞ2
kz1

J2ðmnzÞ
J2ðmnz1Þ

: ð18Þ

The coupling of KK modes to the Bb brane is then
written as

13For notational convenience we are renaming the intermediate
brane BI at the TeV scale in this section as BT .
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L ¼ −
X
n

cnðzbÞhðnÞμν ðxÞTμνðxÞ;

cnðzbÞ ¼
1

MPl

ðkzbÞ2
kz1

J2ðxnzb=z1Þ
J2ðxnÞ

: ð19Þ

As for the possible three branes we can have in the above
models, the coupling is

(i) For z ¼ z1 we have

cnðz1Þ ¼
k

MPl
z1 ¼

k
MPl

1

ρ
: ð20Þ

This coupling is very mildly suppressed for the
present models where ρ is at the sub-GeV scale. In
RS-type models where the SM is localized at the B1

brane and ρ is at the TeV scale, this reproduces the
usual result that the KK modes are coupled with the
strength ∼1=TeV. In our models we only assume
that a dark sector could be localized on the B1 brane.

(ii) For z ¼ zT we have

cnðzTÞ ¼
k

MPl

z2T
z1

J2ðxnzT=z1Þ
J2ðxnÞ

≃
k

0.1MPl
zTϵnðzTÞ;

ϵnðzTÞ ¼ 0.1

�
zT
z1

�
3 x2n
8J2ðxnÞ

; ð21Þ

where we have normalized the ratio k=MPl to 0.1,
and made use of the property J2ðxÞ ¼ x2=8þOðx4Þ
valid for x ≪ 1. The prefactor of ϵnðzTÞ gives the
usual 1/TeV coupling of KK gravitons in RS models,
while ϵnðzTÞ is an extra suppression factor. For
instance, for the first KK mode we have that x1 ≃
3.9 and J2ðx1Þ ≃ 0.4 so that the suppression factor,
for ρT ≳ 1 TeV and ρ≲ 1 GeV, is given by
ϵ1ðzTÞ≲ 5 × 10−10. This tiny coupling makes it
possible to evade present ATLAS bounds of m1 ≳
2 TeV [60], valid for ϵ1ðzTÞ ¼ 1.

(iii) For z ¼ z0 the suppression factor stems from
Eq. (21) by replacing zT → z0. It is so tiny
(ϵnðz0Þ ∼ 10−55) that in practice graviton KK modes
are decoupled from the SM, when the latter is
localized in the UV brane B0, as in model 1) above.

B. The radion sector

The radion corresponds to scalar perturbations Fðr; xÞ of
the metric as ds2 ¼ e−2ðAþFÞημν − ð1þ 2FÞ2dr2. Its cou-
pling to matter localized on the Bb brane is given by

L ¼ −Fðzb; xÞTμ
μðxÞ: ð22Þ

In the limit of small backreaction the relation between the
canonically normalized 4D radion rðxÞ, which stabilizes
the B1 brane, and the metric perturbation Fðz; xÞ is given
by [61]

Fðz; xÞ ¼ 1ffiffiffi
6

p z2b
z1zT

zT rðxÞ ¼ ϵðzbÞ
rðxÞ
Λr

;

ϵðzbÞ ¼
z2b
z1zT

; ð23Þ

where Λr ¼
ffiffiffi
6

p
ρT provides the radion coupling strength in

the RS model, and ϵðzbÞ is an extra suppression factor.
The mass of the radion is given by m2

rad ¼ ρ2=Πrad. The
functionΠrad is a cumbersome expression with dΠrad=dλ1 >
0 and Πradðλ1Þ ∼ 102–104 for λ1 ∈ ½−10;−0.1�, but a simple
phenomenological good enough approximation is provided
in Sec. III. We refer the reader to Eq. (31) in Ref. [42] for the
full expression that we adopt in our analysis.

(i) For zb ¼ z1 we can see that the suppression gets
reduced from the typical RS result, as the coupling
of the radion has the strength 1=ρ. This coupling
would only apply to a hypothetical dark sector
localized on the B1 brane.

(ii) For zb ¼ zT we can see that the suppression factor is
given by

ϵðzTÞ ¼
zT
z1

¼ ρ

ρT
≃ 10−3: ð24Þ

This radion decays into the SMmatter in model 2)
above, for which the SM is localized in the BT brane.
In particular its coupling to two gluons gg (leading to
the main decay channel) is governed by the inter-
action Lagrangian given by [61,62]

L¼ ϵðzTÞc
αs
8π

rðxÞ
Λr

GμνGμν; c¼ 7þ 4
1

2

4

3
¼ 29

3
;

ð25Þ

where we have included the contribution from the
localized trace anomaly (first term in c), and from
triangular diagrams involving quarks Q such that
4m2

Q ≫ m2
r (second term in c), considering the

second and third generation quarks. The decay
width, and lifetime, into gg is given by

Γðr→ggÞ¼c2ϵ2ðzTÞα2s
32π3

m3
r

Λ2
r
≃2×10−19

�
ρ

GeV

�
5

GeV;

τðr→ggÞ≃3×10−6
�
GeV
ρ

�
5

s ð26Þ

where, in the last equality, we have used the
numerical values Λr ¼ 2.5 TeV, mr ¼ 0.1ρ, and
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normalized ρ to 1 GeV. Investigating the phenom-
enology and cosmology of such light feebly coupled
radion is beyond the scope of the present paper and
should be done in a separate publication.

(iii) Finally for zb ¼ z0, which is relevant for model 1)
above, the coupling of the radion to the SM, localized
in the B0 brane, has a huge suppression factor given
by ϵðz0Þ ¼ z20=ðz1zTÞ, and taking typical values
ρ ≃ 1 GeV, ρT ≃ 1 TeV we get ϵðz0Þ ≃ 10−33 and
the previous calculation would lead to a lifetime of
the radion for the γγ channel larger than the present
age of the universe. This particle is then stable in
cosmological times and could play the role of dark
matter provided its abundance can be conveniently
controlled. However if there is some dark sector in
the B1 brane (containing, e.g., dark matter) it could
easily decay into it. Again, constructing a complete
model with a dark sector is not going to affect
appreciably the FOPT and is outside the scope of the
present paper.

As we aim at addressing the PTA observation, we do not
investigate extensions of this proposal. Adding new light
fields in the B1 brane may turn a viable option to address
the dark matter puzzle, and many of the 4D extensions of
the SM investigated in the literature can be accommodated
in the UV brane. Most of such extensions are not expected
to qualitatively change our main conclusions obtained in
the minimal scenario.

V. CONCLUSIONS

Recent results on the detection of a SGWB in the nHz
frequency band by the pulsar timing array collaborations
lead, as a possible BSM explanation, to the existence of a
strongly-first order (dark) phase transition with scale in
the GeV range. We have first proposed in this paper a
modelization of such phase transition in a simple warped
five-dimensional model with a UV brane, at the Planck
scale, and a dark brane at the GeV scale. The phase
transition is the confinement/deconfinement phase tran-
sition where the radion field fixing the inter brane distance
undergoes a transition from its deconfined state (above the
nucleation temperature) in the 5D BH configuration, to its
confined state (below the nucleation temperature) in the
thermal 5D warped space. The model can be considered
as a discretization of the RS2 model [63] by means of the
introduction of a brane at the GeV scale. This model
cannot support SM fields propagating in the bulk of the
extra dimension, so that the SM (as in the RS2 model) has
to be localized in the UV brane. On the other hand the
dark brane can contain a dark sector, which the radion
field interact with, and might contain dark matter candi-
dates. The details of the matter content of the dark sector
are not relevant for the present paper (as soon as they

interact with the SM only through gravitational inter-
actions) so we do not specify them here. As it is clear from
its conception, as the SM is localized on the UV brane, the
model does not solve the hierarchy problem (whose
solution would more conventionally require the introduc-
tion of supersymmetry in the UV brane) but just intro-
duces the dark brane to make contact with the recent PTA
results.
Furthermore, models with multiple hierarchies [53] have

been studied in the literature, and can be equally used to
describe the PTA data along with solving the hierarchy
problem. For instance between the UVand dark brane, one
could introduce a TeV brane, where the SM can be
localized, as in the original RS framework. In that case
there should be two strongly-first order phase transitions
induced by the two radion excitations (describing the
fluctuations of the TeVand dark branes, respectively): (i) a
heavy sub-TeV radion, with support in the region between
the UV and TeV scales; and, (ii) a light sub-GeV radion,
with support in the region between the TeV and dark
branes. As gravitons propagate along the whole extra
dimension, their KK modes are at the GeV scale. The
first phase transition, driven by the heavy radion rTðxÞ,
should happen at temperatures of the TeV and reproduces
the confinement/deconfinement phase transition studied in
RS models [47]. This FOPT should generate a SGWB that
should be detected at LISA and ET [41]. The second
confinement/deconfinement phase transition, driven by the
light radion rðxÞ, should happen at temperatures of the
order of the GeV. The latter phase transition, that has been
analyzed throughout this paper, is straightforward as we
can integrate out the GeV (or heavier) KK modes and
remain with the SM and the light radion as the only
degrees of freedom. However for the former one, as the
heavy radion is normally heavier than the graviton KK
modes, has to happen in the presence of the irreducible
background of the graviton KK modes. They can affect the
phase transition in a way that has to be thoroughly taken
into account. The details of this analysis are postponed for
future investigations.
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